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Multiscale methods and model order reduction for flow
problems in three-scale porous media

Assyr Abdulle? Ondrej Buda¢! Antoine Imboden

Abstract

A new multiscale method combined with model order reduction is proposed for flow
problems in three-scale porous media. We derive an effective three-scale model that
couples a macroscopic Darcy equation, a mesoscopic Stokes-Brinkman equation, and a
microscopic Stokes equation. A corresponding three-scale numerical method is then de-
rived using the finite element discretization with numerical quadrature, where the macro-
scopic and mesoscopic permeability is upscaled at quadrature points from mesoscopic
and microscopic problems, respectively. The computational cost of solving numerous
mesoscopic and microscopic flow problems is further reduced by applying a Petrov—
Galerkin reduced basis method at the mesocopic and microscopic scales. As there is no
natural way to obtain an affine decomposition of the mesoscopic problems, which is in-
strumental for the efficiency of the model order reduction, we derive a mesoscopic solver
that makes use of empirical interpolation techniques. A priori and a posteriori error
estimates are derived for the new method that is also tested numerically to corroborate
the theoretical convergence rates and illustrate its efficiency.

Keywords. Stokes and Stokes—Brinkman flow, Darcy flow, three-scale porous media,
numerical homogenization, reduced basis method

AMS subject classifications. 65N30, 76D07, 74Qxx, 35Q86

Introduction

Upscaling fluid flow in porous media is a basic problems in many applications in science and
engineering. The oldest rigorous model based on observations was developed by Darcy [18].
In the current notation, the Darcy equation an elliptic partial differential equation (PDE)
that describes effective velocity and pressure in a porous medium. The porous structure of
the medium is hidden in the so-called effective permeability that is often modelled empiri-
cally. This can however be difficult in some situations, especially for new materials or when
experiments are infeasible. This permeability can be obtained from more fundamental prin-
ciple, namely by considering the porous structure of the material and the Stokes equation
in a domain decomposed into fluid and solid parts. The Stokes model is justified as the
Reynolds number is usually small in such flow problems. In practice, using meshing-based
numerical techniques to solve this Stokes problem is often infeasible due to the enormous
number of degrees of freedom (DOF) required to represent the complicated micro-structure
of the porous media.

The effective Darcy model and the fine-scale Stokes model can be bridged by homoge-
nization theory, which studies asymptotic properties of the fine-scale Stokes model when
the characteristic size of the porous structure goes to zero. Rigorous results are available
for periodic porous media [6,27,28], locally periodic porous media [12], and random porous
media [10]. The limit problem is indeed a Darcy equation, whose effective permeability at
any point is linked to the local porous structure. The so-called Stokes micro problems can
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be solved in a small domain representing the local porous structure and the effective perme-
ability can be obtained by averaging the velocity solutions. This two-scale model problem
leads to numerical homogenization strategies to solve the Stokes flow in porous media. A
numerical method is used to solve the effective Darcy problem, while the effective permeabil-
ity is (approximately) upscaled at selected points (e.g., quadrature points of a finite element
method) from numerical solutions of Stokes micro problems. We briefly mention a few of
these methods. A control volume method is applied at the macro scale in [7]. The numerical
multiscaled method in [12] uses a finite element method (FEM) with a hierarchy of macro-
scopic grids where micro problems are solved with various accuracy. The Darcy-Stokes finite
element heterogeneous multiscale method (DS-FE-HMM) that has been introduced in [1] uses
FEM to discretize both scales.

In the present work we are interested in porous media that do not fit into the two-scale
framework because they contain porous structures of several incommensurate scales. If a two-
scale numerical method is applied to such media, the Stokes micro problems will be solved
in micro domains that are again porous, at some smaller scale. Thus, the complexity of the
micro domains can be too large, yielding a prohibitive number of DOF at the micro scale.
A periodic three-scale (macro, meso, and micro scale) porous medium and homogenization
of Stokes flow in such medium has been derived in [19]. The model couples a macroscopic
Darcy equation whose permeability is upscaled by averaging the velocities from mesoscopic
problems modelled by the Stokes—Brinkman equation. These meso problems are defined
in domains in which the medium is divided into a fluid and a porous part. Finally the
mesoscopic permeability in the porous part is upscaled by averaging the velocities from Stokes
micro problems. This model is discussed in [19] and numerical experiments related to textile
models have been presented. However, the numerical method makes use of precomputed
empirically derived parameters to avoid the discretisation and the coupling of the the three
distinct scales.

In this paper we present the first multiscale method based on simultaneous discretisation
of a three-scale problem in porous media. The method is based on numerical homogeniza-
tion and is computationally feasible thanks to model order reduction techniques blended
into the computational strategy. We first extend the framework of the heterogeneous multi-
scale method (HMM) introduced in [1] for three-scale problems. Finite element method with
numerical quadrature is used to solve the macroscopic Darcy equation, where the effective
macroscopic permeability is upscaled from mesoscopic computations at each macroscopic
quadrature point. At the meso scale we use a stable FE scheme (Taylor-Hood FE) with
numerical quadrature to solve the Stokes—Brinkman equation, where the effective mesoscopic
permeability is upscaled from micro problems at every quadrature point in the porous sub-
domain. At the micro scale we use a stable FE scheme (Taylor-Hood FE) to solve the Stokes
micro problems. The a priori error analysis confirms that to avoid error saturation, macro,
meso, and micro meshes should be refined simultaneously, which limits the applicability of
the method due to its large computational cost. We thus propose a model-order reduction on
micro and meso scale to speed up the three-scale method. The reduced basis (RB) method
is used at the micro scale, similarly to [4]. At the meso scale we cannot use the RB method
directly since an affine decomposition of the reaction term is not available. To overcome this
issue we introduce a new coupling that makes use of empirical interpolation method (EIM)
and permits to employ reduced basis techniques simultaneously at the micro and at the meso
scales. A priori error analysis illustrates the different contributions to the error of the mul-
tiscale scheme, namely the macro, meso, and micro mesh sizes, the RB size at the micro
and meso scale, and the size of the EIM interpolation. A posteriori error analysis is also
conducted, allowing for an adaptive macroscopic mesh refinement.

This paper is structured as follows. In section 1 we describe two-scale and three-scale
porous media and derive the three-scale model problem in section 2, which is discretized
using the finite element method in section 3. We recall the Petrov—Galerkin reduced basis
method for non-coercive problems in section 4. In section 5 we apply this RB method to
the three-scale numerical method and derive and analyze a new reduced basis three-scale
numerical method for Stokes flow in porous media. Numerical experiments that corroborate
the analysis and illustrate the efficiency of the numerical method are detailed in section 6.



Notation. Let C denote a generic constant whose value can change at any occurrence
but it depends only on explicitly indicated quantities. We consider a domain Q C R?,
d € {2,3} and the usual Lebesgue space LP(2) and Sobolev space W**(Q) equipped with
the usual norms || - [|zr(q) and || - |lwr.» (o). For p = 2 we apply the Hilbert space notation
H*(Q) and Hg(2) and define the seminorm |q| g1 (o) = (Z;izl ||5‘1-q||2L2(Q))1/2. Given a matrix

R%*d we denote its Frobenius norm by [|Allp = (32%._, a2)¥/2. Given a

A = (aij)i<ij<d € ij=1 %3

vector £ = (£1,...,&1)T € R we define |¢] = (320, €2)1/2.

