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nonlinear monotone elliptic problems with application to
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Abstract

We consider a finite element method (FEM) with arbitrary polynomial degree for
nonlinear monotone elliptic problems. Using a linear elliptic projection, we first give
a new short proof of the optimal convergence rate of the FEM in the L? norm. We
then derive optimal a priori error estimates in the H' and L? norm for a FEM with
variational crimes due to numerical integration. As an application we derive a priori
error estimates for a numerical homogenization method applied to nonlinear monotone
elliptic problems.

Keywords: nonlinear monotone elliptic problem, high order finite element method,
elliptic projection, numerical integration, variational crimes, numerical homogeniza-
tion.
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1 Introduction

We consider a finite element approximation with polynomial degree ! € N> of the nonlinear
monotone elliptic problem

—div(A(z,Vu)) = f(z) in Q, u(z) =0 on 01, (1)

with Q@ € R? (for d < 3) a convex polyhedral domain, f € L?(Q) and A: Q x RY — R9.
We assume that A(-,£): Q — R? is Lebesgue measurable for every ¢ € R? and that there
exist Cp, L, A > 0 such that for almost every (a.e.) = €

(Ap) boundedness in £ = 0: |A(z,0)| < Co;
(A1) Lipschitz continuity: |A(x, &) — Az, &)| < L& — &)|, for all &, & € RY;
(Ag) strong monotonicity: [A(z, &) — Az, &)] - (€1 — &) > Aér — &%, for all &, & € RY.

Solving the nonlinear monotone elliptic problem numerically by a finite element method
(FEM) is a standard technique, see [6, Sect. 5| and references therein. While optimal a
priori error estimates in the H!' norm can be proved following the arguments used for
linear elliptic problems, see [6, Theorem 5.3.4], sharp estimates in the L? norm are harder
to derive. In [8], Dendy showed a convergence rate min{l+1,2]—d/2}, see [8, Theorem 2.2],
assuming that the numerical solution is bounded in the W1 norm, that the meshes are
quasi-uniform and that the regularity v € H*+1(Q)NW1(Q), A € C?(2 xR?) holds. This
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result however is non-optimal for low polynomial degree [. For [ = 1, Frehse and Rannacher
obtained in [10] the optimal quadratic convergence as a byproduct of error estimates in
the L™ norm (the main goal of [10]). They assumed u € C>*t*(Q), A € C*(R? x RY)
(but mentioned that less regularity is sufficient for A), quasi-uniformity of the meshes and
used weighted norm techniques (adapted to the nonlinear problem). For two-dimensional
problems (d = 2), Xu derived in [15] sharp L? error estimates for general [ > 1 assuming
u € HF(Q) N W22+¢(Q), for some ¢ > 0, and A sufficiently smooth. The essential
ingredients in [15] are a linear projection of the exact solution and logarithmic bounds for
a discrete Green function. These bounds are however only valid for d = 2.

For practical implementation and important applications (e.g., numerical homogeniza-
tion as described below) of the FEM for (1) numerical integration is used in general, i.e.,
variational crimes are committed. It is thus important to estimate the effect of the use
of quadrature rules on the convergence of the numerical solution — see |7], |6, Sect. 4.1]
for linear elliptic problems and [4] for nonlinear nonmonotone problems. For FEM applied
to (1), we are only aware of 9], where the effect of numerical integration on the convergence
rate in the H' norm has been studied for d = 2 and polynomial degree [ = 1.

The main results of this paper are twofold. First we prove optimal convergence rates
in the L? norm for FEM with general polynomial degree [ > 1 (thus improving the results
from [8]). In contrast to [15], our results are valid for d = 3, and do not use weighted norm
techniques as in [10] thanks to the use of a linear elliptic projection. Second, we prove op-
timal convergence rates in the H' and L? norm of the finite element method with arbitrary
polynomial degree [ and based on a quadrature formula for the nonlinear monotone elliptic
problem (1). As an application of the error estimates for FEM with numerical integra-
tion for singlescale problems, we present the error analysis for a numerical homogenization
method. We consider the finite element heterogeneous multiscale method (FE-HMM) [1]
for nonlinear monotone elliptic PDEs with multiple scales. In [11] convergence rates in the
H' norm have been derived for the FE-HMM for a class of elliptic monotone PDEs (as-
sociated to minimization problems). In particular the map A(x, &) of (1) needs to have a
scalar potential (w.r.t. £) to belong to the class of problems considered in [11]|. In contrast
we derive optimal error estimates in the H' and L? norm for general monotone problems.
We also note that a posteriori error estimates for elliptic monotone problems have been
considered in [12]. We close this introduction by mentioning that similar results for the
FE-HMM applied to parabolic monotone problems have been derived in [2,3].

