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Numerical homogenization methods for
parabolic monotone problems

Assyr Abdulle!

Abstract In this paper we review various numerical homogenization methods for
monotone parabolic problems with multiple scales. The spatial discretisation is
based on finite element methods and the multiscale strategy relies on the heteroge-
neous multiscale method. The time discretization is performed by several classes of
Runge-Kutta methods (strongly A—stable or explicit stabilized methods). We dis-
cuss the construction and the analysis of such methods for a range of problems,
from linear parabolic problems to nonlinear monotone parabolic problems in the
very general LP(W!?) setting. We also show that under appropriate assumptions, a
computationally attractive linearized method can be constructed for nonlinear prob-
lems.

1 Introduction

Parabolic problems with multiple scales enter in the modelling of a wide range of
problems, e.g., thermal diffusion in composite materials, flow problems in heteroge-
neous medium, etc. We are interested in problems in which the microscopic hetero-
geneities occur at a much smaller scale than the macroscopic length scale of interest
that describes the physical phenomenon of interest. For such problems mathemati-
cal homogenization [18, 42] gives the adequate theoretical framework to describe an
effective solution originating from the limit of the fine scale solution when the size
of the small scales tends to zero. An effective equation for this effective solution can
also be established. However, except for special cases, there are no explicit expres-
sions for the effective coefficients (diffusion tensor) of the upscaled equation. The
aim of numerical homogenization is to construct computational strategy to compute
an approximation of these effective equations and sometimes to capture fine scale
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oscillations of the multiscale solution. The theory of homogenization is at the root
of two classes of numerical methods that we briefly discuss

» methods based on oscillatory basis functions built into a coarse FE space: this
idea goes back to Babuska and Osborn [16] and is based on solving local fine
scale problems within each macroscopic element of the coarse FE space. Elab-
oration and generalization have been developed within the multiscale finite ele-
ment method (MsFEM) [40, 15];

* methods supplementing upscaled data for resolving the effective equation:
this idea has been widely used by engineer (see e.g., the references in [34])
and turned into a general framework in the heterogeneous multiscale method
(HMM) [29, 3]. In the finite element context, this latter method is called the
finite element heterogeneous multiscale method (FE-HMM) and is based on a
macroscopic finite element method with input data given by microscopic sam-
pling of the original fine scale problem in patches of size proportional to the
fine scale oscillation.

These two classes of methods use either in their formulation or in their analysis the
theory of homogenization in an essential way. Further related to homogenization
theory we mention the sparse tensor product FEM based on the two-scale conver-
gence theory and its generalization [50, 14] and the projection based numerical ho-
mogenization [20, 33] using successive projection of a fine scale discretization of
the multiscale equation into a lower dimensional space and iteratively eliminating
the fine scale component of the numerical solution.

We also mention multiscale methods that share some similarities with numeri-
cal homogenization methods and have been used for homogenization problems. We
start with the variational multiscal method [41]. In this approach one starts from a
coarse finite element space that cannot resolve the multiscale structure of the fine
scale problem. This coarse space is supplemented by a fine scale space and one
seeks a numerical solution in the form of a coarse and fine scale components. The
fine scale component is obtained by solving localized fine scale problems. Once
these problems solved one can solve the coarse scale approximation. Using local
quasi-interpolation and an orthogonal decomposition of the coarse and fine spaces,
exponential decay of the localisation error has been first proved in [48] (see also
[39]). This new approach of the variational multiscale method is called Localised
Orthogonal Decomposition (LOD). Finally we also mention methods based on har-
monic coordinates [51]. The idea of this method is to compute an appropriate change
of coordinates (based on the full fine scale problem) so its composition with the fine
scale problem is a slowly varying function that can be approximated in a coarse
space. This approach share some similarity with the MsFEM proposed in [15].

In this article, we review several numerical homogenization methods based on
the HMM for the solution of the following class of monotone parabolic multiscale
problems in a finite time interval (0,7)

ouf (x,t) — div(«/¢ (x,Vut(x,1))) = f(x) in 2 x (0,T),

uf(x,t) =0 on dQ x (0,T), u®(x,0)=g(x) in 2, W
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with initial source and initial conditions f and g. The maps «7¢: Q x R? — R< are
defined on a domain Q x R, where Q C R? d < 3, and @7¢(-,&): Q — R? are
Lebesgue measurable for every & € R?. The indexing by an (abstract) parameter
€ > 0 indicates that these maps are subject to rapid variations on a very fine scale
relative to the size of the domain 2. For the finite element method we will assume
that Q is a polygonal domain and we will sometimes assume that it is convex. For
simplicity neither time dependent source terms f(x,7) or time-dependent maps of
the form 7% (x,t,Vu®(x,)) are considered but we note that many of the results
presented in this review can be extended for these situations.

Let us briefly review the literature on multiscale methods for the parabolic prob-
lems (1). For linear problems, most of the methods described above can be used. We
mention [31] for MSFEM type methods, [6, 49] for HMM type methods, [47] for
LOD type methods. While most of the numerical method have been analysed for the
Euler explicit or implicit time discretization, a fully discrete a priori error analysis
in space and time for several classes of implicit and explicit Runge-Kutta methods
has been given in [12]. For nonlinear monotone parabolic problems, the literature is
much more scarce and only methods supplementing upscaled data for resolving the
effective equation have been analyzed. In [32] monotone problems with stochastic
heterogeneities have been analysed however without convergence rates and for non-
discretized micro-problems. In [8, 9] a priori error analysis (in space and time) for
two different types of HMM is established under general assumption on the non-
linearity. We close this review by mentioning that for elliptic problems, a posteriori
error estimates have been obtained for an HMM type method in the strongly mono-
tone and Lipschitz case in [38] and a priori error estimates for general numerical
quadrature methods have been derived in [7]. Finally in [35] numerical homoge-
nization methods (both of HMM and MsFEM types) for monotone PDEs associated
to minimization problems have been studied. We note in contrast that for the class
of problems (1) discussed in this review, we make no assumptions of an associated
scalar potential for «7€.

In this paper we aim at reviewing the numerical homogenization methods based
on the HMM that have been developed in [12, 8, 9] for parabolic problems (1).
We aim at giving a unified description of various error estimates and numerical
discretization variant of the FE-HMM

e for linear problem the spatial discretisation based on the FE-HMM is coupled
with general classes of Runge-Kutta methods (strongly A—stable and explicit
stabilized methods), and fully-discrete space-time analysis is proposed for this
family of space-time multiscale solvers [12];

 for nonlinear monotone problems a fully discrete space-time method that cou-
ples the FE-HMM in space with the backward Euler method in time is shown to
converge in the LP(W!?) and ¢°(L?) norms towards the homogenized solution
u® for Problem 1 under the general assumptions. Space-time convergence rates
are established for strongly monotone and Lipschitz maps [8];

« for strongly monotone and Lipschitz maps .<7¢ a new linearized scheme that re-
lies only on linear micro and macro finite element (FE) solvers is proposed
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and analyzed. A fully discrete space time analysis is also provided for this
scheme [9].

We briefly sketch the type of convergence rates that we aim at deriving in this
paper: under appropriate assumptions on the tensor .27¢, the family of solutions u®
converges, up to a subsequence, to a homogenized solution u” solution of a homog-
enized equation similar to (1) but with 7€ replaced by an effective map .7° that is
unknown explicitly (see Section 2). In the context of an FE-HMM method, the goal
is to derive an error estimate of the type

N 12
max |[u®(-,1,) —ufHLz(Q)—F (Z AIHVMO(.’t,,)—Vuffﬁz(g)) (2)
n=1

1<n<N
r s h 1 H
<C|(At)"+H' + e +rmod+Hg_u0 ||L2(Q) )

where C is independent of At,H,h and r,,,;. Here H is the size of a macroscopic
triangulation that is used in the FE-HMM to approximate the effective solution u°
and A is the mesh size of a microscopic triangulation used on a patch Kg around
macroscopic quadrature points. The diameter of the patch Kj is of size § typically
6 = O(€). As h must resolve the fine scale oscillation we have # < € < §. We notice
two important facts

* as h/€ = 1/Nyic, where Ny, is the number of points per oscillation length and
the quantity //€ in the estimate (2) is thus independent of € and measure the
degrees of freedom used to resolve the oscillation; if € — 0, so does the patch
K5 hence we solve the fine scale only on small fraction of the macroscopic
computational domain and the overall computational cost is independent of €;

* the quantities, At, H, h are discretisation parameters while r,,,; quantifies the er-
ror due to the upscaling procedure, i.e., by replacing the true homogenized map
279 by a map computed from some microscopic models. The coupling condition
(periodic, Dirichlet), the size of the sampling domain enter in this modelling er-
ror that is not influenced by the macro or micro discretisation parameter H, h.
In the most favourable case (e.g., locally periodic homogenization), r,,,; can be
shown to vanish.

In view of the above prototypical error estimate in this paper we will speak about
fully discrete spatial error estimates when we have an estimate in terms of both the
macroscopic and microscopic spatial mesh H, 4 and a fully discrete space-time error
estimate when we derive an estimate in terms of H,h and At.

