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AN OPTIMIZATION BASED COUPLING METHOD FOR
MULTISCALE PROBLEMS

ASSYR ABDULLE*, ORANE JECKER', AND ALEXANDER SHAPEEV

Abstract. A new multiscale coupling method is proposed for elliptic problems with highly
oscillatory coefficients with a continuum of scales in a subset of the computational domain and scale
separation in complementary regions of the computational domain. A discontinuous Galerkin (DG)
finite element heterogeneous multiscale method (FE-HMM) is used in the region with scale separation
while a continuous standard finite element method is used in the region without scale separation. The
use of a DG FE-HMM method allows for a flexible meshing of the different models in the overlapping
region. The unknown boundary conditions at the interfaces are obtained by minimizing the error
of the two models in the overlap region. We prove the well-posedness of both the continuous and
discrete coupling problems and establish convergence of the multiscale method towards the fine scale
solution. As in the region with scale separation we obtain an approximation at a cost independent
of the smallest scale in the problem, the computational cost of the multiscale method is significantly
smaller than a fine scale solver over the whole computational domain, while the algorithm allows to
treat situation for which standard numerical homogenization methods do not apply.

Key words. optimization based coupling, virtual control, homogenization, multiscale problem,
HMM, discontinuous Galerkin
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1 Introduction Partial differential equations (PDEs) with multiple scales are
used to model a wide range of physical systems with numerous applications, ranging
from material and natural sciences to problems in engineering or biology. When the
ratio of the smallest scale in the problem to the size of the computational domain
is very large, the numerical approximation of such problems with classical numerical
methods can become computationally prohibitive as the smallest scales in the prob-
lem have to be resolved leading to discretization with very large degrees of freedom.
Numerous multiscale methods have been developed in the past decade. Without at-
tempting to be exhaustive we recall two important approaches that we will contrast
later with the new multiscale method proposed and analyzed in this paper. We will
focus on linear elliptic problems, but note that some methods described below have
been proposed also for other types of PDEs.

We first mention methods based on coarse oscillatory basis functions that encode
the high variation of the data in the multiscale PDE. In this class of methods we
have for example the multiscale finite element method (see the references in e.g., [20])
and the recently proposed local orthogonal decomposition (LOD) (see [30, 25]). In
principle these methods can be applied to problems with general coefficients (e.g.,
without structural assumption on the coefficients) and convergence has indeed been
proved for rough coefficients for the LOD in [30, 25]. While these methods are quite
general, they come also with a high computational cost to precompute the coarse
basis functions, as the original fine scale problem has to be solved on localized coarse
elements whose union is a partition of the computational domain of interest.

The next class of multiscale methods that we mention are methods supplementing
macroscopic data (computed through micro computations) for the solution of an effec-
tive equation solved by a macroscopic solver. This approach widely used by engineers
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(see e.g., the references in [21]) has been developed into a general framework in the het-
erogeneous multiscale method (HMM) [18, 2]. When finite element methods (FEMs)
are used (at the micro and macro scales) these methods are called finite element
heterogeneous multiscale methods (FE-HMM). The theoretical justification of these
methods is that of the homogenization theory: given a family of PDEs indexed by a
parameter €, the theory of H—convergence establish the convergence of a subsequence
of solutions to an effective PDE under quite general assumptions (e.g., boundedness
and ellipticity of the diffusion tensor of an elliptic problems and right-hand side in
the dual of the Hilbert space considered in the weak formulation). In a numerical
approach such as the FE-HMM, the micro computations are usually done in sampling
domains of size much smaller than the mesh width used for the macroscopic solver.
Hence to extract the effective data a computational cost independent of the small
scales can be achieved when indeed the small scales can be localized, i.e., when the
problem features scale separation. Rigorous convergence analysis has been established
for locally periodic coefficients or random stationary coefficients [1, 19, 3, 2].

In this paper we are interested in problems in which the scales are separated in a
subset of the computational domain with possibly a continuum of scales in the com-
plementary domain. Our aim is to couple numerical homogenization methods such as
the FE-HMM in part of the computational domain with a fine scale solver. Such prob-
lems arise in many situations, for example heterogeneous composite materials whose
effective properties can be well captured by assuming a (locally) periodic microstruc-
ture that can however not be valid near defects. In our modeling the smallest scale
is supposed to be still discretized at the continuum level but for some applications
atomistic scale should be considered.

Algorithms that couple numerical homogenization methods with a fine scale solver
have appeared in the literature. We mention the goal-oriented method [34] in which
the unknown boundary conditions for the fine scale subregions are provided by a
precomputed homogenized solution. Recently in [8] the authors propose a local-global
solution based on the L? projection of the homogenized solution onto the solutions of
fine scale local problems.

In this paper we propose and analyze a new coupling strategy inspired by virtual
control method pioneered in [24, 29, 22] (see also [17] for recent developments). Our
method shares also some similarities with the recent work atomistic-to-continuum cou-
pling [35]. The method that we propose relies on a decomposition of the computational
domain € into a region without scale separation w where the homogenized model is
not valid, an overlapping region wgy where both the fine scale and the homogenized
models are valid and a region ws where the homogenized solution describes adequately
the physical problem. Thus, we decompose the domain into a family of overlapping
domains and introduce virtual (interface) controls as boundary conditions. The in-
terface controls will act as unknown traces or fluxes and the problem is reformulated
as a minimization problem with states equations as constraints. The optimal bound-
ary controls of two overlapping domains are found by a heterogeneous optimization
problem that is based on minimizing the discrepancy between the two models on the
overlap region. It is shown that by using a Caccioppoli inequality, the minimization
can be performed for an L? norm. As is the region with scale separation an energy
approximation towards the fine scale problems can also be obtained through the use
of a locally periodic corrector we also obtain an H' convergence rates towards the fine
scale solution over the whole computational domain. In order to allow flexibility in
the mesh used in the coarse and fine scale regions, we use the Discontinuous Galerkin
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FE-HMM [4] for the numerical homogenization. The method analyzed in this paper
has first been announced in [5]. In this paper we give a more general framework for
the method presented in [5] and give the first full analysis for both the continuous
and the discrete coupling algorithms.

We finally relate our method with the recently developed numerical homogeniza-
tion of periodic microstructure with defect proposed in [10]. There, the highly os-
cillatory coefficients is assumed to be the sum of a periodic function and a localized
perturbation. The goal is to compute an approximation of the fine scale solution
that relies on homogenization but uses a non-periodic corrector on a domain that
accounts for the defect. We will further compare these two approaches each of which
is interesting in its own right in our numerical experiments.

The outline of this article is as follows. In Section 2 we describe our optimization
based multiscale method and prove the well-posedness of the optimization problem.
A priori error estimates of the continuous version of the optimization algorithm is
proved in Section 3, while the fully discrete optimization based method is described
in Section 4. In Section 5 we state and prove fully discrete error estimates of the
multiscale optimization based method towards the fine scale solution. Numerical
experiments that verify the theoretical convergence rates and and comparisons with
other coupling strategies are provided in Section 6.

Notations. In what follows, C' > 0 is used to denote a generic constant independent
of . We consider the usual Sobolev space H(Q) = {u € L*(Q) | D"™u € L*(Q),|r| <
1}, where r € N4, |r| = 11 +...4+rq and D" = 97* ... 9}*. The notation |- | stands for
the standard Euclidean norm in RY. Let Y denote the unit cube (0,1)? and define
Wie(Y) = {v € H..(Y) | [, vdy = 0} where the set H}, (V) is the closure of

per per per

c (V).

per

2 Optimization based method Let (2 be a convex, polygonal domain in
R?, d =1,2,3, with a boundary I' = I'p, UT 5; where Dirichlet conditions are imposed
on I'p and Neumann conditions on I'y. Further, assume that T'p NT'y = 0 and that
I'p has positive measure. Let f € L*(Q), gp € H/?(I'p), and gy € L*(I'y), and
consider the following second-order elliptic problem

—div (a*Vu®) = f, in Q,
(2.1) u® =gp, on I'p,
n-(a*Vu®) = gy, on Ty,

where the a® € (L*°(£))4*? are highly oscillatory, bounded coefficients with scale
separation only in some subregions of 2. Further, a® is uniformly elliptic, that is

(2.2) 3 0<a,B <400, such that a|é|? < £Ta(2)¢ < BlE)?, € eRL

Thanks to Lax-Milgram Lemma, problem (2.1) is well-posed.

Let w denote a subregion of €2, without scale separation and consider two over-
lapping subdomains, wy and we, with w1 Nwe = wy, w Uwse = N, and w C wy; Figure
1 illustrates possible domain decompositions. Assume that the tensor a° is given by
af(z) = a5, (x)1, () + a5(x) 1, (x), where 1,, denotes the characteristic function asso-
ciated to the subdomain w. Further, assume that the tensor a5 has scale separation,
e.g. as(x,x/¢e), and is locally periodic in the fast variable. Following the homogeniza-

tion theory, a tensor ay can be derived from a§. On the contrary, in the tensor a,
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FIGURE 1. Illustration for wi,ws2, and wg.

the scales are not well separated which prevents the use of numerical homogenization
methods. The heterogeneities can also be present in the right hand side f, and fol-
lowing homogenization theory, the smooth part of f converges to a function f°, when
the size of the heterogeneities goes to zero, see [14].

Let Iy = Owy \ T and T’y = Ows \ T' be Lipschitz continuous boundaries. We
consider the following minimization problem: find u§ € H'(wq) and u3 € H'(ws),
such that 3|lu§ — ul2, (wo) 18 minimized under the following constraints, for i = 1,2,

—div (a;Vu;) = f, in w;,
U; = 91’7 on 1—‘7;,

uw; =gp, ondw;Nlp,

n; - (a;Vu;) =gy, ondw; NTy,

(2.3)

where the boundary conditions 6;, which we refer to as virtual controls, are to be
determined. Here and in what follows, we will sometimes use the short hand notations

€ € € 1

a1 =aj = a1, +a5l,,, ui=u,,
_ 0 _,,0
as = Ay, U2= Ug,

and u;(#;) to emphasize the dependency on ;. One could also consider Neumann
boundary controls instead of Dirichlet controls, and follow the theory with some
adjustments.

The strategy is to solve a minimization problem in a space of admissible controls,
where the cost function to minimize is

1
(2.4) J(01,02) = 5 [lui(61) = u3(02) 122 () -

The existence and uniqueness of the solution will be proved following Lions [27].
Following the virtual control method exposed in [22], we split the solutions in two
parts as

ui(bh) = ujg+ i), u(02) = upg + v3(02),
and call (v§,v)) the state variables that satisfy, for i = 1,2,

—div(a;Vv;) =0, inw;,
v; =0;, only,

v; =0, ondw;NIp,

n; - (a;Vu;)) =0, on dw; NTy,

(2.5)

where v; = o5, and vy = v8.
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The space of admissible Dirichlet controls on I';, i = 1,2, is defined by

UP = {p; € HY*(;) | Ju € H (w;),u = p; on Ty, u; = 0 on dw; NT'p,
and n; - (a;Vu;) = 0 on dw; NTy}.

For simplicity, we set U := U x UP. We define for i = 1,2

Hp(w;) ={u€ H' (w;) |u=0o0ndw;NTp},
H},,Fi(wi) ={uec H'(w;) |u=0on dw; NT'p and T;}.

