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A priori and a posteriori W1 error analysis of a QC method for
complex lattices

Assyr Abdulle* Ping Lin' Alexander V. Shapeev**

Abstract

In this paper we prove a priori and a posteriori error estimates for a multiscale numerical
method for computing equilibria of multilattices under an external force. The error estimates
are derived in a W1 norm in one space dimension. One of the features of our analysis is
that we establish an equivalent way of formulating the coarse-grained problem which greatly
simplifies derivation of the error bounds (both, a priori and a posteriori). We illustrate our
error estimates with numerical experiments.

Keywords: a priori and a posteriori analysis, multilattice, quasicontinuum method, multiscale method
AMS subject classification: 65N30, 70C20, 74G15, 74G65

1 Introduction

Multiscale methods for modelling and simulation of microscopic features in crystalline materials
have been very attractive to researchers of material sciences and applied mathematics in past
two decades. In these modelling methods it is assumed that there is an underlying atomistic
model which is the “exact” description of a material associated with certain lattice structure.
Direct atomistic simulations using the “exact” model may not be feasible because of its huge
number of degree of freedoms. The quasicontinuum (QC) approximation is a popular method
to dramatically reduce the degrees of freedom of the underlying atomistic model. It was put
forward in [29] for a simple lattice system and in [30] for a complex lattice system. Besides
extensive application of the QC approximation in practical material simulations, there have
been growing interest in rigorously analyzing the convergence of the QC approximation or the
error between the “correct” and the “approximate” solutions, see, e.g., [10, I}, 13} [16] I8 19,
211, 22), 23] 25], 26, B3], B2], as well as a number of works attemping to design more accurate
coarse-grained algorithms, see, e.g., [17), 20, 26] 27, 28]. However, most of the works, with the
exception of [I3] and [32], are for crystalline materials with a simple lattice structure.

In this paper we consider a problem of equilibrium of an atomistic crystalline material with
a complex lattice structure. The essential step in reducing the degrees of freedom is to coarse-
grain the problem. The QC is one of the most efficient methods of coarse-graining the atomistic
statics. The idea behind the QC is to introduce a piecewise affine constraints for the atoms
in regions with smooth deformation and use the Cauchy-Born rule to define the energy of the
corresponding groups of atoms. To formulate the QC method for crystals with complex lattice
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(for short, complex crystals) one must account for relative shifts of simple lattices which the
complex lattice is comprised of [30]. Our approach to model complex lattices is the framework
of discrete homogenization, developed in our earlier paper [2].

We note that the idea of applying homogenization to atomistic media has appeared in the
literature [6l [7, [8, @) [14]. We also note that the method considered in this paper is essentially
equivalent to the QC for complex crystals, being put in the framework of numerical homoge-
nization [3]. However, the rigorous discrete homogenization procedure and related numerical
method allow us to derive error estimates for the homogenized QC method, when compared to
the solution of discretely homogenized atomistic equations. It also allows, by a reconstruction
procedure, to approximate the original full atomistic solution. To the best of our knowledge,
such error estimates are new. As in many numerical homogenization techniques for PDEs, there
is no need for our numerical approximation to derive homogenized potential before-hand, since
the effective potential is computed on the fly (see, e.g., [I, 12]). In addition, we note that the
H! error estimates in our earlier unpublished paper [2] are derived in one dimension for linear
nearest neighbour interactions. In this paper we consider fully nonlinear multi-neighbour inter-
actions which are technically much more difficult. Further, we will derive W1 error estimates,
which are more suitable for nonlinear interaction and are technically harder than those in the
H'! norm, and are rarely obtained even in the simple lattice case (the only estimates in W1
norm that we know of are [I8], 24]). Also, we remark that we establish an equivalence of the
coarse-grained homogenized model and the atomistic homogenized model (Lemma , which
significantly simplifies the W1 error analysis of the QC method. Finally, we derive both a
priori and a posteriori error estimates.

The regularity results of this paper are similar to those in [I3]. The main difference is
that our results do not require a very high regularity of the external forces that was assumed
in [13] (where, essentially, the highly smooth external forces were necessary for using inverse
inequalities to get a W1 convergence from an H'-stability).

Another related homogenization approach is the I' convergence (see, e.g., [4, [5]) which is an
excellent technique of finding the effective macroscopic energy from the microscopic interaction
law, but does not yield the rates of convergence of the minimizers of the microscopic model and
the homogenized model.

The paper is organized as follows. In Section [2| we formulate the multiscale method for
multilattices and state our main assumptions. In Section [3| we prove the inf-sup condition and
regularity for the atomistic and the homogenized equations. In Section 4] we prove convergence
of the approximate solutions to the exact ones. Finally, in Section [5] we present numerical results
that support our analysis.

2 Method Formulation and Main Results

In this section after introducing the principal notations used throughout the paper, we recall
the equations for the equilibria of multilattices and describe our multiscale numerical method.
We then state our main convergence results.

2.1 Atomistic Displacement and Function Spaces

We consider an (undeformed) lattice of N atoms, £ = {¢, 2¢, ..., Ne}, repeated periodically to
occupy the entire €Z. The positions of an atom x € L in the deformed configuration is = + u(x),
where u = u(x) is the displacement. We will consider only e N-periodic displacements, i.e., such
that u(x + eN) = u(x), thus effectively reducing the system to a finite number of degrees of



freedom. For convenience we choose € = % The space of eN-periodic functions is denoted as
UL)={u:eZ = R: u(z) =u(z+eN) Yz € €Z}.
and its subspace of functions with zero average as
Up(L) = {ueclU(L): (u)r =0},

where the discrete integration (averaging) operator (o), is defined for u € U(L) by

1
(u)e =+ > u(x).

zeL

We sometimes also use the notation (u(x))zer for (u)s. Also, for u,v € U(L) we define the
pointwise product, uv, by
wo(z) = u(z)v(z) VY € €Z,

and the scalar product

zeL

We will only consider displacements u € Ux (L) since for more general displacements u(x) =
Fa + a(zx), with FF € R and 4 € Uy(L), we can adsorb Fx into the reference positions as
u(x) = (z + Fx) + u(z) and rescale the spatial coordinate as & = x + Fz.