Several difficulties arise when analyzing a numerical homogenization method:
first as the effective data are only available at quadrature points, we necessarily rely
on a FEM with numerical quadrature on the macroscale and have to deal with vari-
ational crimes. Second, as the upscaled data are obtained from micro solvers (FEM)
one has to precisely quantify the propagation of the errors across scales. Finally the
modelling error that originates from the averaging procedure designed to recover
the effective data need also to be quantified. To close this introduction, we review
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several important contributions concerning FE methods for single scale nonlinear
monotone problems and contrast these results with the numerical homogenization
literature. Using quasi-norm techniques, convergence rates have been derived in
[17,27] in the LP (W!P) setting for single scale parabolic monotone problems with
the following p-structure

| (&) — o/ ()| < Ly + |E]+ n[)P 72 — ],
(&)= (M) (§—=n) = Alka+ &+ )21 —nl?, V&, n € R?

including for example the p-Laplacian. Note however that under the most general
assumptions on the map /¢ under which homogenization results are proved (see
e.g. [52]) and under which we can show convergence of an FE-HMM method [8],
we have have a p-structure if and only if the map /¢ is strongly monotone and
Lipschitz.

This review is organized as follows. In Section 2 we briefly review the homog-
enization theory for the class of parabolic problems considered and introduce the
numerical homogenization method. In Section 3 we review the coupling of the FE-
HMM with various families of Runge-Kutta methods and explain the techniques
used to derive a fully-discrete space-time error analysis. Convergence of a fully-
discrete numerical method for general nonlinear monotone parabolic problems is
discussed in Section 4 and a linearized method is presented in Section 5.

2 Assumptions and homogenization

We consider Problem 1 and the “evolution triple” W7 (Q) C L*(Q) c W'P(Q)’,
ferr (2), g € L*(Q). Very general hypotheses for the maps .<7¢ under which ho-
mogenization for (1) can be established, see [21, 52] are the following assumptions
assumed to hold uniformly in & > 0 for all £,&, € R and almost every x € Q. For
1< p<ooand p>2d/(d+2) we assume

(%) there is some Cy > 0 such that |.7¢(x,0)| < Cy for almost every (a.e.) x € Q;
(%) there exist kj >0, L >0and 0 < o <min{p— 1,1} such that

€ (x,&1) — € (0, &) | < Lk +[&1 [+ &) 18 — &

(2%) there exist k» > 0, A > 0 and max{2, p} < fB < oo such that

o,

]

(% (x,E1) — F(x,6)) - (&1 — &) = Ak + |E1| +]E])P P& — &P

Then under the assumptions (%% ;) the problem (1) has a unique solution u® € E
forany € >0

E={velLl(0,T;W,"(2))|dv e L (0,T;(W, " (2)))}, )
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endowed with the norm ||v||g = ||v||

[57, Theorem 30.A]).

The aim of homogenization is to find a limiting effective solution for the family
of oscillatory solutions {u*} and an equation for this effective solution involving a
parabolic PDE, where the small scales have been averaged out. We briefly describe
this procedure. First, observe that the solution satisfies the bound

vormr@) I ormna)y) e ee

7

enr
LP(0,T: WP () +lou”ll

LY (0.73(Wy " (Q)))

<C(Lo+ra+52)" 11117, o)+ l8l2(0):

independently of € and {u®} is a bounded sequence in E. By compactness, there
exists a subsequence, still denoted by {u¢}, and some u € E, such that

uf —u® inLP(0,T;W,7(2)) and Juf — 9’ in L”,(O,T;(Wol’p(ﬂ))’)
“)

fore — 0.

The question answered in the framework of homogenization theory is that of
a limiting equation for u°. For the above parabolic problems, one refers to the so
called G-convergence of parabolic operators, sometimes called PG for strong G-
convergence ([54, 52]).

The following compactness result can be shown: there exists a subsequence of
{uf} (still denoted by {u}) and a map &7%: Q x R? — R?, such that u¢ weakly
converges to u” in the sense of (4) and the corresponding maps 7€ (x, Vut) —
27/°(x, Vu®) weakly converges in L (0,T; (L (£))?). The homogenized solution
u® € E is the solution of the following homogenized problem

A (x,1) — div(7® (x, Vul (x,1))) = f(x) in Q x (0,T),

0 0 ) 5)

u(x,1)=0 ondR x(0,T), u’(x,0)=g(x) in Q,
where .7 satisfies (% _) (with possibly different constants Cy, k1, k2,4 and L)
with Holder exponent ¥y = a/(f — a) in (/). We note that ¥ = «, if and only if
p=2,a=1, B =2.Convergence of the whole sequence {u¢} to u’ can be obtained
under additional structure of the maps .27%, for example if 7% (x,&) = o7 (x/¢€,&),
where o7 (y,&) isaY = (0, 1)?-periodic function in y. In this case one can also derive
a description of .7 in terms of the solutions of a boundary value problems in the
reference domain Y. When the maps 7€ depend on both a slow and a fast variable,
i.e. o (x,x/€, &), the boundary value problems depends on x € Q. For completeness
we introduce the weak formulation of the homogenized problem, by introducing the
map B: Wy P (Q) x Wy ”(2) — R given by

B(v;w) = /Q °(x,Vv(x)) - Vw(x)dx, UATES W()l"p(Q)7 (6)
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We will also sometimes need a discrete weak form based on a quadrature formula
{xk;, O; }jz | defined in the next section that reads

J
B wt) = Z Z ijng(ij,VvH(ij))-VWH(ij), VI wl e S3(Q, Ty),
KG:?Hjil

)

provided .«7°(-, &) has a continuous representative for every & € R,

2.1 Multiscale methods: the finite element heterogeneous
multiscale methods

We give in this section a general formulation of the FE-HMM for parabolic problem.
The method relies on

» a macroscopic FE method based on a macroscopic spatial discretization of 2;

* a microscopic solver defined in sampling domains around sampling points x €
Q, where an approximation of the map .27 (x) is required;

* atime discretization method.

Macro discretization. Let .7 be a family of macro partitions of the polygonal do-
main  consisting of conforming, shape-regular meshes with simplicial elements.
2 The macro elements K € .7} are open and such that U Keﬂyk = Q. LetdiamK be
the diameter of K € 7y we define by H = maxke¢ 7, diam K the macroscopic mesh
size and consider the macro finite element space

S5, T) = M e Wy P () |V |k € 2U(K), VK € Ty}, 8)

where 22! (K) is the space of polynomials on K € .7} of degree at most £. We also

consider within each macro element K € Jy quadrature points xk; € K and weights

J

Ok, for j=1,...,J. We assume that {ij, a)K/.} are obtained from a quadrature

j=1
formula {%;, (bj}jzl by xk; = Fx (%)), Ci)Kj = @j|det(dFx)|,j=1,...,J where F is
the affine mapping such that K = Fx(K). We will make the following assumption
on the quadrature formula

(QU) Jg p(R)dE = Lje) @;p()), VA(E) € 2°(K), where & = max(20—2,).

These requirements on the quadrature formula ensure that the optimal convergence
rates for elliptic FEM hold when using numerical integration [23].

Multiscale method. The FE-HMM method for parabolic problems can be defined
as follows. Find uf € [0,T] x S§(2, Z) — R such that

2 We concentrate on simplicial elements for simplicity but note that many results presented in this
paper can be extended to rectangular elements (see for example [12]).
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(D V1) + By (uf! V) = (1) W e S{%(Q,%)
ul =0 on 9Q x (0,T) 9)
ull (x,0) = ull,

where

J
By (V;wl) = Y Y ij%I%h(VvH(ij))'VWH(ij) Vi wH e S5(Q, Ty)
Ke Ty j=1
(10)

and Jz%,(()jh() is a numerically upscaled tensor defined in (13).

Micro solver. We see that for the map By in (9), we need to a procedure to
recover the effective data dg;h(VvH (xk;))- This rely on micro solvers in each
sampling domain Ks;, j=1,....J, associated to a macro element K € Jy. Let
Ks, = xx; + 81, 1=(—1/2,1/2)4, § > & be discretized by micro meshes .7, con-
sisting of simplicial elements T € .7,, with size / is defined by 4 = maxrc g, diam T
We then consider the micro finite element spaces

SU(Ks, T) = {" € W(Ks))|V!|r € 2UT) VT € G}, (11)

where 279(T ) is the space of linear polynomials on 7' € 7, and W (K,) C wlr (Ks;)
is some Sobolev space. The choice of the space W(K(;j) sets the coupling condition
between the macro and micro solver, e.g.,

s W(Ks,) = %lerp (Ks;) ={ve Wpléf (Ks;)| Jx, vdx =0} (periodic coupling);
J
* W(Ks,) =Wy (Ks,) (Dirichlet coupling).

For & € R and Ks, CK < I, we introduce the function X}%h as the solution to the

variational problem: find x,%,h € S9(Ks,, ) such that

,Q{E(x,§+Vx,§(]’_h)~thdx:0, vwh € $U(K5,, Th). (12)
Ks; '
Based on the functions X[ih we can compute the effective data by
1 h
AME) == [ (. &+ Vg ) (13)
] b

We also define an auxiliary flux useful for the analysis

AR (E) = L A (x,E+ VIS )drx, (14)
J J
‘KS,‘ Ké./
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where ZIE,- € W(Ks,) solve (12) in the infinite dimensional space W (K5,).

