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Abstract

Low-rank tensor completion addresses the task of filling in missing entries in multi-dimensional
data. It has proven its versatility in numerous applications, including context-aware rec-
ommender systems and multivariate function learning. To handle large-scale datasets and
applications that feature high dimensions, the development of distributed algorithms is
central. In this work, we propose novel, highly scalable algorithms based on a combination of
the canonical polyadic (CP) tensor format with block coordinate descent methods. Although
similar algorithms have been proposed for the matrix case, the case of higher dimensions
gives rise to a number of new challenges and requires a different paradigm for data distribu-
tion. The convergence of our algorithms is analyzed and numerical experiments illustrate
their performance on distributed-memory architectures for tensors from a range of different
applications.

Keywords: low-rank tensor completion, canonical tensor format, cyclic coordinate descent,
alternating least squares, parallel tensor completion, parallel cyclic coordinate descent,
parallel alternating least squares

1. Introduction

Tensor completion is the task of completing multi-dimensional data with missing values.
To make this task well-posed, rank constraints are typically imposed on the tensor. Unlike
in the matrix case, the definition of the rank of a tensor is not unique. In this work, we
focus on the CP format, in which the tensor is represented as a sum of rank-one tensors.

Email addresses: larsk@cs.umu.se (Lars Karlsson), daniel.kressner@epfl.ch (Daniel Kressner),
uschmajew@ins.uni-bonn.de (André Uschmajew)



More specifically, following the notation in [1], the CP format of a tensor X ∈ RI1×I2×···×IN

of order N takes the form

X =
L∑
`=1

x
(1)
` ◦ x

(2)
` ◦ · · · ◦ x

(N)
` , x

(n)
` ∈ RIn , (1)

where ◦ denotes the vector outer product. The smallest L, for which (1) is possible, is called
the tensor rank of X.

Let A be a data tensor with known entries in an index set Ω, that is, the entry ai1···iN
of A is known if and only if i = (i1, . . . , iN) ∈ Ω. Then we seek to fit the components x

(n)
`

of (1) for a tensor X of tensor rank L to this given data. Letting PΩ denote the orthogonal
projection onto Ω, this can be addressed by solving the optimization problem

min
∥∥∥PΩ

(
A−

L∑
`=1

x
(1)
` ◦ x

(2)
` ◦ · · · ◦ x

(N)
`

)∥∥∥2

2
+ λ

L∑
`=1

N∑
n=1

∥∥x(n)
`

∥∥2

2
, (2)

where λ ≥ 0 is a regularization parameter. The aim of this work is to propose and analyze
parallel methods for solving (2). Applications that require the completion of tensors (that, is
N > 2) include context-aware recommender systems [2], multivariate function learning [3],
reconstruction of hyperspectral images [4], and seismic inversion [5].

For N = 2 the problem (2) is an instance of the well-known matrix completion problem.
Among the many algorithms proposed in the literature, parallel approaches have been
proposed based on ALS (alternating least-squares) [6, 7], CCD (cyclic coordinate descent) [8,
9, 10] and SGD (stochastic gradient descent) [6, 11, 12].

For N > 2, the problem of tensor factorization into CP format is a well-studied subject
for complete data, see [1] and references therein. In contrast, the case of incomplete data
(that is, tensor completion in the CP format) has received much less attention. Most existing
algorithms [2, 13, 14] use a combination of standard techniques (ALS, nonlinear CG, . . .)
with weight matrices or imputation in order to deal with the missing data. In [15], an
alternating proximal gradient method was applied to (2), but with nonnegativity constraints.
To the best of our knowledge, no parallel algorithm has been proposed for (2). For the case
of complete data, Phan and Cichoki [16] have studied the parallelization of ALS based on
local CP models.