For u = u(x) € U(L) we introduce the r-step discrete derivative (r € Z,r # 0),

u(x +re) — u(m)

Dy yu(x) ==

For r = 1 the forward discrete derivative D, ju we will sometimes simply be written as D u.
In addition to differentiation operators, we also define for u € U(L), the translation operator
T.ueU(L),

Tou(x) := u(x + €).

Then the r-step translation (r € Z) can be expressed as a power of T, Tru(x) = u(x + re).
Finally, introduce an averaging operator,

1 r—1
Apy = ;ZTf, (rez, r>0)
k=0

so that we can write Dy, = A, D, (r > 0).
On the function space U (L) we define the family of norms

1
Jullg = (i) " (1 <a<o0),  and oo = max fu(z)],

and seminorms
[tlm,g == [|1D™ully (1 <g<o0, meZ, m=>0).
The seminorms |u/,, 4 are extended for negative m as

|tlm,q := sup {(u,v)z + v € Up(L), [v] g =1}
(1<g<oo, (¢)+¢* =1, meZ m<0).



Note that |u|, are proper norms in Uy (L) for all m € Z. Hence we denote spaces U(L) and
Uy (L), equipped with the respective norms, as U%9(L) and Z/I;'Z’q(ﬁ).

We will also work with the lattice P = {1,2,...,p}. For lattice functions n = n(y) € U(P)
we define the operators (Dy, D, ., T,, and A,,) and the norms similarly to functions in U(P),
noting that the lattice spacing of P is 1 whereas the lattice spacing of L is e.

For functions of two variables, v = v(z,y) € U(L)@U(P), we will denote the full derivatives,
translation, and averaging, by T := T, T}, D, := %(Tr —1I),D:=Dy, A, = % Z};é T*. Notice
that the variables x and y are not symmetric in the definition of derivatives. If a function
does not depend on y then the full derivatives coincide with the derivatives in x (likewise for
translation and averaging). Hence, for functions of x only, we will often omit the subscript x in
the operators D, T, Ay,

The following lemma, whose proof is straightforward and will be omitted, collect the useful
facts about the above operators

Lemma 2.1. (a) For any v € U(L), r € Z, r > 0 the following estimates hold:

| Drvllq = [[ArDollg < [|Dvlfg, (2.1)
r—1

> kDyDy
k=1 q

(b) For any v e U(L) QU(P), r € Z, r > 0 the following estimate holds:

€
1Dy = Dollg = — < ge(r— 1) [D?ollg. (2.2)

2

[Ar0 — Ay ol = ok TEo| < e(r = 1) [ Duv]ly (2.3)

2.2 Atomistic Interaction and Equilibrium

The energy of interaction of two atoms, z € £ and x + er € £ depends on three variables:
the distance u(x + re) — u(x) between atoms x and x + er, and their positions in the reference
configuration that are needed to account for different species of atoms. We denote such energy
using a family of functions @& (D, ,u(x); ), where, for a fixed r € ZT, ®¢ is defined on (a subset
of) R x L. The total interaction energy of the atomistic system is thus

:<§;¢2(Dru)> <Z<1> Dy ule )>x€£, (24)

where R is effectively the interaction radius (measured in the reference configuration).
The equations of equilibrium are thus

L

find u € Uy s.t.: (0E(u),v) : %E(u+tv ’t o = (fiv)e Vv eUy(L), (2.5)

where f € Uy (L) is an external force. Here 6E : U(L) — U(L) is the Gateaux derivative of
E:UL) - R.
2.3 Multilattice and Homogenization

The atoms L are assumed to be of p different species located periodically on £, and we assume
that N € pZ. We index the atom species with P = {1,2,...,p}. Note that a lattice functions
n =mn(y) € U(P) can be related to a lattice function n° = n(x/€) € U(L).



We define @, on an open subset of R x P as &, (o;y) = & (o; ey) for a fixed r. Due to
periodicity of the microstructure, the dependence of ®,. on y is assumed to be p-periodic, i.e.
®,(z;8) € U(P) for all z. For convenience of notations (e.g., in or (2.6)), we further
identify, for a fixed r, the family of p scalar functions ®,(e;y), y € P, with the function
@, : U(P) DU — U(P) by identifying @, (w(y),y) with [®,(w)](y). (Here U(P) D U — U(P)
denotes a function from an open subset U of U(P) with values in U(P).)

We apply a homogenization to the atomistic energy to average out the microstructure; more
precisely, to average out the dependence on y € P. The homogenized interaction (see [2] for
the details) is defined by

R R
0(2) =D (Pr(z+ Dyux(2:9);9))yer = »_(Pr(z + Dypx(2))p, (2.6)

r=1 r=1
where for a fixed z € R, x(2) € Ux(P) solves the micro problem

R
D (60, (2+ Dy rx(2)), Dysmyp =0 Vi € Uy (P), (2.7)

r=1

and 09, (z;y) = (?7@7"(2;9)'
The homogenized interaction energy is fol 30 (L 40)dz, whose discretized version is E°(u®) :=
(®°(Dyu)) . This leads to the homogenized equilibrium equations of the form

find u’ € Uy s.t.: (60 (Dyu’), Dyv)p = (f,v)r Vv € Uy(L), (2.8)
or, written in a strong form,
find v’ € Uy s.t.: — D, [60°(D,u°)] = Ty f, (2.9)

where D, := D, 1. To derive (2.9)) we should use DZ'; = -T;'D,.
To extract the microstructure from the homogenized solution u°, define the corrector

u(x) == Ty (uo(x) + exe(Dxuo(x);x)), where (2.10)
Tyu:= u—(u)r (2.11)

and x¢(z;x) := X(z; f) Application of Z in the definition of u°(z) is done for convenience so
that u® € Uy(L).