Upscaling error. We define the upscaling error, called rgzy, as the total error made
by approximating the effective flux .<7° by the numerics flux dlg;h, precisely for any

v € S§(Q, Ty) we define

(9 = (e 7 54y 0o o, 97 ) /90 )

15)

where p’ = p/(p —1) is the dual exponent of 1 < p < c. Thanks to the auxiliary
flux, we can further decompose rgy into two components

sz_,?j(VVH(ij)) — d[%h(VvH(ij)) '

Fie(VV) = <ZK69H ):le Qg

rmod(va) = <ZKE,7H Z']]'=1 Ok, “Q{O(xK_ﬂVVH(xK_,')) _’!Z{_I?j(VVH(xK_/))

(16b)

We observe that using the Minkowski inequality we get rgap (Vv7) < rpic (VW) +
Fmod(VVIT) for every v € S)(Q, Fy). The first term r,;c(Vv) quantifies the er-
ror made by solving the micro problems (12) in $7 (Kg/., ). The second term ry,,4
quantifies the error due to the upscaling procedure used to replace the true homoge-
nized flux .<7° by (14). The coupling condition (periodic, Dirichlet), the size of the
sampling domain enter in this modelling error that is not influenced by the macro
or micro discretisation parameter H and A. In the most favourable case (e.g., locally
periodic homogenization), when /€ € N* and periodic coupling is used we can
have 70q(VV) = 0 (see [11]).

Existence and uniqueness of the micro nonlinear problem. The assumptions
(#)-(a%) are sufficient to guarantee existence and uniqueness of a solution to the
nonlinear problem (12). To treat both the exact and the FE approximation of this
nonlinear problem we consider the more general problem: find z € X such that

aij(z;w) = [ FE(x,&E+Vz) - Vwdx =0, YweX, (17)
g

where X is any closed linear subspace of the Banach space W(K(;j).

Lemma 1. Assume that 7€ satisfies (<%y_,). Then problem (17) has a unique solu-
tion.

Sketch of the proof. Unless specified otherwise, all the constants below depend on
K1,|Ks|,&,L and Cy (see (—2)). Using a Holder inequality and (%) yield for any

z € X the bound |a1€<(z;w)| < C(2)|lwllzr(k5) for a constant C depending on z, hence
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the nonlinear operator M : X — X* defined by (Mz,w) = a,é( (z;w) is well-defined and
the problem (17) is equivalent to the problem Mz = 0. We next list the properties of
the operator M:

1) Using (<) and a Holder inequality yields
1Mz = Mwllxe < Cllzller s Wl )) 1z = WilEn ey )

and M is continuous.

2) Thanks to (2%) we have (Mz —Mw,z—w) > 0 for all z # w and the operator M
is strictly monotone.

3) Finally the bound [26, Lemma 3.1]
B—p
B
192 Folhniey) < | x5

1
"+ 19ellrgey + Pl )|

1

B
(/ (x+|Vz|+Vw|>PB|Vz—vWﬁdx> ,
Ks,

for any z,w € X that holds for 1 < p < e, B > p and k > 0 together with (2%) yields

(Mz,z) > Cy HVZ“ZI’(K(;.) -G
J

where C|,C, in addition also depends on k», 3, p, A and the operator M is coercive.
Hence we can apply the Browder-Minty theorem that ensure that the equation Mz =
0 with the operator M that continuous, strictly monotone and coercive, has a unique
solution. (|

We next list several properties of the map By (v/;wH) that follows from the as-
sumption .«7¢ (we refer to [8] for a detailed derivation).

Lemma 2. Assume that </¢ satisfies (o—»). Let v . wH 1 ¢ Sf)(.Q, ) then the
nonlinear map By defined in (10) satisfies the following properties

B2 <€ [Cat 9 ] IV as)
By (V32" — By (Wi )| < C {Cd+ [V @)t ||VWH||LP(Q):|I)717Y
[V = V] Zl’(Q) V2" Q) (19)
By (VI —wHy —BE(WH A WY >0 for v £ wh (20)
By (V) > )uCHVVHHZ,(Q) —C(Cy)?, 1)

where C may depend on on p, o, B, A, L and the measure of Q, with A. > 0 depend-
ingonlyonp, B, Land LandCy=Lo+x1+ 1, y=a/(f — ).
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The above properties are sufficient to guarantee the existence and uniqueness
of a solution to the problem (9). We note that while (20) is sufficient to ensure
the strict monotonicity of By (-, -) for the error estimate we will need the following
monotonicity estimate

B—r
B
LP(Q }

X (B (1w~ B (W —wf)B 22)

||VvH VWH|

{l + HVvH|

o)+ V]

(2 LP(Q

where C depends on Cy, A, ||, p and B.

Theorem 1. Assume that (<%_») hold and that f € L' (). Then, for any parameter
H,h,8 > 0, there exists a unique numerical solution of (9) that satisfies

el iy <€ Ml lleoz) <€, (23)

where C is independent of H  h, €.

Proof. The map B: S§(R2, J4) — S§(2, Tu). defined by (Bvi wi) = By (v;wH)
is (strictly) monotone (20), hemicontinuous (the map v/ — <BVH W > is continuous
for all w € SE(.Q ﬂH) thanks to (19)), coercive (21) and satisfies a growth con-
dition ||Bv|| <ec+ C2||Vth . Hence the ordinary differential equation (9)
satisfies the hypothe51s of the Caratheodory theorem that guarantees the existence

and uniqueness of a solution [57, Lemma 30.4]. The monotonicity and coercivity of
B yield the a priori bound. (]

3 Fully discrete space-time error estimates for linear parabolic
problems

In this section we consider linear parabolic multiscale problems for which <% (x,&) =
af (x)&. We assume af (x) € (L=(2))?*? and forall £ € R? anda.e.x € Q,1 € (0,T)
there exists A, L > 0 such that, uniformly for all € > 0

MEP <af(0)& &, a®(x)E] < LIE|. 24)

The maps /¢ then satisfy (&_») for p =2, a = 1, f = 2 and with constants
Co =0and A, L given by the ellipticity and continuity constants. For simplicity we
consider tensors af(x) independent of time but all the results of this section can be
generalised for time dependent tensors [12]. The numerical method that we consider
is still given by (9) but we have now the following explicit expression for the flux

&) = r )/K 0+ Vg
5. | 7 Ks;
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Now since V¥ = Y4 | ;9" where e, i=1,...,d is the canonical basis of RY, i
is easy to see that fnglg;h(VvH (xx;)) = 01 (xx )Vv (xk;), where the i—th row of the
matrix a%" (x;) is given by

a®"(xk,) / X)(I+ Vg, )dx (25)
\Ka\ g

Here I is the d x d identity matrix and )(I’éj is a d X d matrix with column given by

e;h

Vxe” where yi”
form (10) as

are the (linear) solution of (12). We can thus rewrite the bilinear

B (v H H Z Z(DK] xK/ VV ()CK]) VWH(ij)v (26)
KeJy j=

for all v wi € S§(Q, F3). We will also use below the bilinear form

B(),H( W Z Z(DK/ )CK/ VV ()CK) VWH()CKI.), (27)
KeJy j=

where a° is the (usually unknown) exact homogenized tensor that is known to satisfy
similar bound (24) as a®. The solution of the homogenized problem (5) will be
denoted by u°(¢) and the corresponding bilinear by

B(v,w) :/an(x)Vv'dex. (28)

We next mention classical estimates for FEM with numerical quadrature that are
needed in the analysis below [23, Thms 4,5]. Assuming (Q1) and appropriate reg-
ularity of the homogenised solution #” we have for all v/, w! ¢ Sf)(!), Th) (Where
u=0orl),

1BO W) = Bou (V7w <CH|V |1 ) W | 11.@); 29)
|B(Irruo, w) — Bo.st (Fruo, w )| SCH |Jug (1) lyero ) W 112y, (30)
|B(<]HMO, H) BOJ—[(:]HUO,WHHSCH€+ﬂ||u0(t)Hwi+l,p<Q) 31

12
( y ”WHH?{z(K)) , 32)
K€<7H

where . : C°(Q) — S§(2, J4) is the usual nodal interpolant.

For linear parabolic problems, we can derive fully discrete convergence results
in both space and time. Furthermore we can perform this a priori convergence anal-
ysis for various class of time integrators including “explicit stabilized Runge-Kutta
method”. The strategy is to first derive fully discrete error estimates in space. In a
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second step, using semigroup techniques, fully-discrete space time error estimates
can be obtained. In contrast fully discrete space-time estimates could be obtained at
once starting directly from a time-discrete numerical method instead of first consid-
ering (9). With such a strategy we need however new error estimates for each new
time-integrator while with the former approach we can derive error estimates for
classes of time integrators “at once”. In this section we follow the finding of [12].