This paper is structured as follows. We first introduce the FEM for the problem (1) in
Section 2. The linear elliptic projection is then defined in Section 3 and the optimal L? error
estimates for FEM without and with numerical quadrature are proved in Section 4 and 5,
respectively. Finally, in Section 6, we present a priori error estimates for the FE-HMM.

2 FEM for nonlinear monotone elliptic PDEs

In this section, we first introduce the weak solution of (1) and then formulate the FEMs
—without and with numerical integration— to solve (1) numerically.

Exact solution. We recall that the weak solution of (1) solves the variational problem:

find u € H}(Q) such that  B(u;w) = / fwdzr,  VYwe H)(Q), (2)
Q



with the map B (nonlinear in the first argument, linear in the second argument) given by
B(v;w) = / A(z, Vv) - Vw dz, for v, w € HY(S). (3)
Q

Note that (Ap) yields the continuity of B in the second variable and (.A;_3) ensure that B is
strongly monotone and Lipschitz continuous in the first variable. Thus from the nonlinear
Lax-Milgram theorem [16, Theorem 25.B] we have that a unique solution u € Hg () exists.

FEM without numerical integration. Let Tz be a simplicial mesh of €2 consisting of
open elements K € Ty with straight edges. We assume that 7Tz is conformal and shape-
regular, see [6], and we denote its maximal element diameter by H = maxge7;, diam K.
For | € N>y, we define the finite element space

SL(Q, Tr) = {v € HY(Q) | v € PUK), VK € Ty}, (4)

where P!(K) is the set of polynomials of total degree at most [ on the element K € Ty.
We next define the Galerkin finite element solution uf? of (1):

find ufl € S,(Q, Tzr) such that B! w) = / fwt dz, Vuw € S§Q, Tr). (5)
Q
Again, the well-posedness of the problem (5) is shown by [16, Theorem 25.B| using (Ap—_2).

FEM with numerical integration. Next, we consider the formulation of the finite
element method (5) with numerical integration used to evaluate the integral in (3).
Let K be the simplicial, d-dimensional reference element and {w;, Z; }3-]:1 a quadrature

formula on K for J € N>; (with weights «; and nodes #;). Assume the conditions:

(QL) @; > 0for j=1,.....J; X7, &;|Vp(d;)]* > vapniQ(m on P(K) for some A > 0;

(Q2) [i B(@)di = 27, @;p(&5) for all p € P?(K) with o = max{1,20—2+pu}, pu € {0,1}.

Remark 2.1. For FEM with numerical integration applied to linear elliptic problems opti-
mal L? convergence rates have been derived assuming (Q2) for u = 0, see [7]. Note, that
the more restrictive assumption (Q2) for = 1 is used instead in our analysis to derive
optimal L? error bounds.

The quadrature formula on K induces a quadrature formula {wi;, 7K, }3]:1 on each element

K € Ty (via the affine parametrization F : K-> K ). We thus introduce the map B  for
ol wh € Sh(Q, Tu) by

J
Bu (! wf) = Z ZijA(ij7VvH($Kj)) . va(SCKj), (6)
KeTy j=1

and the FEM with numerical integration for the problem (1) then reads as:
find @7 € SY(Q, Tyr) such that By (al;w!) = / fwfdes,  Vw € S{(Q,Twy). (7)
Q

Due to condition (Q1) and the hypotheses (Ag_») the form By is continuous in the second
variable and Lipschitz continuous as well as strongly monotone in the first variable, hence

a unique numerical solution %7 exists.



3 A linear elliptic projection
Our analysis is based on the linear elliptic projection u solving the variational problem:

find ufl € S{(Q, Tr) such that By (ull,w) = By (u, w!), Vuw e S§(Q, Tw), (8)

T

where the bilinear form By, for v,w € H}(1), is given by
Br(v,w) = / o (x)Vv - Vwdz, with o (z) = D¢A(x, Vu(z)) for ae. € Q. (9)
Q

We emphasize that the variational problem (8) is a linear elliptic problem. The existence
and uniqueness of the elliptic projection is summarized in the following Lemma (for details
see [2, Sect. 5.1]).

