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A fast virtual surgery platform for many scenarios haemodynamics of
patient-specific coronary artery bypass grafts
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Abstract

A fast computational framework is devised to the study of
several configurations of patient-specific coronary artery by-
pass grafts. This is especially useful to perform a sensitivity
analysis of the haemodynamics for different flow conditions
occurring in native coronary arteries and bypass grafts, the
investigation of the progression of the coronary artery dis-
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ease and the choice of the most appropriate surgical proce-
dure. A complete pipeline, from the acquisition of patient-
specific medical images to fast parametrized computational
simulations, is proposed. Complex surgical configurations
employed in the clinical practice, such as Y-grafts and se-
quential grafts, are studied. A virtual surgery platform based
on model reduction of unsteady Navier Stokes equations for
blood dynamics is proposed to carry out sensitivity analyses
in a very rapid and reliable way. A specialized geometrical
parametrization is employed to compare the effect of steno-
sis and anastomosis variation on the outcome of the surgery
in several relevant cases.

Nomenclature

Coronary arteries of the right coronary tree:
RCA: right coronary artery;
PDA: posterior descending artery;
PL: postero-lateral artery.
Coronary arteries of the left coronary tree:
LCA: main trunk of the left coronary artery;
LAD: left anterior descending artery;
Diag.: diagonal branch of the left anterior descending artery;
LCX: left circumflex artery;
OM: obtuse marginal artery.
Bypass grafts:
LITA: left internal thoracic artery;
Rad.: radial artery bypass grafts;
SVG: saphenous vein bypass grafts.

1 Introduction

Coronary artery bypass grafting (CABG) is a surgical pro-
cedure in which one or more grafts are used to restore blood
flows to the myocardium when severe coronary artery dis-
ease (CAD) occurs. In this case, the occlusion of one or
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several major coronary arteries undermines the perfusion of
oxygen-rich blood to the heart. Although several alternative
treatments exist, CABG is still one of the most widespread
surgical practice worldwide (Puskas et al., 2014). However,
current clinical experience suggests that, after some years,
the implanted vessels themselves tend to occlude due to the
process of intimal thickening (see Figure 1), leading to the
failure of the surgery and ultimately to the need of rein-
tervention (Puskas et al., 2014; Kirklin and Barratt-Boyes,
1988; Go et al., 2014).

A vast clinical experience is available on this subject
since the early attempts on CABG in the 50s: it concerns
preliminary assessment of the disease, choices of the bypass
grafts and anastomosis locations during surgery, and sur-
vey of clinical outcomes after surgery (Kirklin and Barratt-
Boyes, 1988). A better understanding of the haemodynam-
ics in CABGs, both through experimental measurements and
numerical simulations, has been achieved in the last decades,
as summarized by several reviews (Ghista and Kabineja-
dian, 2013; Migliavacca and Dubini, 2005; Marsden, 2014;
Owida et al., 2012; Taylor and Draney, 2004), dealing with
either idealized (Fei et al., 1994; Inzoli et al., 1996) or patient-
specific configurations (Frauenfelder et al., 2007; Dur et al.,
2011; Sankaran et al., 2012). Parametric studies are of par-
ticular interest in order to assess the sensitivity of the inter-
vention with respect to different physical conditions or sur-
gical procedures, possibly leading to the proposal of new de-
signs or the optimization of existing ones (Marsden, 2014).

Our aim is to apply the reduced order computational
framework proposed in (Ballarin et al., 2016; Ballarin, 2015)
to several three-dimensional patient-specific CABG config-
urations, providing a virtual platform for the sensitivity anal-
ysis of blood flows for different surgical choices under dif-
ferent haemodynamic conditions, properly parametrized. The
three key novelties in this work are concerned with: (i) the
use of patient-specific geometries of complete, sequential
bypass grafts, (ii) their integration in a parametrized frame-
work to handle physical and, in particular, geometrical vari-
ations without any new segmentation or remeshing, by con-
sidering a small number of clinically relevant input parame-
ters, and (iii) their integration in a computational reduction
framework to obtain numerical simulations for each new
value of input parameters without querying expensive high
fidelity (e.g. finite element) solvers but using a reduced or-
der solver relying on a reduced basis method. Indeed, the
solution of expensive high fidelity simulations requires or-
der of a day even on modern high performance computing
architectures, while our proposed virtual platform allows to
obtain a comparable solution (in terms of accuracy) in a few
minutes, provided that an extensive offline stage of compu-
tations has been carried out once and for all. The main moti-
vation behind the use of such virtual platform is that clinical
interest is related not only to the simulation on a patient-

specific configuration, but also to the need of addressing the
variation of flow conditions and geometries to take into ac-
count several scenarios, aiming at a possible improvement
of the design of the surgical operation and deeper compre-
hension of resulting flow conditions. Hence, the solution of
expensive high fidelity simulations for each new physical or
geometrical configuration is usually unaffordable in terms
of CPU time. This limitation can only be successfully over-
come by relying on a reduced order methodology such as
the one detailed in this work.

2 Materials and methods

Accurate numerical simulations of CABGs on patient-specific
configurations in a wide range of scenarios are obtained in
this work at greatly reduced computational costs thanks to
the virtual surgery platform described in (Ballarin et al., 2016).
See also Figure 2 for a graphical sketch. In this section we
describe the proposed computational strategy, based on (i)
medical imaging data, (ii) physical and geometrical parametriza-
tion to characterize different scenarios of interest, and (iii) a
projection based reduced order model (ROM). We refer the
reader to (Hesthaven et al., 2016; Quarteroni et al., 2016)
for a detailed mathematical overview of the reduced basis
method, which is the key computational tool ensuring sub-
stantial savings.

2.1 Patient-specific clinical dataset and medical imaging
procedure

2.1.1 Patients recruitment and clinical data

Patients enrolled for this study have undergone CABG surgery
due to critical coronary artery disease. Enrolled population
features a broad variability of both disease and surgical in-
tervention, with the aim of being representative of the most
common cases. A summary of available clinical cases is pro-
vided in Figure 3 and Table 1. Internal review board ap-
proval was obtained to conduct this study.