3.1 Fully discrete a priori convergence rates in space

The starting point of the analysis is to define an appropriate elliptic projection: for
allz € (0,T), let ITyu® (1) € S)(£2, Tir) be the solution of the problem

By(Iyu®(1),2%) = B(u®(t),2"), V& €S4(Q, %), t€(0,T), (33)

where u(¢) is the solution of the homogenized problem (5). Thanks to the ellipticity
and continuity of By, the above problem is well-posed. Using (33), denoting by
Su® the standard nodal interpolant of u® we get for all z¥ € S{(Q, ),

By (HHMO — fHM07ZH) = B(uo — fHMO,ZH)
+ B( I, 2") — Bo (I, )
+ Bou (I, 7)) — By (S, 7). (34)

Assuming enough regularity of the homogenized solution, the first two terms of the
above inequality are bounded by CH" [[uo(t)lyye+1, |27 || i1 () using the continuity
of B and standard results for nodal interpolant [22] (first term) and (30) (second
term). In view of (26) and (27), the definition (15) for p = p’ = 2 and the assumption
(Q1) on the quadrature formula we have for the third term

1Bo.u (Iuu®,2") = Bu (I, 2| < ranam (V- Igu®) [V |2y (35)

We note that we can further decompose 7y (V. I5ul) as

ram(V-Zgu®) < sup ||a0(ij) —a®(

0
X)) |[FIIV I || 20
K€’7H7ij €K
where || - || denotes the Frobenius norm of a matrix. We first have the following
lemma.

Lemma 3. Let u°(t) be the solution of (5) and ITyu®(t) be the elliptic projection
defined in (33). Assume that (<#—,) and (Q1) hold. Assume further that the homog-
enized tensor satisfies a?j € 6°([0,T] xK) for all K € Ty and all i,j = 1,....,d.
Assume further for L =0 or 1 and ¢ > d/p that
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uo, dyup € L*(0, T; WP (Q))

aly,daly € L™(0,T;WH=(Q)), Vi j=1...d

Then we have for k =0, 1

Ha,k (HHMO - uo) ||L2(0,T;H1(.Q)) < C(H[ +FHMM(VJHMO)), (36)
10F (Mt = u°) [l 2072202y < COH™™ + ramm (V- Igu®)) w=0,1, (37)

where we assume that Q is convex for the estimates (37) with i = 1. The constant
C is independent of H,h and 6.

Proof. In view of (34) and the bound of the different terms of the right-hand side of
this equality, taking 7/ = ITyu® — .Z5uP, using the ellipticity of By and integrating
from 0 to T we obtain |[[Tyu® — Zu° |20 .11 (0)) < C(H' + repm (V-Iuu®))).
The estimate (36) for k£ = 0 follows by using the triangle inequality and the esti-
mate ||u® — fHMOHLZ(O,T;H](Q)) < CH'. The estimate (36) for k = 1 is obtained by
differentiating (34) and following the same arguments.

For the estimate (37) k = 0 we use the classical Aubin-Nitsche duality argument
and consider for almost every ¢ € (0,7 the solution ¢(t) € H} () of the problem

B(z,(t)) = (v(t),2), Vz€Hy(R). (38)
Taking v(t) = z = ITyu® — u° using the elliptic projection (33) yields for all %
(M’ — u®, Iyu® —u®) = B(ITyu® — u®, @ — @™)
+ B(HHMO — j]—]uo, QDH) — BH(HHMO — f[-]uo, (pH)
+ B(Igul®, o) — By (I, ™). (39)
We take @ = 75 ¢(t) use the continuity of B, (29) and (32) to obtain

(HHMO — MO, HHMO — uo) < C(H+ I‘HMM(VJHMO))
- T (1) = o () |1 ) 0D |2 )
+ (H Y+ i (VIgu®) [u(0) g @) |0 (0 12 2)-
Using (|9l 20,7:12(0)) < C|| Myu® — MOHLZ((LT;LZ(Q)) that holds thanks to the regu-
larity a € (L=(0,T;W'>(Q)))4*¢ of the tensor and the convexity of the polygonal

domain Q gives (37) for k = 0. The estimate (37) for k = 1 is obtained by differen-
tiating (39) and following the same arguments. O

Remark 1. Under the assumptions of Lemma 3 the Sobolev embedding H'(0,7;X)
into €°([0,T];X) (for a given Banach space) allows to deduce

1T = go(0.711 (@) < COH + raama (V- Iut®)), (40)
1T — | o0 71200y < CEHH + rrpna (V Igu))). 4D
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We state now fully discrete a priori convergence rate in space for the FE-HMM

Theorem 2. Let u° (t) be the solution of (5) and ufl the solutions of (9). Assume the
hypotheses of Lemma 3. Then we have the L*(H') and €°(L?) estimates

||“0 - “HHLZ([O,T];Hl(Q)) < C(HE + VHMM(VJHMO) +llg— ”gHLZ(Q))v (42)
andifu =1
6 = [lego 0 172200)) < CHT +raamm (VIgu®) + [lg —uf | 12())- (43)
If in addition, the tensor is symmetric, then we have the €°(H") estimate

||u0—uH

w00 (@) < CH +rimum (VIni®) + g —ufl | 1) (44)
The constants C are independent of H,ryy (V-5 u®).

Proof. To simplify the notation, we use rgym = rHMM(VfHuo) in the proof.

Step 1: Estimation of ||u'! —HHuO||Lz(07T;H1(Q)) + ||uf — My u® 0(0.T):L2(Q))-

We set E(¢) = u!! (1) — ITyu®(t),t € [0,T]. In view of the elliptic projection (33),
(5) and (9) we have for all z € Sé(.Q, Th),

(atéHvzH) +BH(€H7ZH) = (atu()’ZH) - (8tHHM07ZH)' (45)
We set 77 = £ integrate this equality from O to ¢ using the coercivity of By (-, )
1
I8 O a0 +er [ IEH ) s < 1" O)l(q (46)
!

+ 62/0 (| 9hu® — a,HHu0||§2(Q)ds. 47)

Using the decomposition & (0) = (u® — ITyu®)(0) + (ufl — g), (41) and (37) yields
1)) < CH™H + rapaar) + ] — g2, 48)

Using (48) and (37) gives the L? (H 1) estimate and taking the supremum with respect
to ¢ gives the €"°(L?) estimate. We thus obtain

(| — MTgud®

wo(or2@) + 14" = |l 20 7501 (2 (49)
< CH"M + ravm) + 4 — 8l 12(0)-

This last estimate together with Lemma 3 and the triangle inequality gives (42) and
(43).

Step 2: Estimation of ||uf — ITyu® SO([0,T1:H ()"
For EH (1) = ull (t) — Myu®(¢),t € [0,T], we set 2 = 9,EH in (45). Using the sym-
metry of the tensor, and integrating from O to ¢, we obtain for 0 <¢ < T
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2 [ 1887522 s+ B (E"(0). " (1) = Bu("(0)."(0)
4 2/0t(a,u0—athu07at§H)ds
Similariy to (46) we obtain
L1880 B+ er|E" 1) ) < cz<||§H<o>u§,1(Q>+ L1870
+ [ 10406) = T 6) By . 650)
As before we set £7(0) = (u® — IT5u®)(0) + (uf!l — g) and (40) gives

17 (011 (@) < CCH" + raanan + [luff — gllent (@))- D

Taking the suppremum with respect to ¢ in (50), and using (51),(49) (36), we deduce

" =TTt o 0,701 2)) < CCOH + rimam + 1] — gl ()

This together with (40) concludes the proof of (44). O

The last step to obtain fully discrete estimates in space is to quantify rgp.
Remember the decomposition rgym < Fnod + 'mic (see (16a),(16b)). We can again
rewrite

Tmod(V-Iuu®) < sup  [la®(xk;) — @ (xx ) |F || VoIt | 2q)  (52)

KE*quijeK
Fimic(VIzu®) < sup ||cio(ij) —aO’h(ij)HFHVfHuOHLz(_Q), (53)

K€<9H,X](j cK

where we recall that Ezo(xkj) is defined similarly as aovh(xkj) (see (25),(14)) but

based on exact micro functions, i.e., when x;’;_ is solution of (12) in W(ng). These
terms have first been quantified for elliptic problems in [2] and [30, 11]. Using the
definition of the cell problem (12) it is not hard to show (for linear problem) that for
symmetric tensors a®(x) one has

(@ (xx;) — O’h(XK ))mal (54

7‘|K5| /Ka 1) = V" (@) - (Vagn () = Ve () dx’.

Next assuming |xK a1 (Ks,) < C €74, /|Ks,|, where C is independent of &, the

quadrature points Xk, and the domain Ks, one obtains

n\ %4
Fmic(V I5u®) SC(£> : (55)
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when using the micro finite element space (11). The justification of the above reg-
ularity assumption depends on the boundary conditions used for (11). For Dirichlet
boundary conditions and for ¢ = 1 the regularity assumption can be established us-
ing classical H* regularity results [44, Chap. 2.6] provided |a5,,|y1(o) < Ce™'
for m,n = 1,...,d. For periodic boundary conditions the above regularity as-
sumption can be established for any given ¢, provided a® = a(x,x/¢€) = a(x,y) is
Y-periodic iny, 6 /€ € N, and «? is sufficiently smooth, by following classical reg-
ularity results for periodic problems [19].