Let vp : H'(Q) — H'/?(T'p) denote a linear continuous map, called the trace map.
As gp is in H'/2(T'p), there exists R,,, € H'(f), called a lifting of the boundary data
gp, such that yp(R,,) = gp. Further, there exist a constant C(€2) depending on 2
such that

1Ry 1) < CDgpllar/2irp)-

The function u; o € Hp, . (w;) satisfies, for all test functions v € Hp, 1 (w;),

Bi(ui’o,’l)) = CLZ'V'LLLO - Vodx

:/:’%fvdx—/w

The state solution v; € H} (w;) verifies, for i = 1,2,

(2.6)
a;VRy, - Vvdz +/ gnvds =: F;(v).
Ow;NI' N

i

Bi(vi,v) =0, VYve H})ypi (w;).

Thanks to the Lax-Milgram Lemma, the solutions uf, and ug’o exist and are
unique. Moreover, if the virtual controls §; and 6, are given, the solutions v§ and v§
can be uniquely determined. The solutions ug o and u9 ; can be computed before the
coupling as they are independent of the virtual controls (61, 62).

Homogenization method. As mentioned at the beginning of this section, homog-
enization method can be used in wy to capture the effective behavior u9. With ad-
ditional information on the structure of the tensor a§, such as a§(x) = asx(z,z/e) =
az(z,y) is Y-periodic in y, where Y = (0,1)?, the homogenized tensor aJ can be
explicitly computed

1 £
) = 37 /Y a5(z) (I + V) dy,

where Vy = (Vx!,...,Vx%) and I denotes the d x d identity matrix. Let (e;)L,
be the canonical basis of R%. The functions x/ € WL (Y) are called the first order

’ per
correctors and, for j =1,...,d, x? is solution of the cell problem

(2.7) / as(x)Vy? - Vudy = —/ as(x)ejVody, Yuv e Wpler(Y),
Y Y

with periodic boundary conditions.

This homogenized solution u9 will be a good approximation of u¢ in the L? norm but
will fail in the H' norm. However we can correct the homogenized solution and prove
convergence in H' norm in a subregion of wy. Let u® be the homogenized solution
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corresponding to uf in wy with, for all z € T'a, u%(z) = u(x) in the sense of the trace.
Then, u° can be corrected using the periodic correctors x? and we obtain convergence
to u® in the H' norm, on ws,

Juf — (u° + ew(z, x/e))||mi (wy) < Ce'/2,
where the corrector term w(x,x/¢) is given by

4 ul(x
w(z,z/e) = ij(m,x/e)aax(j ), T € ws.

j=1

This will be explained in detail during the analysis in Section 3. For classical results
and proofs in homogenization see, among others, [9, 26].

Non-overlapping domain decomposition. The strategy relies on overlapping do-
main decomposition, but one could treat the problem using a domain decomposition
method without overlapping domains, [36]. Let n stands for the outer normal deriva-
tive at the interface I'y. The problem will be as follows: find u§ € H*(w), uJ € H'(w>)
satisfying

—div (af,Vui) = in w,
uj = 3 on I'y,
n- (a5, Vui) = (a%Vug), on Ty,
—div (agVul) = in wo,

with the boundary conditions on I'p and I'y inherited from problem (2.1).
The Euler-Lagrange variational formulation. We recall that the cost is given by

1
T p2) = i) = uo(h2) [Py (a1, p2) €U,

and using the splitting into v;(u;) and w; o, it can be written as

1 1
J(p1, p2) = 5”“?(#1) - ”g(M)Hi?(wo) + 5”“?0 - ué’,olliz(w@

+/’@ﬂm)—£mﬁﬂﬁﬁ—u%wm

1

1 £
= 577((#1#2), (1, p2)) — Fpa, p2) + §||U1,o — uf ol 2 (o)

where 7 : U x U — R is given by

(2.8) m((01,62), (1, p2)) = / (v5(01) — v3(2)) (v5(p1) — v (p2)) dz,

0

and F : U — R,

(2.9) FWM@=—/(ﬁWOﬂ&mD@%—@d®,

0

for (01, 62), (p1,p2) € U. Following [27], the existence and uniqueness of the optimal
controls hold when the form 7 is a scalar product on the space of admissible controls.
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To prove the coercivity of the form 7, we need a strong version of the Cauchy-Schwarz
inequality. The proof is given in the Appendix A.1.

LEMMA A.3 (Strong Cauchy-Schwarz). Let v§ € Hi(wi) and vJ € Hb(w2) be
solutions of (2.5), for i = 1,2, respectively. Then, there exist an g9 > 0 and a positive
constant Cy < 1 such that for all € < gg, it holds

‘/ﬁ@MSQMNWWW%Mm~
wo

LEMMA 2.1. Let v§ and vy be solutions of (2.5), for i = 1,2, respectively. The
following bounds hold

C
05 |L2 ) < ?HUTHN(WO),
C
09 llL2(@\wr) < 7||U§||L2(wo)7

where T is the width of the overlap and C is a constant depending on «, 3, and the
Poincaré constant associated to wy and wq, respectively.

Proof. We prove the Lemma for the function v§. Let i be a cutoff function such
that n =1in @, n = 0in Q@ \ w; and |Vny| < 1/7. Further, we have supp(Vn) C wo.
Then, nv; € Ha(w;) and due to (2.5) it is a-harmonic (see Appendix A.1)

[v5lle2 @) < lmvllee e < Co IV mon) Lz i),

using Poincaré inequality. The proof follows from the Caccioppoli inequality A.2, as

g
IV Ezan) < 5105 M

61
HUﬂlL?(w) < Cwl \/;TH’UTLQ(WO).

The proof is similar for vJ. O

LEMMA 2.2. Let g9 be given by the strong Cauchy-Schwarz Lemma A.3, and
assume that € < g9. Then, the form w defines an inner product on U.

Proof. The bilinearity, symmetry, and positivity are clear. We prove that the
form is definite, i.e., 7T((/,L17/,L2), (,ul,,ug)) = 0 if and only if (u1, u2) = (0,0).
On the one hand, if the virtual controls are zero traces or fluxes, the state functions
v1 and vo must be zero everywhere, as they are solutions of boundary value problems
with zero right hand side and boundary conditions. Thus 7 ( (1, p2), (11, #2)) = 0.
On the other hand, using the strong Cauchy Schwarz Lemma A.3

We obtain

0 = m( (1, ), (o1, pi2)) = [|05 (12) = 03 (2) 17 2 )
=nﬁouwéw@+@om>éw@—2lmﬁanQQMx
> 10 (1) 2 ) + 108 (12 B ) — 205 1) 2 108 (22) o
> (1= C) (0G0l + 0812 e ) -
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As Cg < 1, it holds that [[v§(p1)llL2(we) = [[v9(2)ll2(w,) = 0 which implies that
v =) =0, a. e. in wyg. By Lemma 2.1, we have then that [[vf(u1)|/L2() = 0 and
08 (12) |12 (@\wy) = 0, thus v; = 0 a.e. in w;, for i = 1,2. Then, we obtain, for i = 1,2,

lpsillggs 2oy < Collos(a) ) = 0,

where the constants depends on w;, and the trace operators v; : H'/2(T';) — H'(w;).
Thus, pu; =0 on I'; and the form 7 is an inner product on U.
0

We can then define a norm on U induced by the inner product w. For a pair
(:U‘la,u'Q) € Z/[, we set

(2.10) (ks ) @y o= 1105 (1) = 05 (2) L2 () -

The space U might not be complete with respect to this norm, but we can construct
a completion of U, and solve the minimization problem in the completed space. Let
us denote the completed control space by U. Using the Hahn-Banach theorem, the
inner product 7 and the functional F' can be continuously extended in a unique way
on U and and we denote by & and F, these extensions. The form 7 is continuous,
symmetric, and coercive in U. The existence and uniqueness of the optimal pair in U
is given in the next Theorem.

THEOREM 2.3. The minimization problem (2.4) has a unique solution (61,603) €
U, that satisfies the Fuler-Lagrange equation

(2.11) 7AT((91»92)a (Nh,u?)) = F(Mhl@)» V(u1, p2) € U,

where # and E are the continuous extensions of m and F given by (2.8) and (2.9).

Proof. The existence and uniqueness of (61,63) € U follows from [27, Theorem 1.
1.1], as the form # is symmetric, continuous, and coercive, and F is continuous. O

The optimal pair (61,62) € U minimizes the cost function, but in general there
exists no functions u; € H'(w;) that satisfy (2.3). However, there exists an embedding
o : U — U such that o(U) is dense in . Further, we can identify ¢/ with o () and
conclude that (0, 6:) is the limit of a sequence (01,,, 02, )nen With u;(6;,) € H'(w;)
satisfying (2.3). In the sequel, for simplicity, we assume that the optimal pair is in U
and hence u;(6;) € H(w;), for i = 1,2 (we then also have v;(0;) € H'(w;)).

Optimality system. The state solutions and the optimal controls (61, 63) € U are
obtained by solving an optimality system, derived from the minimization problem.
The boundary value problems on w; and wo act as constraints. Let A\;, ¢ = 1,2, be
Lagrange multipliers associated to the constraints in w;, and consider the critical point
of the Lagrangian functional

1 : € €
L(us, /\1,91,ug,)\2,92) = 5””% - ug”%"’(wo) + (f +div (alvul)’)‘ﬁH*l,Hl
+ (f + div (a5Vup), Ao) g1 v,

with u; € H(w;) and \; € H?(w;) with A\; = 0 on dw;['p and T';, and n;-(a; VA;) =0
on dw; NIy, for i = 1,2. Using the transposition method [28], we can write the right
hand side of the Langrangian in terms of the state, Lagrange multipliers, and controls
variables. Computing the Gateau derivatives for each of the unknowns leads to the
optimality system.

We note that the optimality system can also be derived by using the adjoint problems
of (2.3).



An optimization based coupling method for multiscale problems 9

3 A priori error analysis of the continuous coupled problem In this
section, we give an a priori error analysis of the optimization based method. The
analysis is separated into fine and coarse scale error estimates. The solution of the
minimization problem with constraints (2.3) gives us a fine scale solution in w; and a
coarse scale solution in wy. Looking at the error between the solution of the coupling
and the exact fine scale solution u® on either w; or ws, obliges to estimate terms on
the boundary I'; or I's, respectively. In order to avoid such additional error terms,
we introduce an intermediate domain wt with w C w' C wy. Then given u5(#;) and
u9(2), the solutions of the optimization based coupling method, we define

o | u5(6h), in wt,
(3.1) u = { ubec(6s), in Q\er’

where u}® stands for a correction to the homogenized solution u3(6;) given below.

The main convergence results are

|u® — @ |l )y < Ce,

Hue _ a€||H1(Q\w+) < 061/27
where the constants depends on the width of w™ and the ellipticity constants of a$.
For the analysis, we consider the classical locally periodic correctors x? solutions of

(2.7), but other post-processing procedure could be used. The correction u%¢¢(6s) is
given by

d
e ; Ou
w5 (@) = (@) + =3 o/ 22 g,
=1 /
where u) = u9(6). We sometimes use u(f2) and u®() to emphasize the de-

pendency on 6. We will however avoid the heavy notation u3(fs)(x) and drop the
dependency on 6> when writing such map as function of x.