Lemma 3.1. Assume that A: Q x RY — R? satisfies (A1_2) and A(z,-) € CH(R%RY) for
a.e. x € Q. Then, DeA(x,§) is uniformly elliptic and bounded. The problem (8) thus
admits a unique solution ull.

As (8) is a linear elliptic problem, classical finite element error bounds are valid for uf ,
e.g., see [6].

Lemma 3.2. Assume that A satisfies (A1—2) and A(z,-) € C'(R%GRY) for a.e. © € Q. Let
u be the solution of (2) and v its elliptic projection (8). If u € H*1(Q), then

[Vu — Vuf”Lz(Q) < CHl|u]Hz+1(Q), |u— ufHLQ(Q) < CHZ+1|U|HZ+1(Q)7

where C' is independent of H and where elliptic reqularity for the adjoint problem of (8) is
needed for the L? estimate.

We first show that uZ is bounded in several higher order broken norms (see [4, Lemma
1] for a proof).

Lemma 3.3. Let {Tu}tuso be quasi-uniform (see [6, Condition (3.2.28)]). Under the
conditions of Lemma 3.2, we have

HufHHlH(Q) + H“fHWw(Q) + HUEHVT/FLW(Q) < Cllull g1y, (10)
where C' is independent of H.

For k € N and 1 < p < oo, the broken norms || - [|ljr.p(q) are given by

/p
[ollwer ) = (ZKETH HUHZ;W,p(KD yifp <00, ullree ) = maxkery |vllyroe k)

where WH?(K) and || - [wrr(k) denote the usual Sobolev spaces and norms on K, respec-
tively, and W*2(Q) is written as H* ().

Remark 3.4. Let u € H'TY(Q) and Zyu € SL(Q, Ty) be its nodal interpolant. Then, it
follows from the interpolation estimates [6, Theorem 3.1.6] and the Sobolev embeddings
HF(Q) — WS (Q), W!=1°(Q), which hold for d < 3, that the bound (10) holds for Zgu

without any additional assumptions.

Next, we recall the maximum norm error estimate for linear FEM from [5, Sect. 8|.



Lemma 3.5. Assume that A satisfies (A1_2) and A(z,-) € CH(R%RY) for a.e. x € Q. Let
u be the solution of (1) and vl its elliptic projection (8). Further, suppose that

lullwze @) + 1w lw2e@) < ClldV(ZVu)| o), for 1 <p <o with some o >d, (11)

holds, where <7 is given by (9) and u* solves the dual problem Br(w,u*) = Br(u,w) for
allw e HJ(Q). Ifu e W2®(Q) and Z;; € Wh(Q), for 1 <i,j <d, then for any family
{Tu}r>0 of quasi-uniform meshes (see [6, Condition (3.2.28)]), there exists Hy > 0 such
that for all H < Hy

Hu - ufHWloo(Q) < CH”UHWQ’OO(Q)a
where C' is independent of H.

If additionally u € W12(Q), for I > 1, the higher order estimate [|u — uff||y1.00(q) <
CH' holds. The linear convergence stated in Lemma 3.5 is however sufficient for our
analysis.

4 Optimal L? error estimate for FEM without quadrature
formula

In this section, we prove sharp convergence rates in the L? norm for FEM without numerical
integration. The ingredients of the proof are Lemma 4.2 and the a priori error bounds for
the elliptic projection uf

T

Theorem 4.1. Let u be the exact solution of (1) and u'l its finite element approzimation
given by (5). Assume that A satisfies (Ao—2), the elliptic regularity (11) holds and that

A(l‘, ) c WQ,OO(Rd;Rd) with HD&A(J}, ')HWl,oo(Rd;]Rdxd) < Ly for a.e. x €9, (12)
u€ HYHQ) NW2>(Q), o € Wh(Q), for1<i,j<d,

for some Lg > 0 and o/ () = DeA(x, Vu(x)). If {Tu}uso is a family of quasi-uniform
meshes, then there exists an Hy > 0 such that for all H < Hy

H 41
Ju—u HL2(Q) < CH™,
where C' is independent of H.