2.4 HQC Formulation

Define a triangulation of the region (0, 1] by introducing the nodes of triangulation N}, C £ and
the elements 7y,. Each element T € T}, is defined by two nodes &,n € N, as T = LN [€,n), its
interior is defined as int(7T") = LN (£,n), and its size as hy = n —£. We also define the element
size function, h € U(L), so that

h(z) =hp VzeT. (2.12)

We consider the coarse-grained spaces Uy (L) C U(L) and Up (L) C Uy (L) of piecewise
affine functions. The space U, (L) can be characterized by

u € Up(L) — Du(§ —€) = Du(§) VEe L\N, (2.13)

We denote the nodal basis function of U(L) associated with & € L as we, we(z) := 0p—¢,
where 0 is the Kronecker delta. The nodal basis function of U, (L) associated with & € N}, is



denoted as w?(a:) The functions we, £ € L\ N}, together with w?, ¢ € Ny, form a basis of
U(L). Denote the nodal interpolant Zj, : U(L) — Up(L).
The HQC approximation to the exact atomistic problem ([2.5)) is

find uj € Upp st (GE°(uf),va)e = (F" vp)n Vou € UyL (L), (2.14)
where (e, e); denotes the duality pairing of (U;i#(ﬁ))* and U}IL”;&, and F" ¢ (Ui;(ﬁ))* is a

numerical approximation to f € Z/I;EI’OO(E). For convenience we extend F" on (Z/{i’l(ﬁ))* by
requiring (F" 1), = 0, so that <Fh,I#vh>h = (F", vp)p, for all vy, € Uy, (refer to ([2.11) for the
definition of 7). A numerical corrector similar to (2.10|) can be introduced as follows

uf, = Ly (uf + ex“(Duj)). (2.15)

2.5 Main results

Before stating the main results, we introduce some additional notations. For a Banach space X
denote B, (zg,p) ={x € X : ||z — xz¢|| < p}—a ball centered at xy with the radius p—and call
it the neighborhood of zy with radius p. For a mapping f : U — Z from an open subset U C X,
0z f (o) is its variational derivative at a point 9. When it causes no confusion, we may just write
df (xg). If f: X — R with X being a Hilbert space with the scalar product (e, e)x, we identify
0f (xg) with an element of X and write of(z9)z = (6f (z0), z) x; likewise the second derivative
62f(xo) will be identified with a linear mapping X — X: (62f(z0)z)z’ = (0%f(x0)x,2')x. The
space of continuous mappings f : U — Z, U being bounded, will be denoted as C(U; Z) with
the norm || f||c := sup,ey || f(x)]|. The space of functions whose k-th derivative is continuous
will be denoted as CF(U; Z) with a seminorm |f|cx := [|0*f|lc. A space of mappings whose
k-th derivative (k > 0) is Lipschitz continuous will be denoted as C*!(U; Z) and the smallest
Lipschitz constant of the k-th derivative will be denoted as | ® |x,1. In our analysis we will
often use the fact that if f € CK¥! then |f|ck: = |f|ck+1. In what follows we will express

b

the statement “The quantity f is bounded by a constant that may depend on fi,..., fi” as
< Const(fl, e ,fk).

We make the following assumptions that will allow us to apply the framework of the implicit
function theorem (refer to Appendix [A] for its precise statement).

Assumptions
We assume that there exists a microstructure x, = x«(y) € Ux(P) and pe such that:

0. The micro-deformation y + x«(y) is a strictly increasing function of y € Z. This simply
expresses the fact that the atoms in the reference configuration are sorted by increasing

position €(y + x«(y))-

1. For each r € R and y € P, the interaction potential ®,(e,y) is defined in a neighborhood
U(y) C R of Dy, x«(y) of radius pe and ®,(e,y) € C3L(U(y); R).

2. Y. satisfies
R

Z<5(I)T(Dy,TX*)a Dy myp =0 VneUy(P).

r=1

This assumption ensures that ex.(%) is a solution to (2.5) with f = 0.



3. Nearest neighbor interaction dominate:
R
3 min %@y (Dy 1 X+ (y);y) = Y max|0°@r(Dyrxa(1); 9)| > 0. (2.16)
r=2

Remark 2.1 (An alternative formulation of Assumption 1). It is useful to note the following
equivalent formulation of Assumption 1 (the equivalence can be established by a straightforward
calculation): for each r € R the function ®, : UP®(P) D U — U®(P) is defined in a
neighborhood U of x. € U%*(P)) with radius py, and ®, € C*H(U;U">(P)).

We next state our main results. We start with the a posteriori result.

Theorem 2.2 (a posteriori estimate). Assume that the Assumptions 0,1,2,3 hold. For all
Fh e B(ul’l )*(O,pf), the solution uY) to ([2.14)) exists and is unique in B, 1.0 (X% pu). Moreover,
h,# #

the following a posteriori estimate holds:
luj, — u|1,00 < Const (cglCél’l)) max | Duf (x) — Duf)(z — €)|

+e[(h =€) f|lo + max FM o) — (f,v . 2.17
S =l NP o~ (Fodel (21)

lvpl1,1=1

Here C’g’l) = maXyep Y e TP, (0, y)|co1.

Note that the a posteriori error estimate has a form similar to the standard FEM estimates:
there is a term based on the jumps of the solution across boundaries of elements, a term
consisting of summation of the external force in the interior of elements, and a term accounting
for an approximate summation of the external force. It is worthwhile to note that for the fully
refined mesh (i.e., where h = €), the term ||(h — €) f||~ vanishes.

The following a priori error estimate will also be shown.