A priori error estimates to the fine scale solver in wt. The coupled solution
restricted to the subregion w™ is given by the fine scale solution u$(6;), hence the
error becomes ||u® — u® ||y (+y = [|[u® — uf (01)|lar @w+)-

Let 7 denote the width of the overlap wy and recall that the heterogeneous tensor a§
satisfies the ellipticity condition (2.2). Further, we denote by 7+ the distance between
Ow™ and w; it holds 7+ < 7. Moreover, we suppose that there exists g > 0, such
that the strong Cauchy-Schwarz Lemma A.3 holds, for all ¢ < gg.

Let ; : H'(w;) — HY?(T;), i = 1,2, be trace operators and consider the solution u®
restricted to the domain wo,

—div (a5Vu®) =f, in wy,
ut = 7ya(uf), on I'y,

u® =gp, on dws NT'p,

ng - (a5Vu®) =gn, on Owy NTy.

Further, for a fixed e < g9, we introduce u" € H'(wy), homogenized solution of

—div (a3Vu®) = f, in wo,

u® =y (uf), on Iy,
(32) uw =gp, on dwy NT'p,
ng - (a3Vu®) = gn, on Owy NT .
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We assume that strong convergence in the L? norm is available [26, Sect. 1.4], i.e.,

(3.3) [u = |2y < Ce.

REMARK 3.1. The error estimate (3.3) holds if as(-,y) € WH(Y), and u° €
H?(ws). This can be seen by following the lines of the proof in [26]. Thanks to the
reqularity of a5, we have x? € W1°(Y). The regularity on the tensor can be relazed
to az(-,y) € WEP(Y) forp > 2, and x € WHP(Y)NCH4(Y) for s =1—d/p. For the
proof of (3.3), we refer to [26, 31].

We follow the framework introduced in [35] and define an operator P : U — H'(w;) x
H'(2\ wi) by

ui,O +’U§(M1)a in wy,

3.4 sH2) = Plpn, pz) = i
(3.4) (1, p2) (11, p2) {u8,0+vg(ﬂ2)a in Q\ w,

where v; are solutions of (2.5), for ¢ = 1,2. We note that for the traces (71 (u®), y2(u®))
of the exact solution u®, we obtain

uf, in wi,

Pm(u),72(uw)) = { 0

u’y  in )\ wy.

The operator P can be split into P(u1, p2) = Ug + Q(p1, p2), for (u1, ue) € U, where
we define

c .
uig, Inwi,

v (p1), inwp
and Jp) = LD ’
AL {vg(uz), in Q\ wp.

(3.5) Uy = {

0 .
us g, in Q\wp,

THEOREM 3.2. Let u be the solution of (2.1) and u® be given by (3.1). Suppose
that u® and x7 are reqular enough so that (3.3) holds. Let gq be given by the strong
Cauchy-Schwarz Lemma A.3, and assume that € < eqg. Then, we have

llu® —ui(01) |l ) < Ce,

where the constant C' depends on 7, 7T, a, 3, and on the domains wi and ws.
Proof. The difference u® —u5(61) € H}(w1) is a®~-harmonic in w; and Caccioppoli
inequality A.1 can be applied; that is

lu® = w3 (00l ) < ——— [lu” = ui (01)l|e2(en),

r_
where the constant C' depends on the ellipticity constants of the tensor a®. Let us
focus on the L? norm; recalling that u§(6;) = P(61,602), it holds that

[ = ui(01)l[L2(r) = [[u® — P(61,02)[[L2(w)

< Ju® = Py (w®), v2(u)) Lz + 1P (u%), 72(u%)) = P61, 02) L2 0y)-

By the definitions of P and u®, the first L? error is zero and it remains
[[u® = ui(01) L2y < I1P(a(u), 72(u®)) = P61, 02) L2 0n)
2

)
= [|Uo — Q(1(u®),72(u%)) — Uo + Q(01,02) |2 (wr)
< MR (va (u®),72(u®)) — (01, 602)]

€

L*(U)»
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where the norm || - ||« ) is induced by the inner product m and defined in (2.10).
Using Lemmas 3.3 and 3.4 given below proves the result. O

LEMMA 3.3. Let u® and u® solve (2.1) and (3.2) respectively, and let (01,05) € U
be the optimal virtual controls. Then

(71 (), 72(u%)) = (01, 62))

L) < Jluf =102 (wo)-

Proof. By definition, we have

(72 (u®), 72 (u®)) = (01, 02) |1 @) =
S |7T(<71 (UE)’ ’72(11’8))7 (Mlv M2)) - 7T(<91’ 02)’ (Mh ,U/Q))l
up

(n1,p2) €U Il (15 p12)]

L*(U)

We look at the numerator. As the pair (61, 63) minimizes the cost function J, the
Euler-Lagrange formulation (2.11) holds and

(71 (u), y2(u®)), (p1, p2)) = 7((61,602), (p1, p2)) =

(vi (1. (u)) = 03 (v2(u))) (v (p12) — V3 (p2)) da

0

/ (5 412) — 0 (1)) (5  — o)l

e~

(i) +uio) = (v9(v2(u) +ud ) ) (vi(u1) — v3(p2))da

0

Il
T~ T

(u = u?) (0] (1) = v3(p2))de < [Ju® = w¥|2 (o)l (11, p22)]
0
The result follows. O
To complete the a priori error analysis in the continuous case, we need to bound the
norm of the operator Q.
LEMMA 3.4. Let g9 be given by the strong Cauchy-Schwarz Lemma A.3, and
assume that € < eg. The operator Q, defined by (3.5), is bounded

I* (u) .

QI < C,

where the constant C' depends on w1y, ws, T, and the strong Cauchy-Schwarz constant,
see Lemma A.3.
Proof. By definition, the norm of the operator @ is given by

Q15 p2) |2 ()
(1,p2) €U | (a1, p12)]|

QI =

L)
For (p1, pe) € U, we show the existence of a positive constant such that

||Q(M17M2)||i2(9) < Oll(pa, p2)]

For simplicity, we set v; = v;(u;), ¢ = 1,2. Using Lemma 2.1, we have

2
L*(U)-

11, 12) 120y = VT IE2 () + 1021 E2 (00

C(wr;we)
< T2 (10 2 ) + 108y
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Next, using the strong Cauchy-Schwarz Lemma A.3, yields

(ks p2) - oy = 105 = V2l R0 = 0TI () + 102 N2 ) — 2/ vivydz
wo

> [[0Fl1E2 (o) + 1021122 () = 2Cs 105 L2 o) 103 2 w0
> (1= Co) (1105 1y + 108 e ) -
Summarizing, this gives

C(wl'wg)
2 )
HQ(MLM)HL?(Q) < 77_2(1 —C) [ (121, p2)|

2
L*(Z/{) .

O

A priori error estimates to the reconstructed coarse scale solver in Q\ w'. In
this section, we give an a priori error estimate in the coarse scale region Q \ w*. The
coupled solution restricted to the subregion Q \ w™ is given by u5¢¢(6s).

LEMMA 3.5. Let u® and u3 be the solutions of problems (2.1) and (2.3), respec-
tively. Assume that (3.3) holds, we obtain

lu® = u§(02)lL2(wn) < Ce.

Proof. Let us define an operator P : U — H'(w) x H!(ws) by
uj g + v , inw,
P(th@) _ { 1,0 l(lu’l)

ug,O + Ug(:u’Q)v in wa,

and consider the decomposition P = U + Q, following (3.5). It holds u(62) =
P(91, 92)|w2» and

[0 = u(02) |2 (wa) < Il = P(y1(u),72(u%)) |2 ()
+ [P (71 (u®), v2(u®)) — P01, 02)[|12(wn)-

The term P(v1(uf),v2(uf)), restricted on ws, is equal to u9(ye(u®)), which is defined
as the homogenized solution u° obtained in (3.2). Using (3.3), we have
[ = u(02) [L2(ws) < 1" = ullLa(uy) + [1P(11 (%), 72(u%)) — P(B1, 02) L2 (ws)
< Ce + [ QU (v (u®), 2 (u)) = (61, 02) L @oy-

Following the proof of Lemma 3.4, we can show that ||@| is bounded, and using
Lemma 3.3, we obtain

[ = u5(02) || L2 (ws) < Cre + Colju — u’|[L2(uy) < Ce.

0

THEOREM 3.6. Let u® be solution of (2.1) and u3(02) be given by (3.1). Let
as(z,y) € C(wa; L2, (Y)) and x? € Wyer(Y), j = 1,...,d. If in addition, u* € H*(Q),
u3(02) € H*(w2), and x/ € WH(Y), j =1,...,d, it holds

lu® — u5™(02) |1 (\wt) < Cce'/?,
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where the constant C is independent of €, but depends on T, 7T, and the ellipticity
constants of as.

Proof. Recall that u” is the homogenized solution of (3.2), and using the periodic
corrector y, we have a reconstructed solution u®"¢¢ given by

0,rec

Using the triangular inequality with u , we have

rec 0 0,rec

[u® —up®(02) |1 (@\wt) < [lu” —u™" Y @\wry + [u7" = up™(02) |1 (@\wt) -

The first norm is bounded by Ce'/2; this follows from [26]. The second norm can be
bounded by

0,rec

(%7 — b (02) [l (nwry < Nu® = ud(B2) |1 (\w)

d
; oul(x)  Oud(z)
+5H;X](w,x/5) ( dr; Oy ) i@t

Each of the term can be bounded by Ce, using the Caccioppoli inequality on the
difference u® — u3(6;) and Lemma 3.5. O

4 Fully discrete optimization-based coupling method In this section,
we derive a numerical method to solve the optimization based fine scale and coarse
scale problems. To fully resolve the fine scales in wi, we need a triangulation with
mesh size that resolves the fine scale, whereas the triangulation of © \ w; can be
coarse and independent of the smallest scale thanks to numerical homogenization
techniques. In order to allow for flexible meshing, we do not impose continuity of
the numerical homogenization method on I';. Here we choose to use a discontinuous
Galerkin method on ws and continuous FE method on w;.

In what follows, we restrict the family of problems (2.1) to homogeneous Dirichlet
problems, i.e., we set gp = 0 and I'y = {0}. We denote by H}(w;) the set of
functions in H'(w;) that vanish on dw; NTp, for i = 1,2.

Further, we assume that the strong Cauchy-Schwarz Lemma A.3 and its discrete
version A.3 hold.