We finally come to the modelling error: here we need to assume some structure
for the oscillatory tensor such as periodicity or random stationarity. For locally pe-
riodic problems assuming af = a(x,x/€) = a(x,y) Y = (0,1)%-periodic in y, that
the sampling domain size is such that 6 /€ € N and that periodic micro boundary
conditions are used, we have r,,,q < C8 [2, 11]. Furthermore, if we assume a ten-
sor a(xk;,x/€) collocated in the slow variable x = xk; for the micro and the macro
problem, one can show that r,,,; = 0. For Dirichlet boundary condition assuming
0 > ¢ the bound r,,,¢ < C(8 + §) can be established [30].

We note that for non-symmetric problems, an expression similar to (54) can still
be established [28, 13], replacing the second parenthesis in the right-hand side of

(54) by (V)Z;’;’ (x) — V}ZIE(’;’h(x)) , where V)Z,e('j',’, )Zleg]"h are exact, respectively FE so-
lutions of the adjoint problem of (12). The rest of the discussion is then similar.

Finally we mention that by using a perturbed micro-problem, using a zeroth order
term, higher order rates have been obtained in [36] for the modeling error.

3.2 Fully discrete a priori convergence rates in space and time

In this section we analyse the time-discretization error, when using various classes
of time-integrators for the parabolic problems. We will concentrate on strongly
A(6)-stable implicit Runge-Kutta methods and explicit stabilized (Chebyshev) meth-
ods.

Consider a basis {¢; 1]‘”: , of S§(2, Fy) and denote by U the column vector of

the coefficients of ufl = ZI}’I:I U;(t)¢; in this basis. This allows to rewrite (9) as an
ordinary differential equation

CUM ) = AnU" () +G () = F(LUM ), UM0) =T, (56)
where Ay = M~ 1Ay and G"(t) = M~ P The matrice Ay is defined by the map
Ay SH(Q, Tu) — SH(Q, Tu), where (—ApgvH wi) = By (v wi), the mass matrix
M is given by M = ((¢;, ‘Pi))%’:l and P corresponds to the source term. Of course
in practical computations we never invert the matrix M, but instead solve a linear
system. In some situation we can also use mass lumping techniques that transform
M into a matrix that is trivial to invert [55]. As mentioned in the beginning of Section
3, the FE-HMM method and the spatial convergence results can be generalised for
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time-dependent tensors a®(#,x) and time-dependent right-hand side f(z,x). In this
situation we would have By (vy,wg), Ay = Ag(t) and P? = PH(t) (see [12] for
details).

Resolvent and «-accretive operator. To apply semi-group techniques to estimate
the error when applying a Runge-Kutta method to (56), we need bound on the resol-
vent of —Ay. For the type of ODE (56) originating from a spatial discretisation of
a parabolic problem, it can be shown that —Ay (see for example [24]) is a so-called
o-accretive operator, i.e., there exist 0 < o < /2 and C > 0 such that for all z ¢ Sq,
the operator zI + Ay (t) is an isomorphism and

_ 1
12 +Au () 2(0)5120) < forall z ¢ S, (57

~ d(z,5q)

where d(z,Sg) is the distance between z and So = {pe’® ; p > 0,]6] < a}. We
note that the operator Ay can be extended straightforwardly to a complex Hilbert
space based on S§(Q,7) equipped with the complex scalar product (u,v) =
Jo u(x)v(x)dx which is an extension of the usual L? scalar product. If we denote
by 71,72 the coercivity and continuity constant of the bilinear form By (-,-), it can
be shown that @ < arccos(7; /7). Hence Ay generates an analytic semi-group in S
(see [43])).

Runge-Kutta methods. For the time discretisation of (56) we consider an s-stage
Runge-Kutta method

N S
Uni1 = Un+At Y biKyi,  Upi=Up+At Y ¥ijKnj, (58)
i=1 j=1

Km':F(ln—f—C,'AlUn[), i=1...s. 59)

where ¥;;,b;,c; with i, j = 1...s are the coefficients of the method (with ijl Yij=
¢;) and t,, = nAt. We further define

=)=, b=(b1,....b)", c=(c1,...,cs)  =T1, 1=(1,...,1)".

The method is said to have “order r” if the error after one step between the exact
and the numerical solutions (with the same initial condition) satisfies

Ui—U(t) =0 (AT, forAt — 0,

for all sufficiently differentiable systems of differential equations. We recall that the
rational function R(AtA) = R(z) = 1 +2zb" (I —zI") ~'1 obtained after one step At of
a Runge-Kutta method applied to the scalar problem dy/dr = Ay, y(0) =1, A € C
is called the stability function of the method.

Strongly A(6)-stable methods. We consider a subclass of implicit Runge-Kutta
methods which are of order r and whose stage order (the accuracy of the internal
stages) is r — 1. We further recall that a Runge-Kutta method is strongly A(6)-stable
with 0 < 8 < /2 if I —zI" is a nonsingular matrix in the sector |arg(—z)| < 6
and the stability function satisfies |R(z)| < 1 in |arg(—z)| < 6. Notice that all s-



Numerical homogenization methods for parabolic monotone problems 19

stage Radau Runge-Kutta methods satisfy the above assumptions (with 8 > 1/2).
In particular, for s = 1, we retrieve the implicit Euler method. We refer to [37, Sect.
IV.3,IV.15] for details on the stability concepts mentioned here.

Under the assumptions of Theorem (2) we have the following theorem.

Theorem 3. Let u’(t) be the solution of (5) and let ul! be a strongly A(8) sta-
ble Runge-Kutta approximation of order r and stage order r — 1 of (56) with

time step At. Assume the hypotheses of Theorem (2), (55), that ryop = 0 and
a® € ([0, T],L7(2)*), ||0/u (0)[|;2(q) < C. Then,

max [luy —u(ta) 200y < C H”+l+(ﬁ)2q+mr
0< N M n L2 < .

Assuming in addition ||u™ (0) — 8luo) < C(H") and af is symmetric, then

h\24q 2
ZAthu tn)HHl )§C<H€+(£) —I—Atr).

All the above constants C are independent of H, h, €, At.

The idea of the proof is to consider the decomposition: ufl —u®(t,) = (u —
uf (1,)) + (ut (t,) — u®(t,)). Then the first term is estimated using semigroup tech-
niques (for time independent operators) + perturbation techniques (following [46]).
The second term is estimated using Theorem 2. We note that the analysis for implicit
methods covers variable time step methods under some mild assumptions on the se-

quence of time-steps [12]. Finally we mention that the bound ||9; u!! ( Nz <€

can be established provided that we assume an inverse assumption H <C for all
K € 9y and all Iy for the macroscopic finite element mesh and appropriate regular-
ity of 8" O k=1,...,r. We refer to [12] for a detailed proof of the above theorem.
Chebyshev methods. Chebyshev methods are a subclass of explicit Runge-Kutta
methods with extended stability along the negative real axis suitable for parabolic
(advection-diffusion) problems. Such methods have been constructed for order up
to r =410, 1, 56, 45]. They are based on s-stage stability functions satisfying

|Rs(x)| <1 forx € [—Ls,0] (60)

with L; = Cs?, where the constant C depends on the order of the method. First order
methods are based on
Ry(x) = Ty(1 +x/5°), 61)

where T(-) denotes the Chebyshev polynomial of degree s and Ly = 2s?. The cor-
responding Runge-Kutta method can be efficiently implemented by using the three-
term recurrence relation of the Chebyshev polynomials [56]. For stiff diffusion prob-
lems, such methods are much more efficient than classical explicit methods. Indeed
let py be the spectral radius of the discretized parabolic problem (depending on the
macro spatial meshsize H) and let At be the stepsize to achieve the desired accu-
racy. Using a classical explicit method such as the forward Euler method requires
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a stepsize Ot satisfying the CFL constraints 67 < 2/py. The number of function
evaluations per time-step Az (taken here a the measure of the numerical work) is
therefore Ar/dt > (Atpy)/2. Using a Chebyshev method (of order one) with sta-
bility function (61) we choose the number of stages s of the method to ensure sta-
bility Atpy < 2s2. As for Chebyshev methods, there is one new function evalua-
tion per stage the total number of function evaluations per time-step At is given by
s=+/(Atpy)/2.

Chebyshev method are usually used in a slightly modified form obtained by
changing the stability function (61) to

we obtain the “damped form” of the Chebyshev method. For any fixed 7 > 0 (called
the damping parameter) we obtain a damped stability function satisfying

with @y =1+ (62)

sup |Rs(z)| < 1, forally>0. (63)
2€[—Ls,—7],5>1

This modification also ensure that a strip around the negative real axis is contained
in the stability domain .7 := {z € C;|Rs(z)| < 1}. The growth on the negative real
axis for the damped form is reduced but remains quadratic [53],[37, Chap. IV.2].
For the analysis we assume the order of the Chebyshev method is r > 1 for linear
problem, precisely,

& —Ry(z)

I <o foralls> 1. (64)

lim
z—0

We also assume that the stability functions are bounded in a neighbourhood of zero
uniformly with respect to s, precisely, there exist > 0 and C > 0 such that

|R(z)| < C for all |z| < § and all s. (65)
This can be checked for the Chebyshev methods with stability functions (61), (62).