For a better understanding of the surgery, each branch
is denoted by a different color in Figure 3. The right coro-
nary tree is denoted by blue colors, while the left coronary
tree is denoted by red/yellow colors. Grafts are colored with
green tonalities. Table 1 summarizes surgical choices for
each patient, related in particular to grafting materials (ar-
terial grafts such as LITA or radial arteries, or venous grafts
such as SVG) and their usage either as single or sequen-
tial grafts. LITA graft is employed in all patients, being the
gold standard for the revascularization of the left coronary
tree, and especially the LAD branch (Puskas et al., 2014).
Patients differ widely on the remaining grafts, depending on
the surgical choices related to the coronary artery disease. In
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Fig. 1: Illustration of anastomosis (end-to-side and side-to-side) and bifurcations; intimal thickening of an end-to-side anas-
tomosis typically occurs on the arterial floor and near the heel and toe of the graft. Arrows denote blood flow direction.

Fig. 2: A sketch of the proposed reduced order framework.

all cases but one the disease affects two, three or more ves-
sels, hence more than one anastomosis is needed. In more
then half of the patients the number of required anastomoses
is larger than the available grafts, so that a sequential proce-
dure is needed, in which a graft is used for more than one
anastomosis. For each patient, the total number of bypasses
is summarized in the last row of Table 1.

Available clinical data include both a pre-surgery angio-
graphic study by means of a coronary angiography and a
post-surgery computed tomography (CT) scan. A Toshiba
angiography system is employed for the former, while a Philips
Brilliance CT 64-slice system is employed to perform con-
trast enhanced CT, with a slice thickness of 0.67mm, slice
spacing of 0.4mm, reconstruction matrix of 512× 512 pix-
els, resolution of 0.3mm×0.3mm×0.3mm. Acquisitions were
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Patient A Patient B Patient C

Patient D Patient E Patient F

Patient G Patient H Patient I Patient J

Fig. 3: Current clinical dataset.
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A B C D E F G H I J
Single LITA graft 1 1 1 1 1 1
Single Rad. graft 1
Single SVG graft 1 1
Y-graft with LITA, single Rad. graft 1 1
Y-graft with LITA, single SVG graft 1
Sequential LITA grafts 3 2 2 2
Y-graft with LITA, sequential Rad. grafts 3
Y-graft with LITA, sequential SVG grafts 2 2
Total number of bypass grafts 4 3 4 2 2 3 3 2 4 1

Table 1: Overview of the CABG surgery performed for each patient.

carried out at approximately the 75% of the cardiac cycle,
during which the heart is in the diastolic phase. This choice
is motivated by the fact that in this phase coronary arteries
are less stretched and more perfused by blood.

2.1.2 Medical imaging procedure

A medical imaging pipeline has been setup to build a mesh
from CT-scan clinical data, thanks to the integration with
the Vascular Modelling Toolkit vmtk (Antiga et al., 2008).
Anisotropic diffusion (Perona and Malik, 1990) and ves-
sel enhancement filters (Frangi et al., 1998) are applied to
the CT-scan image. A level set segmentation is then applied
to the preprocessed image, as in (Antiga, 2002). The ini-
tialization of the level set is based on the colliding front
method (Antiga et al., 2008). Once the level set segmen-
tation is completed, a marching cube algorithm (Lorensen
and Cline, 1987) is employed to generate a polygonal sur-
face. However, this may yield artifacts arising either from
the CT scan data or the reconstruction procedure. For these
reasons, we adopt a simplifying assumption and take advan-
tage of the fact that both coronary arteries and bypass grafts
are vessels of a network of tubular structures, and use the
reconstructed geometry to extract the centerlines of these
tubular structures. We refer to the centerline as to the curve
γ(s) connecting two outermost sections of the tentative ge-
ometry. The centerline γ(s) locally maximizes the distance
from the boundary of the vessel (Antiga, 2002; Antiga et al.,
2003, 2008). The value of the maximal inscribed radius r(s)
is also associated to each centerline point, where s denotes
the curvilinear abscissa. A smoothing procedure is carried
out (consisting of a running average on the coordinates, lin-
earization of the radius with respect to the curvilinear ab-
scissa), except near stenoses where data tabulated from an-
giography scan are employed to quantify the location and
severity of the disease. Finally, the surface corresponding to
each branch is obtained by sweeping a circular cross section
of radius r(s) along the centerlines γ(s), and the interior of
the resulting network is filled with volumetric elements in
order to obtain a tetrahedral volume mesh using TetGen. In
particular, a radius adaptive mesh is generated.

2.2 Geometrical and physical parametrization

2.2.1 Geometrical parametrization for vascular vessels

In this work we consider two geometrical parameters, due to
their clinical relevance for the problem at hand:

– stenosis severity α . This is a clinically relevant geomet-
rical parameter; indeed, current experience suggests that
surgery should be performed only for critical occlusions
(Rowe et al., 1969; Hillis et al., 2011; Sabik III et al.,
2005, 2003; Swillens et al., 2012). We use the virtual
platform to vary stenosis factors in the range [0,90%]

in order to compare critical cases (α j ≥ 70%) to non-
critical ones (α j < 70%). The location of the stenosis
and the extension of the stenosic region are kept fixed
from the available clinical data. In case of double- or
triple-vessel coronary artery disease, each stenosis is de-
scribed by a single parameter α j, where j denotes the
stenosed artery (e.g. j = LAD, LCX, RCA, etc.).

– grafting angle θ . Current clinical experience suggests
that at least three possible termino-lateral (end-to-side)
anastomoses are employed in clinical practice: antegrade
(same direction for graft flow and native vessel flow in
the anastomosis), T-shaped (graft perpendicular to the
native vessel), and retrograde (opposite directions for
graft flow and native vessel flow in the anastomosis).
The virtual platform is employed to compare the haemo-
dynamics in these different cases. The grafting angle is
considered as geometrical parameter, in the range θ ∈
[25◦,155◦], to deform the patient-specific configuration;
antegrade cases correspond to angles close to 45◦, T-
shaped to 90◦, and retrograde to 135◦, respectively.

We exploit the centerlines-based parametrization pro-
posed in (Ballarin et al., 2016) to deform the patient-specific
mesh into a parametric one in an automatic way (i.e., with-
out any new segmentation or remeshing, in contrast to what
has been done e.g. in (Sankaran et al., 2012)). This assump-
tion is a necessary prerequisite for the efficient application
of the reduced order model, that needs to combine solutions
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Fig. 4: A centerline based parametrization (single curve).

representing different geometrical configurations still repre-
sented on the same mesh.