1 Multiscale porous media and homogenization

Let d € {2,3} and Q C R? be a connected bounded domain that contains solid and fluid
part. We consider a porous medium in 2 that is given by the fluid subset . C €, where
€ > 0 denotes the characteristic scale of the porous structure. The domain 2. is obtained
from Q by removing its solid part. Fluid flow in €2, can be modeled by the Stokes problem:
Find the velocity filed u® and the pressure p® such that

—Au*+Vp*=f in Q.
divu® =0 in €, (1)
u® =0 on 09,,

where f is a given force field. Numerical approximations of (1) that are based on meshing
of ). can be prohibitive even on modern supercomputers since the number of degrees of
freedom scales with volume(£2)/e?. We thus investigate an approximate model that was
first introduced by Darcy [18] and was later obtained rigorously through the homogenization
theory as an effective limit problem of (1). If Q. is a periodic porous medium [6,27,28] or a
locally periodic porous medium [13], the following limit behavior of (u®, p®) has been shown.
The solution (u®,p®) can be extended from €. to  and denoted by (U®, P¢) and we have
Pe — p° strongly in L2 (Q)/R and U®/e? — u® weakly in L?(2), where p° and u® are
the homogenized pressure and the homogenized velocity, respectively. Moreover, p° is the
solution to the effective Darcy problem

V-a®(f-Vp®) =0 inQ,

2
a®(f—Vp®)-n=0 on 0, @)

where the effective permeability a® can be upscaled from the porous structure of 2. (described
below) and u® = a°(f — Vp?).

We briefly describe two-scale porous media and the two-scale model problem in section 1.1.
However, the focus of this paper will be on porous media that have porous structures of
incommensurate characteristic sizes. Such media can be described in the two-scale fashion
but a resulting numerical two-scale method can be again prohibitive. We propose a definition
of three-scale porous media and a three-scale effective model in section 1.2.

1.1. Two-scale model. Denote by Y the d-dimensional unit cube (—1/2,1/2)%, let

Ys C Y, and set Yr = Y\Ys. Here and subsequently the subscripts F and S stand for the

fluid and solid part, respectively. Consider a continuous map ¢ : 2 x Y — Y such that for

every x € Q the map ¢(z,-) : Y — Y is a homeomorphism. For any z € Q we define the local

porous geometry (Y, V) by Y& = ¢(x,Ys) and V¥ = Y\YE. We then define a two-scale
porous medium by

Qe = O\ Upeza e(k + Y$5). (3)

For an example of this construction see Figure 1.

Remark 1. To apply definition (3) we need to extend ¢ to the domain R? x Y. If this
extension is not given, one can use p(z,y) = y for every z € R\ by default. This only
affects Q. close to 9.

We introduce some minimal regularity assumptions that allow the homogenization theory
to be obtained (see [6]).



Assumption 2. We say that the porous geometry (Ys, Yr) satisfies the basic assumptions
of the homogenization theory if:

(i) the set Y is closed and both Ys and Yr have positive measure,

(ii) the sets Yg and R¥\ Uz (k + Ys) have locally Lipschitz boundaries and are locally
located on one side of their boundaries,

(iii) the sets Yp and R¥\ Uycza (k + Ys) are connected.

/// Lp(x7.) @
e -7
27 =Y
q%="

Figure 1: An example of the two-scale porous media (.. Here we did not use the default
extension from Remark 1 since we considered ¢ : R? x Y — Y from the beginning.

Effective permeability. For any point x € Q we compute the effective permeability a®(x)
using the Stokes micro problems: For every i € {1,...,d} find the velocity u*® and pressure
p»® such that

—Au"* 4+ Vp"* =e" in Yy, u"”® =0 on JYY,
divu*®* =0 in Yy, u””® and p»* are Y-periodic,

(4)

where e is the i-th canonical basis vector in RY. We then define a?j (z) = [y € -u?*dy for
F

every i,7 € {1,...,d}. The tensor a”(x) is generally unknown and in practice it can be only
obtained by a numerical approximation of (4).

1.2. Three-scale model. Let d € {2,3} and Q@ C R? be a connected bounded do-
main. We will define a porous medium Q,, ., C © with porous structures of characteristic
sizes €1,€2, where €1 > €5 > 0. The scales corresponding to €1 and e, are called the
mesoscopic and the microscopic scale, respectively. We assume that €1 and €5 are positive
functions of € € Rt such that lim._,oe1(¢) = 0 and the micro scale is well-separated, a. e.,
lim._,0e2(g)/e1(e) = 0. For an illustration of the construction that follows see Figure 2.

At the mesoscopic scale we consider two different regimes: fluid and porous (for a gener-
alization see Remark 3). Let (Yp, Yr) be the reference mesoscopic geometry, where Yp C Y
represents the porous part and Yr = Y'\Yp represents the fluid part. We suppose that
(Yp, Yr) satisfies Assumption 2(i) and (ii). Consider a continuous map @pmes : 2 X Y — Y
such that pumes(7,+) : Y — Y is a homeomorphism for every z € Q. We suppose that
Omes (T, ), Pmes(z, )L € WEe(Y)4 for every x € Q and that there is a constant A, such
that

[Pmes (@, )lwree(vye < Ay, [[omes (@, ')_1||W1’°°(Y)d <Ay, Va € Q. (5)

For any = € Q we define the local mesoscopic geometry by Y = omes(x,Yp) and Y§F =
©mes (2, Yr). The porous structure in Y can be described in detail by considering the micro
scale features.

Remark 3. It is possible to consider three regimes at the meso scale: porous, fluid, and
solid. Since this generalization is straightforward but makes the analysis more technical, we
prefer the simpler model that we introduced.

At the microscopic scale we distinguish two regimes of the material: fluid and solid. Let
Z = (—0.5,0.5)? be the microscopic unit cube! and let (Zs, Zr) be the reference microscopic

ITechnically Y and Z are identical but we use different notation to clearly distinguish between mesoscopic
and microscopic objects. Also, notice the difference between the unit cube Z and the set of integers Z.



|
Nl
NJ=

Figure 2: The construction of a three-scale porous medium €, ,.

geometry, where Zg C Z and Zr = Z\Zs. We suppose that (Zs, Zr) satisfies Assumption 2.
Let omic : @ X Y x Z — Z be such that ¢mic(,y,-) : Z — Z is a homeomorphism for every
(r,y) € Q x Y. We suppose that mic(, ¥, ), Pmes(T,y, )"t € Wh*(Z)4 for every z € Q
and y € Y and that there is a constant A, such that

lomic(@, Y, Mlw1.o(z)a < Ay, [ emic(@, 4, )" Hlwree(zya < Ay, V(z,y) € 2 xY. (6)

Since we often fix coordinates x €  and y € Y to represent a microscopic location, we
simplify the notation by denoting this pair as s = (z,y). Hence, we can write pmic(z,y,2) =
©mic(8,2). For any s € Q x Y we define the local microscopic geometry as Z§ = @mic(s, Zs)
and Z§ = ¢mic(s, Zr).

For any x € € we consider the local mesoscopic geometry (Y¥,Y7), where the porous part
Yy is further decomposed using the microscopic porous structure. The mesoscopic domain
is thus split into a solid part }N/S”” and a fluid part Y, where Y C Y and ?Sz CYS. Let

T T € z,?k T T
v =v&\ | ﬁ(’HZs Y, YR =Y \YE (7)
kezd

We next define the fine scale structure of the three-scale porous medium in 2 by

961,62 = Q\ U El(k + Y/SElk)' (8)
kezd

Notice that in (7) and (8) the functions @mes and @mic are used outside their domain of
definition. We resolve this discrepancy using the same approach as in Remark 1.