Block coordinate descent (BCD) techniques like ALS are efficient for tensor optimization
problems because they exploit the multi-linearity of the outer product. The CP format (1)
is linear with respect to each of the factor matrices

X(n) =
[
x

(n)
1 ,x

(n)
2 , . . . ,x

(n)
L

]
∈ RIn×L, (3)

which collect all vectors x
(n)
` corresponding to a fixed mode n = 1, . . . , N . Each step of ALS

updates one of the factor matrices, which requires the solution of In normal equations of size
L× L. To mitigate the cost incurred by these normal equations for larger L and to improve
scalability, Yu et al. [9, 10] recently proposed a simpler block coordinate method for the
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matrix completion problem (N = 2), which they termed CCD++. In this paper, we generalize
CCD++ to the tensor case. In contrast to ALS, this method considers a “feature-wise” [9, 10]

partition into the block variables Y` =
[
x

(1)
` ,x

(2)
` , . . . ,x

(N)
`

]
corresponding to the L terms in

the sum (1). Each step of CCD++ updates one of these block variables, which amounts to a
rank-one approximation and is addressed by performing T ≥ 1 iterations of ALS. The entries
of a single vector x

(n)
` can be updated in parallel by an explicit formula without matrix

inversion, resulting in a cyclic coordinate descent method operating on scalar variables.
In this work, we develop and analyze novel parallel algorithms for tensor completion,

based on ALS and CCD++. As explained in more detail in Section 3, the transition from
the matrix case [9, 10] to the tensor cases pose a number of new challenges for load balancing
and data distribution.

2. Description of algorithms

In this section, we give a detailed description of ALS and the CCD++ method for
solving (2).

2.1. ALS
One step of ALS consists of optimizing a single factor matrix (3), while keeping the

others fixed. To derive the corresponding equations, we first recall the CP format (1) in its
entry-wise form:

xi1···iN =
L∑
`=1

N∏
n=1

[
x

(n)
`

]
in
.

Hence, the n̂th factor matrix that minimizes (2) while keeping all other factor matrices fixed
is obtained from the solution of the In̂ optimization problems

min
z1,z2,...,zL

∑
i∈Ω
in̂=ı̂

(
ai −

L∑
`=1

z`

N∏
n=1
n6=n̂

[
x

(n)
`

]
in

)2

+ λ
L∑
`=1

z2
` , ı̂ = 1, . . . , In̂. (4)

Let |Ωn̂,̂ı| be the number of known entries satisfying in̂ = ı̂. Stacking these entries in a

vector an̂,̂ı, and arranging the partial products
∏

n6=n̂
[
x

(n)
`

]
in

into an |Ωn̂,̂ı| × L matrix Hn̂,̂ı

accordingly, (4) becomes
min
z
‖an̂,̂ı −Hn̂,̂ız‖2

2 + λ‖z‖2
2.

When λ > 0, the solution to this least-squares problem is unique, and given by

z∗ = (HT
n̂,̂ıHn̂,̂ı + λI)−1HT

n̂,̂ıan̂,̂ı. (5)

Thus, the coordinate update rule for the ı̂th row of the n̂th factor matrix consists of
replacing the entries

[
x

(n̂)
`

]
ı̂

for ` = 1, 2, . . . , L with the entries of z∗ given by (5). As the
update does not depend on other entries than those in slice in̂ = ı̂, all slices can be updated
in parallel.

The overall ALS procedure is summarized as Algorithm 1. The choice of starting vectors
x

(n)
` is random in our experiments. By (4), they should certainly not be initialized with all

zeros.
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Algorithm 1: ALS

1 Initialize all vectors x
(n)
` ;

2 for each iteration do
3 for n̂ = 1, 2, . . . , N do
4 for ı̂ = 1, 2, . . . , In̂ do in parallel

5 Update L entries
[
x

(n̂)
`

]
ı̂
, ` = 1, 2, . . . , L, using (5);

2.2. CCD++

One step of CCD++ consists of optimizing a single term in the sum (1), while keeping

the others fixed. To update the ˆ̀th term x
(1)
ˆ̀ ◦x

(2)
ˆ̀ ◦ · · · ◦x

(N)
ˆ̀ , one has to find a best rank-one

approximation of

A−
∑
6̀=ˆ̀

x
(1)
` ◦ x

(2)
` ◦ · · · ◦ x

(N)
` .