More in detail, the deformation of a single branch is car-
ried out in three steps (see Figure 4):

(A) Preprocessing: let γ(s) be the centerline of the vessel,
and r(s) the radius of its maximum inscribed sphere. A
moving coordinate frame (t(s),n1(s),n2(s)) attached to
γ(s) is computed by means of a parallel transport pro-
cedure (Bishop, 1975). Three-dimensional vessels can
then be represented using curvilinear cylindrical coordi-
nates (ρ,ϕ,s), corresponding to the local radius, angular
coordinate and curvilinear abscissa, respectively.

(B) Curve deformation and radius variation: let α ∈ [0,0.9]
be the severity of the stenosis and θ be the grafting an-
gle. The reference radius r(s) is locally decreased near
the stenosis (located at s = ŝ) to obtain a parametrized
radius r(s;α). We rotate the tangent vector t(s̄)) at the
anastomosis (located at s = s̄) of an angle θ , and ap-
ply a deformation to the reference curve γ(s) to get a
parametrized curve γ(s;θ).

(C) Vessel deformation: we exploit the cylindrical vessel rep-
resentation to obtain the deformed configuration of the
branch, by computing the map C(·;α,θ) : R3→ R3,

C(x;α,θ) =γ(s(x);θ)+

ρr(s(x);α) [cosϕ(x) n1(s(x);θ)+

sinϕ(x) n2(s(x);θ)] .

The resulting mapC(·;α,θ) allows to deform the three-
dimensional vessel between the patient-specific branch
(as reference configuration) and a deformed configura-

tion, obtained as a function of the stenosis α and grafting
angle θ (see the right blocks of Figure 4).

These steps can be performed for each branch indepen-
dently and then combined together to deform a network,
as shown in Figure 5 in the case of an anastomosis. Steps
(A), (B) and (C) are performed to parametrize each vessel;
then, an additional step (D) is carried out on each anastomo-
sis to impose suitable interface conditions between adjacent
branches, ensuring the overall regularity of the deformation
of the global geometry. Also this step is fully automatic, as
shown in (Ballarin et al., 2016).

2.2.2 Physical parametrization of flow rates

In addition to the geometrical parametrization discussed so
far, we also consider a physical parametrization on flow rates
at each inlet of the computational model (right coronary
artery, left coronary artery, internal thoracic artery), because
of its clinical relevance e.g. when interested in the evalua-
tion of the surgery under both rest or stress conditions. The
parametrized flow rate is expressed as

qi(t; f i) = f i q̄i(t), i = LCA, RCA, LITA.

The parameter f i ∈ [2/3,4/3] is a multiplicative factor on a
reference flow rate q̄i(t), adapted from (Keegan et al., 2004)
(LCA and RCA) and (Ishida et al., 2001) (LITA). A plot is
provided in Figure 6 for the reference cases f i = 1, corre-
sponding to time-averaged Reynolds number equal to 100
(LCA and RCA) and 130 (LITA). Note that LCA features
dominant diastolic flow (i.e. coronary blood flow peaks in
diastole), RCA is neither diastolic nor systolic dominant,
while LITA is supposed to be systolic dominant.



A fast virtual surgery platform for many scenarios haemodynamics of patient-specific coronary artery bypass grafts 7

Fig. 5: A centerline based parametrization (anastomosis). Step (A), (B) and (C) are performed to deform the green branch,
and step (D) is performed for the anastomosis.

Fig. 6: Inlet flow rates qi (LCA and RCA (Keegan et al., 2004), LITA (Ishida et al., 2001)).

2.3 POD–Galerkin reduced order models for parametrized
blood flows

In this section we summarize the ROM employed in our nu-
merical simulations. The haemodynamics in the CABG con-
figuration is supposed to be modelled by unsteady parametrized
Navier-Stokes equations, under rigid walls assumptions and
constant viscosity ν : find velocityu and pressure p such that

∂

∂ tu−ν∆u+(u ·∇)u+∇p =  in Ωo(µg)× (0,T ),
divu= 0 in Ωo(µg)× (0,T ),
u= gD(µp) on ΓD× (0,T ),
u= , on Γo,W (µg)× (0,T ),

ν
∂u

∂n
− pn= , on ΓN× (0,T ),

u|t=0 = g0(µp), in Ωo(µg).

The parameters are denoted by µ = (µp,µg) ∈ D ⊂
RP+G, including both physical parametrization on the bound-
ary conditions µp = ( f LCA, f RCA, f LITA) and geometrical
parameters µg = (α,θ), introduced in Sections 2.2.2 and
2.2.1, respectively. Thanks to the parametrization of the do-
main, the patient-specific configuration Ω is mapped into
a parametrized one Ωo(µg), along with it lateral boundary
Γo,W (µg). Inlet sections ΓD and outlet sections ΓN are fixed,

and the initial condition g0 is the solution of the correspond-
ing steady-state problem.

A FE approximation for spatial discretization and an im-
plicit Euler scheme for time discretization are chosen as the
high fidelity method, over which our proposed reduced or-
der model is built. Let us denote by Vh and Qh two finite-
dimensional spaces for velocity and pressure, of dimension
Nh

u and Nh
p , respectively, based on a FE discretization of the

patient-specific geometry of mesh size h. The nonlinear sys-
tem resulting from a FE discretization in space and implicit
Euler discretization in time of the Navier-Stokes equations
is: given µ ∈ D and (u(tn),p(tn)), find (u(tn+1),p(tn+1))

such that[ M(µ)
∆ t +νA(µ)+C(u(tn+1;µ);µ) BT (µ)

B(tn+1;µ) 0

][
u(tn+1;µ)
p(tn+1;µ)

]
=[ M(µ)