Theorem 2.3 (a priori estimate). In addition to the Assumptions 0,1,2,3, assume that exact
summation of the external force, i.e., that (F", vp)p, = (f,vp)c. Then, for all f € B, —1.(0, ps),
#

the solution u) to (2.14) with the evact summation of the external force (F" vp)y == (f,v)r
exists and is unique in By .0 (X5, pu). Moreover, the following a priori estimate holds:
#

[, — 1,00 < Const(co, C5V) |11 f oo

3 Inf-sup conditions and regularity of for the atomistic and the
homogenized equations

In this section we start by showing that the Assumption 3 of Section [2.5] implies the inf-sup
conditions needed for the subsequent analysis. We then establish regularity results for the
atomistic solution , for the micro problem , and for the homogenized solution (2.8]).
These regularity results are essential to derive the a priori and a posteriori error estimates.



3.1 Inf-sup Conditions

Lemma 3.1. Assumption 8 implies the following assertions: there exists a coercivity constant
co > 0 such that the following inf-sup conditions hold

R

inf sup <52(I) Dy X+ (y);y) Dy rn, Dy, C> > 2c¢g 3.1
i o S (5D i) Dy Dus) (3.1)
I1,00=1 |¢|11=1

R
inf sup 620¢ (D, x$)Dyw, Dyv) g > 2co, 3.2
welly (L), velly (L) Z< (D) Dr ) 3.2)
‘wllyoozl |v|1,1:1
inf  sup (6?®°(0)Dw, Dv), = §°®°(0) > 2co, (3.3)

weldy (L), ’UEZ/{#(,C),
lel,oozl |’U‘1’1:1

sr=1

where x5(z) = X*(%) and ®°(0) is defined by (2.6) with x(0;y) = x«(y).
Proof. We start with the inf-sup condition (3.2). We use the following estimate

(%8 (DexS) Dy, Dyv) ] < max 685 (Dyxs )| [ Dyo]loc | Dy
< max |05 (Doy: )| | Do | D1 (3.4)

for all » > 1. For r = 1 we use Lemma and estimate

inf  sup (5%®S(D,xS)Dw, Dv),

‘w‘l,oo:1|v|1,1:1
> 5 inf [|8%05(Dyx5) Dwllec
1

2
|wl1,00=

> Lmin[6%B (D 7). (3.5)

Thus, notice that follows from , , the assumption , and the definition
Df(o;2) = O (0 7).

Proving condition is in all ways similar to proving , with an obvious change of
spaces Uy (L) to Uy (P).

Finally, notice that (3.3)) follows directly from estimating

R
5%0°(0) = > " (5°0r(Dyx+(1); 9)yer > 260

r=1
using ([2.16]). O
Remark 3.1. The condition (3.1)) is the same as requiring that the Hessian of Z§:1 820, (Dy - Xx)
is positive definite, due to equivalence of the norms on finite-dimensional spaces.

The following Lemma has been used in the proof above.

Lemma 3.2. For u € Uy,
sup (u, Dv)p > %HuHoo (3.6)
UGZ/[#(ﬁ),
[v1,1=1



Proof. Let x; := argmax|u|. We will assume that u(z1) > 0 without loss of generality (since
both parts of (3.6) are invariant w.r.t. changing u to —u). Choose x2 such that u(z2) < 0 (such
x9 always exists for a function with zero mean) and define v, so that

1

5 r =T
Duu(z) =4 -3 z=u

0 otherwise.

We obviously have |vi]11 =1 and
(1, Du2) e = bulan) — bula) > Ju(ar) = 3lulle
O

In the rest of the paper we will use f instead of using Assumption 3 directly.
Therefore, the regularity and convergence results of this paper would hold if the 21> stability
result f is proved using assumptions other than Assumption 3. Note, however, that
the Assumption 3 is rather standard in the case of simple lattices (i.e., no dependence on y)
and in the presence of only nearest neighbor interaction it can also be shown to be sharp.

3.2 Regularity results

In this section we prove our main regularity results for the atomistic and homogenized solutions.
Instrumental for these results is a version of the Implicit Function Theorem (IFT) that we
summarize in the Appendix (see Theorem for the convenience of the readers. For future
use, we define

Ccp = maxZ|<I> ‘001,
reR
o .- 0D, ( ,
» max > | y)lcon
reR
(2) ._
Cy’ == mzlué I;IEE%(Z |6°®,.(8,)|co.1, and recall
Cg’l) = max Z 0D, (o, y)|co.1.
yeP
reR

Regularity of the Micro-problem
Theorem 3.3. There exist p, > 0 and p, > 0 such that

(a) For all |z| < p., x = x(2) satisfying [2.7) ezists in C((—p., p2); U), is unique within
the ball U = {||x(2) — X«|1,00 < py}, and

Ixlcos < ¢gted (3.7)

Ixlcii < Const(cg'CE). (3.8)

(b) The homogenized energy density ®° = ®°(z) is well-defined by ([2.6), ®° € C*'((—p2, p2)),

and

3% 01 < Co (3.9)
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168°|con < CLConst (5 ' CYY) (3.10)
6%®| 01 < Cg)Const(cang)) (3.11)
co< inf inf  sup (0°®°(2)D,w, Dv) . (3.12)

|Z|<pz ‘w‘l,oozl |’U‘1’1:1

Proof. Proof of (a)
We will apply the IFT to the mapping

FiRxUS(P) = U, "(P), F(z,x) = — Y Dy _0®(2+ Dy,x).
reER

Note that (3.1]) is exactly condition (ii) of the IFT. Thus, to apply the IFT, we only need to
establish that F' € CbL.
Indeed, the following shows that |d, F|co1 < C’g):

|05 F' (2, x') = 0 F (2", X")| 1,00

= sup Z Dy [6°®,(2' + Dyyx) = 6°® (2" + Dy,rx" )| Dy,
Il1e0=1" 1cr

—1,00

< sup [ Y100, + D) = 620, + Dy XN Dy
[71,00=1 rerR 00
< H Z §%®,(¢' + Dy X)) — 0°®,.(2" + Dy, x")
oo
rerR
= max ‘ > 8202 + DyrxX' (v)iy) — %0 (2" + Dyrx () y)‘
reR
< maxd 5P, y)|cor (2 = 2") + Dy (x' = X
Y reR
< (max 3 1% (o, y)looa ) (12 = =1+ W' =X hcc):
Yy
reR

where we used (2.1) (and its consequence |Dyu|—100 < ||tflc Yu € U(L)). The bound on
|0, F|co,1 is obtained in the same manner.