This is done approximately, by performing a few iterations of rank-one ALS.
The n̂th step of rank-one ALS consists of minimizing (2) with respect to the single vector

x
(n̂)
ˆ̀ . According to (5), we replace the ı̂th entry of x

(n̂)
ˆ̀ by

z∗ =

∑
i∈Ω
in̂=ı̂

(
ai −

L∑
`=1
`6=ˆ̀

N∏
n=1

[
x

(n)
`

]
in

) N∏
n=1
n6=n̂

[
x

(n)
ˆ̀

]
in

λ+
∑
i∈Ω
in̂=ı̂

( N∏
n=1
n6=n̂

[
x

(n)
ˆ̀

]
in

)2
. (6)

This can be done for all ı̂ = 1, 2, . . . , In̂ in parallel.
In principle, the block coordinate update rule (6) for x

(n̂)
ˆ̀ can be applied in any order, but

the choice of this order will affect convergence. Following the matrix case [9, 10], CCD++
optimizes all entries for a given rank-one term (ˆ̀), by sweeping through n̂ = 1, 2, . . . , N
possibly multiple times, before moving on to the next rank-one term. This leads to the
nested loop structure shown in Algorithm 2.

Efficient evaluation of (6). The quantities

ri := ai −
L∑
`=1
`6=ˆ̀

N∏
n=1

[
x

(n)
`

]
in
, i ∈ Ω, (7)

appearing in the numerator of (6) do not depend on n̂. Therefore, they need to be evaluated
only once when sweeping through n̂ = 1, 2, . . . , N . This trick effectively reduces the number
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Algorithm 2: CCD++

1 Initialize all vectors x
(n)
` and R for ˆ̀= 1 using (7);

2 for each outer iteration do

3 for ˆ̀= 1, 2, . . . , L do
4 for each inner iteration do
5 for n̂ = 1, 2, . . . , N do
6 for ı̂ = 1, 2, . . . , In̂ do in parallel

7 Update entry
[
x

(n̂)
ˆ̀

]
ı̂

using (6);

8 Update R in parallel using (8) with ˆ̀
old = ˆ̀ and ˆ̀

new = 1 + (ˆ̀mod L);

of evaluations by a factor of 1/N , at the expense of storing all these quantities in a sparse
tensor R with the same sparsity pattern as A.

When moving from one rank-one term to the next, the value of ˆ̀ changes from ˆ̀
old to ˆ̀

new.
Consequently, the sum that appears in the definition (7) of ri loses one term (corresponding
to ˆ̀

new) and gains one term (corresponding to ˆ̀
old). To compensate for these changes, we

perform the update

ri ← ri −
N∏
n=1

[
x

(n)
ˆ̀
old

]
in

+
N∏
n=1

[
x

(n)
ˆ̀
new

]
in
. (8)

This natural rule was also used in [9, 10] for matrices (N = 2). Especially for large ranks L,
it is much more efficient than recomputing R from scratch whenever ˆ̀ changes.

Inner iterations. Using more than one inner iteration in Algorithm 2 can sometimes be
beneficial; it potentially allows to make progress without having to perform the update (8) of
R. For the matrix case, Yu et al. [9, 10] proposed an adaptive scheme that selects the number
of inner iterations based on the observed convergence behavior, leading to a considerable
improvement of the performance. However, to simplify the interpretation of the results,
we use only one inner iteration in our numerical experiments. As demonstrated in the
supplementary material, choosing two inner iterations in CCD++ does not necessarily lead
to improved performance in the tensor case.

2.3. Convergence

In the following, we provide a convergence analysis of Algorithm 2 for the case of one
inner iteration. Our analysis is based on recent results [15] concerning the convergence of
cyclic BCD methods applied to multi-convex real-analytic functions.