Proof. We use the triangle inequality ||u—uH||L2(Q) < Hu—ufHLz(Q) + Juff _uH||L2(Q) and
combine Lemma 3.2, the Poincaré inequality and Lemma 4.2, which is shown below. [
We next prove that the elliptic projection u! is close to the numerical solution .

Lemma 4.2. Under the conditions of Theorem 4.1, there exists Hy > 0 such that for all
H < Hy

[V - VUfHB(Q) < CLAHIHHUHWZOO(Q)|U’Hl+1(sz)7

where L 4 is the Lipschitz constant of D¢ A(x,-) from (12) and C is independent of H.



Proof. Let w € S}(Q, Ty). Applying a first order Taylor expansion to A(x,-) and using

the definition (8) of the elliptic projection u! as well as the following Galerkin orthogonality

/ [A(z, Vu) — Az, VuH)] -Vwldz =0, vuwt e SY(Q, Tw),
Q
yields

/ Az, Vull) . Vul de = / [A(z, Vu) + DeA(x, Vau)(Vull — Vu)| - Vw! dx
Q Q

+ P(u, u; wf)

U

/Ax Vull) - Vwdz + P(u, ul; w'), (13)

where P(u,ul;w!) represents the remainder of the Taylor expansion

™

P(u,ul;wf) = / / DeA(z, Vu+ 7(Vull — Vu)) — DeA(z, Vu)dr (14)
x (Vull — vu) - Vwdz.

Using the Lipschitz continuity of D¢A(z,-) the term P(u,u;w!T) can be estimated by

’ 7'r Y

y Up 5 W

H. H uH H H
Pu,u ) < Lalju—uz HWl»OO(Q)Hvu — Vg HL2(Q)va HL?(Q)' (15)
Combining (As), the identity (13), the estimate (15) and Lemmas 3.2 and 3.5 we conclude

)\HVuf - VuHHiQ( < / [A(x,VuﬂH) — .A(:U,VUH)] (Vull — vull)dzx
Q

) ’TI" ™
< CLAHH_lHUHWZOO(Q)‘U’HHl(Q)Hvuf —Vu -

20

5 A priori error estimate for FEM with quadrature formula

While Theorem 4.1 holds for FEM without numerical integration, we now show optimal
convergence rates in the H' and L? norm taking into account the variational crimes due to
quadrature formulas. At the end of the section, we present numerical results to illustrate
the convergence results of Theorem 5.1.

Theorem 5.1. Let u be the exact solution of (1) and @l € SL(Q, T) be its approzimation
obtained by the FEM with numerical integration, see (7). Let p € {0,1}. Assume either
that u € H'TY(Q) (if u = 0) or the hypotheses of Theorem 4.1 (if u = 1). If the quadrature
formula satisfies (Q1), (Q2) for the given p and A has the regularity

A(7€> € W1+M7OO(Q)7 HA(‘vg)le-HhOO(Q) S C(LO + ‘§|)7 vg € Rda Zfl = 17
A€ WHHR(Q x Br(0); RY), [|Allyisnce xroyrey < C(Lo+ R), YR>0, ifl>2,
(17)

for some Lo > 0, then, we have the a priori error estimates

< CH', if p=20, Hu—uHHLQ < CH'™!, ifpu=1,

[l =" 12

where C' is independent of H.



We first estimate the quadrature error —a key ingredient for the proof of Theorem 5.1.

Lemma 5.2. Let p € {0,1}. Assume (Q2) and the regularity (17) of A for the given p.
Then, we have

’BH(UH;wH)—BH( i, H)’ < CHHQwH vaHHB VUH,wHGS[l)(Q,TH),
where C' is independent of H and Q(v!) is given by

Q(UH) = LO + HVUHHLQ(Q)7 Zfl - 17
Rl

Q") = (LO + }VUH’LOO(Q)) (1 + v HHZMJ;;L Loo( ) (1 T Z ’UH‘NW%%(Q))’ ifl =2,
k=1

where L is the constant from (17) and ke =2+ p, k3 =14 p and k; =1 for l > 4.