We hence get existence, uniqueness, and (3.8). Finally, (3.7) is obtained from |F|co,1 < Cél)
which can be proved by calculations similar to the above.
Proof of (b) Compute the first derivative:

R R
00%(2) =Y (6B, (2 + Dyyx(2)), 1 + Dypdx(2))p = (58, (2 + Dyrx(2)), 1)p,

r=1 r=1

the last step being due to (2.7)). From here we get (3.9) by taking maximum over z and recalling
that with the assumed regularity of ®°, we have that |®°|co,1 = ||6®0°||c.
The second derivative is

R
5%0°(2) = > (0°®(2 + Dy,px(2)), 1+ Dy,r0x(2))p.

r=1

By taking C- and C%!-norms of this expression we get (3.10) and (3.11]), respectively.
The coercivity in a neighborhood of z = 0, (3.12), is a consequence of (3.3) and continuity
of §2@%(2). O
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Regularity of the atomistic and the homogenized problems

Define x“(z;x) := x(z;x/€) and x(x) := x«(x/€). We fix p, and p, as given by the Theorem
and moreover assume that p, is chosen such that p, < Const(1).

Theorem 3.4. There exist py > 0 and p, > 0 such that:

(a) For all f € Bu#zl,oo(o,pf), the solution u of ([2.5)) exists and is unique in Bu;#,oo (XS5 Pu)-
M y — S Cl’l B —1,00 O, ,B ,00 i, 5
oreover, u = u(f) € GV (Byo1.m (0, ) Bypoe (5 )

I6pulle < ', and
|0fulcor < Const(co,Cg)).

(b) For all f € B ;1,00(0,pf), the solution u® of (2.8)) exists and is unique in Bu;oo(O,pu).
Moreover, u® = u®(f) € CH1(By,-1.0(0, pg); By 1. (0, pu)) and
# #

-1

1orullc < <,
167u’|con < Const(co,Cg)), and
[ (Flaoo < €5 Iflloo VS € By (0, py). (3.13)

In addition, the corrected solution u® = Ty (u® 4 ex“(Du®)) is within By (X5, pu)-
#

(¢) The following estimates hold:

2|u’ — ulloo < Ju —uli,00 < eConst(cEIC’((bl’l)) [u°|2,00.- (3.14)
[u® — ul| < €Const(cy ' CYM) [u0]2,00 + € Const(p). (3.15)

Proof. Proof of (a) consists in a direct application of the IFT to (f,u) — 0E(u)— f. Assumption
guarantees the condition (ii) of the IFT; and by doing a straightforward calculation, similar
to those in part (a) of Theorem one can show the necessary regularity of this map. Finally,
one should notice that (0, x¢) — 0.

Proof of (b). Tt is a standard result (cf., e.g., [24]). The proof of all the statements except
again consists in a direct application of the IFT to (f,u°) + E°(u®) — f and in all way
similar to the proof of (a).

To prove , we use coercivity of the homogenized problem, . For a fixed z € L
choose 6 € conv{Du"(z), Du®(x+¢)} such that 6@°(Du’ (x+¢))—50°(Du’(z)) = §2®°(0)(Du’ (x+
€) — Du®(z)). By construction p, < p,, hence §2®°(0) > co > 0, therefore

co | D*u’(2)] < D§®°(Du’(x);x) = ~T f(x),

where we used (2.9)), which upon taking maximum over x immediately yields (3.13]).
The possibility of choosing p, such that u® € B, 1,00 (X%, pu) follows from [x(2) — X«[1,00 < px

for all |z| < p, which is guaranteed by Theorem

Proof of (B-14).
The first estimate in (3.14) is the Poincaré inequality (see, e.g., [24, Appendix A]), so we
only need to prove the second estimate. We start with using coercivity of JF and the fact that

u and u are solutions to (2.5 and (2.8):
ol = ul oo < 12E(B) (1 — )| 1,00 = IOE(W®) — SE(w)| 1,00 = [E(u) — SEO(u0)| 1,00,
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with some 6 € conv{u®,u} C Bu#oo(xi, pu). Thus we reduced the problem to estimating the

consistency error, [§E(u¢) — 6E°(u%)| 1 oo
Compute 6E(u®):

(BEWS),v)e = > (605(Dyu), Dyv) .

M=

ﬁ
Il
i

(6. (Druo + eD,x¢ (Duo)) , Dyv)

I
M=

L

ﬁ
Il
—

I
WE

(4760, (D’ (@) + Dyrx(Du(2);y)

ﬁ
Il
—

€Dy, Ty x (D (2): ) ),y Dv(x)>x€£ (3.16)

and 6E°(u?):

(6E° (u) <<Z(5CI> (Du’(z) + Dy, x (DU’ (2); ) ; y)> ,Dv(m)> . (3.17)

yeP zeLl

Notice that x(z) satisfies the equation D, | SR A} 6@, (z+Dyx(2))] = 0, hence SR Al 6, (2+
D, ,x(z)) is constant w.r.t. y, hence

M=

ZA 0y (2 + Dyrx(%9);9)],—pje = <

Thus, combining (3.16)), (3.17), and (3.18]) yields

<5E( €)= 6E°(u”), ).

A} 60,(2 + Dyrx(2)))

ﬁ
Il
—_

M=

50, (2 + Dy,rx(z))>7). (3.18)

ﬁ
Il
—

< Z AT5<I> D,u’(z) + Dy’rx(Duo(x)) + er,rTy,rx(Duo(:v)))
r=1
_ A;T&I)T (Duo(:r) + Dy,rx(Duo(:n); y) : y)]y:w/e, DU(:L’)>I€£

R
= < Zl &, Dv>£,

and hence |0E(u¢) — 6E°(u°)|_1 00 = || Z L Er HOO

In what follows we omit the arguments of Du’ = Du®(x), x(Du®) = x(Du’(z);y), and
6®,(8) = 6P, (e;y), and likewise we omit assigning y = £ before taking the U (L)-norm.