We treat the parameters x
(n)
` of our model (1) as disjoint blocks of a single array X

arranged in CCD++ order, that is,

X =
[
x

(1)
1 , . . . ,x

(N)
1 ,x

(1)
2 , . . . ,x

(N)
2 , . . . ,x

(1)
L , . . . ,x

(N)
L

]
.
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Moreover, we split the objective function (2) into the model error

E(X) =
∥∥∥PΩ

(
A−

L∑
`=1

x
(1)
` ◦ x

(2)
` ◦ · · · ◦ x

(N)
`

)∥∥∥2

2
(9)

and the squared norm ‖X‖2
2 =

∑L
`=1

∑N
n=1

∥∥∥x(n)
`

∥∥∥2

2
of the representation parameters. The

CCD++ algorithm is simply the cyclic BCD method with exact line search applied to the
objective function

fλ(X) = E(X) + λ‖X‖2
2. (10)

The case λ = 0 (no regularization) leads to a number of difficulties in the analysis, due to
the lack of closedness [17] and the scaling indeterminacy [18] of the CP format. To avoid
these difficulties, we assume that regularization is present (λ > 0). Then the sublevel sets of
fλ are bounded so that (2) has at least one globally optimal solution. Although we cannot
ensure that the algorithm will find such a global solution, the multi-convexity of the objective
function allows us to prove convergence to a critical point.

Proposition 1. Assume λ > 0 and let Xk denote the parameter array produced by k outer
iterations of Algorithm 2 (using one inner iteration). Then the sequence (Xk) converges to
a critical point X∗ of fλ and ‖Xk −X∗‖2 ≤ Ck−α for constants C > 0 and α ∈ (1,∞). If,
additionally, the Hessian ∇2fλ(X∗) is positive definite, then X∗ is a local minimum, and
the convergence is asymptotically Q-linear: ‖Xk −X∗‖2 ≤ q‖Xk−1 −X∗‖2 for q ∈ (0, 1) and
sufficiently large k. The same statements hold for Algorithm 1.

Proof. As noted above, Algorithm 2 is cyclic BCD applied to the real-analytic function fλ.
Consequently, the first part follows from Theorem 2.8 in [15], provided that the optimization

problem with respect to any of the block variables x
(n)
` is strongly convex with a lower bound

on the Hessian independent of the current iterate. To see that this is indeed the case, let
ϕ(x

(n)
` ) denote the restriction of fλ to x

(n)
` with all other blocks fixed. As the restriction

of E in (9) to x
(n)
` is a non-negative quadratic function, it follows directly from (10) that

the smallest eigenvalue of ∇2ϕ is bounded from below by λ at any point. The convergence
rate is as stated in Theorem 2.9 in [15]. Although this theorem also covers the second part
(that is, the case of a positive definite Hessian), it is worth noting that this part follows from
textbook results [19, Section 10.3]. The arguments for Algorithm 1 are the same, as ALS is
cyclic BCD with respect to the block variables (3).

The positive definiteness of ∇2fλ(X∗) can be enforced by a sufficiently strong regulariza-
tion.

Proposition 2. Fix R > 0. There exists λ0 > 0 such that for all λ ≥ λ0 and all starting
points X0 with ‖X0‖2 ≤ R the following holds: The Hessian at all points in the sublevel set
Lλ(X0) = {X | fλ(X) ≤ fλ(X0)} has eigenvalues bounded from below by λ, which ensures
linear convergence according to Theorem 1.
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Proof. Let X ∈ Lλ(X0). By (10), the fact that E is never negative implies ‖X‖2
2 ≤

E(X0)/λ + R ≤ E∗/λ + R, where E∗ is the maximum of E on the zero-centered ball of
radius R. Let σλ denote the mimimum of the smallest eigenvalues of ∇E2 on a zero-centered
ball of radius (E∗/λ + R)1/2. Then the smallest eigenvalue of ∇2fλ(X) is bounded from
below by σλ + 2λ. This implies the assertion, considering that σλ does not decrease when λ
increases.

The convexification of the problem on a sublevel set suggested by Proposition 2 is likely
to change its qualitative properties. For completeness, we note that the global convergence of
cyclic BCD for strongly convex problems at an asymptotically linear rate has been obtained
in earlier works like [20].

3. Parallel algorithms

In this section, we present parallel formulations of ALS (Algorithm 1) and CCD++
(Algorithm 2) in the message-passing paradigm.