1.3. Formal homogenization. We discuss here a fluid flow in a three-scale porous
medium and derive an effective three-scale model, which is summarized in Table 1. One
could model a fluid flow in €2, ., using the Stokes equation as in (1): find the velocity field
u®?2 and pressure p1°2 such that

SAWTT L VP = i Q.
divutte2 =0 in 9617527 (9)
u€1,62 — 0 on 8951752.
The complexity of Q, ., makes a direct numerical approximation of (9) prohibitive. If we

apply the two-scale effective problem framework in the three-scale media we would obtain
the macroscopic Darcy equation (2) at the macro scale and and the following microscopic



Stokes equation. For any z € Q and i € {1,...,d} find the velocity field ** and the pressure
§5% such that

—AU® + VP =€’ in V¥, =0 on AYE, 10)
divi*® =0 in Y{¥, %% and p*®  are Y-periodic.

The computational domain Y’FI defined in (7) contains porous structures of characteristic
scale €2/e1. Hence, meshing of 3715’” and a direct numerical approximation of (10) can be
again prohibitive. We solve this problem by applying homogenization theory again. We
approximate the Stokes model in }7136 by a Darcy model in Y3 and a Stokes model in Y}7. The
effective permeability of the Darcy flow in Y7 can be upscaled from microscopic problems
in domains Z;Y. This leads to a different mesoscopic problem: for any ¢ € {1,...,d} and
x € Q find the velocity field u>* and the pressure p*® such that

—Au® 4+ Vpht = ¢ in Y7, divu*® =0 inY,

&2 0, ix o o yw iz iz T (11)
?b (" = Vph*) =u"" in Yy, u®® and p“ are Y-periodic,

where Y is the mesoscopic permeability defined below. Note that the problem (11) is in-
complete since we have not specified coupling of the Stokes and Darcy problem over their
interface 9Yy. This coupling has been studied extensively and a standard approach is to
use the Beavers—Joesph—Saffman interface conditions [9,21,26]. We use a simpler approach
that is well justified for eo/e; < 1, see [19]. We replace the Darcy model in Y# by the
Brinkman model, which allows for a simple interface conditions requiring only continuity of
u®® and p“® over dYE. Hence, we introduce the mesoscopic Stokes-Brinkman model: for
any i € {1,...,d} and z € Q find the velocity u®® and pressure p"** such that

SAUT VRN e Y, u g are Yoperlodic,
divu®* =0 inY,
where )
e b0 -Lif Y
KO(.’L',y): £o (557:1/) 1 ye P> (13)
0 ity e Y.
We then define the macroscopic effective permeability by
a0, () = / o wrdy  Vije{l,...d. (14)
Y

The meso permeability tensor »° : Q x ¥ — R4*? depends on the micro porous structure.
For any s = (x,y) € Q x Y we can compute b°(s) = b°(z,y) by solving the so-called Stokes

micro problems: for any i € {1,...,d} find the velocity u®* and pressure p*** such that
—Au"® + Vp"S =e' in Z§, u"* =0 on dZ§, 1)
divu™* =0 in Z3, u®® and p»* are Y-periodic.

We then define

0 _ 10 _ 7 i, S ..
B0, (s) = b0, (2, ) = /Z o wridy  Vijefl,...d}. (16)
F

Summary of the presented model problem is shown in Table 1.

Notation. Notice the subtle difference in the notation between the solution of the meso
problem (12), denoted by (u®*, p»®), and the solution to the micro problem (15), denoted
by (u®*,p*). The only difference is that the second index appears in a different space:
x € Qand s € QxY. In the following sections we will use the same principle to distinguish
functions related to either micro or meso scale.



H macro ‘ meso ‘ micro

domain || Y =YFUY® Zy
reference domain Y=YrUYp Zp
parameter x e s=(z,y) €eQXY

model problem | (2) (12), (13), (14) | (15), (16)

Table 1: A summary of the three-scale model problem in strong form with micro and meso
problems in their original domains.

2 Model problem

In this section we provide a weak formulation of the three-scale problem that is summarized
in Table 2 and we analyze its well-posedness in section 2.1. The mapping of the micro and
meso problems into a reference domain and its well-posedness is described in section 2.2.

2.1. Weak formulation. The macroscopic equation (2) is a standard elliptic problem
that can be formulated as follows. Find p® € H!(Q)/R such that

Bo(p’,q) = Lo(q) Vg€ H'(Q)/R, (17)

where for any p,q € H'(Q)) we define

Bo(p,Q)Z/GOVp-qux, Lo(q)Z/aOqudx.
Q Q

The mesoscopic problem (12) is a typical saddle-point problem. Due to the periodic bound-
ary conditions, pressure is unique only up to an additive constant, which is solved by using
a quotient space. For any z € Q and i € {1,...,d} we look for u* € H} (Y)% and
p»® € L*(Y)/R such that

/ (Vu"® : Vv — p"*divv + K'u* - v) dy = / e - vdy Vv € Hl;er(Y)d7
Y Y (18)
7/ gdivu*®dy =0 Vg € L*(Y)/R,
Y

where Vu : Vv = Zfﬂ.zl
the set of Y-periodic functions from H!(Y).

The microscopic problem (15) is a standard Stokes problem. Since there are only Dirichlet
and periodic boundary conditions, pressure is again unique only up to an additive constant.
The weak formulation reads as follows. For any s = (z,y) € @ x Y and i € {1,...,d} find

us € H&_’per(Zg)d and p"* € L*(Z3)/R such that

/

diu;0;v; for any vector functions u, v, and the space H} (Y) is

(vui,s Vv — pi’sdiV V) dz = / ei -vdz Vv € H(%,per(Z;)d’
“ (19)
_/ qdivu*dz =0 Vg € L*(Z})/R,
Z,

s
F

s
F

where Hj ..(Z) is a subspace of H'(Z§) that contains Y-periodic functions with a vanishing
trace over 0Z§.

Well-posedness. We will show that the weak formulation of the model problem is well-
posed. The microscopic Stokes problem (19) is analogous to the micro problem from the
two-scale model. It is shown in [27] that for any s € Q x Y the problem (19) is well-posed
and the effective meso permeability b°(s) (see (16)) is a symmetric positive definite tensor.
Deformations of the micro geometries that guarantee existence of constants 0 < Ay < Ay such
that

VO(s)E-€ > Nl€)?,  [B0(s)E] < Aplé],  VEERY VseQxY (20)

have been studied in [1].



Consider next the mesoscopic Stokes—Brinkman problem (18). Symmetry of 4° implies
that K is also symmetric. The estimates (20) guarantee the existence of 0 < A\x < Af such
that

K%z, y)€- € > Agl€)?, | K (x,y)€| < Axl€], Vé eRY, Yo e Q, Yy € Y. (21)

Recall that K%(z,y) = 0 for y € Y. Assuming sufficient smoothness of i we have
for any = € Q that °(x,-) € L>®(Y)?*¢ and hence K°(x,-) € L>(Y)¥*? which makes
the meso problem (18) well-defined. The meso problem (18) can be rewritten in a saddle-

point formulation as follows. For any # € Q and i € {1,...,d} find u"* € H} (Y)? and
p"® € L*(Y)/R such that
a(u®, vy z) + b(v,ph*) = / e’ -vdy Vv € HL (Y),
% (22)
b(u"*,q) =0 Vg € L*(Y)/R,
where a(-, ;@) 1 HL (V) Hl, (V)4 — Rforany z € Qand b(-,-) : HL (Y)¢xL*(Y)/R — R
are bilinear forms defined by
a(u,v;z) = / (Vu: Vv + K%z, y)u-v)dy, b(v,p) = —/ pdivvdy.
% Y