Theorem 4. Let u°(t) be the solution of (5) with f = 0 and a time-independent
symmetric tensor af. Let ul! be a Runge-Kutta-Chebyshev approximation of the cor-
responding discretized problem (56) with timestep At. Assume that the method sat-
isfies (64) (order r), (63) (strong stability) and (65). Assume in adddition that the
stage number s of the Chebyshev method is chosen such that pyAt < Lg holds. As-
sume the hypotheses of Theorem 2 with L = 1, (55) and that ry;op = 0. Then,

h\ 24
H_ 0 < (41 (7) ay
OISI%XNHM,[ w (tn)ll2@) <C{H™ + c + At

where C is independent of H,h, €, At.
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The ideas of the proof are as follows. Consider again the decomposition uf —

ul(ty) = (uf —u (t,)) + (" (t,) — u®(t,)). The second term is estimated as before
using Theorem 2.

For the first term we follow ideas developed in [25, 24] for implicit methods,
adapted here for stabilized methods. Using the symmetry of Ay, there exists an
orthonormal basis where the operator Ay is in diagonal form. Define next ¢, s(z) =
€"* — Ry(2)". Then we have

[Pns(AtAR) | 2(0)12(0) = SUP  [@ns(At2)],
z€sp(An)

where sp(Ay) denotes the spectrum of Agy. Using (63),(64),(65) we show that
|@ns(z)] < Cin~" forall z € [—6,0], where C) is independent of n and s. For the
case z € [—Ls, — 6] we denote by p < 1 the quantity in the left-hand side of (63). We
can then estimate

(rfe)' (v "+ (1—p)")

(ns(2)] < &7 p < e e 1P) < p

-r
= Czn s

where we used twice the estimate e™* < ()" (valid for x > 0). We have thus
|@ns(z)| <Cn~" forall z € [—Ly,0], hence

H_ H

e =™ () 2(2) = 1 @n.s(AtAR) UG || 12() < Cr" i) 1 12(2):

where C is independent of n,s. By noting that n < T /At we get the result.

4 Fully discrete space-time error estimates for nonlinear
monotone parabolic problem

In this section we describe convergence and error estimates for the numerical
method (9) applied to the general problem (1). We focus here on a simple time
integrator, namely the implicit Euler method and take piecewise linear macro and
micro FEM. We consider a uniform subdivision of the time interval (0, T) with time
step Ar = T /N and discrete time f,, = nAt for 0 <n < N and N € N~(. The method
then reads as folows: for 0 <n < N — 1 find unHH S S(l)(.Q, Ty ) such that

H

_H
/%WHdXJrBH(unHH;WH):/fWde, vl € S(Q, ), (66)
Q Q

with the nonlinear macro map By given by

By (VI wt) = Z |K|;sz?’h(Vvl'I(xK))-VWH()CK)7 VWi € S§(R, ),
KEyH
(67)
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where gf,?’h is given by (13) with micro problems (12) computed in S'(Ks,.7,).
Here we have just one quadrature point and sampling domain Kg located at the
barycenter of each macro element K. We note that we will sometimes use the short-
hand notation dv,, = (Vi1 — vn)/At. The proof of the existence and uniqueness of
a numerical solution can be establish similarly to the proof of Theorem 1. Further,

the numerical solution {uf/}V_, satisfies the bound

N /
max_ [ l2i0) + 1 A9 [0y < CO+ WAy g+ 6 i) (68)

1<n<N

where C only depends on p,,AL,, Ly, k], K», the measure of Q and the Poincaré
constant Cp on Q.

4.1 General estimates in the WP setting

For the scheme (66),(67) in the general nonlinear monotone setting we have the
following fully discrete convergence result.

Theorem 5. Let u° € E be the solution to the homogenized problem (5) and ult
the HMM solution obtained from (66) with initial conditions u’d’ satisfying ||g —
u(I){HLz(_Q) — 0 for H — 0. Assume that /¢ satisfies (</_2). Let &/° be Holder
continuous in space, i.e., there exists 0 < ¥ < 1 such that

|70 (x1, &) — o (x2,€)| < Clxy —x2|T(1+ (k1 +[E))P7)), Vxi,x0 € Q,VE €R
(69)

Assume in addition that the coupling is such that r,,,q = 0. Then we have the con-
vergence

it | max [0 m) = |2y + 199 = Vi | 50y, | =0

where

N-1 Tnt1
IV = Vu! || o )y = Z(’)/r [V (15) = Vi1 [ o) ds-
n—= n

We sketch the proof of this result.

Step 1: Approximation by smooth function. Due to the low regularity of the true so-
lution we can only rely on a weak approximation in time. Indeed, for «° we can only
use the formulation [;"*' (9,u®(-,s),w" )ds instead of ["*! [q du®(x,s)w! (x)dxds
that only make sense with additional regularity. We therefore consider % € E with
U € €°([0,T),Wy"(Q)) and 3% € €°([0,T],L*(£)). Further, let % (1) €
S}(9, Z4) be an approximation of % (-,t) for t € [0,T] and define %1 = % (-,1,)
for 0 < n < N. We will then decompose the error as
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1 Csta) =0 [ 2 ) < 1 Cotn) = 2| 2 ) + 1160l 2 (70)

Vi = Vi || 5 1) < [V = 2 |3 000 Zmnveﬂum P

where 0 = ull — 1.
Step 2: Density argument, weak approximation in time. To bound the first terms in
(70),(71) we use that % ,9,% € €°([0,T],W'?()) to obtain fo t, < s < t,,41

192 (stus1)~ V2 (5) i) = | )

Tnt1
/ oV (-, 1)dt
K LP(Q)

< AtV Nl go0,71.00(2))- (73)

Now if we take % = 7% (-,t,) the above inequality together with standard in-
terpolation results yields (72) in time we get that for s € [t,,,f,1] and 0 <n <N —1

IV (8) = VU |y < CAr+H)(]

([0,7],W2P* (Q)) (74)

+ H(),V% (fo([O,T],LP(Q)))' (75)

We also have

max ||u n)*%nHHLz(Q)SCEHMO*%HE‘FCHH%

1<n<N

€0([0,T],W2r"(Q))> (76)

where we used the embeddings E < €°([0,T],L*()) (with operator norm Cg),
WP (Q) < L*(2) and standard interpolation estimates. We then choose % €
C™(2 x [0,T]) such that % (-,t) € C5(2) forany ¢ € [0,T] and |[u’ — % ||g < n /2.
Then, using (72),(74) we find that for each 11 > O there exists D(1) such that for all
At,H < D;(n) we have

IV =VU oy <1y max [[u(otn) = 2 () < (CE+ 10 (7D)

1<n<N
Step 3: Macro discretization error. We next need to estimate 67 = ufl —7/H (0 <
n < N. Holder inequality and the monotonicity estimate (22) gives

ZA;HV

<2, uH) et (78)

Ll’

=k

(Z n+1’ n+1) BH(%Zﬁerﬂl))) )
(79)

where
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1
Al =" (C (Elmnwﬂ. ||zp<g>) T+ (Elmnw;il u:p@) ),
n=0 n=0 o)

with C depending on C,, T,|Q|. We observe that
2l %) <C, (81)

where C is idependent of % ,1m,At,H (for small enough discretization parameters).
Indeed, using (68) and ||g — u{f”Lz(Q) — 0 for H — 0 we can find Hy such that

1
for all H < Hy we have (z;vz—(} At||Vull Him)) " < C independently of the ini-

1/p
tial approximation ufl. Using (74) we find that (ZN o At||Vz H ) <
HuOHE +1 forall At,H < min{Ho,Dl(no)}

We need next to estimate B (u, ;0 ) — B" (7 ;61 ). This is done by a
decomposition
N-1 N—1 N-1 )
Y AcB(ufl 68 ) - BT (w00 ) =Y, B - Y At/g&,@,f@,ﬁldx
n=0 n=0 0

(82)
where %' contains a number of terms that represent the contribution to the error
due to the weak approximation in time, the macroscopic numerical discretization,
the time discretization, the quadrature error, the micro and the modelling error [8,
Sect. 5.1]. We also have in view of

%élueﬂyiz(mg/gate”e tidx,  for0<n<N-I, (83)
that
Nt s oH HN2 [T
_;)At./ga,e 671 < 51168 2.y — 5168 1220 (84)

The initial error 6} in (84) can be bounded by using interpolant estimates and the
embedding E < €°([0,T],L*(R)) as

1681|200 < g = | 2 + CEllu® — % || p + CHI|%

wo(oriwer @) (85

Next it can be shown, in view of (85) and the properties of % derived in step 2, that
for Az, H < D,(n), with D,(n) small enough we have (see [8, Sect. 5.2] for details)

1

N-1 B
( Y & - Z At / a,eﬂe,{ildx> <Cn (86)

n=0
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Step 3: Upscaling error. First as r,,,q = 0 we have rHMM(V%nH) = rm,C(V%nH)
where ry;. is given by (16a). Let the macro mesh size H > 0, the time step size
At > 0 and the micro finite element space in (12) be given. Then, assuming that .27/®
satisfies (2% 2) it can be shown that for any sequence {Z," }1<,<n C SH(2, )
for which ): AtHV is bounded independently of the micro mesh size
h, we have

+1||Lp

N—1 H o ﬁ
lim ZAtrm,c vl | =o.