∆ t u(tn;µ)+ f(tn+1)
0

] (1)

for each time-step n= 0, . . . ,T/∆ t−1, where u(0) is the dis-
crete counterpart of the initial condition, and the right-hand
side term f(t) encodes non-homogeneous Dirichlet bound-
ary conditions through a lifting function. The parametrized
tensors M, A, B and C are respectively the mass, stiffness,
incompressibility and advection terms of the parametrized
Navier-Stokes equations.
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The proposed reduced order model is able to provide
large computational speedups thanks to the separation be-
tween an offline stage (computationally expensive, but done
only once) and an online stage (computationally inexpen-
sive, carried out for each virtual scenario of interest). Dur-
ing the offline stage a set Ξtrain = {µ1, . . . ,µNtrain} ⊂ D of
Ntrain points, chosen randomly over the parameter space D ,
is defined. For each µ ∈ Ξtrain problem (1) is solved for
n= 0, ...,T/∆ t−1, and all the corresponding solutions (both
velocity and pressure) are saved. A Proper Orthogonal De-
composition (POD) (Berkooz et al., 1993; Ravindran, 2000)
is performed to select the few most relevant velocity (pres-
sure, respectively) basis functions, stored in matrices Zu (Zp,
resp.) and which span the reduced basis spaces VN and QN
of (small) dimension Nu and Np,. Therefore, in the online
stage, a Galerkin projection on (VN ,QN) is carried out, and
the resulting problems reads: for anyµ∈D , given uN(t

n;µ),
solve[ MN (µ)

∆ t +νAN(µ)+CN(uN(t
n+1;µ);µ) BT

N(µ)
BN(µ) 0

][
uN(t

n+1;µ)
pN(t

n+1;µ)

]
=[ MN (µ)

∆ t uN(t
n;µ)+ fN(t

n+1)
0

]
,

for any n= 0, . . . ,T/∆ t−1, where e.g. AN(µ)= ZT
u A(µ) Zu

is now a matrix of dimension Nu�Nh
u . We refer to (Ballarin

et al., 2016, 2015) for additional details on the analysis of
this reduced order model such as the comparison between
high fidelity and reduced order solutions, as well as Manzoni
(2014); Rozza et al. (2013); Burkardt et al. (2006) for related
reduction methods.

3 Numerical results

For each patient in the dataset we report in Table 2 the num-
ber of considered physical and geometrical parameters, dis-
cretization of the high fidelity FE approximation, and CPU
times of both high fidelity and reduced order problems. A
Taylor-Hood P2−P1 discretization is employed for the high
fidelity FE discretization; 80 steps per cardiac cycle, for 2
cardiac cycles, are simulated. We will further discuss the
performance of the proposed reduced order framework in
the next section.

Relevant computational indices are obtained in a post-
processing stage after the reduced order simulation in order
to compare the flow patterns for different values of the pa-
rameters. In particular, we analyze wall shear stress (WSS),
oscillatory shear index (OSI), transversal velocity profiles,
and pressure drops, because of their relation to the process
of intimal thickening (Loth et al., 2008):

– the existence of a safe bandwidth of wall shear stress
(defined as t− t ·n n, being t the traction acting on
the lateral wall of outer normal n) has been suggested

in (Kleinstreuer et al., 1991), highlighting that both low
and high WSS may favor the restenosis process. In fact,
high WSS may lead to endothelial injury and cause the
development of a lesion. Instead, low WSS and long par-
ticle residence time in flow recirculation zones favors the
deposit of fatty materials and cholesterol on the surface
of the lumen, causing the growth of the atheroma. Re-
sults are presented either as instantaneous WSS values
(usually at systole or diastole) or time-averaged WSS,
denoted by TAWSS, obtained as the average of WSS
over a cardiac cycle (0,T )

TAWSS =
1
T

∫ T

0
|WSS(t)|dt;

– a correlation between plaque location and oscillating shear
stress has been described in (Ku et al., 1985), showing
that oscillations in the direction of wall shear may cause
atherogenesis. To assess the oscillatory nature of WSS
we employ the OSI, defined as

OSI =
1
2

1−

∣∣∣∫ T
0 WSS(t)dt

∣∣∣∫ T
0 |WSS(t)|dt

 0≤ OSI ≤ 0.5;

– the formation of Dean vortices in the region distal to
the anastomosis is detected thanks to transversal velocity
profiles. In fact, secondary flow structures (i.e. perpen-
dicular to the flow direction) are usually not negligible
at the anastomosis, and the formation of a pair of vorti-
cal structures has been observed (Sherwin and Doorly,
2003).

Regions of interest are the heel and toe of the graft, and
the proximal and distal arterial floor near the anastomosis
(see also Figure 1) (Staalsen et al., 1995; Loth et al., 2008).
We refer to heel of the graft as the location of the proxi-
mal suture line, while the toe of the graft refers to the distal
suture line. The adjectives proximal and distal are defined
with respect to the direction of the flow in the native coro-
nary artery.

We report these computational indices for different val-
ues of the parameters on several cases of the available patient-
specific dataset. To provide an easier comparison, only one
or two parameters are varied at a time in the graphical visu-
alization; the remaining parameters are set to a standard de-
fault value, chosen equal to one for flow rates factors (stan-
dard flow rate), critical values of stenosis (90%), undeformed
anastomosis configuration (no variation of the grafting an-
gle with respect to the patient-specific one). However, the
reduced order methodology is capable of varying more the
one parameter at a time.

We collect the results as follows, in order to discuss each
scenario separately in the next section:
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Patient A B C D E
Num. physical parameters 3 0 2 2 0

LCA inlet flow rate parameters 1 no 1 1 no
RCA inlet flow rate parameters 1 no no no no
LITA inlet flow rate parameters 1 no 1 1 no

Num. geometrical parameters 3 3 2 2 3
LCA parametrized stenosis no no no no no
LAD/Diag parametrized stenosis 1 1 2 2 1
LCX/OM parametrized stenosis 1 no no no no
RCA parametrized stenosis 1 1 no no 1
Parametrized anastomosis no 1 no no 1

Total number of FE dofs 1 325 530 1 826 495 813 197 1 325 044 2 038 891
FE CPU time/cardiac cycle 400∼ 450 h 450∼ 500 h 200∼ 250 h 400∼ 450 h 500∼ 550 h
ROM CPU time/cardiac cycle 5∼ 15 min 25∼ 35 min 5∼ 15 min 5∼ 15 min 25∼ 35 min

Patient F G H I J
Num. physical parameters 2 2 2 3 0

LCA inlet flow rate parameters 1 1 1 1 no
RCA inlet flow rate parameters no no no 1 no
LITA inlet flow rate parameters 1 1 1 1 no

Num. geometrical parameters 3 0 2 4 2
LCA parametrized stenosis 1 no no no no
LAD/Diag parametrized stenosis 1 no 2 2 1
LCX/OM parametrized stenosis 1 no no 1 no
RCA parametrized stenosis no no no 1 no
Parametrized anastomosis no no no no 1

Total number of FE dofs 970 618 1 261 527 1 624 370 1 426 060 1 219 918
FE CPU time/cardiac cycle 350∼ 400 h 350∼ 400 h 400∼ 450 h 350∼ 400 h 400∼ 450 h
ROM CPU time/cardiac cycle 5∼ 15 min 5∼ 15 min 5∼ 15 min 5∼ 15 min 25∼ 35 min

Table 2: Details of the reduced order model. FE computations are carried out on 32 processors on modern HPC clusters,
and the reported CPU time is the product of the wall time and the number of processors. ROM computations are performed,
instead, in serial.