Since KV is symmetric, the bilinear form a(-, ;) is symmetric too. Let us show that a(-, ;)
is uniformly continuous and bounded. Using (21) we get

a(u,v;z) < / Vu: Vv + Agul|[v]dy < Azllull gy ye [ VI ar vy (23)
Y

for every u,v € H!_ (Y)? and x € 2, where A; = max{Ag,1}. For any u € H} (V)¢ let

per ] per
T € R? be the average of Win Y, ie., W; = [, €' - udy for every i € {1,...,d}. Using the
lower bound from (21) and the Poincaré-Wirtinger inequality we obtain

a(w,w;z) > V|7 yyaxa + /\K||U|\%2(Yg)d
> Cpllu =T Za(yy0 + A0l (viz )0 (24)
2 3||u||2L2(Y)d7
where s > 0 depends on Cp, Ak, and inf ., |YF|. We thus obtain a(u,u;z) > sHu||%2(Y)d
and using this together with the first line of (24) yields
i uie) > daully gy Vue H'(Y)Y, (25)

where A; = min{1, s}/2. The bilinear form b(-,-) is inf-sup stable, that is, there exist con-
stants 0 < A\; < Aj such that

b
inf sup (u,p) >\,
pEL*(Y)/R ueH]  (Y)? HuHHl(Y)deHLz(Y)/]R
#0 v
’ 70 . (26)
sup sup (u,p) < A;.

peL*(Y)/R ueH]  (V)? Hu||H1(Y)d||p||L2(Y)/R

p#0 v#0

The stability conditions (25), (23), and (26) imply that the saddle point problem (22) is
well-posed and so is the original meso problem (18). The standard stability estimates give

[ [| g2 yya < Agl\leillwyw =t

Lemma 4. Suppose that (23), (25), and (26) hold. Then a°(x) is symmetric and there exist
constants 0 < Ay < A, such that

a®(@)€- € > Naléf?, ()¢ S Agl¢l,  VEER?, VazeQ. (27)



Proof. The proof is similar to that in [1]. Plugging v = u/® into (22) gives
a(ut,w"; ) = /Ye ut dy = af (). (28)
Symmetry of a(-,-;x) then implies symmetry of a®(x). Using (28) and (23) we obtain
2 : ' 2 2 . o2 : d*AZ
la®(z) |7 = z:: ) < A2 <§ |u® ||H1(Y)d> < By Vee Q. (29)
For any ¢ € R? and z € Q we define ué?® = 2?21 &ub®. We then have

d

()¢ &= alGu't, Gutie) = a(utt,uttr) > Agfu®

ij=1

(@) (30)

Thus, a” is at least positive semi-definite for every z € . Using the Cauchy-Schwarz
inequality one can show a(u,v;x)? < a(u, u;z)a(v,v;z) for any u,v € H . (Y)? Applying
this rule with u = u®* in (30) gives

a(ué®, v;z)?

T a) Yv e HL (V)" (31)

per

a®(2)¢- € >

If we plug in a constant function v = £ we can use the problem (22) and the bound (23)
n (31) to obtain

£ &dy)? _ ¢

a’ x)g-g_fY7> VéE € RY, 32)
( Aal€yys — A (
Using (32) and (29) we conclude the proof. O

Remark 5. Note that in the bound (32) the coercivity constant scales with 52/£12 since
Ak and therefore A; scale with €12/e52. In some cases, this can be improved by choosing
different test functions v in (31). Let us recall that the meso geometries (Y, Y{¥) are required
to satisfy Assumption 2(i) and (ii). If also Assumption 2(iii) holds, then there exist nonzero
functions v in (31) that are supported in Y and divergence-free. Plugging such function v
into (31) simplifies the bound to

fyz ’
a’(x)€ - € > I\’Ii
Hg per (YiF)?
This lower bound was studied in [1] and general criteria on the micro geometries (Y, Yy)
were given to obtain a lower bound on uniform coercivity of a®. In this case, this lower bound
does not depend on €1 and 5.

Finally, we consider the macroscopic problem (17). It is a standard elliptic problem with a
positive definite, symmetric, and bounded tensor a”. We assume that a® € L>°(0)?*?. Notice
that such regularity of the homogenized tensor can be proved provided sufficient regularity of
the maps @mic and @mes. Thus, the macroscopic problem (17) is well-defined and using (27)
we can show that

Bo(p,q) < Aalplmildlmiy  Vp.g € HY(Q)/R,
Lo(q) < Aalglm o) lIfllp2)e Vg € H (Q)/R.

The problem (17) is thus well-posed by the Lax-Milgram lemma and the solution p° €
H'(Q)/R satisfies [p°|g1(0) < Aa/Aallflp2(0)a-



2.2. Model problem in reference micro and meso domains. We transform the
meso and micro problems in two steps. First, the weak formulation is supplemented with an
additional Lagrange multiplier to avoid a quotient space for the pressure variable. Second, a
change of variables is used to map the problem to the reference domain. Such modification
was already motivated and used in the RB-DS-FE-HMM (see [4]).

Micro problem. After supplementing problem (19) with Lagrange multipliers to fix a zero
average of the pressure we map it into the reference micro domain Zr by applying the change
of variables zolg = Pmic(8, Znew). Subsequently, we sum the three equations into one, which
results in a variational problem in the space Xmic = Hg e (Zr) x L?*(Zr) x R. We obtain a
problem equivalent to (19), (16). For any s € Q x Y find U%® € X,,;c such that

Amic(UH* Vis) = G (V;s) YV € X, (33)
0 i ,S. ..
bi; (s s) = GmlC(UJ i 8) Vi, je{1,...,d}, (34)

where the parameter-dependent bilinear form Ap;ic(-, 5 $) : Xmic X Xmic — R and linear forms
G . (+:8) : Xpmic — R are defined for any U = (u,p, ) and V = (v, ¢, k) by

mic

ou Ov (8v1- ou;
ij

AmlcUV i . a. - A da
°) /ZF” \Pi5z o asz+azjq))+7( q+np)dz -
Glic(Vis) = / re' - vdz,
Zw
where we denote the Jacobian J = J(s, 2) = V,¢mic($, z) and define
p(s,z) = det(J)(J"J)
o(s,2) =det(J)J T, (36)

Meso problem. After supplementing problem (18) with Lagrange multipliers we map it
into the reference meso structure (Y, Yp) using the change of variables yold = @mes(Z, Ynew)-
Subsequently, we sum the three equations into one, which results in a variational problem in
the space Xpes = H1.,(Y) x L?(Y) x R. We obtain a problem equivalent to (18), (14). For

per
any r € Qand i € {1,...,d} find U%* € X, such that
Ames(UM* Viz) = G (V1) VYV € Xpes, (37)

a7;(2) = Gloes (U3 2) Vi, je{l,....d}, (38)

L)

where the parameter-dependent bilinear form Apes(c, ;32) @ Xmes X Xmes — R and linear
forms G% . (+; ) : Xmes — R are defined for any U = (u,p,\) and V = (v, q, k) by

Apmes(U, V;z) = A;ﬁOkeb(U V; m) + AP (U, V; ),

ov ov ou;
Astokes(U Vs 1) = / ; ca— =i 5+ 5—q) ) +T(A\g + Kp) dy,
”2:1 Pig 5‘yz Ay, (8% dy; )) ( )y
(39)
AE;%(U, V;z) = %u - vdy,
Yp

Gﬁnes(V;m) = / re' - vdy,
y

where we denote the Jacobian J = J(z,y) = Vy¢mes(z,y) and define

B (a,y) = —5 et (@, ()"

10



Well-posedness. Nothing substantial has changed by enforcing the zero pressure average
with a Lagrange multiplier and applying the change of variables. The problems (33) and (37)
are thus equivalent to (19) and (18), respectively. The regularity assumptions (5) and (6)
imply that the standard norms of functions in old and new variables are equivalent. Hence,
the problems (37) and (33) are well-posed and there exist constants 0 < Apic < Apic and
0 < Ames < Apes such that for every x € 2 and s € Q x Y we have