Numerical method for the fine scale problem. Let T; be a partition of wi, in
simplicial or quadrilateral elements, with mesh size h < ¢ where h = maxge7; hi,
and hg is the diameter of the element K. In addition, we suppose that the partition
is admissible and shape regular [13],

(T1) admissible. @; = Uge7, K and the intersection of two elements is either
empty, a vertex, or a common face.
(T2) shape regular. There exists o > 0 such that hg/px < o, where pg is the
diameter of the largest circle contained in the element K.
For simplicity, we consider a piecewise FE in wq, given by

Vh(wi, T;) = {w € Hp(w1) | w, € RY(K), VK € T},

where R! is the space of piecewise polynomials on K. Further, we denote by Vg (w1, T5)
the functions in V3 (w1, 7;) that vanish on dw;.
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Let u, j, be the numerical approximation of uj satisfying (2.3) for 7 = 1. We can
decomposed u, j, into uy j = uy g7, + vy j, where vy j € V3 (w1, T;) is obtained by the
optimization method and u, 47, € Vit (w1, T) is the solution of

(4.1) Bl(u1707ﬁ,w1ﬁ) = Fl(wl,ﬁ)v le,h € Vol(wl,’rh),

where the right hand side F} is given by

Fl(wl,fz) :/ f’LULBdI’.
w1

Thanks to the Poincaré inequality, the bilinear form Bj is coercive and bounded over
Vit (w1, T;,); the existence and uniqueness of uy o j, follows. We note that a quadrature
formula should be considered for the bilinear form B; and for the right hand side Fj.

Discontinuous Galerkin (DG) method for the coarse scale problem. Let Ty be a
mesh over wy, with discontinuity in I'y and mesh size H = maxge7y, hi; further we
assume that Ty is admissible (T1) and shape regular (T2). We denote by E the set
of (d — 1) dimensional elements of T that form the boundary I'y — it will be edges
(for d = 2) or faces (for d = 3). Further, assume that the set E is composed of the
smallest common interface between two elements K and K_ of Ty, with intersection
in I'y; that is eis in F if e = min K, N K_ and e C I'y. As the solutions of problem
(2.3), for 4 = 2, are assumed to be continuous in wy \ 'y, we construct a piecewise FE
space as

Vh(we, Tar) = {v € Hp (w2 \T1) N L*(w2) | v}, € RYK), VK € Ty},

we denote by Vil (w2, Tir) the set of functions of VA (wa, Trr) that vanish over dws. For
v € V(wa, Th), we consider its average {-} and its jump [-] given by

1
{v} = 5(1}_,_ +wv_), and [v] =ving+v_n_,

where vy = v|g, denotes the trace of v from within K4 and ny stands for the unit
outward normal in K.

Quadrature formula. For piecewise FE spaces, a quadrature formula is given by
the pair (zg,|K]|), where zk is the barycenter of K. The sampling domain of size ¢
around each points zf is denoted by Ks = zx + §[—1/2,1/2]2.

The numerically homogenized tensor ag’h(m k), around the quadrature point x
is obtained using numerical solutions of micro problems defined in the sampling do-
mains Ks; we note that a numerical approximation of f° can be obtained similarly.
Let us consider a partition 75, of K in simplicial or quadrilateral elements K of diam-
eter h; the mesh size is h = maxge7, hx and, as the fine scales should be resolved
in K, we impose h < €. The piecewise micro FE space is given by

S (K5, Tw) = {v" € W(Ks) | v, € RNK), VK € Th},

where W(Kj5) depends on the boundary conditions imposed on the micro problems;
W(Kj5) = H}(Ks) for Dirichlet coupling, or W (Ks) = Wger(K(;) for periodic coupling.

We introduce discrete micro problems: find le}; € SY(Ks,Tn), i =1,...,d, solution
of

(4.2) /K ag(x)Vz/J;’(}; . Vv?dz =— /K as(x)e; - Vv?dz, VU;‘ € SY(Ks,Th).
s K
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The numerically homogenized tensor at a quadrature point xx in a macro element K,
is computed by

1 £
ay"M(zg) = s a5(z) (I + Vyl,)dz,
S5

where Vw?(a = (Vq/}}g?, . .,Vz/;;ié?). Following [4], we define a DG macro bilinear
form Bs g (-,-) over V}(wa, Tr) x V3 (we, Ta) by

By p(vam,wom) = Y |Klay" (wk) Vs u(wk) - Vo i ()
KeTu

+Z te[ve m][we,m]ds
(43) ecE Y€

B / ({aS" (@ k) Voo i (z5) Hws o]

ecEYE

+Hay" (k) Vws g (x5) Hvz,1]) ds,

where the functions p. stand for weighting functions that penalize the jumps of vo f
and wy g over the element e in E. It is given by p. = /{he’l, with k > 0, and h, is
the size of the interface e.

The numerical homogenized solution wus g is split into us g = u2 0,7 + v2, 7, Where
vo, i € V3 (wa, Ta) is given by the coupling and us o g € Vj (w2, Tar) by solving

(4.4) Bo 1 (ug0. 1, wo. i) = Fa(wa i), Yws g € Vg (wa, Tar).

The right hand side F3 is given by

Fy(wa,m) = Z |K|f(zk)we,m (2K ).
KeTu

REMARK 4.1. Considering non-homogeneous Dirichlet boundary condition gp #
0 on T'p and Neumann condition on I'y # {0} leads to some additional terms in the
right hand sides Fy and Fy of problems (4.1) and (4.4), respectively. In particular,
one should construct a lifting of the Dirichlet data as explained Section 2.

REMARK 4.2. Higher order FE spaces can be considered and we note that the
macro FEM over wy and the micro FEM over the sampling domains can be easily
generalized to higher order FEM. For the DG-FE-HMM some work needs to be done
on the average of the fluzes, and we refer to [4].

4.1 Numerical Algorithm In this section, we state the discrete coupling, give
the algorithm, and present the main convergence results. The well-posedness and the
proofs of the errors estimates are given in the next sections.

The solution (uy j,uz ) € Vj(wi, Tj) x Vi (w2, Ta) satisfies

Bl(u1,ﬁvw1,ﬁ) = Fl(wl,ii)v

iy (1 )12, 11 (12, 10) B oy Subfect ¢
min = |juy 5 (1 7)—u2.m (g2, 1)||F 2, subject to
2 LRVTLA L2 {wo) By g (u2, 1, w2,5) = Fao(wa m),

My hoH2,H

for all w, ; € Vi (w1, T;) and we g € Vi (w2, Trr). Introducing discrete Lagrange mul-
tipliers A, ;; € Vil (w1, T;) and Ao, € Vil (wa, Tar) for each of the constraint, leads to
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a discrete optimality system: find (v, 5, A; j, vz, Ao, r) € Vi (w1, Tf) x Vi (w1, Tg,) X
Vi (wa, Ti) % Vi (wa, Tar) satisfying

(4.5) / (“LE - U2’H)w1,}3d95 - Bl(wljw )‘1,}3) = _/ (uLo,}E - “2’0,H) wl,izdxa
wo wo
(4.6) Bl(“1,ﬁ7§1,}3) = Fl(gl,ﬁ) - Bl(“1,o,ﬁv§1,ﬁ)7
(4.7) / (vo,mr — Ulﬁ)wg,de — B g(wa,m, Aoir) = / (“1,0,11 — Ug 0,1 )W2,gde,
wo wo
(4.8) Bo 1y (vo,m,80.1) = Fo(§2,1) — Bo,r(u2,0,m,62,H),

forallw, j, € Vi (w1, T;), & 5 € Vo (w1, T3), wo,ir € Vi (wa, Trr), and o, 1 € Vi (w2, Trr).-
The optimality system (4. ) (4 8) can be written in matrix form, for the unknown
vector U = (v j, 2,1, Ay j; "),

(4.9) <AB4 _€T> U=aG.

The algorithm for the numerical coupling method is given below.
L. Find u, 4 € Vot (w1, T;) satisfying

(4.10) Bi(uy g, wy ) = Fi(wy ), VY, j € Vg (w1, T;).
2. Find us0.p € Vi (we, Th) satisfying
(4.11) By 1 (u2,0,1, w2, 1) = Fo(wa i), Ywa g € Vg (w2, Th).

3. Find v, ;, € Vi(wi,T;) and va g € VA (wa, Tir) by solving the saddle point
problem (4.9).
We state the two main convergence results for the fully discrete coupling. The opti-
mization based method relies on the DG-FE-HMM, thus one should expect to find
the DG-FE-HMM error in the a priori estimates. The DG-FE-HMM is split into a
macro, micro and modeling error

eamMM < epac +emic +emon-

The macro and micro errors correspond to FE errors due to the choice of macro and
micro FE methods respectively. The modeling error is due to the upscaling procedure,
and will be influenced by the choice of boundary conditions for (4.2), ¢ the size of
the sampling domain, and whether we consider collocation. Details about the DG-
FE-HMM error are given in the Section 5. Let (8, j, 02 1) be the discrete couple of
boundary conditions given by the minimization proBlem (2.4). We recall the notations

uy j, (0, j,) denotes the fine scale numerical solution in wy,

ug, i (02, 1) denotes coarse scale numerical solution in ws.

The coupling solution, denoted by 47, is defined as

_ uy 7(0,7), inwt,
(4.12) Uppg = ie}z . . 4
Ugy H(027H)a m Q\w )
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where uy; (02, 1) corresponds to the reconstructed coarse scale solution ug g (02 fr)
and is deﬁned by

rec

8u
uy’pr () = ug g (x +Z1/}Jh 8;JH( z), x€K,

i\h . . . .
where 1/1}(5 are the micro solutions of (4.2). As the reconstructed numerical solution
might be discontinuous across elements in ws, we consider a broken H'! semi-norm,

ol = S IVolag+ 0 Vel

KeTy,(wt) KeTu (Q\wt)

We next stat our main convergence result for the optimization based numerical solu-
tion. We first have an error estimate in the fine scale region.

THEOREM 4.3 (A priori error analysis in w'). Let g be given by the strong
Cauchy-Schwarz Lemma A.3 and consider e < eg. Let u® and u® be the exact solutions
of problems (2.1) and (3.2), respectively, and u;y be the numerical solution of the
coupling (4.12). Assume u® € H*1(Q), with s < 1, u® € H?(ws), and assume that
(3.3) holds, then

7s 02 s
[0 =uy Oy i)l oy < LA | (e +—— (h* T uf | gt () + € + emnrarz2)

where the constants are independent of €, H, h, and h. The DG-FE-HMM error is
given in Lemmas 5.2, 5.3, and 5.5.
Next, we state an error estimates in the coarse scale region for the optimization based
numerical solution with correctors.

THEOREM 4.4 (Error estimates in Q\w™). Let u® be the exact solution of problem
(2.1) and uj,; be the numerical solution of the coupling (4.12). Let a5(x) = as(z,z/¢e),
where az(z,y) is Y -periodic in y and satisfies az(x,y) € C(wa; Lpg,(Y)). Let w%& (x) €

Wi (Ke), j=1, <oy d. If in addition, u® € H2(Q), ud(02) € H*(w2), u5 € H¥ L (wy),
with s < 1, and ¢y (z) € Whe(K,), j=1,...,d. It holds,

rec rec h
HU2 (92) — U2 H(02 )||H1(Q\w+) < le 1/2 + OQ ( ) + 03H|U2|H2 (w2)

Cy -,
+ TT (h +1|“§|Hs+1(w1) + e+ H2‘ug‘H2(w2)) .

where the constants are independent of H, h,h, and .
Both theorems will be proved in Section 5. We first discuss the well-posedness of the
numerical method.

4.2 Well-posedness In this subsection, we prove the well-posedness of the
discrete coupling problem. The well-posedness of the DG optimization based cou-
pling method can be established using Brezzi’s theory [11] and the well-posedness
of problems (4.10) and (4.11). The Lax-Milgram Lemma implies the existence and
uniqueness of u, ;€ V' (w1, 7).