Proof. As the proof for [ = 1 can be found in [2, Lemma 5.9|, we only consider [ > 2. For
H ¢ S(Q,Tw), we define the local (componentwise) quadrature error

Ei (A0 wh) /A , Voo, de:L'—ZwKA mKJ,Vv (rk, )0, wH (7K, ),

7j=1

for K € Ty and 1 <i <d. As v", w! € P(K), we consider from now on

J
Ej(A,p, ) = /K At p@)a(e)de — 3 wie, Ak, plex,)a(ex,)
j=1
with p(z) = (p1(2),...,pa(x))T € (P"1(K))¥ and ¢ € P71(K). We further define
R = |p’L°°(K) .
Transferring the local quadrature error E% back onto the reference element K via the
affine parametrization F : K — K one gets

Ei(A,p,q) = |det dF | E(A;, D, §), (18)

with A; (2, €) = Ai(F (2),€) (for € € RY), p(2) = p(Fx (%)), 4(#) = q(Fk (2)) and

)i — @ di(a;. play)ile):

E>
-
:O>
8
1
ﬁm

i M <

By construction we have that p € (P/~1(K))? and § € Pl_l(f(). In what follows, we omit
the index 7 for A; and A;. From (Q2) and the Bramble-Hilbert Lemma, see [6, Theorem
4.1.3], we obtain that

|B(A . )

B 1oy iyl 2200 (19)
Using the multivariate Faa-di-Bruno fromula, we obtain that |A(-, p) it oo () 18 bounded

by a sum of terms of the type

|v| |v|

82./4( H H|p]k]erooK, where 1 <7, <1—1 and \)\\+Zrk:l+u,
k=1

(20)



with multi-indices A, v € N and integers ji € {1,...,d}, rp €N, for 1 < k < |v| (without
loss of generality, we assume that r; > 7441). Some care is needed for the terms in (20)
with r, = [ — 1, the highest order derivative. Let us denote by x € N the number of factors
in (20) with 7, =1 — 1 and by k; € N the maximal value of x attained for a given | > 2.
When setting A = 0, one derives from (20) that x; = [(I +p)/(l —1)], ie., kK2 = 2+ p,
k3 =1+ p and k; =1 for [ > 4. We then bound the terms of (20) by

H|V| |f)’er oo(f{), ifli:(),

L (K xBg(0)) C|p|Wl 1w K)Hk H+1\p|er7m(K), if 1 <k <3,

agagAH (21)

where we used |f’|L<>°(f() = R and the equivalence of norms on (P'~1(K))?. Next, we recall
the bounds

|

< CHj

H A ”AH , for 0< |\ + [v] <+ p,
L (K x Bg(0)) Lo°(K xBRr(0))

[6lyys.0i0) < CHicldet OF k| ™90l scy, for v € WH(K),j € N,
(22)
where (i) = v(Fg (%)) on K and 1 < ¢ < oo (with 1/¢ set to 0, if ¢ = 00), see [6, Theorem
3.1.2]. Estimating (21) by using (22) and the equality from (20) then yields

(20) < CHE* axagAH
L (K x Bg(0))
Hk:1‘P|W%°<>(K)> if k=0, (23)
|det aFK‘_1/2‘p|le—l,2n Hk l€+1|p‘er’°°(K)7 lf 1 S K S 3
Next, we observe that
l
TPl ey < IPI S iy < 1+ RIS e ) (24)

As from (22) it holds that HqHL2 ) < Cldet OFk| 2|l 12 (K)» using (19), (23) and (24)
we obtain

E(A,p,q)

l _
< CHy"|det OF x| H‘AHW“WOO (K'xBg(0) 1 + HPHWz 200(;())

(‘detaF ‘1/2+Z’plwz 125 (K) )’qug (25)

Let us then take ¢ = dp,w|x, p = Vu¥|x and R = [Vo|; ). We note that
|det OF| = C|K| and combine (18) and (25) to estimate |E% (A, v wH)|. The proof
is then concluded by summing over K € Ty and 1 < i < d and using the bound from (17)
for the derivatives of A. O

Proof of Theorem 5.1. We use HU_'L’VLHHHlf,u,(Q) < ||U_Z/{HHH17;L(Q)+CHV0HHL2(Q), where
Ut ¢ Sé(Q,TH), 07 = g — " and the constant C' depends on the Poincaré constant.

To estimate the second term we apply the bound (used for both p = 0,1)
)‘HVQHHL%Q) < Bu(a'";0") — Ba " 0™) (26)
= B(u;0") — BU";0") + BU",0") — Bpu"™;0™),

where we used the strong monotonicity of By (due to (Q1)) and the variational prob-
lems (1) and (7).