I. virtual scenario I concerns the effect of flow rate varia-
tion in Y-grafts. Several Y-graft configurations are com-
pared through the computation of TAWSS near the Y-
graft. Both Y-graft between LITA and radial artery (Fig-
ure 7) and Y-graft between LITA and SVG (Figure 8) are
considered. Two different inflow boundary conditions
are studied, corresponding to standard graft flow rate
( f LITA = 1) and increased graft flow rate ( f LITA = 1.33).

II. virtual scenario II focuses on the effect of flow rate vari-
ation in sequential grafts. Several sequential grafts are
compared through the computation of the TAWSS near
the side-to-side anastomosis. A cross anastomosis of a
graft employed distally for the revascularization of the
right coronary tree is considered in Patient A of Fig-
ure 9, while antegrade anastomoses for the revascular-
ization of the left coronary tree are considered in Pa-
tients C and and G of Figure 9. Also in this case, differ-
ent boundary conditions are studied, corresponding to
standard graft flow rate ( f LITA = 1) or increased graft
flow rate ( f LITA = 1.33).

III. virtual scenario III is about the effect of flow rate and
stenosis variation on anastomosis. As a first case, we
compare surgery outcomes for different stenosis sever-

ity on the left coronary tree, by means of OSI and WSS
(Figures 10 and 11). This pathology is usually surgically
treated by LITA grafts. As a second case, we compare
computational indices for different stenosis severity on
the right coronary tree, considering in particular a case
where a radial graft is employed (Figure 12)

IV. virtual scenario IV concerns anastomosis geometrical
variation. Also in this scenario we consider both left and
right coronary trees, and different grafting types. Fig-
ures 13-15 show the results on WSS, transversal velocity
profiles and pressure drop for a LITA-LAD anastomosis
(arterial graft) in the left coronary tree. Figure 16 details
instead the numerical results on WSS on a SVG-PDA
anastomosis (venous graft) in the right coronary tree.

V. finally, virtual scenario V studies the effect of flow rate
and stenosis variation on native coronary bifurcations,
especially on the left coronary tree. Results on TAWSS
are provided in Figures 17-19 for three different patients.
Moreover, thanks to our virtual framework it is possi-
ble to virtually remove the bypass graft and compare the
haemodynamics before and after the surgery. A proof of
concept of this scenario is provided in Figure 20.
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Fig. 7: Virtual scenario I, Y-graft between LITA and radial artery: comparison of TAWSS [Pa] for different inflow boundary
conditions.

4 Discussion

4.1 State of the art on parametrized problems and novelties
of the proposed virtual surgery platform

Early numerical results on three-dimensional idealized end-
to-side anastomoses have been proposed in (Fei et al., 1994;
Inzoli et al., 1996; Kute and Vorp, 2001; Sherwin et al.,
1999), under the assumption of steady flow conditions, and
in (Bertolotti and Deplano, 2000; Bertolotti et al., 2001; De-
plano et al., 2001; Lei et al., 2000; Ross Ethier et al., 1998)
for time-dependent flow profiles. Since these early attempts,
parametric studies have attracted considerable attention (Pagni
et al., 1997; Sabik III and Blackstone, 2008; Sabik III et al.,
2003; Nordgaard et al., 2010; Swillens et al., 2012; Kute
and Vorp, 2001; Keynton et al., 1991). Among these, varia-
tion of inlet boundary conditions is a first topic of interest, to
take into account different exercise conditions of the patient
(e.g. stress conditions vs rest conditions) and since variation
of graft flow rate is also observed in the clinical practice in
the internal thoracic artery (Pagni et al., 1997; Sabik III and
Blackstone, 2008; Sabik III et al., 2003). Numerical simu-
lations to take this aspect into account have been performed

on idealized configurations (Kute and Vorp, 2001; Keynton
et al., 1991), and in (Nordgaard et al., 2010; Swillens et al.,
2012) on a porcine model. A parametrization of inlet bound-
ary conditions is applied also in our work and integrated
into a model reduction framework by means of multiplica-
tive factors on inlet flow rates.

Large attention has also been paid to local geometri-
cal variations of CABGs (Lei et al., 1997; Dur et al., 2011;
Marsden et al., 2008; Probst et al., 2010; Sankaran and Mars-
den, 2010; Politis et al., 2008; Kabinejadian and Ghista,
2012; Kabinejadian et al., 2010; Wen et al., 2011), in order
to propose new design or optimize existing ones performing
variation of grafting angles (Fei et al., 1994; Sherwin and
Doorly, 2003; Giordana et al., 2005; Keynton et al., 1991;
Staalsen et al., 1995; Jackson et al., 2001; Freshwater et al.,
2006; Do et al., 2011) or graft-to-host diameter ratio (Bon-
ert et al., 2002; Qiao and Liu, 2006; Idu et al., 1999; Towne
et al., 1991; Xiong and Chong, 2008). The proposed vir-
tual surgery platform can address grafting angles variations
in an automatic way (without remeshing). To the best of our
knowledge this is the first study for which such an automatic
procedure is applied to CABGs. Diameter ratio variation is
not taken into account by the current framework. The moti-
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Fig. 8: Virtual scenario I, Y-graft between LITA and SVG: comparison of TAWSS [Pa] for different inflow boundary condi-
tions.

vation is that grafts employed in the clinical practice come
from autologous materials and thus their diameter cannot
be easily varied in the clinical practice, especially consid-
ering several practical constraints in case of extensive coro-
nary artery disease. It is thus far more important to consider
a complete patient-specific network and optimize it, rather
than optimize representative but idealized configurations.