We thus estimate:

1Er]lco = HAIM)T (Druo + Dwx(DuO) + ereryyrx(Duo))
— A}, 0, (Du® + Dy x (Du)) ||
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< ||Ar 6@, (Dyu’ + Dy, x (Du’) + €Dy, Ty x (DuP))
— 4,60, (Du’ + Dy,x (D)) ||
+ [|A}.6®, (Du® + Dy,x (Du’)) = A}, .60, (Du’ + Dy, x(Du))||
=t IEM oo + 1EP [loo,

The first term is estimated as:

1€Moo = ||AL6®, (Dyu® + Dy x (D) + €Dy, Ty o x (Du))
— 4,00, (Du’ + Dy px (D)) |,

H5<I>r (DTuO + Dy,rx(Duo) + er,TTy,rx(Duo))
— 00, (Du’ + Dy, x (Du?)) ||

|0D | co.1 HDruo — Du° + eD%rTy,rx(DuO) HOO

< 160, lcos (be(r — Dz,

< er|é®, \co1Const(colC )|u0|200,

IA

AN

‘u0’2,oo)

where in the second last step we used (2.2) and ||T},,||cc < 1.
To estimate the term with £ we use 2.3)):

1P || oo = HAT5<1> (Du® + Dy, x(Du’)) — A}, .60, (Du’ + Dy, x (DuO))||

[e.9]

< ge(r —1)|| D209, (Du’ + Dy, x(Du’))||

< Se(r = 1)|09;]con || De(Dul + Dy x(Du®))]|

< ge(r = D]62r|con (Ju’ srx(Du?) )
< ge(r = 1|6 |con (Ju’ 1 [u%].00)

< er|6®,|co,1 Const (cang)) 402,00

Summing the estimates for Er(l) and &(2) will yield the stated result; it only remains to notice
that Cél) < Cc(bl’l) which implies that C’g) can be absorbed into C’g’l).

Proof of reduces to showing ||x¢(Du’)||c < Const(p), since v’ —u = (u® — u) —
x(Du®) and [[u® — ul|s has been estimated in (3.14). We have

IX(2lloo = [1x(2)lloo < 11x(2) = Xxlloo + [[xxloo)

where the first term can be estimated with the help of the Poincaré inequality and Theorem

Ix = Xelloo < 5Ix = Xsl1,00 < By
To estimate the second term, recall that due to Assumption 0, y+ x«(y) is strictly increasing,
hence Dx.(y) > —1 for all y € Z, hence using Lemma ﬁ we estimate ||x«|lco < %. The

estimate (3.15]) is thus proved. O
Lemma 3.5. Let w € Uy(P) be such that Dw(y) > —1 for ally € Z. Then ||w|o < pT_l.

Proof. We use the following representation of w:

:Z Dwy k),

k=1
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which is valid for all ¢ € R. Choose ¢ = 1 and estimate
P
w(y) 2y (- %) (-1) = 25+,
k—

1

Likewise choose ¢ = % and obtain the upper bound w(y) < p=1 O

4 Proof of the main results

In this section we prove the a posteriori and a priori error estimates.

4.1 A Posteriori Analysis

In order to apply our regularity results to the coarse-grained equations, we will make use of the
following conjugate operator Z} : U — U as

(Trw,v)p = (w, Tpv), Yv,w € U. (4.1)

Note that Z;w is supported on the nodes of the triangulation A}, for all w € U, and the action
of Zp on w € U can be described as distributing values of w from the interior of the intervals
T € 7Ty, to their endpoints.

Lemma 4.1 (The formulation equivalent to coarse-graining). The coarse-grained problem (12.14])
is equivalent to the following (fully atomistic) problem

findu € Uy st.: (OE°(u),v)p = (T F"v)p Y €Uy (L), (4.2)

Proof. Using the fact that the functions wg for £ € £\ Ny, together with wg for & € Ny, form
a basis of U(L), rewrite (2.14) and (4.2)) as, respectively,

find u e U s.t. u €Uy, (4.3a)
(OB (u), wl)p = (F", wh), VE €N, (4.3b)
<U>£ = 07 (43C)
and
find u € U s.t.: (OE°(u),we) e = (TEF" we) e VEE€L\N, (4.4a)
(OE(u), wf) e = (T F" wi)e VE €N (4.4b)
(u)r = 0. (4.4¢)

The equations (4.3c|) and (4.4c|) are identical. The equations (4.3b)) and (4.4b|) are also equivalent
since <I;‘LFh,wg>£ = (Fh,Ihwg>h = <Fh,w2>h. It thus remains to prove equivalence of (4.3al)

and ({4a).
Fix £ € £\ Nj. The right-hand side of ([4.4al) is zero, since Z,we = 0 and hence

(ThF" we) e = (F", Thwe)y = 0.
Evaluate the left-hand side of :
0 = (6E°(u), we)p = (60°(Du), Dwe),
which in coordinate notation reads
60°(Du(¢ — €)) = 6@°(Du(g)). (4.5)

Since ®° is convex (cf. (3.3)), ([4.5) is equivalent to Du(¢ — €) = Du(€). Since £ € L\ N}, was
arbitrary, it is further equivalent to u € Uy, (cf. (2.13))). O
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Lemma [£.1] motivates us to introduce the following auxiliary problem
find u™ € Uy st (GE™),v)e = (LF"v)p Yo €Uy (L), (4.6)

We can then apply Theorem to (2.14) and (4.6) and immediately obtain the following
intermediate result:
Proposition 4.2. For all T; F"* € By,-1.5(0, py), the solution ™™™ to ([4.6) and the solution uj
#
to (2.14) both exist and are unique in By .00 (XS, pu) and By, (0, pu), respectively. Moreover,
# #

the respective Lipschitz bounds u®™* = u®*(Z; F") € CY and u) = ud (Z; Fh) € C11, and the
estimates

U e < 6 T~ fl1 e (@7
— * 1h
< o 1T F oo
luj, —u < 6Const(cang’l))|u2|27oo, (4.9)

hold where uj, is defined in ([2.15)).