Due to the discontinuity in 7z, the space Vi (ws, Tz) is not a subspace of H}(ws),
however, it will lie in the piecewise Sobolev space

H H*(K) = {v € L'(ws) | vx € H*(K), VK € Ty}
KeTu
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Suppose that the exact solution ug ¢ of problem (2.6) is in the space H} (w2) N H?(ws),
we define the proper space for the analysis as V(w2) = Vi(we, Ta) + H(w2) N
H?(ws) C H?(Ty), see discussions in [7, 16]. The space V(ws) is equipped with
the norm

1/2
(4.13) llvlll, = (IIWIIiz(M)wL > h%(|v§,K+|v|3> :
KeTy
where
IV0lR2(n = D Wl W& =D 1070IF2k) and o2 = ut? ]Iz )
KeTu |r|=2 ecE

One can prove that (4.13) is a norm over V (ws), using the discrete Poincaré-Friedrich
inequality [11],

(4.14) [olE2(ws) < CUVOIR (o) + [0]2),

Thanks to local inverse inequalities [13], restricting V (wg) to Vit (wa, T ), reduces the
norm (4.13) to

1/2

/
0llo, = (17012 + 1012)

PROPOSITION 4.5. There exists a value kg, that depends only on (2.2), the shape
regularity of T, and the dimension d, such that for all K > kg, the bilinear form Ba g
(4.3) is stable in Vi (wa, T ),

Bo,ir(ve,vm) > Cilllvall®s  Vou € Vi (wa, Tar).
Furthermore, the bilinear form is bounded
Bo,ui (v, wi) < Collonlllwall,  You,wa € Vo (wa, Ta).-

The constants Cy and Cs are independent of H, h,h, and €.
Proof. See [4, Lemmas 4.3, 4.4, and 5.18 ].

THEOREM 4.6. Let assumption (2.2) hold. Then there exists a unique solution
Uy o, € Vi (w1, T;) of problem (4.10) which satisfies

1wy 0.0l (@1) < CrllF1lla-1(01),

with a constant Cy independent of H,h, and .
Moreover, let ko be given by Proposition 4.5. Then, the problem (4.11) admits a
unique solution us o g € Vi (w2, Tir) and it holds

lluz,o, a1l < Coll F2llr-1(wy)

where the constant Cy is independent of H, h, h, and ¢.

Proof.  The existence and uniqueness of u, j, and ug o follows from Lax-
Milgram Lemma and Proposition 4.5. O
We introduce V!(T;) as the set of functions p; € U* that are piecewise polynomials on
the elements over T';, i = 1,2. Let us write system (4.5) to (4.8) in term of the discrete
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virtual controls 6, ; and 0z g : find (0, , Ay j, 02,1, Ao.m) € V(1) X Vi (w1, T;) X
V1(T3) x Vi (wa, T ) satisfying

(4.15)  7((0y 5»02,1), (1 o pi2,11)) — B((ky f pi2,1)s (A s A2,m)) = Gy fys p2,1),
(4'16) B((GL}}v 92,H)7 (51’2'1, 52,H)) =0,

for all (Ml,fu ,U/27H) S Vl(Fl) X Vl(l—‘g) and (51’;1,52’1{) S Vbl(wl, 'leL) X V01<LU27TH). The
forms 7, B, and G are defined by

(01 7,2 02,1), (g s H2,1)) = / (01 5 (01 7) — v2,m(02,1)) (vy 1, (111 1) — V2,1 (p2,m))de,

wo

B((eljp 927H)7 (glfba 62,H)) =B (elﬁa gl,ﬁ) + BQ,H(027H7 fQ,H)a

G0, 5, 00.11) = —/ (g 01— u20.1)(0y 5 (0 ) — v 11 (6o, 10))
wo

To prove the well-posedness of system (4.15) — (4.16), we need to show that

- The form 7 is continuous and coercive on V1(T'1) x V1(I'y) equipped with the

inner product 7.

- The form B is continuous and satisfies an inf-sup condition.
The coercivity of  is clear as 7 is an inner product on V(T'1) x V1(I'z), see Lemma
2.2. The continuity can be easily obtained with Cauchy-Schwarz and the discrete
Poincaré inequality (4.14). We prove the inf-sup condition for the bilinear form B.

LEMMA 4.7. The form B satisfies

B((ky job2,1), (&4 s E2,1))
sup

(K 7ot2,H) H(NlﬁaﬂQ,H”

> C (g alln o + l€2.ml, )

L*(0)
forall (&, j,,62,1) € Vi (w1, T;;) x Vit (wa, Tir). The constant C is independent of €.
Proof. Let (&, j,&2,1) € Vi (w1, T;,) X Vi (w2, Tar ). By the definition of B, we have
B((pty jys 2,1), (61 1s 2,1)) = Bi(py & 3) + Bom (2,1, §2,10).
Take (p1y j» piz.rr) such that vy j(uy 5) = &5 € Vg (w1, Tn) and vam(p2.n) = &om €
Vit (wa, Tir) - Then,

B ) = [

w1

aiVoy j(py ) - V& jda = / aiVeéy j - V& e > Ol il )

w1

Similarly, by the coercivity of Bs fr, it holds

2
Ba i (po,m: §2,1) 2 Cll€2,mll,, -
Thus,

2
B((py s 2,15 (& 1 Eo,m)) = C (\\51,&|\H1(w1) + |||§2,H|||WQ> ;

where the constant is independent of H, h, iz, and €. We can conclude as

L@y < v s (g llez ) + lvz,m (2, m) L2 (w,)
< C (Nlor 3y ) s o) + o (2, )

= C (Jl&y gl oy + ezl ) -

(1 o iz, 11)
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5 Fully discrete error estimates In this section, we derive error estimates for
the fully discrete optimization-based method. A post-processing procedure is used on
the coarse solution ug g (62,7r), in order to reach convergence to the exact solution u®.
The norm considered is a broken H! semi-norm as we allow the corrected solution to
be discontinuous across elements of Q\w. The fully discrete analysis is then conducted
for the error

v = rglliaey = Y. IV@ —@Gp)lfea+ Y V@ =) )
KeTh(wt) KeTu (Q\wt)

where the numerical solution of the coupling %;, is given by (4.12). In the fully
discrete analysis of the DG-FE-HMM method, the error between the homogenized
solution and its approximation is decomposed into a macro, micro, and modeling
error [2]. These errors will contribute to the a priori estimates of our method.

REMARK 5.1. In Section 3, the error estimates depend on the bound of the oper-
ator @ (3.5). This bound was obtained in Lemma 3.4 using Caccioppoli inequalities.
In the fully discrete case, we introduce a discrete operator Qh7f1, which s a discrete
version of the operator Q and the estimates will depend on || Q™ |. For conforming
FE spaces the norm of Q™ is bounded independently of the mesh sizes iL, h, and H;
this can be seen by following the lines of Lemma 3.4. For non-conforming meshes, we
will assume that |Q"™| is bounded independently of h,h, and H. In what follows,
we will use the notations P,Uy, and Q, previously used in the continuous analysis, to
denote the operators in the discrete analysis.

Preliminaries. We recall that u°, solution of (3.2), denotes a homogenized so-
lution over ws with boundary condition on I's given by the trace of the physical
solution u®, for a fixed e. The DG-FE-HMM method gives us an approximation
ufl € Vi (wa, Ti) of the homogenized solution u°. We state here the main results
needed to bound [[u® — u|2(,), for further details we refer to [1, 2, 3], and the
references therein. We decompose the DG-FE-HMM error into the macro, micro, and
modeling errors

[u® — u” ||12(wy) < enrac + enrc + enron-

Macro Error. We define u% € V{ (w2, 7Ty) as the FEM approximation of the
homogenized problem (3.2), i.e.,

(5.1) BY gy (ugy,vn) = Fa(vy), Vv € Vg (w2, Th),

where the bilinear form is given by

BS,H(uH,UH) = Z |K|a8(xK)VuHVvH—|—Z peur]ve]ds

KeTu ecE "€
(5.2) - Z ({aSVug}Hvu] + {a5Vog Hug]) ds, Yug,vm € Vg (wa, Th).
ecE" ¢

The error can be formulated as
u® — |12y < NJu® — ufllre(ws) + luly — w7 llL2(w,)
<l = ugrllews) + llug —u™ |,

where the first norm is the macro error and the second norm stands for the modeling
and micro errors.
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To simplify the analysis we make the following assumptions on the structure of the
tensor a3,
(H1) a5(x) = as(x,z/e) = az(x,y) is Y-periodic in y and
as (-, y)|x is constant within each K € Ty.

LEMMA 5.2 (Macro error). Let u® and u% be the solutions of problems (3.2) and
(5.1) respectively. Assume that (2.2) and (H1) hold, and that u® € H?(ws). Then,

||u0 - u(}{HLz(um) < CHQ?

where the constant C is independent of H,h.h, and £, but depends on the stability
constant of the bilinear form Bg)H.
Proof. See [7]. O

Micro and modeling Errors. For the micro and modeling errors, we follow [4,
Section 5]. We assume the following regularity on WQ, the non-discretized micro
solutions of problem (4.2), in W (Kj)

(H2) |0k |2k, < Ce /K], fori=1,....d.

LeEMMA 5.3 (Micro error). Let ul; be the solution of (5.1) and u'! be the DG-
FE-HMM approzimation of u®. Assume that (2.2) holds, then

0,h

o, <€ sup los(an) - a3 (@) lelfju

ety = Il

where the constant C' is independent of H, fz, h, and €. Further, assuming (H2), the
Frobenius norm is bounded by

B 2
sup |la3(zx) — ag’h(l”K)HF <C () + epmop-
KeTu £

Proof. Follows from [4, Section 5]. O
h

REMARK 5.4. Higher order micro error (g)2q can be obtained for higher order
micro FEM, provided higher order regularity of the micro functions,

\q/}}(J|Hq+1(K5) < Ce™94/|Ks| fori=1,...,d.

The modeling error will depend on the choice of boundary condition on the micro
problems.
LEMMA 5.5 (Modeling error). The modeling error is given by

0, SYKs,Tn) C per(K(;), d/e € N, and collocation,
erron — C19, S' (K5, Th) C Wper(Ks), 6/ € N,

Ca%, SY(Ks,Tn) C HY(Ks),d/e ¢ N, and collocation,

C3(6+5), SYK;,Th) C HJ(Ks),6/e ¢ N.

Proof. see [1, 2]. O
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5.1 A priori error estimates in the fine scale region In this section, we
will prove Theorem 4.3.
Proof of Theorem 4.3. Let u;, € V(w1,7;) be the FE approximation of the physical

solution u® over the mesh 7;,, i.e. uj, =u, 7 —I—UL;L(IB'yl (u)), where I™ is the Lagrange
interpolant on I'y. Classical FE estimates hold

||u5 — u;ZHHl(er) < OBS|UE|H3+1(W1)7

where the constant C' is independent of H, h, h, and e. Applying a triangular inequality,
we obtain

IV (W = Tl oty < OBl ey + IV (05 = ) l2t)-

The numerical solution uj, over w' is equal to the numerical fine scale solution
uy j,(0, 1), it holds

Bl(uﬁ - ul,fwviz) =0, Vv, € ‘/E)l(whlrﬁ)v

ie., the difference uj — u, j(0; ;) is a-harmonic in w; and thus the Caccioppoli in-
equality A.1 can be applied,
C
IV (ug, — uy 7(0; )2y < mnuﬁ =y (01 52w

where the constant C' > 0 is independent of H ,h,h, and e, but depends on the
ellipticity constants of the tensor a®. Consider an operator P : V1(T'y) x V}(T'y) —
Va(wi, T;) x VA(Q\ wi, Ta) defined as

wpon +oialig) e,
Py s prg, ) = 4 WOM 0 LR LR .
b Ug,0.0 + V2, (o, i), InQ\wr.