This result follows from a density argument, classical FE interpolation results and
the general estimate obtained from (2%)
p=1=vy
nie (VW) <€ [Cat |V g

Y
p

v v (@) ,

for any v € S}(Q, Ty), where ;Zf{ solves (12) inW (Ks;) and C is independent of
H, h, 6 ande.

Step 4: Assembling the pieces: convergence in LP (W'?) and €°(L?*) norm. In view
of (79),(81),(86) if we set 0 < D3(1) < min{D;(no),Ho,D2(n)} then for At,H <
D3 (1) we have

u inf
ke, |Ks| dest(ks,7)

1

P
hm(ZAtHV il ) <Cn, (87)

where C is independent of %, 1, H, At, 0 and h. Combining this inequality with (71)
and the density estimates of step 2 yields the convergence in the L” (W ') norm.

Next to derive a bound in the €°(L?), we first observe that (83) together with the
monotonicity estimate (22) yield

1= 2
EafHerleLZ /8,6” O 1dx+ B (uy), 136, 1) — Bu (71 1:651),  (88)

Summing this inequality for n = 0,...,K — 1, taking the maximum over K, us-
ing (83) and the monotonicity of By from Lemma 2 we get

Ly w2 Ly w2 = tot
165122 0) =3 166" 20 < 26% ;
=

where " is defined in (82). Using then (85) and an estimate similar to (86) we
find that
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: H

flg(l)(lgngHe” HLZ(Q)) =Cn, (89)
for all Ar, H small enough, where C is independent of % ,1,H,At,d and h. Hence
together with (77) this shows the ¥°(L?) estimate of Theorem 5.

4.2 Convergence for strongly monotone and Lipschitz nonlinear
maps

Optimal convergence rates can be derived for p =2 and o« = 1, f =2 in (& _»),
i.e., when the nonlinear map <74 (x, &) is Lipschitz continuous with respect to its first
argument and strongly monotone. In this case we can derive optimal macroscopic,
microscopic and temporal error estimates without any structural assumptions such
as local periodicity or random stationarity of 7. Explicit bounds of the modelling
error are however derived only for locally periodic data <7¢.

Theorem 6. For the case p =2 assume that /¢ satisfies (<fy_) withoe =1,  =2.
Let u® be the solution to the homogenized problem (5) and ut! the numerical solution
obtained from (66) with initial condition ug . Provided in addition that

u’, 01’ € €°((0,T],H*(R)), 92’ € €°([0,T],L*(Q)), (90a)
(-, &) e WI(Q;RY) with HM(.,g)lemm;W) <C(Lo+ &), VEeR?,
(90b)
then, the following discrete €°(L?) and L*(H") error estimate holds
v 1/2
N AR P ) Y LR o

0 H
<C |:AI+H+ lg}?éNrHMM(iju (‘,tn)) + Hgfuo ||L2(Q):| R

where Syu’ denotes the nodal interpolant of u® and C is independent of At,H and
THMM-

Remark 2. Under additional regularity assumptions, assuming elliptic regularity and
quasi-uniform meshes, one can derive the following improved (discrete) ¢°(L?)
error estimate

1rgnnang||u0(-,z‘,,)—uffHLz(Q)SC At+H2—|—IISIIHaSXNrHMM(VﬁH’O(~,t,,))+Hg—uf){HLz(Q) ,

where iV is given by an elliptic projection and C is independent of At, H and riyy

(see [8, Thm. 4.4]).
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We sketch the proof of Theorem 6.
Owing to regularity assumptions for u° , we can use a strong formulation in time

/ O (x,t) wdx + B°(u°(-,1);w) = / fwdx, Ywe WOI’Z(Q)NI €(0,T].
Q Ja
Hence the argument density used in Section 4.1 is not needed here. We can then

directly define % = #yu°(-,1,) and with 8 = %1 — u!! we obtain instead of
(82) the following error propagation formula

/Q 30 WH dx+ (B (utl, s wH) — By (71w

:/Q[9,u0(x,tn+1)—étuo(x,t,,)] wHdxds (92a)

+/ [@uo(x,t,,)—é,%nH] whdx (92b)
0

+ [BY (st )sw™) = BO (2L 5w (92¢)
+ [BY %) = B[ w)] (92d)
+ B W) = Bu (2w (92¢)

In the above formula the term (92a) is due to the time discretization error, the
terms (92b) and (92c) account for the finite element error at the discrete time lev-
els #,. The influence of the quadrature formula is captured by (92d). Finally the
components (92a) — (92d) are independent of the temporal and macro spatial error,
while last term (92e) is only due to the upscaling strategy and averaging techniques
used to define and compute numerically the upscaled tensor. All these terms can be
estimated quantitatively [8]. If we set wl = 67 1 use the inequality (83) we obtain

39160 ) + 296 2
< CAt||oPu®

€0([0,T],L2(2 H +1||L2
+CH||u"

€0([0,T],H?(Q H6+1||L2
+CH||u"

@O([ OT] H2(Q HV ”+|HL2
+ram (V11| VO HHLZ 93)

Multiplying the above inequality by At and summing first fromn =0,..., K —1 <
N — 1 and taking the maximum over K yields

1<n<N

N
2
max [|6 2, +A XAVl

< H%’HLZ |+ C(A+H + maerHMM(V%H)) (94)
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The classical estimates for nodal interpolant ||z —z||y1(q) < CH||zl|42(o) for
u0(~7tn) — ! together with the regularity of (90a) and the triangle inequality gives
finally the estimate of Theorem 6.

Fully discrete space-time result. Recall that rgym(-) < Foa(+) + Fmic(+) (see
(16a),(16b)). Following the results for linear problems (with additional technical-
ities due to the nonlinear micro-problems) we can estimate both 7,54 (+) and 7mic ().
First under the assumptions of Theorem 6 and assuming that the exact solution of

Problem (12) satisfies 75 € H(Ks) and ‘;z,?‘m(“ < Ce Lo+ |E]) /K| we
1)

have the following error estimate for the micro error
h
Tmic < CE7

where C is independent of At,H,h,&,8. By defining a appropriate linear adjoint
auxiliary problem derived from (12) and assuming W' (K5) regularity of the solu-
tions of these (linear) problems one can get the optimal micro error

h 2
FYmic S c <) ) (95)

€

with the same rate as for linear problem [2].

For the modelling error we need structural assumptions and assume that &7 (x, &) =
o (x,x/€,E) where o (x,y,&) is Y-periodic in y, i.e., &€ is locally periodic. Then,
for any v/ € S(l) (2, T ), the modelling error r,,,4(Vv?) defined in (16b) is bounded
by

if W(Ks) =W. (K5),8/e € N and

0 per
’ & = o (xg,x/€,E) collocated at xg
H ) ) )
< .
rmoa(VW) S\ et s, it W (Ks) = WL, (Ky).8/¢ € N, ©6)

Cr%wd(6+ \/8/76)7 lfW(KS) = H(;(KS)v(S > €,
with C!_, and C? , given by

Coa = C(Lo+ V¥ 2(2)):  Croa = C(Chroa + max 12745 (e, ) o)

where x‘g (xk,-), for & € RY, K e Ty, denote the exact solutions to the homogeniza-

tion cell problems find 7 (x,) € W,\,,.(¥) such that

[ e &+ VEE (1) Vady =0, VzE Wk (D), ©7)

and C is independent of At,H h,&,8 and v/. We refer to [8] for a detailed proof
of these micro and modelling a priori error estimates. We observe that the first two
estimates for the modelling error are similar as for linear problem (see Section 3.1).
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A better estimate can however be derived for linear problem for the third case for
which it is possible to derive the estimate (0 + €/3) (see again Section 3.1).