The parallel tensor completion algorithms proposed below fundamentally differ from
previously published algorithms for the matrix case. In particular, the parallel ALS algorithms
presented in [6, 7] and the parallel CCD++ algorithm presented in [9, 10] have in common
that they distribute the variables and let each processor independently update its own
subset of the variables. However, this comes at the cost of duplicating the storage for the
incomplete matrix and, in the case of CCD++, also duplicating a significant portion of the
work. Generalizing the approach to order N tensors would require N times the storage (and
N times the work in the case of CCD++). In contrast, our algorithms are based on the
idea of distributing the incomplete tensor instead of the variables and let the processors
collaboratively update the variables. This approach does not suffer from the described problem
and requires only a single copy of the incomplete tensor. Another benefit is an increase in
the degree of concurrency (and hence improved scalability) from maxn{In} to the typically
much larger |Ω|.

The primary objects are the data tensor A, the CP tensor X, and in the case of CCD++
also the intermediate tensor R. In our parallel algorithms, the data tensor A can have any
arbitrary distribution. Let Ω = Ω(1) ∪ · · · ∪ Ω(p) denote a partition of the index set Ω over
p processors. Specifically, processor q owns ai (and also ri in the case of CCD++) for all
i ∈ Ω(q). The factor matrices X(n) for n = 1, . . . , N of the CP tensor X are in both cases
replicated on all p processors.

3.1. Parallel formulation of ALS

The inner loop of ALS (Algorithm 1) for mode n consists of constructing and solving
In normal equations (5) of size L× L. Each solve generates an updated row of the factor
matrix X(n) and the inner loop as a whole updates all rows of the matrix.

In our parallel formulation described in Algorithm 3, the processors construct local
contributions to each of the In normal equations in parallel. These contributions are then
summed up in a global reduction step to obtain the normal equations (5). Each processor
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solves roughly 1/p of the normal equations and the updated rows of X(n) are replicated in a
global all-gather step.

Algorithm 3: Parallel formulation of ALS.

1 Initialize all vectors x
(n)
` in parallel;

2 for each outer iteration do
3 for n̂ = 1, 2, . . . , N do
4 Construct local contributions to each of the In̂ normal equations (5) in the form

of a local coefficient matrix Cı̂ of size L× L and a local right-hand side vector
dı̂ of length L for each ı̂ = 1, 2, . . . , Iı̂;

5 Reduce (sum) and scatter the In̂ normal equations defined by the pairs (Cı̂,dı̂);
6 Solve the (roughly In̂/p) local normal equations (Cı̂ + λI)zı̂ = dı̂ for zı̂;

7 Replicate the updated factor matrix X(n̂);

In line 3 of Algorithm 3, the processors construct their local contributions in parallel. In
line 4, the local contributions are reduced and the resulting normal equations are scattered
over the processors. The normal equations are solved in parallel (but each one sequentially)
in line 5, and the updated factor matrix is replicated in line 6.

Line 3 involves Θ(|Ω|L2) arithmetic operations and the degree of concurrency is |Ω|.
Line 5 involves Θ(In̂L

3) arithmetic operations and the degree of concurrency is only In̂. The
load imbalance caused by line 5 near the limit of concurrency becomes more pronounced for
higher ranks since the cost of line 5 grows like L3 while the cost of line 3 grows only like L2.

3.2. Parallel formulation of CCD++

The inner loop of CCD++ (Algorithm 2) consists of applying the update rule (6) to each

of the In̂ entries of the ˆ̀-th column x
(n̂)
ˆ̀ of X(n̂). Using the intermediate tensor R defined in

(7), the update rule can be expressed as

[
x

(n̂)
ˆ̀

]
ı̂
← αı̂

λ+ βı̂
, where αı̂ =

∑
i∈Ω
in̂=ı̂

riγı̂, βı̂ =
∑
i∈Ω
in̂=ı̂

γ2
ı̂ , γı̂ =

N∏
n=1
n6=n̂

[
x

(n)
ˆ̀

]
in
. (11)

Since the tensor R has an arbitrary distribution, the data necessary to compute the tensor
contractions in (11) for a fixed ı̂ are in general distributed over all processors. In our parallel
formulation, the processors construct local contributions to the 2In̂ tensor contractions αı̂
and βı̂ for ı̂ = 1, 2, . . . , In̂. These contributions are then summed up in a global reduction
step. Each processor updates roughly In̂/p of the entries of the vector x