Therefore, another significant feature of the present ap-
proach is the capability to carry out parametric studies on
patient-specific CABGs. Few studies have been carried out
on patient-specific configurations, reconstructed from clini-
cal data. Among them we mention (Boutsianis et al., 2004;
Chaichana et al., 2011; Kim et al., 2010) on native (healthy)

coronary arteries, and (Frauenfelder et al., 2007; Dur et al.,
2011; Sankaran et al., 2012; Guerciotti et al., 2016) on coro-
nary artery bypass grafts. Our current dataset is however
larger, and more complete (with respect to anastomosis fea-
tures, grafting procedures, coronary artery disease) than those
in previous references. In particular, (Frauenfelder et al., 2007)
proposed CFD simulations only on two patients, the first one
featuring a single graft and the second one a double sequen-
tial grafts. Both surgeries, however, were performed only
with saphenous vein grafts, and more complex structures
(such as Y-grafts) were not studied. Geometrical variations
were considered instead in (Dur et al., 2011), but they were
performed on two-dimensional configurations and then ap-
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Fig. 9: Virtual scenario II, sequential grafts: comparison of TAWSS [Pa] for different inflow boundary conditions and steno-
sis.

(a) Coronary arteries and bypass grafts near the studied anastomosis.
Colored arrows denote blood flow direction.
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Fig. 10: Virtual scenario III, LITA to LAD anastomosis: comparison of OSI for decreasing proximal stenosis.
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(a) Coronary arteries and bypass grafts near the studied anastomosis. Colored arrows denote blood flow direction.
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Fig. 11: Virtual scenario III, LITA to Diag anastomosis, in a sequential graft: comparison of OSI for different inflow boundary
conditions and stenosis.

plied to the three-dimensional patient-specific configuration
in a post-processing stage. Moreover, the variation of graft-
ing angles proposed in (Sankaran et al., 2012) requires a new
segmentation for each new angle, as well as the variation
of stenosis in (Guerciotti et al., 2016) requires a remeshing.
Both are time consuming procedures that do not take advan-
tage of the parametrized formulation. Instead, in this work
we propose an automatic geometrical variation capable of
exploiting the parametrization of the problem.

Overall, the most significant contribution of the proposed
virtual surgery platform is to combine all these aspects into
a reduced order modelling framework, capable of automat-
ically handling physical and geometrical parameters, to nu-
merically obtain quantities of interest in (as we will detail
in the next section) a very fast way, reducing days of CPU
time on a cluster to few minutes on a laptop. This is possible
thanks to a specialized shape parametrization map, tailored
for CABG networks, and projection-based ROM based on a
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Fig. 12: Virtual scenario III, radial to PL anastomosis: comparison of WSS [Pa] for three anastomoses types.
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Fig. 13: Virtual scenario IV, LITA to LAD anastomosis: comparison of WSS [Pa] at peak systole for three anastomoses types.

POD–Galerkin approach for unsteady Navier-Stokes equa-
tions.

4.2 Computational performance of the virtual surgery
platform

Details of the virtual surgery platform are provided in Ta-
ble 2. The high fidelity discretization is queried only dur-
ing the offline stage (see Section 2.3); instead, the online
reduced model is used for each query to the virtual surgery
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Fig. 14: Virtual scenario IV, LITA to LAD anastomosis: comparison of normalized transversal velocity profiles at different
phases of the cardiac cycle for three anastomoses types.
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Fig. 15: Virtual scenario IV, LITA to LAD anastomosis: comparison of pressure drop [mmHg] at peak systole for three
anastomoses types.
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Fig. 16: Virtual scenario IV, SVG to PDA anastomosis: comparison of WSS [Pa] at different phases of the cardiac cycle for
three anastomoses types.
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Fig. 17: Virtual scenario V, LITA-Diag-LAD sequential graft: comparison of TAWSS for different inflow boundary condi-
tions and stenosis.

platform. The total number of degrees of freedom for the
high fidelity simulation is of order 106, while a consider-
ably smaller number of degrees of freedom, corresponding
to 150 reduced basis functions (accounting for both velocity
and pressure approximation) are required in the reduced or-
der model. These reduced basis functions account for 99%
of the information retained in the snapshots on Ξtrain, se-
lected during the offline stage. As shown in Ballarin et al.

(2016), these basis functions accurately approximate the so-
lution with an error less than 1%, so that the evaluation of
the reduced model can be used in place of the high fidelity
one without any significant loss of accuracy.

The considerable reduction of degrees of freedom en-
tails large computational savings in the proposed reduced
order framework. In fact, high fidelity simulations are per-
formed in parallel, on 32 processors, and require approxi-
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Fig. 18: Virtual scenario V, LAD-LCX and LAD-Diag bifurcations: comparison of TAWSS [Pa] for different inflow boundary
conditions and stenosis.

mately 10 wall time hours per cardiac cycle (to be multiplied
by the number of processors to obtain the actual CPU time,
as listed in Table 2). Reduced order simulations, instead, are
performed on a single processor and require only CPU times
of the order of minutes, with computational savings in terms
of user time up to 99%. Thus, the main advantage of the
proposed reduced order approach is its capability to com-
pare several different physical or geometrical configurations
in computational times considerably smaller than ones ob-
tained by standard finite element simulations, still preserv-
ing the same degree of accuracy.

4.3 Discussion of the results of the virtual surgery platform
for each scenario

4.3.1 Virtual scenario I: effect of flow rate variation in
Y-grafts

TAWSS results summarized in Figures 7 (Y-graft with ar-
terial graft) and Figure 8 (Y-graft with venous graft) high-
light the formation of a critical region, characterized by high
TAWSS, on the LITA near the Y-graft. In all cases, a region
of comparable TAWSS is present also in the radial artery
(see, in particular, Patient A) and SVG (see, in particular, Pa-
tient F), although the surface extension of the region of high
TAWSS is larger in the LITA than in the other graft (see,
in particular, Patients F and G). The region of high TAWSS
is highly sensitive to the graft flow ( f LITA), and features a
larger area increasing graft flow in all cases. Local geomet-
rical features also influence the behavior of TAWSS: high
values appear in the LITA graft proximally to the Y-graft
where the graft features high curvature (see in particular Pa-
tients F, H, I). Moreover, maximum values of TAWSS are
higher when the bifurcation angle between the two grafts is
increased (compare Patient A to C, and Patient I to H).