5 A linearized method

We consider again nonlinear monotone problems of the type (1) with strongly
monotone and Lipschitz continuous maps «7%(x, &), i.e., for the case p = 2 and
o =1, =2 in (& ). We further assume that the nonlinear map is of the form
AE(x,E) = ab(x,€)E. We first rewrite the method (66) in a slightly different form:
find uf? | € S§(22, Ty ) such that

H

_H
/%w’fdﬁzzy(ufﬂ;wf’):/wadx, vl € SHQ, Ty),  (98)
Q Q

with the nonlinear macro map By given by

LY

BH(vH;wH) =
Kng |K8‘ KE

af (x, Vi Vil dx - Vw! (xg), v wH € S4(Q, Ty),
99)

and the micro functions vﬁé are given similarly to (12) by the following problem:

find ¥ such that ¥ —v =V € S1(Ks, ) and
/ o (x, VOL)Vih . Vwldx = 0, V" € S'(Ks, Fp). (100)
Ks

The equivalence of the above formulation and the one in (66) with micro problems
given by (12) is easy to check. Following [5] we propose a linearized scheme. The
idea is to decouple the micro-solutions in (99) and to consider

K h
By (z:v" W) = Z 1Kl as(x,VZ}I’{)V\?}I?dex-VWH(xK), viEwll e sL(Q, Ty)

KeIy |K5‘ JKs

101)
. hn 1 JhZlh . N h,2
where for given {2} € [Ike g, S' (Ks, Th), Vg © is such that v;™* — v = v €
S'(Ks, ) and solution of the linear micro problem
h
/ af (x, VI )VOEE . Vihdx = 0, Yw! € S'(Ks, 7). (102)
Ks

To formalize the numerical method we consider the product of FE spaces

S =802, Tu) x [ §'(Ks, 7). (103)

KeIy
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and define £ = (27, {zk}) € /™" Next for a given &) = (uff,{u} x}) € S we
define one step of the method as a map .7 s .#H: given by it, = (ul?, {uﬁK}) —

g1 = (ufl {ul +1x})- To compute this map we implement the following two
steps:

1. update the macroscopic state: find uf’_ | € S}(2, Fy), the solution of the linear
problem

1
/ E(unHHfuf;l)dequBH(ﬁn;u,IZH,wH):/ fwtdx, vwt € S§(Q, Tu);
Q Q
(104)

h7uh
2. update the microscopic states: for each K € Jy, compute ¥ "X such that

Bl . .
\7;(”"‘,1( —ull | € S (K5, %) and solution of (102) with parameter uZ x and up-

date " ik g
ate 1 k= Vi Unt1-

To completely describe the algorithm we still need to discuss the initialization
procedure, i.e., how to define 4 = (ufl, {u'l'K}) € M given the approximation
ull € S{(2, ) of the initial condition g(x) of (5). We suggest to use one step of
the nonlinear method (66) to set ;. This choice allows to prove optimal convergence
rates. In turns out that the trivial initialisation obtained by setting fip = (1 ,{0}) and
using one step of the linearised method to define i#; deteriorates the accuracy of the
linearised scheme [9]. It is also shown in [9] that the above linearised method is up
to 10 times faster than the fully nonlinear method 66-67.

Well-posedness of the linearized method can be proved assuming that a®(x, &) is
uniformly elliptic and bounded, i.e.,

Aaln|? <af(x,E)n-m, |af(x,E)n| < Auln|, VE, M €RY, ae.x€ Q.8 >0.

It then follows from similar argument as for linear elliptic problem [2] that
A2
By (& V1) > AuHV"HHi%Q)v |BH(2?VH7WH)| < TaHVVHHLZ(_Q)||VWH||L2(Q)'
a

Combining the above estimate for By with the existence and uniqueness of the non-
linear initialisation obtained in Section 4 allows to prove existence and uniqueness
of a solution to (104) and an a priori estimate similar to (68) with a right-hand side

simply given by C(||fl|;2(q) + HMOHHLz(Q))-
5.1 A priori error estimates

Fully discrete a priori error estimates of the linearized method can be established
following the steps of Section 4.2, with nontrivial modifications due to the lineari-
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sation procedure. It will be convenient in the sequel to introduce the two following
semi-norm on the space .71, For £ = (1, {zl}) € ##" we therefore define

K
V2l = X, e |[v2k
Ke 7]—] | |

where 2. = 7. +z/" on Kj. In fact due to the Poincaré (or Poincaré-Wirtinger) in-
equaliy, [|[| sun is a norm. Observe that since [x Viidx - VZH (xg) = 0 for mi-

2
A4 4 = max HVA"
) o VR = o VR

cro spaces S!(Kg,.7,) with periodic and Dirichlet boundary conditions we have
ijlf,uiz“?ﬁ) = \]?ZH(xKBinZ<K5) +[|V ] [72(x, ) which yield forall 2= (2, {z} }) €
SN the inequality ||Vz HLZ(Q) <|\VZ|| gt

Next consider the numerical solution obtained by the linearized multiscale
method (104) &, = (u {u! (}) € " and set ﬁZ,K =ull +ulx on Ks. We
also define the nodal interpolation associated to the homogenized solution %/ =
Iy (-,t,) and consider %, = (%H { %] }) € 1" such that ) = U + %H
is the solution to the nonlinear mlcro problem (100). Define for 0 < n g N and
K e <7[-{

b, =ty — Uy, ie., OF =ull — Ul O =i x— U (105)

A formula similar to (92) leads to

1=
50007 2o +)“HV9+1HVH/1

< C(At+H+ruum (VX)) ||VOE HLZ +|La(V8ui1)], (106)
where the additional term involves a function; L, : .#? h 5 R defined by
K .
L= y Kl / Ul) — a5, Vilh )| VI iz, (107)
[(ey |K5‘ K§ ’ ’
This term arises from the linearization error and it can be bounded by
L, (V)] < Z|| Vo, (108)
where .7, will be discussed below. Hence using Young’s inequality we obtain
L5 om
L3672+ 2l VB
2 2 "2y, Aaioa
< CAP+H* + rgum (VL)) + 7{|Ve (109)

Recall that we use the fully nonlinear method for the first step. Hence the conver-
gence results of Section 4.2 yield
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HGIHH;(Q) - HGOHHiZ(Q) +)‘A’HV91HH§2(Q) < CAH (AP + H + rumm (V™))
(110)
where A is the monotonicity constant of .o7¢.

Similarly to (94) summing (109) from n =1 to n = N — 1, adding the term (110)
and using the inequality HVZHHLZ(Q) < |\VZ|| mn gives

0 107 gy + 290 g+ oot 3 [ 962 am
sn<N n=2
<c<m H A o (V) )+Hegf||Lz AV

where Co = A, — /%amangng\z_l £2. Recall that é1h,1< = 12}1171( — 0221’?1( where 12’}(’1

and 0221?_1 are solutions to the nonlinear micro problem (100) constrained by u‘lq and

?/IH , respectively. The difference of two such micro solutions can be estimated by
the difference of their respective macro constraints as

|véti

hence HVél HyH-h < %HVGIHHLZ(_Q)' Assuming %) is bounded and C & > 0 we ob-

(112)

L
) < 7V |K5HV“{J(XK)—V%1H(XK) ;

tain
H S 2
s 07 + 4 L[V (113)
§C<At2+H2+lg?S>gNrHMM(V02/H )+cHe HL2 o (114

Finally as H%-IHH(_Q) < ||u€1 fg”Lz(_Q)wL ||g* ?/OH’|L2<Q) using the bound Hgf %OHHLz(_Q)
< CH gives an estimate similar to (94). In view of (113), classical estimates
for nodal interpolants give under the assumptions of Theorem 6, provided .Z] is
bounded and C ¢ > 0, the error estimate (91).

We briefly discuss the additional assumptions on .} and C¢. These assump-
tions can be derived in two ways [9]. Under some regularity assumptions on the ex-
act solutions of the micro problems (100), assuming that u® € €°([0,T],W>=())
and max;¢[o 7] |u0 (x,1) |W1’°° @) is small enough (smallness assumption), then there
exist Hy,ho such that for any H < Hy,h < hg, Co > 0 and ¢ is bounded. Al-
ternatively we can prove the boundedness of .2} and the positivity of C¢ with-
out a smallness assumption on u” and without the additional regularity assumption
£°([0,T],W?>(Q)) on u° if in addition to the assumptions of Theorem 6 we have

Aa
If(rela% ||en,KH(Loo(K5))dxd < 2\7@, (115)

1<n<N-1
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where the error term e, x € (L*(Ks))?*¢ is given by

1
enk(x) =at (x,VﬁﬁyK) — /0 a® ()@VﬁZ_K — TVGZK)dT, ae.x€Ks. (116)

The term (116) represent the linearization error. It has been shown numerically for
tensors with various ellipticity constant A, that (116) holds if the spatial and tem-
poral discretization parameters are small enough [9]. Optimal (discrete) €°(L?) can
also be derived under the same additional assumptions as for the fully nonlinear
method. Finally fully discrete results, i.e., quantitative estimates for the component
Fmic and ryoq of rasay can be obtained similarly as in Section 4.2, with similar rates.

6 Conclusion

We have presented a unified framework and analysis for the FE-HMM applied to
monotone parabolic problems. We have shown that under the most general assump-
tions for which homogenization can be established, we can construct an FE-HMM
and establish its convergence. Under more restrictive assumptions, e.g. Lipschitz
continuous and strongly monotone maps, fully discrete space time a priori error es-
timates can be derived and in some situation an efficient linearized scheme can be
constructed and analyzed. Finally for linear problems we have shown that the FE-
HMM can be coupled with classes of Runge-Kutta methods (Radau or Chebyshev
methods) and analyzed by combining fully discrete spatial estimates with semi-
group techniques in a Hilbert space framework. We have neither discussed imple-
mentation issue nor given numerical experiments. This is carefully documented in
[12, 8, 9], where the issue of choosing the right coupling of the micro and macro
solvers (i.e., the micro boundary conditions) and the size of the sampling domains
are discussed. Numerical experiments for non-periodic problems (e.g., log-normal
stochastic field) [12] and degenerate problems [9] illustrate the robustness of the
numerical homogenization strategy.
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