Amic(U, V; Amic(U, V;
inf Sup mlC( S) = )‘mim sup sup mlC( S) < Amic7 (40)
UEXic VEXe TUl X i IV 1 X e UEXie VE X TUl X i IV X e
U#0 U#0
. Ames(Uavax) Ames(UaV;x)
inf sup > Ames, sup  sup < Apes- (41
vt VR Ol Vs =" 02 S Ol [V, e (4
U0 VA U£0" VA0
Furthermore, there exist constants Lyic, Limes € R such that for every i € {1,...,d}, z € Q
and s € Q) x Y we have
szc(v; S) S LmiC||V| Xmic VV € XmiC7 (42)
G:nei(v;x) < LmBSHVHXmes VV € Xies-

We note that the tensor 8° is symmetric, positive definite, and bounded. Hence, the esti-
mates (21) and (6) imply that there exist constants 0 < A\x < Ag (the same notation as
n (21), for simplicity) such that

Bz, )€ - &€ > Akl€, 18z, y)él < AklE],  VEERY, V(z,y) € Q2 x Yp.

3 The three-scale numerical method

In this section we propose a new numerical three-scale method for Stokes flow in porous
media. It is based on a discretization of the three-scale model problem from section 2.2. The
discretization is detailed in section 3.1 and a priori error analysis is provided in section 3.2.

3.1. Finite element discretization. We use a finite element (FE) method to dis-
cretize the equations (17), (37), and (33). We proceed in the bottom-up manner, starting
with the micro problem. The fully discretized three-scale problem is sketched in Figure 3
and summarized in Table 2.

Tha TeTh, TCYp Thsy

Figure 3: A sketch of the three-scale numerical method. The quadrature formulas correspond
tol=2and k= 1.

H macro \ meso \ micro
mesh || Ty Thy Tha
finite elements || P prtl/pk | pmtl/pm
quadrature formula || (zr;,wr;) | (y1;,wr;)
problem || (49) (46), (47) | (43), (44)

Table 2: A summary of the three-scale numerical method.
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FE spaces. Let 7 be a simplicial mesh of a domain D C R? and let n € N. For any
element K € T we denote by P"(K) the space of polynomials in K of degree n. We consider
continuous and discontinuous finite element spaces of degree n in T defined by

S™(D,T)={qe H(D); qlx € P*(K), VK € T},
V™D, T)={q e L*(D); qlx € P"(K), VK € T}.

Micro problems. We discretize the micro problem (33) with the Taylor—-Hood finite ele-

ments P+ /P™ for some m € N, which is a stable approximation scheme for m > 1. Let

{Th,} be a family of conformal, shape-regular simplicial meshes of Zr parametrized by the
mesh size hy = maxyc7, diam(K) and define the FE spaces

h

Vinte

Pl

mic

= {ve S Zp, Th,)%: v is Y-periodic},

={q € S"(Zr,Th,); q is Y-periodic}.
Consider Xﬁf{c = thfc X Prlrll’fc x R, which is a finite-dimensional linear subspace of X, and
define a numerical approximation of (33) and of the meso permeability (34) as follows. For
every s = (z,y) € 2 x Y and i € {1,...,d} find U’ € X2 such that

Amic(UZ}.Lfa V7 8) = anic(v; S) VvV e Xx}r?i(:? (43)
b2 (s) = Ghe(U325 s) Vi,je{l,...,d}. (44)

Meso problems. We discretize the meso problem (37) with the Taylor-Hood finite ele-
ments P*+1 /PF for some k € N with k > 1. Let {7, } be a family of conformal, shape-regular
simplicial meshes of Y parametrized by the mesh size hy = maxper, diam(7"). We assume
that every element T' € Ty, is either completely in the fluid part (T C Yr) or completely in
the porous part (T' C Yp). Let us define the FE spaces

Vo= {ve S"NY,T,)?% v is Y-periodic},

mes

Prﬁés ={qe Sk(Ya Thy); q is Y-periodic}.
Consider a finite dimensional subspace of Xyes given by X = Vi x P x R. In the

problem (37) we have the term AP (U, V;x) that is related to the mesoscopic permeability.
To discretize this term we use numerical quadrature. Let '7'h]j C Tp, be the subset of all
elements contained in Yp. For each element T € 7;5 we consider a quadrature formula
(yTj,wTj )i=1,....Jmes With integration points yr; € K and positive weights wr,, where Jyes €

N. To achieve the optimal order of accuracy we rely on the following assumption:

Jmes

/ qy)dy = wrqlyr,) VI €T, VgeP (D), (45)
T j=1

that is, the mesoscopic quadrature formula is exact for polynomials of degree 2(k + 1). The
numerical approximation of (37) and of the macro permeability (38) as follows. For every

x€Qandie{l,...,d}find U;Lf € Xl such that
Al (URE, Vi3) = Gl (Vi) YV e XML, (46)
all(z) = Gloos (U @) Vi,j e {1,...,d}, (47)
where
Jmes
AL(U, Vi) = AR (U, Viz) + Y > wr B%(x,yr)ulyr,) - viyr,)dy  (48)
TeTF =1

and "2 : Q x Yp :— R¥*9 is defined by

2
e _
6h2 (CE, y) = E;Q det(vmees (JC, y))(bh2 (I, $Pmic (:C, y))) 1'

12



Macro problem. The macroscopic equation (17) is discretized using finite elements of
degree I € N with numerical quadrature. Macroscopic permeability (47) is upscaled at every
macroscopic quadrature point from meso problems. Let {7y} be a family of conformal,
shape-regular simplicial meshes of 2 parametrized by the mesh size H = max ., diam(K).
We consider the macro FE space S'(€, Tx) of degree | € N. For each element K € Ty we
consider a quadrature formula (HCwaKj)j:L..‘, Jmae With integration points zx, € K and
positive weights wr, and Jimae € N. To guarantee well-posedness of the macroscopic problem
and achieve the optimal order of accuracy we suppose that the macroscopic quadrature
formulas is exact for polynomials of order max(2l — 2,1). A direct discretization of (17)
gives: Find p# € S'(, Ty)/R such that

Br(p".q") = Lu(d") Ve € 8'(Q,Tu)/R, (49)

where the discrete macro bilinear form and right-hand side are given by

JTHHC
Bu(p",q") = Z Zijahl(ij)VpH(ij)'VCIH(iEKj),
KeTy j=1
Tomac (50)
Lu(d") = Y Y wi,a (wi)t (k) - Vo (zi,).
KeTg j=1

Here, £ € VI=1(Q, Ty)¢ is an appropriate interpolation of the force field f € L?(Q)?.