Consider first 4 = 0 and let U7 = Zyu € S4(Q, Ty) be the nodal interpolant of
u € H*F1(Q). We thus have ||u — Z/{HHHI(Q) < CHZ\U\HzH(Q), see [6, Theorem 3.2.1].
Combining the inequality (26), the Lipschitz continuity of B and Lemma 5.2 yields

)\HVGHHLQ < L|Vu = VIgul p2q) [ VO] 12y + 1B Tru; 07) — Bu(Ziu; 7))

< CH' <‘U|HH1 + Q(Zpu) >HV9 HLQ(Q)'

Using Remark 3.4 the term Q(Zyu) from Lemma 5.2 can be bounded by C/lul| gi+1(q) for
I > 1. We thus have the desired estimate ||[V67 || 2q) < CH'.
Consider now the case = 1 and let U7 = ul! be the elliptic projection (8). Using the
Taylor remainder P from (14), we obtain from (26)
2 ~
MIVOT | ) < 1P(uug's07) + [ B(ug':6) — Brr(ug';67))

< CHI'H(”UHWQ")O(Q ‘U’Hl-u + Q >HVQHHL2(Q)’

Where we used the estimate (16) and Lemma 5.2. Using Lemma 3.3 to bound Q(ul!) yields
Q(ull) < C||ul| gisa (o) for arbitrary [ > 1. We conclude the proof by using Lemma 32. O

Numerical results. To illustrate the convergence rates from Theorem 5.1 we consider
the model problem (1) on Q = (0,1)? with data

_ 1 14+ 2129
Al,€) = (1 i B Y A §|2)1/4>£’

and a right-hand side function f(x) chosen such that u(z) = 8sin(mx;)x2(1l — x2) is the
exact solution of (1). We then discretize © by uniform simplicial meshes 7y with N =
2k elements in each spatial dimension (with k& = 2,...,9) and use FE spaces (4) with
polynomial degree | = 1,2,3. For the implementation we apply a quadrature formula
satisfying (Q2) with 4 = 0 (the right-hand side functional [, f wdx is evaluated using
the same quadrature formula). The nonlinear algebraic equations are solved by a Newton
method. For our test, around 6 iterations are sufficient for convergence up to machine
precision. The relative error measured in the L? and H' norm are plotted in Figure 1.(a)
and 1.(b), respectively.

In Figure 1, we observe that for a given polynomial degree [ the errors in the L? and
H'! norm decrease at rate [ + 1 and [, respectively, with respect to H ~ 1/N as predicted
by Theorem 5.1. Note that although the applied quadrature rule satisfies (Q2) only for
u = 0, instead of u = 1 assumed for the L? estimate in Theorem 5.1, it still leads to the
optimal convergence rate in the L? norm for the considered test problem.

6 Application: FE-HMM for nonlinear monotone elliptic ho-
mogenization problems

In this section we consider a problem of type (1) with a small scale e > 0
—div(A®(z,Vu®)) = f in Q, u® =0 on 99, (27)

where A° satisfies (Ap_2) uniformly in . Using homogenization theory the multiscale
problem (27) can be upscaled, see [14]|. For ¢ — 0, the solutions u® converge in the sense
of G-convergence to the homogenized solution v solving the effective problem

—div(A%z,Vu®)) = f inQ,  u’=0 on 09, (28)

where A° is the homogenized map satisfying again (Ag_2).
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Figure 1: Convergence test for FEM with numerical integration. Relative error as a func-
tion of N (the number of elements per spatial dimension of the mesh) for different polyno-
mial degrees [ of the FE space, in particular, [ = 1 (dotted line), [ = 2 (dashed line) and
[ = 3 (solid line).

FE-HMM. We study a numerical homogenization method that aims at approximating
the homogenized solution u® by solving (28) for which the unknown map A° is locally
approximated by numerical upscaling.

Let Ty be a macroscopic mesh of €2, i.e., with mesh size H > ¢, and consider the
finite element space S(Q, Ty), see (4), for [ € N>1. For K € Ty, let {ij,:z:Kj}jzl be
quadrature weights and nodes induced by a quadrature formula on the reference element
satisfying (Q1) and (Q2), see Section 2. For § > e, we define the microscopic sampling
domains Kj, = zg, + 6(—1/2,1/2)% centered around the quadrature nodes zg;, of the
macro element K € Ty. On each K, and for ¢ € N>j, we then consider the micro FE-
space SU(Ks,,Tn) C W(Ks,), see (4) with boundary conditions prescribed by W (Ks,),
on a microscopic simplicial mesh 7;,. For the space W(Kj;) we either choose W (Ks,) =
Woer(Ks,) = {v € H),,.(Ks,) | stj vdx = 0} for periodic coupling or W(Ks,) = Hy(Ks,)
for Dirichlet coupling.