As in the continuous case, we decompose the operator P as P = Uy + ). Over wy, it
holds u, 7,(0, ;) = P(0, j,,02,i) and uj, = P(I"y1 (uf), I ~;(uf)). Then,

g, = 1wy 50y )z = [P (), TT2(u)) = P(0) s 0,00) 12
< NQUIT 1 (uf), I ra(u)) = (0, 1, b2,1)]

As (0, 7,02 m) are the discrete optimal virtual controls, they satisfy

L* (u) .

l“%ﬁ%ﬁwﬂ%@ﬂ%ﬁ%ﬁwmmﬂwu
=- /wo (vy 7 (kg ) — va,m (p2,mr)) (uy o — u2,0,1)d,
for all (s, pi2,1) € VI(IT'y1) x VI(T'2). Then,
(I (), TP (uF)) = (0 7 O 11) e oo
| (P (uf), T ya (uf)) — 7 (61, 02), (pty s p2,10))]|

= Sup ’
(K 712, 1) ||(M1,B7M2,H)HL*(Z,{)
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and following the proof of Lemma 3.3,

W((Ih’Yl(UE)aIH’YQ(UE)) —7((61,02), (/hjmltz,H))
- / (up, — ) (g 71y 7) — V2,11 (o))l
wo
< Y, = 6 2 |t o 2,20 0

where ufl = us o i + va, r(Iy2(u)). We obtain that

(71 (u®), T2 (%)) = (0 s O2,)]

and summarizing, we have

Loy < g, — w2,

IV (u, — g (01 )Lz sy < Cllug, — u[L2 )
Then, we decompose the error into
(5:3)  llug = u™ L2 (we) < llug = 08llL2(we) + [0 = u”llL(uwe) + 114" = u[|L2 ()

provided that the solutions u® and u° are smooth enough, standard FE estimates and
(3.3) can be applied to bound the first two quantities in (5.3), i.e.,

||’LL;L — UHHLz(wo) < Cﬁs+1|u5|Hs+1(wl) +Ce + ||u0 — UHHL?(wO)-
We bound the error in wg by the error in wy
® = w2y < a® = 0 [y < 10 = 6 2y + 0 = 0 2

The two norms corresponds to the DG-FE-HMM error in the L? norm and are given
by Lemmas 5.2, 5.3, and 5.5.

5.2 A priori error estimates in the scale separated region We prove an
a priori error bound between u® and aj,; in Q \ w™, where 4, is defined in (4.12).
For simplicity, we assume that § = ¢ and choose periodic coupling conditions between
the macro and micro problem. We recall that the reconstructed homogenized solution

u5““, and its numerical approximation uy;, are given by
rec 0 N oud(z)
(5.4) u5 () = uy(w) + Elej (x,z/€) B,
jid
(5:5) W% (@) = uz (@) + Y ;‘ygu)w,
j=1

where ud = u3(62) and ug g = us, 1 (04F) are the exact solution and numerical solution

of the coupling in wsy, respectively, and w}‘f}: are the micro solutions of (4.2). We
sometimes use u5°¢(f2) and ugej‘}(%q ) to emphasize the dependence on 6, and 64
respectively.

We introduce the discrete micro problems on K.; find uh such that u" — U, €

SY(K.,Ts) and

(5.6) / as(x)Vol - Velde =0, V2" e SY K., Th).
K.
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From assumption (H1), the tensor a§ is constant in each macro element K € Tg. This
simplifies the analysis as the modeling error is zero. We introduce a semi-discrete
problem over ws: find s g € VA (wa, Tir) the solution of

By (o ir,vm) = Fo(vy), Vvm € V(wa, Th),

— H
'U/Q’H = 92 , on FQ,

where the bilinear form BQ’H on VY(wsy, Tr) x V(wa, Th) is given by

B LY
Bon(vn, wn) = a3(z)Vv - Vwdz + clvn][wr]ds
K;’ K| EGZE/“
- Z/ {a5Votwu] + {a Vw}[[vH]]) ds.

where v and w are solutions of (5.6) in the exact Sobolev space W(K,).
For a vector valued function 7, we define the average of the multiscale fluxes as

[ 1 1 / 1
nr=5\ 175 deJFi_/ 77—d517>~
ty 2(|K: o R S

We can then define u3%; by

8u2H( )
oxj;

(5.7) b (x) = U, (x) + ZW . rekK,

where s g = g, i (04). We use us’y, < (041 to denote the dependence on 61.
We now give the proof of Theorem 4.4.
Proof of Theorem 4.4. We decompose the error into

rec rec

[[u® — uj H(gf)nﬁl(ﬂ\wﬂ < ||UE*UT6C(92)||H1 @\w) T [[u5°(02) — uj H(ef)nﬁl(g\my

From Theorem 3.6, it holds that [[u® — u5“(62)[lg1 (o w+) < C1e'/2. We focus on

[lus¢(02) — upg (0 §I)||H1(Q\w+) and follow [2, Section 3.3.3]. Using the triangular
inequality, we obtain

||u - u G (92 >||H1(Q\w+) < C'151/2 + ||u7"ec( 2) ugelci(‘g;{)”ﬁl(ﬂ\w‘*)
< 0161/2 + ||UT€C( 2) - ugeCH(agl)Hﬁl(Q\w‘*')
+ [luy g (0 3 - U2,H(92 M @\w)-

Lemma 5.7 gives us

[u5(62) — @5 (05l ety < CaH [u3] 12 (w)
C
+ 7_4 <h8+1|u1|Hb+1(wl) +e+ H? |u2|H2 w2)) .

Further, Lemma 5.9 provides us with

rec rec h
5565 ~ w55 Ol < o (2.
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Collecting the previous results give

h
Hure(‘(€2) _ ung(92 )||H1(Q\w+) < 015 1/2 + CQ ( ) + C3H|U2|H2 (w2)

Cy -,
+ — (h +1|u§|Hs+1(wl) +ée+ H2‘ug‘H2(w2)) .

p
REMARK 5.6. Theorem 4.4 can be adapted for general tensor a§(x) without a
two-scale structure. In that case, the modeling error is present in the last term of the
error.
Recall that we assumed periodic coupling with § = € and that (H1) and (H2) hold. Fur-
ther, we assume Lipschitz continuity of the tensor in the first variable, i.e. as(z,y) €
W0 (g, L®(Y)).
LEMMA 5.7. Let us(0s) and uy%;(05) be given by (5.4) and (5.7). Assume that
ud € H?(wg), u§ € H*" (wy), with s < 1, and that the exzact solutions of the micro
problem(4.2) verz’fy (H2). Then

||’LLT€C(02) _ ugeﬁ](og)‘lﬁl(ﬂ\er) S CIH|U’3|H2(W2)

C S
+ TQ (R S [ o () + €+ H2 g 12 () »

where the constants are independent of H,h,h, and e.
Proof. Using the definitions of u5*(62) and a4 (657), it holds

lu5e(02) = a5 O [ onerry = D V(™ (02) — @55 (05)) 122 )
KeTu (Q\wt)
<Y IVl = g
KeTu(Q\w™)

Oug, g
S )

+ Y ||Zv€xm/e)f—wf(>

KeTug(Q\wt) Jj=1

Thanks to (H1), it holds ex’(z,z/e) = 1/};(5 (x), then the second norm is zero. We
recall the bilinear form (5.2) for the problem (2.3) with a quadrature formula,

B%H(UH,’LUH Z |K|ad(z k) Vg - VwH—i-Z/ue[[vH]][[wH]]ds

KeTnu e€E
= / {aQ(wx, 3/e)o}[wa] + {aQ(wr, 2/eyw}vn]) ds

and define iz g (04) € VA (w2, Tar) solution of
By (o, wm) = Fa(wr),  Ywm € Vg (w2, Tar)-

By [2, Proposition 14], it holds that ts g = @2 . By hypothesis u3(63) and g g (04")
have zero boundary conditions on dws N OS2, and we can use [12, Lemmas 4.1, 4.2],

02) — ) <y inf 0 i
[48(62) ~ o O iy S oy it (02) ~ i

C _
+ 2 [[u5(02) — iz, 1 (057) |2 ()
-
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The first norm can be bounded by
inf up(02) — wlg(uy) < lun(02) — w2, (I702) 11 () < CLH 3] 112 w)

where ug i (1 H0,) is the FEM solution with an interpolation of 3 on I'y. Following
the proof of Theorem 4.3, the second part is bounded by

[u9(02) — 2,1 (0512 () < [[U9(02) — wa, 5 (17 62)|12 ()
+ Jlug,m (IM602) — tig 11 (057)[|L2 (ws)
< CLH U3 12 ) + QU™ 01, T70) — QO] 041) 12
< CLH|U3| 12y + Calluy 1, (1"01) — o, 11 (1702) |12 ()

where we have used that (9?, 641 is the optimal couple of the discrete minimization
problem and that @ is bounded. Finally using the triangular inequality, we have

[y (1"01) = i, 5 (T 02) |12 (o) < g iy (T"01) — w5 (61) ][ L2 (wo)
+ (a5 (61) = u3(02)l|L2 (wo)
+ [ud(02) — 2,15 (17 62) |12 (o)
< C (WM uil et o) + &+ H?|ud] m2(ws)) -

Summarizing,
[lug““(02) — ag?ﬁ@?)”ﬁl(g\w) < CLH Y| 2 (u)
Cy 54
+ TT (h +1|ui|Hs+1(w1) +e+ H2|ug|H2(w2)) .
The result of the Lemma follows. O
REMARK 5.8. The proof of Lemma 5.7, can be generalized for functions with non
homogeneous boundary conditions. This can be done by splitting the solutions into a
function depending of the controls and a function independent of the controls. The
proof follows the same lines.
LEMMA 5.9. Let ageﬁ(QQH) and ugef_l(%q) be defined by (5.7) and (5.5), respec-
tively. Then

—Trec rec h
a5 65 - w5508 My < © (2

Proof. Follows from [2, Section 3.3.3]. O

6 Numerical experiments In this section we present various numerical ex-
periments to illustrate the convergence rates and the performance of our method. In
the first two examples, we compare our coupling method with the classical global-local
method [34], where the homogenized solution is considered as the boundary condition
on I';. To facilitate the numerical comparison, we assume that the meshes 7; and Ty
have the same triangulation in the overlap wy. The implementations can be adapted
to the case where the meshes are not equal in wg, using interpolations between the
two meshes.
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6.1 A domain with a crack. Consider an elliptic boundary value problem in
Q= [Ov 1]27

—div (a*Vu) =0, in Q,

with Dirichlet boundary condition v = ¢ on 052, where ¢ € [0,2n] is the angle
measured counterclockwise from the axis {(x,0.5) : > 0}. We add free Neumann
boundary condition on the crack {x € Q : 21 > 0,29 = 0.5}. The homogenization
model might not be accurate around the crack. A mesh refinement of the coarse model
around the crack may lead to coarse meshes with mesh size smaller than e, hence it
requires more work around the crack than the FEM with scale resolution. For the
treatment of crack problem with the FE-HMM, we cite [6]. We take a tensor a® —
represented in Figure 2(a) for e = 1/10 — with separation of scale and locally periodic
inY,

E ) ) 1/2
@*(o,m2) = ((1.1 + cos(2mx1/€))? i (1.1 +C05(27m2/5))2> .