3.2. A priori error estimates. In this section we prove well-posedness of the three-
scale numerical method and derive a priori error estimates. Let us start with the micro prob-
lem (43). The forms Apic(-,;s) and Guic(+; ) remain continuous with the same constants
(see (40) and (42)) also when considered over the FE space X2, C Xpic. Taylor-Hood finite
elements are stable for approximation of Stokes problems on conforming and shape-regular
meshes. Hence, the bilinear form Ap;c(+,;$) remains inf-sup stable also when considered
over the FE space X:ffic. Consequently, there exist constants 0 < Apje < Amic (denoted the

same as in (40), for simplicity of notation) such that B

Amic(UaV;s) Amic(UaV;s)

inf  sup > Amics sup  sup < Apmie  (51)
vexs vex's 101w Vilxae =™ oy vexra M0l Viixe =
U£0 V0 U£0 V0
for every s € Q x Y. The conditions (51), (42), and Xﬁfic C Xmic imply that the micro

Xmic S Lmic/)\mio
Consequently, for any s € Q x Y and i,j € {1,...,d} the permeability b"2(s) is well-defined
in (44) and we can use (44) and (43) to derive

problem (43) is well-posed with a unique solution U;: € Xmic with ||U;L:

Vi 5) = G (U}59) = Amie(U}, U 3). (52
Symmetry of A and (52) then imply that b"2 is symmetric. For any V € er;zic one can
derive . . | | ‘
b3y (s) = b7 (5) = Gie(U7° = U} 5 8)
= AmiC(Ul,su U]7S - U';L)287 S) (53)

= Apic(U™ = V, U —U7%;s).
using (44) and (16), then (43) and (33), and finally the Galerkin orthogonality. Using (53)

to compute the norm [|b°(s) — b"2(s)||r, applying (40), and taking an infimum over V gives

d

d
16°(s) = "2 ()1 < Amic (Z inf U — Vllg(mk) (Z o — Uﬁ;jllimic) (54)
i=1

i—1 Vex”?

mic

Lemma 6. Assume that the solution U%* = (ub*, p»*, \%%) to the micro problem (33) satis-
fies Ub® € X where X, = Xmic N (H™2(Zp)? x H™(Zp) x R) and that there exists

mic’ mic
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C" > 0 such that ||[U"*|x- < C" for every s € QxY and i € {1,...,d}. Then there is a
constant C' > 0 such that

b(s) — b2 (s)[lp < CRE™Y WseQx Y.
I 2
Proof. For a proof see [14, Lemma 6.3.1]. O

Even if the micro solutions U%* have lower regularity than is assumed in Lemma 6 one
still has

lim inf [|[U —~V|x,. =0
hz*}O VEX::‘?C
and therefore
lim [|p°(s) —b"2(s)[[p =0  Vs€QxY. (55)
ho—0

Thus, for any s € Q x Y the permeability b"2(s) is positive definite for sufficiently small hs.
If the limit (55) is uniform with respect to s € Q x Y then for sufficiently small hy there are
constants 0 < A, < A, (denoted as in (20) to simplify the notation) such that

B2 (s)E- €= M€, B2 (s)E] S Aolél, VEERY, VseQxY. (56)

Even it the limit (55) is not uniform for s € Q x Y, the uniform bounds (56) are valid for
sufficiently small hy > 0 if we restrict the parameter s to Q7 x Q™.

We now consider the tensor 4% and its numerical approximation 3"2. Using (56) and (6)
we conclude that 872 is symmetric and uniformly coercive and bounded. Thus, there are
constants 0 < A\g < Ak (denoted the same as in (21), for simplicity of notation) such that

th(‘ray)f f Z )‘K|£‘2a ‘6h2(xvy)§| S AK‘§|7 Vf S Rda V(J?,y) € Q x YP- (57)

Since b and b"2 are symmetric and with all eigenvalues in the range [\, Ay], there is a
constant C' > 0 such that

16°(s) " = 0" (s) T Hlp < ClI6°(s) = b2 (s)[[p Vs € Qx Y. (58)

Let us sketch a proof of the inequality (58). Let M be the set of symmetric matrices with
eigenvalues in the interval [Ay, Ap]. It can be shown that M is a connected compact set in
R¥*?_ Since the mapping A — A~! is smooth in M, its derivatives are bounded and the
mapping is thus Lipschitz.

Using (58) and (6) we conclude that there is C' > 0 such that

18°(s) = B™(s)le < ClIB°(s) = b"2(s)p Vs € Q2 x Yp. (59)

We next consider the meso problem (37) and its numerical approximation (46). Since we
are using a stable FE pair, the tensor 4”2 is coercive and continuous (see (57)), and the
quadrature formula satisfies the assumption 45, the problem (46) is well-posed and there are
constants 0 < Apes < Ames (denoted as in (41) to simplify the notation) such that for any
x € ) we have

Ah (U, V; Ah (U, V:
inf sup mes(U, V5 ) > Amess sup  sup mes(U, Vi 7) < Apes.
UEX!;ICS VEXrlzlcs ||U||Xmes||VHXmes UeX:;lCS VeXS;lcs HU”Xmes VHXmes
U#0  V#0 U#A0  V#0

Using the same approach as in (52), it can be shown that a’!(z) is symmetric for any z €
because of the symmetry of the bilinear form Al .
Let us now provide a bound for the difference a® — a"*. Let x € Q and 4,5 € {1,...,d} be
arbitrary. We obtain
0 h i T i T
aij (‘T) - a’ile (iL’) = G;ans(U] I’ ZL’) - Gines(Uiblz’ £L’)

= Ames(UM, UM 2) — Al (ULF, UL ) (60)
= Ames (U™ = U7, U — U )
+ (Ames — Al )(UZT’ Ui’f? )

mes
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using the definitions (37), (38) and (46), (47). Using the triangle inequality in (60) gives

jaf; (@) = a} ()] < |E(2)| + [Ev (U7, ULl 2)| + | E2(Uyy, Upls ), (61)

L) hy? hi?

where the three functions F, E1, and E> are defined by

E(2) = Apes (UM = U®, UM — UL"; 1),
J[l)eb
Fu(U, Vi) :/ Buudy— S wr, B yr, ulyn) - v,
TeTP Jj=1 (62)

Jmes

By (U, Viz) = Y Y wr (8%, yr,) — B (z,yr,)ulyr,) - v(yr,),

P
TeT,, i=1

where U,V € XL are arbitrary and U = (u,p, ) and V = (v, ¢, ).

Upper bounds for the terms from (62) can be obtained as follows. By (40) we have
|E(@)] < Ames U™ = U7 x

jx _ p7hT
U Uh1 |X

mes mes * (63)

For sufficiently smooth 3° and non-negative integers ni,ns € Ny with ni,ns < k + 1 the
error of the quadrature formula can be estimated (see [16,17]) by

|EL (U, V;2)| < Ch 2|8 (@, ) [[yirms+na-co (vpyaxal 0l gos vy VI e vy (64)
where C' > 0 is a constant independent of h;. By the norm and triangle inequalities we get

Jmes

[E2(U, Vi) < max [|8%(z,y) = 8" (z,p)lle Y D wrlulyn)lIviyr)l- (65)

h -
ye TE'ThPI j=1

Using the Cauchy-Schwarz inequality and the assumption (45) we obtain

Jmes Jmes Jmes

Z ZWleuyT] Iviyr,) |<( Z Zleuny ) ( Z ZWTJ|V:UTJ )%

TeTy =1 TeT,, J=1 TeT,, =1
= lall2veye IVIlz2 vyt < UM X e [V | X
(66)
Combining (65) and (66) gives
|E2(U, Viz)| < max [|8°(z,y) — 5" (2, 9)llr | Ullx,, [V X0 (67)

yGth

Lemma 7. Assume that the solution U%® = (ub® p»® \b%) to the meso problem (37) sat-
isfies Ub® € X* - where X} oo = Xmes N (H*2(Y)4 x HEFL(Y) x R) and that B°(z,-) €
Wpéfﬂ) (Th, )24 for every x € Q and i € {1,...,d}. Further suppose that that the there

are constants C',C" > 0 such that |[U""| x- < C" and ||5°(z, ')||W2(k+1),oo(7—} yaxa < C” for
s per ]
every x € Q and i € {1,...,d}. Then there is a constant C' > 0 such that

yemM

|la®(z) — a™ (z)||p < C (h?““*” + max [|8%(z,y) —6”2(x,y)p> VreQ.  (68)

Proof. For a proof see [14, Lemma 6.3.2]. O

Even if the regularity assumptions of Lemma 7 are not valid the mesoscopic solutions still
satisfy
lim lim ||[U>* — U;fHX =0 VreQ,

h1—0 ha—0 mes

which in turn implies that

—_a —
hlllgOhlzlglO”a () —a" (z)|]|lrp =0 Vo € Q. (69)
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If the limit (69) is uniform with respect to z € Q then for sufficiently small h; and hy there
are constants 0 < A\, < A, (denoted as in (27) to simplify the notation) such that

a (x)E - € > A JE?, |aM(2)€] < Aglé], Ve e RY, Yz e Q. (70)

Even if the limit (69) is not uniform for = € €2, we can have (70) over a finite set z € Q.