(n̂)
ˆ̀ , and the updated

vector is replicated in a global all-gather step. In other words, the parallel formulation
of CCD++ is essentially analogous to the one for ALS. In addition, however, CCD++
also needs to initialize and update the intermediate tensor R. Since every factor matrix
is replicated, the initialization, using (7), can be performed in a perfectly parallel manner
without communication. The update, using (8), is also perfectly parallel for the same reason.
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Algorithm 4: Parallel formulation of CCD++.

1 Initialize in parallel all vectors x
(n)
` and the intermediate tensor R for ˆ̀= 1 using (7);

2 for each outer iteration do

3 for ˆ̀= 1, 2, . . . , L do
4 for each inner iteration do
5 for n̂ = 1, 2, . . . , N do
6 Construct local contributions to each of the 2In̂ tensor contractions αı̂

and βı̂ for ı̂ = 1, 2, . . . , In̂;
7 Reduce (sum) and scatter the partial tensor contractions from the

previous step;

8 Update the roughly In̂/p local entries of x
(n̂)
ˆ̀ ;

9 Replicate the updated factor matrix column x
(n̂)
ˆ̀ ;

10 Update R in parallel using (8) with ˆ̀
old = ˆ̀ and ˆ̀

new = 1 + (ˆ̀mod L);

Algorithm 4 presents our parallel formulation of CCD++ in more detail. In line 1, the
intermediate tensor R is initialized. In line 5, the processors construct in parallel their local
contributions to the tensor contractions, and in line 6 the local contributions are summed up
to obtain the tensor contractions necessary for the update rule (11). In line 7, the processors
update the current column in parallel, and the updated column is replicated in line 8 in a
global all-gather step. Finally, the tensor R is updated in line 9.

Line 5 involves Θ(|Ω|) arithmetic operations and the degree of concurrency is |Ω|. Line 7
involves Θ(In̂) arithmetic operations and the degree of concurrency is only In̂. In contrast to
ALS, the degree of concurrency is effectively limited by |Ω| in practice regardless of the rank.

4. Numerical Experiments

The parallel algorithms were tested on a distributed memory system. Each node is
equipped with 48 cores distributed over four sockets. The nodes have a NUMA architecture
consisting of eight NUMA locality domains per node with the six cores in each domain
partially sharing a memory hierarchy.

In all experiments presented below, the factor matrices (3) were initialized with normally
distributed random numbers and one inner iteration was used in CCD++. The tensor
completion accuracy was measured on a randomly sampled test set of entries disjoint from
the set Ω used in the training phase, and is measured by the root mean square error (RMSE)
or the normalized root mean square error (NRMSE) (RMSE divided by the difference between
maximum and minimum entry) on that set.

4.1. Synthetic data

We consider a random tensor A ∈ R100×100×100×100 with prescribed tensor rank L ∈
{10, 20, 30, 40, 50}, using exactly this rank in the algorithms. The aim was to investigate
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the scalability of our parallel implementations of ALS and CCD++. The index set Ω was
chosen randomly such that |Ω| = 106 (1%) and λ was set to 10−3. The number of cores
were set to p ∈ {1, 6, 12, . . . , 96}, that is, up to two full nodes were utilized. We stopped the
CCD++ algorithm after 20 and ALS after 10 iterations, which leads to approximately the
same execution time on a single core. The median execution time spent on one iteration was
measured, including the evaluation of the objective function. Figures 1a and 1b show the
resulting relative speedup as the number of cores increases. As expected (see Section 3.1),
the scalability of ALS deteriorates with growing rank L, while CCD++ scales independently
of L.

4.2. Applications

We now assess the performance of our parallel implementations of ALS and CCD++ for
two data sets commonly used in the literature.