Let z. = [1/2,1/2] be the center of 2. The classical global-local numerical solution
is the approximation of the following problem; consider w; = z. + 1—15[—1, 1)? and
I'y = Owy,

—div (a®*Vu) = f, in wy,

(6.1) u =u’, onTy,

where 4 is the homogenized solution. Recall that w C w; where w = z, + 3—10[—1, 1]2.
We compute the numerical homogenized solution v over © on the coarse initial mesh,
and use the value of u# as Dirichlet boundary condition on T'; and solve problem (6.1)
with a fine scale FEM.

We refine uniformly in w; and as the mesh size in w should be small enough to
capture the microscopic scales of the problems, it would be prohibitive to compute
the numerical homogenized solution at each iteration. The coupling and the classical
global-local method are both performed on the same mesh, where the coarse mesh in
0\ wy is left unchanged. We then compare the numerical solution with a reference
solution obtained with a FEM on a very fine mesh. The reference solution is shown
in figure 2(d) and the numerical optimization based coupling solution in figure 2(c).
We plot the H! semi-norm for the two methods in figure 2(b). We see that the global-
local method reaches a threshold value, as expected due to the use of the numerical
homogenized function u’ as Dirichlet data on I';.

6.2 Singular source term. In this experiment, we consider an elliptic problem
with a singular source term given by random peaks. The tensor is assumed to have
scale-separation and be Y-periodic,

1 (1.1 + sin(27xy fexs /€)

@) =73 1.1+ sin(27zo /)

5 + sin(4x3x3) + 2) .

Depending on the location of the random peaks, the numerical homogenized right-had
side f° can be wrong, leading to an inaccurate approximation of u°. As in the crack
experiments, we compute a numerical approximation of «° on a coarse initial mesh
and then use it as boundary condition on I';. In figure 3(a) we show the tensor for
e =1/25. Let z, = [1/2,1/2] be the center of Q, we set w = z. + 15[—1,1]* and
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FIGURE 2. Crack experiment: (a) tensor for e = 1/10, (b) H! semi-norm in w, for the opti-
mization based coupling (black) and the classical coupling (red), (c) numerical optimization-based
solution, and (d) reference solution.

wy =z + 3[—1,1]%. In Figure 3(b), we illustrate the random source term f with 20
peaks. Figures 4(a) and 4(b) illustrate the reference solution and the optimization
based solutions with the fine scale solution in w and the coarse scale solution in Q \ w.
The H' error to the reference solution, for e = 1/10 and 100 random peaks, is shown
in figure 5, for the classical global-local method (in red) and the coupling (in black).
While we observe a linear convergence rate for the optimization based method as
predicted by Theorem 4.3, we see that the classical coupling leads to saturation in the
error decay. This is due to inaccurate boundary conditions for the fine scale problems.

6.3 A domain with a defect. We consider an homogenization problem with
a local perturbation in the tensor, treated in [10]. The PDE is

—div (a*Vu®) = f, in Q,
u® =0, on 99,
where the tensor is of the form o = aj,.(x) + b°(z), with a5,,.(z) = aper(z,2/¢)
is (locally) periodic and b° € L%(Q)? is a local perturbation of size . A numerical
homogenized solution uf can be obtained with FE-HMM and produces a good ap-
proximation of u® in the L? norm. To obtain good approximation in the H'! norm



An optimization based coupling method for multiscale problems 29

1000

FIGURE 3. Singular source term experiment: (a) tensor for e = 1/25, (b) right hand side with
20 random peaks.

0.4 0.35
0.35
0.3
0.25
0.2
0.15
0.1
0.05

0o 0.2 0.4

(a)

FIGURE 4. Singular source term experiment: (a) reference solution, (b) optimization based
numerical solution.

one needs to add correctors. However, the usual periodic cell problems are not valid
as a5 is not periodic. One could compute the periodic correctors corresponding to the
tensor ag.,, and use them to correct the homogenized solution. This will be a good
approximation at the large scale but will fail at the fine scale close to the defect. Fol-
lowing the approach in [10], a new corrector can be computed by adding a term to the
periodic correctors as follows. Let x/ € WL (Y) be the classical periodic correctors

per
that satisfy the cell problems

/Y a;er(x)VXj -Vody = — /Y a;er(m)evady, Yo € Wple,n(Y).

Then, the additional term will be the solution of a Dirichlet boundary value problem in
K,, = [-ne,ne)?, where n is large enough so that the effect of the defect are negligible
at the boundary of K,,. The problem reads: find xi € Hg(K,,)

/ as(x)VXg -Voudz = —/ b (z)(e; + Vy!) - Vodz, Yo e Hy(K,).
K, Ky

On can extend X’ periodically to K, and obtain a corrector ¥/ (z) = x7(z) + xj(z)
for all z € K,,.
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FIGURE 5. Singular source term experiment: H' semi-norm in w for the optimization based
coupling (black) and the classical coupling (red).

In this numerical example, we compute the FE-HMM solution and add to it either
the periodic correctors x or the modified correctors Y. We then compare these two
solutions with the optimization based solution presented in this paper. We will take
the same oscillatory data as given in[10, Section 4.]. Let Q = [—1,1]? and define

Aper (z1,22) = 3+ cos(2mxy /e) + sin(2mxs f€),
b (w1, 29) = 10exp(—(z1/e% + 23 /%)),

f(z1,22) = sin(mzy) cos(mxa).

We use a uniform triangular mesh and compute a reference solution on a very fine
mesh. We compute the periodic correctors on 7 (Y) and extend it to [—ne, ne]? where
n is sufficiently large. The terms x; are then computed on [—ne, ne]? with Dirichlet
boundary conditions and adding them to x, we obtain the non periodic correctors x.
In each macro element K we defined a mesh 7y, . (K), obtained by uniform refinement
of K until the mesh size h,e. is smaller or equal to h. The two reconstructed solutions
read

d
e,rec i.h 8uH x
U5 w) = uf (@) + 3 ex e, afe) 2o D,
i=1 '
d
~e,rec ~i 8uH xZ
5w = (@) + 3 e o,/ 2,
i=1 v

where both correctors are defined on [—ne, ne]? with mesh size h and interpolated to
Thi (K). In the coupling method, the fine scale region w; will be centered around the
defect, as its size is €, we set w = [~1/4,1/4]? and w; = [~1/2,1/2]?>. The mesh size
in wy is equal to h,e. and the mesh size in the coarse region 2\ wy is H. We recall
that the fine scale reference solution is given by

G = Uq fys in wy,
hH — rec 3
u2,H’ in \ W,

where we have chosen w, = [—3/8,3/8]%. We compute the error between the reference

e,rec ~ge,rec

solution and the numerical solutions u% ““, 43", and 4 5 in wy and in [—¢,e]?. We
first take ¢ = 1/5, H = 1/16 and a micro degree of freedom of Nyyicro = %
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Method Rel. error in w; | Rel. error in [—e¢,¢]?
periodic correctors 0.436 1.589
e =1/5 | non-periodic correctors 0.396 0.992
optimization based coupling 0.119 0.030
periodic correctors 0.281 1.076
e =1/10 | non-periodic correctors 0.260 0.720
optimization based coupling 0.039 0.006
TABLE 1

Relative error in w1 and [—¢,€]?, with ¢ = 1/5 and € = 1/10, between the reference solution

and the periodic, non-periodic reconstructed solution, and for the optimization based solution.
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FIGURE 6. Error in wi between the reference solution and the numerical fine scale solution
obtained with periodic correctors (a), non periodic correctors (b), and by the coupling (c).

We look at the relative error between the reference solution and the reconstructed

. e,rec ~e,rec T . 1s
solution uy; ““ (resp. @y °°) for the periodic correctors (resp. non periodic),

IV (u® — w2 @)

[Vue||L2 ()

As expected (see e.g. [10]), the errors with the two reconstructed solutions are similar
in the far field, and one should look at the error around the defects to see the advantage
of the correctors x. In Table 1, we see the relative errors for the three methods
for e = 1/5 and ¢ = 1/10. In Figure 6, we display the error in w; between the
reference solution and the numerical fine scale solutions obtained with the periodic
correctors 6(a), non-periodic correctors 6(b), and the optimization based method 6(c).
While the errors between the periodic and non-periodic methods are similar in wy, the
difference is more important in [—¢, €)%, near the defect. There is however a significant
improvement when the optimization based coupling method is used. This is to be
expected as a fine scale solver is used in w; and is coupled with a coarse scale solver.
The strength of the method is that it produces a good H' approximation of the fine
scale solution on Q, but allows for a large mesh size H in Q \ w;. We note that in
[10], the same macro and micro degrees of freedom were used, with macro mesh size
of 1/1000 leading to a smaller discretization error and a larger difference between the
periodic correctors and the non-periodic correctors. Setting H to such a small value is
not necessary in our experiments as we only need a fine mesh in w; and want to take
full advantage of the homogenization techniques in the region with scale separation.
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Appendix. Inequalities.

A.1 Continuous inequalities Let us start by recalling the Caccioppoli in-
equality [23]. Let w C w; be subdomains of Q with 7 = dist(dw, Ow) and set I' = 9.
For a tensor a, we define the set of a-harmonic functions by H(w;), which consists of
functions u € L?(wq) N HL (w;) such that

loc

B (u,v) = / aVu-Vodr =0, Vv e C§(wr),
w1

1
where H

is defined by
H (w1) := {u € H'(O) | for any open set O with O C w;}.

If the domains have shared boundaries, i.e., dw; N T # (), we construct the space of
a-harmonic functions by Ho(w1), which consists of functions u € H(w;) with zero
boundary condition on dw; NT. We recall that 'y = dw;y \ T

THEOREM A.1 (Caccioppoli inequality [23]). Let u € H(w;), then

1/2
VL2 (w) < WHUHL?(M)-

We note that elliptic problem with a non null right hand side can also be considered
and we refer to [23] for details. We generate next the above result in order to have
only the overlapping domain in the right hand side.