At the macro scale, the analysis is the same as in the two-scale method. Using the proper-
ties (70) and the accuracy of the quadrature formula one can show (see [1, Proposition 3.4|)
that

BH(qHaqH) > )‘a|qH|§{1(Q) VQH € Sl(QvTH)v
By (g™, ™) < Aold™ i o 17 | 11 (@) Vg, v e S, Th),
L (¢") < Aallf |22 ald” moym Vo™ € SHQ, Th).

Thus the macro problem (49) is well-posed and the unique solution can be bounded by
|pH‘H1(Q) < Aa/Aa||fH||L2(Q)d~

Lemma 8. Suppose that p° € H'TY(Q) and that a® € WH>(Q)4*4, Then there is C > 0
such that

= 9oy < O(H' 4 18 = £ e + 187 oz mase o) = o™ @)l ).
x€

Proof. The proof follows the a priori error estimates from [1, Section 4]. O

Theorem 9. Let the assumptions of Lemma 6, Lemma 7, and Lemma 8 be satisfied and let
f € H(Q)?. Then there is a constant C > 0 such that

|p0 N pH|H1(Q) < C(Hl + h?(k-i-l) + h;(m-i'l)).

Proof. The result is obtained by using Lemma 8, Lemma 7, estimate (59), and Lemma 6 (in
this order). The regularity of f allows an estimate ||f — 7| ;2(q)« < CH' for some C' > 0. O

The a priori convergence rate of Theorem 9 is mainly theoretical since the assumed reg-
ularity of the micro and meso problems may be difficult to achieve for practical problems.
Therefore, non-uniform meshes that are adapted to geometries of macro, meso, or micro do-
mains should be used in practice. Using possibly non-uniform meshes, denoting the number
of degrees of freedom by Nyae = dim(SH(Q, T#)), Nmes = dim(Xpes), and Npie = dim(Xpic),
the estimate from Theorem 9 reads as

0 H L _ 2(k+1) _2(m+1)
|p - P |H1(Q) S C Nmaijc +Nmes K +Nmic d . (7]_)

Since the macroscopic problem is the same as in the two-scale methods from [1,2,4], most
of the technology that was developed there can be applied in the three-scale problem. For
example, it is now straightforward to develop residual-based a posteriori error estimates on
the macro scale and provide an adaptive three-scale method or use a conservative macroscopic
approximation.

3.3. Computational cost. The computational cost of the three-scale numerical method
presented in this section does not depend on the pore sizes €1 and €9, they are only present as
multiplicative constants in the meso problem (46). We assume that the number of quadrature
points we consider on the macro and meso scale is proportional to Ny,ac and Ny,es, respec-
tively. We thus need to solve one macroscopic problem, O(Ny,..) mesoscopic problems,; and
O(Nmac Nimes) microscopic problems. Further, let us assume that after assembling the com-
putational cost of solving one (micro, meso, or macro) problem is linear in the DOF. The
total cost of the three-scale numerical method is then O(Npac NmesNmic). Notice that the
micro problems are independent of each other and therefore a parallel implementation of the
three-scale method is easily scalable to many threads.
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4 Petrov-Galerkin reduced basis method

In the numerical method presented in section 3 the micro and meso problems are solved
repeatedly to estimate the effective permeability at meso and macro quadrature points, re-
spectively. In such situations, it is often advantageous to apply a reduced basis (RB) method,
which can drastically reduce computational costs of the repeated evaluation. In this section
we recall the Petrov—Galerkin RB method [3| that has been introduced in [24] and success-
fully applied in the two-scale settings to the Stokes micro problems in [4]. See [25] for a
review of other RB strategies for the Stokes problem.

Non-coercive RB settings. Let X be a Hilbert space with a scalar product (-,-)x and a
corresponding norm || - || x and let D be a space of parameters. We are interested in a tensor
c(u) € R4 for any p € D that is defined as follows. Find U%* € X such that

AU Vi) = GH(V; ) YV eX (72)
cij(p) = G'(U7; ) vi,j € {1,...,d}, (73)

where the parameter-dependent symmetric bilinear form A(-,-;u) : X x X — R and linear
forms G*(-; 1) : X — R indexed by i € {1,...,d} satisfy the following conditions. Assume
that there are 0 < Ay < A4 and Ag € R such that

. A(U, Vi) A(U, Vi)

inf sup ————-"> > X4, sup sup ———— <Ay 74
ool o TOTx VI SISO TOTx VI )
U#£0 V#0 U#£0 V#0

for every p € D and G*(U) < Ag||U||x for every U € X and i € {1,...,d}. Note that this
setting is in agreement with the micro problem (43), (44) and the meso problem (46), (47).
Also note that symmetry of A implies that ¢(p) is symmetric.

Petrov-Galerkin projection. For everyi € {1,...,d} we will construct a linear subspace
X; C X, where we aim to minimize the projection error of the solutions U* onto X; for all
x € Q. For the moment, suppose that X; is already constructed. We use X; as a reduced
solution space and X! = T(X;;u) as a parameter-dependent reduced test space, where
T: X xD — X, called the supremizer operator, is defined below. This choice guarantees
approximation and algebraic stability of the RB method [3|. The RB approximation of (72)
then reads: Find Uyl € X; such that

A(URE, Vip) = G(Vip) YV e XI. (75)

Supremizer. Forany y € D and U € X we choose T(U; u) € X such that (T'(U; ), V) x =
A(U,V; ) for every V € X. This variational problem is well-posed and admits a unique
solution and the operator T'(+; 1) : X — X is linear for any pu € D.

Output of interest. While the straightforward approximation the output of interest c()
would be ¢j¥? (1) = G*(Ugfs; 1), one can achieve higher accuracy by setting (see [22])

iy (1) = G'(Ughi ) + & (Ughi ) — A(URE, Uggin) - Vije{L....d (76)
Since A is symmetric, it is evident from (76) that cRB () is symmetric too.

Offline/online splitting. The efficiency of the RB method relies on a splitting of the
computation into two stages.

e The offline stage is run only once and it is used to construct the RB space X; and
precompute necessary values for the online stage.

e The online stage can be run after the offline stage repeatedly and it provides a cheap
and accurate approximation of the effective permeability ¢®B (i) for any p € D.

This splitting can be achieved with the following, additional assumption. We assume that
there is an affine decomposition of the bilinear form A(-, ;1) and of the linear forms G'(-; i),
that is, there are Q 4, Q¢ € N and
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e continuous symmetric bilinear forms A9(-,-) : X x X > Rforge {1,...,Qa},
e continuous linear forms G¥(:) : X - R for g € {1,...,Qg} and i € {1,...,d},
e vector fields ©4 : D — R?4 and O¢ : D — R¥¢,

such that for any U,V € X, parameter p € D, and i € {1,...,d} we have
AU, V; p) Z@A JAY(U, V), Z@G )G (V (77)

RB space. The solution space X is spanned by solutions U%* to (72) for a carefully se-
lected set of parameters St = {u pb?, o pbNil © D, where N; € N. We consider the

sequence UbH#" UHH" , Ui i and apply the Gram—Schmidt orthogonalization proce-
dure to arrive at Uz L UZ 27 ..., UbNi| Hence, we have X; = span{U®»!, U2 ... UHNi} The
set S* is constructed in the offline stage for every i € {1,...,d}. However, we first consider

the online stage.