The FE-HMM approximation u’ of the homogenized solution u° is defined by:

find uff € S(Q, T) such that By (u;wf) = / fwlde, Yw e S5, Ty), (29)
Q

where the modified macroscopic map By (vf; wf) for v w# € S(Q, Ty) —nonlinear in

v and linear in w!— is defined as
J WK,
By(hwf)y=>" 3y — A% (2, Vol Yda - V'l (2 ), (30)
— |Ks,| Jk,. ’ !
KeTg j=1 J 5

with the micro function v?{, solving the constrained nonlinear micro problem: find v?{_ —
J J

vff - € 89(Ks,, Th) such that

A® (z, Vv?(j) Vlde =0, Ve SUKs;, Th), (31)
K(jj
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where v{fn,j = v (zk,) + (z —zK,) - Vv (zK,) is the linearization of v at the quadrature

point zg;. Note that the following energy equivalence holds, see [2, Lemma 3.2],

L
s <A< \K(;} +Hw,mJHL2K§)> (32)

Similarly to By, we obtain from the hypotheses (Q1), (Ag_z) and the energy equiva-
lence (32) that the form By is continuous in the second variable and Lipschitz continuous
as well as strongly monotone in the first variable (arguments analagous to the linear case,
see [1, Prop. 2|). Thus, there exists a unique FE-HMM approximation u*! defined by (29).

Vet s, < |9

Error analysis. We now sketch the a priori error analysis for the FE-HMM (for de-

tails we refer to [13]). Let us define the additional error contributions due to the HMM

upscaling error decomposed into modeling error 7,,,q and micro error r,,;,. evaluated at
H S(l)(Q,TH) by

Fmoa(VT) = sup ‘BH(UH;H)H) — By (v w! ’HVU}HHLQ(Q),
wHESé(Q,TH) (33)
Fmic(v) = sup ‘BH(UH;wH) — BH(’UH;UJH)‘HV’U)HH;;(Q),

wHeS(Q,Th)

with the form By given as above by (6) but with A replaced by A° and the form By

obtained by replacing the numerical micro solutions U?(j in (30) by the exact micro solutions

vk, solving (31) in the Sobolev space W (Ks,).
Then, the following fully discrete a priori error estimates hold.

Theorem 6.1. Let u® be the exact homogenized solution and u its FE-HMM approzima-
tion given by (29). Assume that the conditions of Theorem 5.1 hold with u € {0,1} for the
homogenized problem (28). Then, we have

Huo — uHHHI(Q < C(HZ + Timod(Zau®) + rmic(Tru)), if w=0,
[u® = w™|] o) < COHT + rnoa(ull) + rmic(ur)), if =1,

with C independent of H, h, 6 and € and where the modeling and micro erro ryoq and Tmge
H

from (33) are evaluated at either the nodal interpolant Zyu® or the elliptic projection u?
of u® solving (8) with o (z) = D A°(z, VuP).

Proof. Following the lines of the proof of Theorem 5.1 with either U = Tyu® (if 4 = 0) or
U =yt (if = 1), we obtain ||Vuf — Z/{HHLQ(Q) < C(HF P47 poaU) +rmicU?)). O

If additionally the exact micro solutions vg; are smooth enough we can give an error
bound with a decay rate for the micro error. For piecewise linear micro FE (¢ = 1 in (31)),
we have the bound from [2]

PmicUT) < C(2)2

The modeling error r,,,q can be estimated if A is locally periodic, i.e., A%(z,§) =
Az, x /e, &) where A(z,y,€) is (0,1)%periodic in y and sufficiently smooth. If we further
replace A®(r,§) by A(zk;,z/¢,€) in (30) and (31), we have, see [2],

T‘mod(uH) =0, if W(K5]) W;er( ) € N>,
rmoa(U™) < C(5)'2, M W(Ky,) = Hy(Ky,),0 > e.
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