LEMMA A.2. Let wg =wy \w. Let u € H(wy), then

1/2
VL2 w) < mHUHL%wo)-

Proof. Let n € Cd(w1) be a cutoff function with = 1 in @, n = 0 in dw,
and |Vn| < 1/7. Further, n = 0 on I'y and supp(Vn) C wp. Then, it holds that
n*u € Hg(wy) and

/ aVu - V(n*u)dz = 0.
w1
Then,
0= / aVu - V(n*u)dz = 2/ aVu - Vnynudz + / aVu - Vun?dz.
w1 w1

w1

By definition, it holds

o[ Vullue) < / a¥ (nu) - ¥ (nu)dz,

1
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and

/MaV(Tlu) - V(nu)dz = /M aV(nu) - V(qu)dz — / AV - V(ntu)de

w1

= /aV(nu)-V(nu)dm—2/aVu-V77nudx—/aVu~Vu772da:

w1 w1

z/ aVn - Vnuidz

:/ aVn - Vnuidz
B
2

B
wdz = ﬁHUH%ﬁ(wo)-
wo

]

In the next lemma, we prove a strong version of the Cauchy-Schwarz inequality.
We recall the problems for the state variables: find v; € Hp,(w;) solution of

—div (a;Vv;) =0, in w;,

v; =60; only
(A1) v; =0, onodw;UTlp,
n; - (a;Vv;) =0, ondw; Ny,

where a; = a5 and az = aj.

LEMMA A.3 (Strong Cauchy-Schwarz). Let v € Hi(w1) and v) € H}(ws2) be
solutions of (A.1) for i = 1,2. Then, there exist an €9 > 0 and a positive constant
Cs < 1 such that for all e < g, it holds

| viesde < Cullflaan 18
wo

Proof. We reason by contradiction. Suppose that there exist a sequence of {&, },>1
that tends to zero such that

[ otrode > Cullof a1 liagenys ¥ 21,
wo

for all sequence {C),},>1 that tends to 1, with C,, < 1. Without loss of generality, we
can normalize the vectors v;" and vq, and obtain

05" lL2@e) =1, 109 ll12(we) =1 and  (vi™, v9)12(wy) 32/ vimvdds — 1.

wo

As the sequence of tensors {a]" },,>1 € (L>(w;))?*? is bounded, and uniformly elliptic,

by the H-convergence, there exists a subsequence of {&,, },>1 still denoted by {e, }n>1
and a tensor a) € (L*°(w1))¥*? bounded, and uniformly elliptic such that {aj" },,>1
H-converge to ai. By definition of the H-convergence, the solution v{™ of (A.1) —
for the subsequence {e,} — is such that

i) vf" —v? in H'(w;) and,

ii) aj"Voi" — aVef in L?(w),
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where v{ is the unique solution of

—div (V1)) =0, inw,
vy =6, onTly,

vy =0, on Jwi UT'p,

ny- (V) =0, on dw; NTy.

As H'(w) is compactly embedded in L?(w;), strong convergence in L? of v{" to v?,
for a subsequence of {e,, },>1, is achieved, i.e.,

vim — 0¥ in L% (wy).
By the continuity of the norm, we have that

T (0 v2)12wg) = (01, v2)L2(we)s [V lLewe) S 1 and (0}, v2)r2(wy) = 1.

As
1= (09, 02)12(wg) < 10712 (wo) V2]l (wo) < 1,

we must have that [|v9||r2(wg)llv2]lL2(w,) = 1 and hence |09 |r2(u,) = 1. The previous
inequalities become equalities, i.e.,

1= (09, 02)12(wo) = 07|12 (o) 102 ]|12 (wo) -

An equality in Cauchy-Schwarz is possible if and only if v{ and v, are linearly depen-
dent, that is there exist a constant ¢ > 0 such that v = cvp a.e. in wg. As the norms
of v and vy are equal to 1, we can easily conclude that ¢ = 41 and that v{ =+wv, a.e.
in wo. Finally, as (v),v2)12(wy) = 1 it holds that v = vs.

Both v{ and vq are solutions of a homogenized equation and are equal on the overlap,
so we can combine them into an homogenized solution on the entire domain 2. Further,
the tensor @ and af are equals in wy. Indeed, let us continuously extend the tensors
a$ and a5 to the domain Q. The tensor a5 H-converge to the tensor a? and the tensor
a5 H-converge to aJ, in Q. It holds that a5 = a§ in wy, and using the locality of
H-convergence [32, 14], we can conclude that a3 = a in wy. Thus they are equal in
the overlap.

Let us split wp into two disjoint rings wy = w Uw?3. As the solutions v{ and vy are
equal in wg, we can construct a smooth function v over Q) as

3(z) = W(z), ifzewUwd,
vo(z), ifz€wy\wl.

The function v is in H}L(2), has zero Neumann boundary condition on I'y, and
satisfies

/ a’Vo-Vwdr =0, VYwe HH(Q),
Q

where the tensor a° is given by

0 1
0 _ )o@ m wUwyg,
ad  inws \ wh.

The solution ¥ must be zero everywhere in €, i.e., ¥ = 0, which is a contradiction
with H{)HLz(wo) =1.0
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A.2 Discrete inequalities. Let w C w; C Q, with 7 = dist(Owy, dw) and
consider a partition 7;, of € in simplicial or quadrilateral elements K, with diameter
hi and denote h = maxge7, hx. Further, we assume that h is smaller than 7 and
that 7, is admissible (T1) and shape regular (T2). The inequalities are given for
general FE spaces of degree p > 1.

We give a discrete Caccioppoli inequality for functions v € V?(wy, Ty,) solution of

(A.2) By (v" wh) = / aVo' - Vuwhdr =0,  vu" € VP (w1, Th).
w1

Let us denote by Ij, the Lagrange interpolant, and state a super approximation useful
in the proof of the discrete Caccioppoli inequality.

LEMMA A.4. Let n € Ct(wy) with |[Vn| < Ct~t. Then for each v" € VP (w1, Th)
and K € Ty, with hg < 7, it holds,

hK hK
l7*0" = (") |1 () < C <T||V(77Uh)||L2(K) + T2||Uh||L2(K)> :

Proof. See [15, Theorem 2.1]. O
We recall that local inverse inequalities are valid for functions v € VP(w;, T); that
is

(A-3) Vo |2y < Chi v ez,

where the constant C' is independent of hy.
LEMMA A.5 (Discrete Caccioppoli inequality for interior domains, [33]). Let
vl € VP(wi, Th) satisfy equation (A.2) for all wh € V¥ (w1, Ty); it holds

1
190" 120 < = 10" iz,

where the constant C' is independent of h.

Proof. Let n € Cl(w1) be a cutoff function with |Vn| < C7~!. We have that n
satisfies n =0 in 2\ wy, n =1 in w, and |Vy| < 1/7 for points in wy. By the uniform
ellipticity of the tensor a, it holds

a||VvhH%2(w) S/ aVo - Vo'nide.

w1

Using n%v" as a test function in (A.2), and expanding the integral, we obtain
/ aVol - V(n*")dz = / aVol - Vonidr + 2/ anVo - Vnuhdz,

w1 w1 w1
and thus
/ aVo - Volnidr < / aVol - V(n?v")dz — 2/ (na'/?vol) - (vhal/?Vn)da
w1 w1

w1

/ aVol - V(n*o")dz + 2/ (na'/?voh) - (vha/?Vn)dzx
w1

w1

IN

1
< B (v", n*o") —|—C/ aVol - Volntde + E / av"Vn - Vyohdz
w1 w1

< Bi(v", n*o") + C/ aVol - Volnidz + C%thﬂiz(wl).
w1
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The last step is to bound the quantity Bj(v",n?v"). Let us consider Ij(n*v") €
VP(wy, Tn), it holds

By (v", I(i°0")) =0,
and then
By (v",n*0") = By (v", nPo" — / aVuV (n*o" — I(n*v"))dz
< BIIVvhllm(wl)HV(?? V= I(0*0")) L ()

=8> IV eIV 0P 0" = I(n*0™) L2k
KeTy,

Using the local inverse inequality (A.3) and Lemma A.4, we obtain

1 hx hx
B < C8 3 T ot o (P00 ot + 25 1o o

KeTy

C C
=8> thHLQ(K)?Hv(nvh)HU(K) + ﬁ”vh”i?(m
KeTn

<Y S ( +1) 10" 122 + CIV G012

KeTy

op
<7 (c“) 10" 12 r) + BNV 2y + BN V]2,

C /1
< 0( 5 (7414 €) WM R + 7o e )

Recalling that
1
HanhHiz(wl) :/ Vol - Volp?de < 7/ aVo' - Vo'nide,
w1 o w1

and collecting the previous bounds, it holds
Vo Votipdr < 02 (241 o™ |13
aVv vintde < € c +C | v L2(wy)
w1
+¢ <ﬁ + 1> / aVol - Volnide.
e w,
This gives, for ¢ # 1/(8/a + 1),

(1-C(BJa+1)) /

w1

2
aVo' - Volnidx < C:% (C +1+ <> ||Uh||iZ(w1)’

and finally

C 2
195" e < r—grs7mstyy (o 1+ €) o By
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0 Assume now that dw NT # (. A discrete Caccioppoli inequality can be proved.

LEMMA A.6 (Discrete Caccioppoli inequality for domains with shared bound-
aries). Let v € VP(w1,Ts) satisfy equation (A.2) for all wh € VP (w1, Tp). Further
assume that v" = 0 on dwy NT. Then it holds

1
Ve ) < Ol liagen)
where the constant C' is independent of h.

Proof. We consider now a cutoff function n such that n=1in @, n =0 in Q\ wy,
and with 7 = 0 on dw; N . We can then follow the proof of Lemma A.5, as

By (v, n?uh) = / aVo' -V (n?v")dz = 0.
w1

0
We now show that the strong Cauchy-Schwarz inequality A.3 is still valid for discrete
functions. For simplicity in the notations, we omit the £ dependency in v;.

LEMMA A.7. Lete < g9 and Cs < 1 be given by the strong Cauchy-Schwarz
Lemma A.3, and let v, ;, € Vh(w1,T;) and va m € Vi (wa, T) be numerical solutions
of (4.9). There exist ho > 0 and Ho > 0 such that

/ Ul’ﬁv27de < CS”'ULE ‘L2(w0)||v2,H||L2(wU)’ ViL < iLO,H < Hy.
wo

Proof. Let {BnyHn}nZI be a sequence of mesh sizes converging to zero. We
have strong convergence in L2, for a subsequence of {ﬁn,Hn}nzl still denoted by
{En, H,,}n>1, of the numerical solutions v, 7. and va g, to the exact solutions vy and
v9 respectively. Thus o

lim Uy, V2,1, dx :/ vivedz  and l%m’H‘” 11 7 2oy = [vnll o),
n—o0 f,. Tt wo limy o0 V2,1, L2 (we) = V2|12 (w0)-

We recall that the strong Cauchy-Schwarz is valid for vy et vo; there exists an g and
a constant Cy < 1, such that for all € < gg, it holds

/ ’U1’U2d$ S CSHUI||L2(UJ(])HU2||L2(UJQ)'
wo
Then, using the strong Cauchy-Schwarz inequality for vy and v, it holds

lim vy j, V2, m,dx :/ v1vode
n— 00 v
wo wo

< Csllvr Lz (wo) llv2llLz (we)
= lim Cslloy 5 1Lz o) 02,1, L2 (wo)-

Then, there exist an g9 > 0 and a constant Cs < 1, such that for all € < €o, there
exist hg > 0 and Hy > 0, such that

/ vlﬁvngdx < CSHULB |L2(wo)||'U2,H||L2(wg)a ViL < fNLO,H < Hj.
wo
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