4.3.2 Virtual scenario II: effect of flow rate variation in
sequential grafts

Results in Figure 9 highlight that, in all cases, a region of
high TAWSS is found at the arterial beds of native coro-
nary arteries, distal to the anastomosis. Moreover, in the case
of cross anastomosis (Patient A), the region of maximum
WSS near the OM (first cross anastomosis from the top)
is slightly larger than the one near the LCX (second cross
anastomosis from the top). A similar behavior can be no-
ticed in the flow case, where the latero-lateral anastomosis
features higher WSS on the arterial bed than the termino-
lateral anastomosis in Patient G, as in Patient C, where the
first anastomosis is the most critical, as it features the high-
est WSS values, which gradually decrease at the remaining
anastomoses. The magnitude of WSS on the arterial bed at
the latero-lateral anastomosis is more sensible to increased
graft flow rates in the flow direction case than the cross one.
This is due to the fact that flow direction anastomosis of
Patients C and G are supplied directly by LITA (where in-
creased graft flow rate is enforced), while cross anastomosis
by radial artery of Patient A is only partially affected by the
increased flow rate, because of the proximal flow split in the
Y-graft between radial and LITA arteries.

4.3.3 Virtual scenario III: effect of flow rate and stenosis
variation on anastomosis

We first consider anastomoses on the left coronary tree. Fig-
ure 10 shows the OSI near the anastomosis for different val-
ues of proximal stenosis (90%, 80%, 60%, 0%) near a LITA-
LAD end-to-side anastomosis. It is well agreed in the clini-
cal community that LITA is the gold standard for surgeries
on the LAD, and that employing a LITA bypass graft on a
non-critical stenosis may lead to early graft occlusion (Hillis
et al., 2011). The study on Patient B provides a numerical
confirmation of the dependence of fluid dynamics indices
on stenosis factors. OSI assumes its maximum values near
the toe of the graft, and the size of the area of maximum
OSI increases for decreasing proximal stenosis. This can be
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Fig. 19: Virtual scenario V, LAD-LCX bifurcation: comparison of TAWSS [Pa] for different inflow boundary conditions and
stenosis.
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Fig. 20: Virtual scenario V, LCX-OM bifurcation: comparison of TAWSS [Pa], both pre- and post-surgery, for different
inflow boundary conditions and stenosis.

motivated by the higher residual flow in the LAD. This re-
sult is in agreement with the current clinical practice (Hillis
et al., 2011). Moreover, OSI assumes its maximum value
in the LAD, proximal to the anastomosis, for all values of
proximal stenosis.

Similar results are obtained for a more complete parametriza-
tion (on both flow rates and stenosis factors) on a more com-
plex surgery (sequential LITA-Diag-LAD). Results in Fig-
ure 11 show that parametrized flow rates do not have sig-
nificant effects on the OSI for non critical stenosis (second
row). Instead, for more severe stenosis (first row), possi-

ble critical regions of the surgery, as highlighted by large
values of OSI, are located near the LITA-Diag anastomosis
(especially for increased graft flow rates, first row, right) and
proximally and distally to the stenosis (especially in the case
of increased coronary flow rates, first row, middle).

Finally, we also consider the case of an arterial anas-
tomosis on the right coronary network. Numerical results in
Figure 12 show that maximum WSS values, located near the
heel of the graft, increases as the stenosis decreases: this is in
agreement with the current clinical practice, that prescribes
the usage of radial artery as a graft only when stenosis is
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greater than 70% (Desai et al., 2004; Moran et al., 2001; Yie
et al., 2008; Nicolini et al., 2014). This behavior does not
depend strongly on the considered anastomosis (antegrade,
T-shaped, retrograde).

4.3.4 Case IV: anastomosis variation

As in the previous section, we first compare different termino-
lateral LITA-LAD anastomosis (left coronary network), cor-
responding to antegrade, T-shaped and retrograde anasto-
moses. Current clinical experience and anatomical consider-
ations suggest the use of antegrade anastomosis (Kirklin and
Barratt-Boyes, 1988). The results summarized in Figures
13-15 provide numerical evidence of this approach. Figure
13 shows a comparison of WSS distribution for the three
anastomoses types and two different values of stenosis sever-
ity (critical: 90% and non-critical 60%). The results are pro-
vided for t = 0.15 s (peak LITA flow in systolic phase), since
at this phase of the cardiac cycle the differences are more
clearly visible. Both T-shaped and retrograde anastomoses
feature worse patterns than the antegrade one since:

(i) at the distal arterial floor, maximum WSS values in T-
shaped and retrograde cases are approximately two times
higher than in the antegrade case. This pattern remains
unchanged for different stenosis severities;

(ii) intermediate WSS values are also observed in the proxi-
mal part of the arterial floor. This region is larger for T-
shaped and retrograde anastomoses than the antegrade,
although minimum and maximum value are not affected
by the anastomosis type. Moreover, this region enlarges
as the degree of proximal stenosis decreases, because of
the higher residual flow in the native coronary;

(iii) in all anastomoses, the region downstream to the toe fea-
tures low WSS.

The analysis of transversal velocity profiles (normalized
by the maximum velocity in the anastomosis, at the same
time) is carried out in Figure 14, at t = 0.15 s (peak LITA
flow in systolic phase) and t = 0.55 s (peak LCA flow in
diastolic phase). In all anastomoses, Dean vortices appear
in the region of the anastomosis. Peak values of transversal
velocity are reached at t = 0.55 s. In agreement with the pre-
vious discussion, both T-shaped and retrograde anastomoses
feature worse patterns than the antegrade one since:

(i) Dean vortices are dissipated more quickly in the ante-
grade anastomosis than in T-shaped and retrograde ones;

(ii) antegrade anastomosis features lower transversal than
both T-shaped and retrograde anastomoses in the section
closest to the anastomosis. At t = 0.15 s T-shaped anas-
tomosis features the highest transversal velocity, while
a similar behavior among T-shaped and retrograde cases
is observed for t = 0.55 s;

(iii) a third vortex may be formed in retrograde anastomosis,
especially for high stenosis and a peak LITA flow. This
is particularly apparent in the second slice on the third
row of Figure 14(a).

Moreover, Figure 15 shows a comparison of the pressure
drop in the three different anastomoses. The pressure drop
is minimum for antegrade anastomosis; T-shaped and retro-
grade anastomoses feature instead an higher pressure drop.
Moreover, an higher pressure drop across the anastomosis
is obtained decreasing the stenosis severity; this is an addi-
tional confirmation of the clinical experience that a CABG
surgery should be performed only for critical stenoses.