It remains to further estimate the respective quantities in Proposition
First, we notice that 6|u2|gpO is nothing but the standard error indicator with jumps over
elements. Indeed, for an arbitrary us € Uy 4, we have

]uhlgm = r;]gé( ’D2uh<x)’ = ;rel% |D2uh(a} — 6)| = %916161%/2}(1 \Duh(aj) — Duh(w — 6)| (4.10)

Second, we split

TLF" — floroe < [T — Tif" o0 + [T — flo1oo
= max [{F"un — (Ffondel + T = floae. (4.11)

|'Uh|1,1:

Here the first term indicates how well F'* approximates the action of exact force f on the finite
element space Uy, 4. We estimate the second term using Lemma

<Iif,7)>£ - <f,1}>£ = <f,IhU>[j - <fa U>£ = <vahU - U>C < ”(h - €)f||00’v|1700' (412)

Lemma 4.3.
(fyv—Tho)p < H(h—e)f”oo\vh,oo VfelUy, Yvel.

where h = h(x) is defined by (2.12).
Proof. We have

<f,v—Ith—eZZf v — Zp](x)

TeT, z€T
_eZmaX|f |Z‘U—Ihv
TETh €T

Fix T € Ty, let £ and n (£ < n) be the two endpoints of T', and estimate, for £ < z <,

v = Ziol(2)] = Jule) — =go(€) — 5=¢v(n)|
= [ (v(z) —0(€)) — 7= (v(n) — v(x))|
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< Jo(@) —v(@)] + [v(n) — v(z)]
< Y D+ Y Do) = X Do)
' eLN[¢,x) ' eLn[z,n) 2'eT

If 2 = ¢ then obviously [v — Zv](x) = 0.

Thus,
(fov=Tw)e < e ) max|f(z)] Y €d |Du(a
TeTh z€int(T) 2'€T
= Z max|f )|(hr —€) Z | Do ('
TETh z'eT
< Nh=efllose Y > Do
TETh 2’ €T
O
Proof of Theorem [2.2. Using (4.9) and (4.7) we can estimate
|, = ulroo < Juh — U100 + U™ — Uf100
< MNTF" — flo100 te Const(co_ng’l)) U [2,00-
The proof is then completed using relations (4.10)), (4.11f), (4.12). O]

4.2 A Priori Estimate

Recall that for the a priori error estimate we assume the exact summation of the external force,
i.e., that (F" vp), = (f,vn)z. The a priori error estimate can essentially be obtained from the

a posteriori estimate (2.17) using (4.10) and (4.8). We only need to estimate |Z; fh\_Loo and
|Z; f*|loo (the former is needed to quantify the condition Z} f* € B, -1,(0, py)) in terms of f.
#

This is done in the following lemma.
Lemma 4.4.
1T " 100 < 1Fl=1,00-
15 oo < £l lloo-
Proof. To prove the first estimate, we need to prove the U!! stability of Zj:
1Zpvlin < Jolia. (4.13)

To prove it, start with expressing

Zholia =€ Y > |DIyu(z)

TET, x€T
Then fix T € Ty, let £ and n (£ < n) be the two endpoints of T', and estimate

S (DT = 3 = )] ‘” = Jo(n) - " Do) < 3 Do)

x€T zeT zeT zeT

Hence (4.13) follows.
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Now we can easily estimate |Z; f_1 o0
<Iifhvv>£ = <f7IhU>£ < |f|*1,oo|IhU

hence ’I}tfh’fl,oo < |f|*1,oo-
To derive the second estimate, we test Z; f h with an arbitrary v € U:

(Tiftv)e=(fTwe=e > Y f@)Iwl(x)<e > max | f(z)] > 1 Zwol(x)

TeTy x€T TeT, zeT

11 < |fl-1,00]V]1,15

Fix T € Ty, let £ and n (£ < n) be the two endpoints of T', and estimate

e 1 Twol(x) < e (Fglo(€)] + 5=t lo(m)l) < hr(5l0(€)] + 3lo(m)]).

zeT zeT

Thus,

st ve < 3 max | f@)lhr (3171 + 3on))

TeTh
< hfllso Y- (GIFEI+ 5lo(m)])
TeTh
= [1fllo Y @) < Bl [0(@)] = IR f]lsollo]]1-
TEN}, zEL

O

The first estimate of the above lemma means that f € B),-1..(0,ps) implies I,’:fh €
#
BM?;LOO(O, pf)

Proof of Theorem 2.3, Follows from (2.17)) using (4.10), (4.8)), and Lemma [4.4] O

5 Numerical Examples

We solve numerically several model problems to illustrate the performance of HQC. We consider
a nonlinear one-dimensional model problem (Section , followed by a two-dimensional linear
problem (Section [5.2).

The aim of the numerical experiments is twofold. First, we verify numerically the sharpness
of the obtained error for the 1D case. Second, we confirm that the HQC convergence result
obtained for 1D is valid in higher dimensions.

5.1 1D

In the first numerical example we solve the problem ({2.5)) with the period of spatial oscillation
p = 2 and number of interacting neighbors R = 3. The interaction potential is chosen as the
Lennard-Jones potential

P (z;2) = —2(2 )76—1—( = )712 (1<r<R)

- 1 y is even
Yl 9/8 gy is odd.
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Figure 1: Strain Du(x) of the solution of the 1D linear problem: the schematically shown
complete solution (left) and the closeup of the micro-structure for 31 atoms (right).
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Figure 2: Results for the 1D problem: error of the post-processed HQC solution uj. The error
behaves in accordance with Theorem 2.3

The number of atoms is N = 214 = 16384, and the external force is taken as
f(z) =50sin (1 + 27x) .