MovieLens 10M. The MovieLens 10M dataset1 contains timestamped ratings of movies.
Binning the time into 7-day wide bins results in a tensor of size 71 567× 10 677× 731. The
number of samples is 10 000 054 (0.002%). Figures 2a and 2b report RMSE versus execution
time on one core and one full node (48 cores), respectively, with rank L = 40 and λ = 10−1.
In this and the next example, the timings do not include the time needed for evaluating the
test scores, which were instead obtained in separate runs using the same inputs. The two
methods perform similarly on one core but CCD++ clearly outperforms ALS on 48 cores
due to better parallel scaling.

Hyperspectral image. The hyperspectral image “Ribeira” [21] corresponds to a tensor of
size 1017× 1340× 33. The index set Ω was chosen randomly to contain 10% of the entries
(4 497 174 samples). The test set is of the same cardinality. Figures 3a and 3b report NRMSE
versus execution time on one core and one full node (48 cores), respectively, with L = 100 and
λ = 10−3. For this data, ALS is not only faster, but it also achieves a better reconstruction
on the test set.

4.3. CCD++ with two inner iterations

We repeat the experiments from the previous section for the CCD++ algorithm with
two instead of one inner iteration, in order to check if this results in any improvements. For
both datasets, it turns out that the cost for two inner iterations is not compensated by the
possibly improved rank-one approximations. The whole process slows down, as can bee seen
in Figures 4a and 4b.

4.4. Function-related tensor

To account for the growing importance of function-related tensors in scientific comput-
ing [22], we have tested our algorithms on a tensor obtained from discretizing the function
x 7→ exp(−‖x‖2), which has a cusp singularity at the origin, on a tensor product grid.

1http://grouplens.org/datasets/movielens/
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Figure 1: Performance of parallel ALS and CCD++ for synthetic data.

11



 0.1

 1

 10

 0  500  1000  1500  2000  2500  3000

T
e
st

 R
M

S
E

Time [s]

Movie Lens 10M, 90% training + 10% test, rank 40

CCD++ (100 iterations)
ALS (30 iterations)

(a) Movie Lens 10M on 1 core.

 0.1

 1

 10

 0  50  100  150  200  250

T
e
st

 R
M

S
E

Time [s]

Movie Lens 10M, 90% training + 10% test, rank 40

CCD++ (100 iterations)
ALS (30 iterations)

(b) Movie Lens 10M on 48 cores.

Figure 2: Performance of parallel ALS and CCD++ for the Movie Lens 10M data set.
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Functions of this type play an important role as Slater-type orbitals in quantum chemistry.
Tensor completion can be used, for example, to learn the entire function from a few function
values.

The considered domain [−1, 1]N is discretized by a regular grid with nN grid points (an
odd value n has been chosen such that the grid contains the origin). This gives a tensor A

with entries

ai1,i2,...,iN = exp(−
√
ξ2
i1

+ ξ2
i2

+ · · ·+ ξ2
iN

)

where ξi1 , ξi2 , . . . , ξiN are the grid points. We sample 10nNL entries of A and apply our
algorithms.

We used N = 5, n = 51, L = 100, and 10nNL = 255 000 samples in both methods. We
have performed five trial runs with different random initial guesses. The resulting accuracies
for the training phase are presented in Figures 5b and 5a. They suggest that ALS is more
accurate and also less sensitive to the initial guess. For some trial runs CCD++ seems to
offer a slight advantage in the initial phase.

5. Summary and conclusions

We have presented and analyzed two parallel algorithms (ALS and CCD++) for tensor
completion in the CP format, provided convergence results for them, as well as numerical
results on synthetic and real-world data. Concerning the comparison between the two
algorithms, we have to draw a mixed conclusion. In contrast to CCD++, the parallel
scalability of ALS appears to be sensitive to the prescribed CP rank and, consequently,
CCD++ scales better than ALS for larger ranks when applied to random data. For data
sets from specific applications, like hyperspectral images, we have observed on 48 cores that
this disadvantage can be more than compensated by the faster convergence of ALS. For
other applications, like MovieLens 10M, ALS is still slower. In terms of attained quality
of approximation, ALS appears to be never worse and sometimes better than CCD++.
In summary, this makes ALS one of the most powerful low-rank optimization algorithms
currently at hand and CCD++ becomes a valuable alternative when scalability is critical.
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