A different behavior can be observed instead when con-
sidering a venous, rather than a LITA graft, on the right coro-
nary tree. Vein grafts are usually characterized by a larger ra-
dius. In particular, Figure 16 reports a comparison of WSS
at different phases of the cardiac cycle for three anastomoses
types, highlighting that T-shaped anastomosis feature com-
parable patterns to antegrade anastomosis. Also in this case,
the result is in good agreement with current clinical practice,
which prescribes the use of T-shaped grafts due to anatom-
ical considerations (Kirklin and Barratt-Boyes, 1988). Our
numerical results show that, in the retrograde case, maxi-
mum values of WSS are observed on the lateral arterial sur-
face distal to the anastomosis and near the toe of the graft.
The WSS magnitude in these regions is almost twice the
magnitude in the antegrade and T-shaped cases.

4.3.5 Virtual scenario V: effect of flow rate and stenosis
variation on native coronary bifurcations

Since the aim of this work is mainly related to the study of
bypass grafts, in the previous sections we focused our atten-
tion only on anastomoses. However, similar studies can be
carried out on native coronary bifurcations as well, which
are also possible critical regions (before and) after the surgery.
Thanks to capability to perform parametrized evaluations
through the reduced order model it is possible to consider
several different coronary artery flow rates, corresponding
to either standard ( f LCA = 1), increased ( f LCA = 1.33) or de-
creased ( f LCA = 0.8) flow rates, or different stenosis sever-
ity, either critical (αLAD = 80%) or non-critical (αLAD =

30%). Critical regions, characterized by high WSS, are present
at the bifurcations in all considered cases (LAD-Diag bifur-
cation for Patient I in Figure 17, LAD-LCX and LAD-Diag
for Patient C in Figure 18, and LAD-LCX for Patient F in
Figure 19). For instance, the effect of increased LCA flow
rates is visible for Patient I at the LAD-Diag bifurcation;
this is related to the presence of locally higher WSS at the
LAD wall both proximally and distally the bifurcation. The
arterial wall near the bifurcation features high WSS also in
Patient F (Figure 19); maximum WSS values are influenced
both by the inlet flow rate at the LCA ostium and the severity
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of the LCA stenosis. In fact, lower values of the former pa-
rameter cause a smaller region of high WSS (compare Fig-
ure 19(a) by row). Moreover, the impingement of the jet of
high velocity, caused by critical stenosis, on the arterial wall,
is an additional cause of higher WSS (compare Figure 19(a)
by column). Finally, we provide a plot of the maximum WSS
for a wide range of stenosis severity and inlet flow rates in
Figure 19(b); being able to query almost inexpensively our
reduced order framework is the cornerstone in order to per-
form the analysis yielding this plot, that would have other-
wise required several weeks of computational times if rely-
ing on traditional high-fidelity techniques.

A similar study can also be performed both before and
after the surgery. In particular, we summarize in Figure 20
the results for the LCX-OM bifurcation of Patient F, which,
in the post-surgical stage, is also perfused and affected by
the blood flow from a saphenous vein graft. The results in
Figure 20(a) compare the WSS near the bifurcation for criti-
cal stenosis (αLAD = 80%) and standard native coronary flow
( f LCA = 1), non-critical stenosis (αLAD = 30%) and stan-
dard ( f LCA = 1) native coronary flow, critical stenosis and
decreased ( f LCA = 0.8) native coronary flow. The pattern of
WSS at the bifurcation before the surgery, summarized in
Figure 20(b), is similar to the one at the LAD-LCX bifur-
cation of the same Patient (discussed in the previous sec-
tion), although smaller values of WSS are identified. On the
other hand, after the surgery maximum values of WSS (Fig-
ure (c)) are less sensible to LCA inlet flow rate and stenosis
factors. This is motivated by the fact that, in this case, the
SVG graft is the main source of blood flow for both LCX
and OM branches.

5 Conclusions

In this work we have taken advantage of a reduced order
computational framework first proposed in proposed in (Bal-
larin et al., 2016) for the study of the haemodynamics in sev-
eral patient-specific coronary artery bypass grafts (CABGs).
The main aim of this work is to handle in a fast and effi-
cient way simulations on (i) patient specific geometries, (ii)
characterized by different parameters, and (iii) employing
reduced order models to cut down large computational costs.
The clinical dataset we employed features a large variabil-
ity on diseased coronary arteries and bypass grafts. For the
sake of comparison between different scenarios (related to
either blood flow rates, disease or surgery choices) on the
same patient-specific configuration, a parametrized formu-
lation has been introduced. Several numerical results and
parametric analyses have been provided. In particular,

I. the comparison of different Y-graft has highlighted dif-
ferent behaviors for radial and saphenous vein grafts (lower

WSS on the former), and the presence of critical regions
especially near the Y-graft for increased flow rates;

II. in a similar way, critical regions near the arterial bed are
detected in case of sequential anastomoses;

III. surgery outcomes for different stenosis in native coro-
nary arteries have been studied; the obtained results are
in good agreement with clinical practice, that prescribes
to undergo surgery only for critical stenoses. In particu-
lar, we have analyzed a LITA-LAD anastomosis, show-
ing that a larger region of high oscillatory shear index
appears near the toe of the graft if the stenosis is not
critical, and a radial-PL anastomosis, showing that in-
creased wall shear stress is present near the heel of the
graft for non critical stenosis;

IV. variation of anastomosis, either of LITA-LAD or SVG-
PDA anastomoses, has been discussed. The results of
our virtual surgery framework are in agreement with cur-
rent clinical practice, that suggests the use of antegrade
anastomoses in LITA-LAD and the use of T-shaped anas-
tomoses on the right coronary tree. These conclusions
have been obtained performing comparison of WSS, transver-
sal velocity profiles and pressure drop for three different
anastomosis configurations, representative of antegrade,
T-shaped and retrograde-flow anastomoses;

V. finally, the proposed framework has been exploited for
evaluating flow patterns at native coronary artery bifur-
cations, also performing a comparison before and after
surgery.

The proposed virtual surgery platform exploits a model
reduction framework, capable of automatically handling phys-
ical and geometrical parameters, to numerically obtain quan-
tities of interest in a very fast way (order of few minutes on
a laptop). This can represent an attractive platform for the
rapid study of complex CABG networks that frequently oc-
cur in the clinical practice.
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