The (microscopic) strain Du(z) for such problem is shown in Fig.

Figure 2| is aimed to illustrate that the estimate in Theorem is sharp. Indeed, it can be
seen that the corrected homogenized HQC solution uj, converges to the exact solution with the
first order in h.

5.2 2D

To illustrate the 2D discrete homogenization, we apply it to the following model problem. The
atomistic lattice is £ = (0, 1]> N €Z? with € = 1/N, the atomistic energy is

Blu) = @303 g2 J(HEten-n)?
zeLrER

where the set of neighbors is defined by R = {(1,0), (1,1),(0,1), (—1,1)} (we omit the neighbors
that can be obtained by reflection around (0,0)) and the interaction coefficients as

k1 Y1 + yo is even
V) = Y1)y = k3 a0y = Yoy = { ky 1+ is odd.

Such material is illustrated in Fig.
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Figure 3: Illustration of a 2D model problem with heterogeneous interaction.
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Figure 4: Atomic equilibrium configuration for Ny = Ny = 64 for the 2D test case. Deformation
of the whole material (left) and a close-up (right).

This example was motivated by the study of Friesecke and Theil [15], where a similar model
was considered. Friesecke and Theil considered the model with springs similar to the one
illustrated in Fig. which however was nonlinear due to nonzero equilibrium distances of
the springs (so that the energy of the spring between masses x; and x2 is proportional to
|z1 — 22|? — 12, where [y is the equilibrium distance). They found that with certain values of
parameters the lattice looses stability to non-Cauchy-Born disturbances and the lattice period
doubles (thus the lattice ceases to be a Bravais lattice).

The results, given with no details of actual derivation, are the following: The period of spatial
oscillations in this case is (2,2). The function y has the form y = x(Y;) = (—1)71 172 4(1“]3111‘;32)1
(here I is the 2 x 2 identity matrix).

We set the values of parameters e = 2711, Ny = Ny =21 ky =1, ky = 2, k3 = 0.25, and

the external force » |
_ — cos(m1)2—cos(mx)? [ S 2mxy i
flw) =10e ( sin(27xg) > f

where f is determined so that the average of f(z) is zero. The total number of degrees of
freedom of such system is approximately 8 - 10%. The solution for such test case is shown in fig.
(the illustration is for N; = Ny = 64).

The atomistic domain is triangulated using 2 nodes and K = 2t triangles (t = 2,4, ...,2'9).
In each triangle Sy a sampling domain Zj, is chosen, each sampling domain contains four atoms
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Figure 5: Illustration of a 2D triangulation.
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Figure 6: Results for the 2D test case: error depending on the mesh size h. The error behaves
in accordance with the 1D analysis (Theorem [2.3)).

(see illustration in fig. . The number of degrees of freedom of the discretized problem is 2t%.

The error of the solution for different mesh size h (h = 0.5,0.25,...,2719) is shown in Fig.
[6l The results are essentially the same as in 1D case: the method convergences with the first
order of mesh size in the Y*°-norm.
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A Implicit Function Theorem

The following modification of the implicit function theorem (IFT) of Hildebrandt and Graves
(1927), (cf. Zeidler 1986, p. 150) is used repeatedly in our analysis.

Theorem A.1l. Let X, Y, and Z be Banach spaces. Suppose that:
(i) F € CHY(U; Z) for a neighborhood U C X x Y of (z0,y0) and F(xq,y0) = 0.

(ii) 6, F(z0,y0)~ ! exists and is bounded.
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Then there exist p, > 0 and p, > 0, such that

(a) For each x € By(xo, py) there exists a unique solution y = y(x) € By(yo, py) of F(x,y) =
0.

(b) y =y(z) is Lipschitz with the constant
[Ylcor < bolldxFllc < bolFlcor,

where by = 2[|6,F(x0,y0)"||. Note that ||6,F||c < |F|con due to the fact that F is
continuously differentiable.

(c) The derivative 6,y exists and is Lipschitz with the constant

’(Zﬂ/‘co,l < Const(boH(SwFHc, b0|(5$F’CO,1,bo‘(SyF‘Co,l).

Proof of estimates in (b) and (¢). We assume the existence and smoothness of y(x) is proved.
Denote by := 2||(6,F (x0,0)) " ||. Since &,F(xo,yo) is continuous in the neighborhood of
(z0,90)), we can assume that p, and p, are chosen small enough so that ||(6,F(z,y)) || < bo

in By (o, pz) X By(y07py)-

Denote F, := 6, F, F,, := 0,F, y, := 0,y. We then have F,(z,y(x)) + Fy(z,y(z))y(x) = 0
for all € By (z0, ps), or yz(z) = —Fy(z,y(z)) 1 Fy(z, y(z)).

To prove (b), estimate

e ()| < [1Ey (2, )~ | Fo(, )] < bol| Elc

To show that y,(x) is Lipschitz, fix arbitrary x1,x2 € By(x, psz), denote y1 = y(z1) and
y2 = y(z2), and estimate

vz (22) — yu(21)|| = || — Fy(z2,y2) ' Faolza, y2) + Fy(z1,y1) Fu(z1,11)]
< |\ Ey(w2,y2) HEFu(a, y2) — Fu(z1, 1)
+ [y (22, y2) ™ = Fy(z1, 1) Fe(z1, 1)

< ||Fy(z2,y2) | Fe(z2, y2) — Fulzr, y1)]||
+ |1Fy (w2, y2) " Fy (w1, 91) — Fy(@e, y2)1Fy(x1, y1) " || Fa (@1, 1)
< bol Frlcon (w2 — 21l + |ly2 — w1ll)

+ 05 Fylooa (o2 — w1l + g2 = 1D Fellc-

It remains to notice that ||y2 — y1|| < bo||Fz|lc ||x2 — z1|| due to part (b). O
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