Online stage. Let us consider the reduced system (75) for any 4 € D and i € {1,...,d}
and let us look for the solution U € X, in the form ULk = SN qbryin, Where
alt = (ap",...,a)T € RN is a vector of unknowns. We insert this representation
into (75) and reduce it into a linear system with unknowns a®*. To do that we use
the affine decomposition (77) and following decomposition of the supremizer. We have
T(U;p) = Z?:Al @?(u)T‘](U) where the linear functionals 77 : X — X are defined by vari-
ational problems: Find T7(U) € X such that (T%(U),V)x = A%(U,V) for every V € X.
Finally, we obtain a reduced system: Find a®* € RY: such that

Abtalt = G, (78)

where the matrix A»* € RVNiXNi and the vector G* € RN are defined entry-wise by

(A = Z O} (n)OA (n)A?(U, T (U™)), Yn,m e {1,...,N;},

q,r=1

Qa Q¢ (79)
(G") =D > 07 (W)Of (WG (T1(U™™)), Vne{l,...,Ni}.

qg=1r=1

As the underlined quantities in (79) can be precomputed in the offline stage, the assembling
of (79) and the solution of (78) have a time cost independent of dim(X). Indeed, the
assembling of (79) takes O(N?Q? + N;QaQ¢) operations. The linear system (78) is dense
but of small size N;, therefore, a direct solution takes O(N?) operations. Applying the affine
decomposition in the definition of ¢®B(z) in (76) gives

Q¢ N; N;
Bu) =05 | 3 azrciruim™) + 3 akraii Uty
q=1 m=1 =l -
(80)
Qa N; Nj

— Z Z Z af{”a%“@?(u)Aq(Ui’", usm),

g=1n=1m=1

Again, by precomputing the underlined expressions in the offline stage, the evaluation of
c®B(p) is independent of dim(X).

A posteriori error estimate. The offline stage relies on a cheap and accurate error
estimator. Given a RB space X;, we can show that

1R Cs )l

U — Ul [lx < AP(p) =
H RB”X — = (,u) ﬂLB( )

(81)
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where R (V; p) = G(V; p) — AUk, V; ) and Brp(p) is a positive lower bound of the inf-
sup stability constant S(u) of A(-,-; ). We outline some ways to cheaply compute S (p)
below. The residual term ||R%(-; )|/ x/ can be evaluated using

IR (s p)ll% = Z OF (1)OF (11) (P, P™) x — 2GM# - a4 Altalh - gt (82)

q,r=1

where P% the unique element of X such that (P, V)x = G*(V) for every V € X. The
underlined terms can be computed in the offline stage, which makes the time cost of evaluating
| Ri(; )|l x/ independent of dim(X).

In the following algorithm we outline how the parameters S* = {u®!, ... p®Ni}, which
define the RB space X, are selected using a greedy procedure. For details see [3,4].

Algorithm 10 (greedy RB construction). We select a training set of parameters Z¢qin C D
and a tolerance egp > 0. For each i € {1,...,d} we start with S* = () and repeat:

1. Find I € Zirain for which the value AE(7) is the largest.
2. If AE(i) < erp, we stop the algorithm. Else, we add 7 to S? and update the space X;.

Inf-sup lower bound frp(p). The a posteriori error estimate (81) contains an inf-sup
lower bound 0 < Brp(p) < S(p) that we need to evaluate for every p € Zgpqin. For any p € D
the inf-sup constant 3(u) can be interpreted as v/Amin, where Ay is a minimal eigenvalue
of a generalized eigenvalue problem of the type Az = ABz with A and B symmetric and
positive definite. However, solving this eigenproblem numerically for every p € = a5, can be
prohibitive. The successive constraint method [20] is a greedy offline-online algorithm that
computes 3(z) exactly for a small number of parameters i € S C Q and then uses a rigorous
bound () > Bscm(p) := maxge g (1) Bup (11; 1), where the online computation of the term
B (u; 1) involves solving a small linear programing problem. We can thus perform the SCM
offline stage before the RB offline stage and then use Sscm in the estimate (82).

While SCM is an improvement to computing 5(u) exactly, it can still be the main bottle-
neck of the offline and also online stage [4]. In practice, one achieves good approximation
properties of the space X; also if we have only Srp(u) = CB(r). Some cheaper methods to
define (1) based on a simple interpolation are discussed in [4].

A priori error estimates. It can be shown (see [4]) that there is C > 0 depending only
on A4 and A4 such that

le() = c* ()||F<CZ inf HU“” V. (83)
i=1 X

A priori theory for approximability of the solution manifold M? = {U%*;u € D} C X by
the RB space X; relies on the notion of Kolmogorov n-width, which is defined by

dpo(M") = inf  sup inf |[U-V|x. (84)
a@ Z(CZA;E UeMi Vez

In [11] it is proved for coercive problems that if d,, (M?) is decreasing exponentially (d,, (M?) <
ae~""") or following a power law (d,,(M?) < an™?), thensois infy ¢y, [|[U*—V||x, with some
different the constants a, b, c. While Stokes problem is not coercive, our RB formulation (75)

can be equivalently rewritten as follows: Find Ui%% € X, such that
B(URL, Viz) = GY(V;z) VYV € X,
where the parameter-dependent bilinear form
B(U,V;z) = (T(U;z), T(V;x))x YU, VeX

is symmetric and positive definite. It can be shown (see [4] for details) that the a posteriori
error estimator is uniformly equivalent to the exact error

A A
A <1+"‘> inf ||U”‘ V] x

inf U —V|x <AF(p) < W

Vex; - Aa
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and hence the a priori error estimates for coercive problems [11] are applicable. In terms of
the tolerance that we prescribe to the offline greedy algorithm, one can show that there is a
constant C' > 0 such that

le(n) = " (u)le < Ceip (85)

that is valid for every training parameter p € Ei,i,. However, if the training set is dense
enough in D it is reasonable to assume that (85) is true for any p € D with some C > 0.

5 Reduced basis three-scale numerical method

In this section we propose a new reduced basis three-scale numerical method for Stokes flow
in porous media. We depart from the three-scale numerical method described in section 3 and
apply the RB method from section 4 to the meso and micro scale. We build this new method
bottom-up, starting with the micro scale. Application of the RB method at the micro scale
is similar as in the two-scale problem (see [4]). However, there is no direct way to obtain an
affine decomposition of the meso problem, which is a fundamental assumption for an efficient
RB method. We solve this obstacle by an approximate expansion of the mesoscopic bilinear
form obtained by the empirical interpolation method [8].

Affine decomposition of the micro problem. The micro problem (43), (44) has the
same form as (72), (73). Micro problems are parametrized by s € QxYp, which corresponds to
p=sand D = QxYp, and we work in the Hilbert space X = X'2_. To apply the RB method

we need to provide an affine decomposition of the type (77) for Apic and G? ;.. Let us start
with the affine forms G¢ ;.. Using (36) in (35) gives G* ;.(V;s) = fZF det(V . pmic(s, 2))et-vdz

mic*
for every V = (v,q,k) € X2.. Our goal is to write GmlC(V; s) as a sum of products of
functions depending only on s and only on V. A standard way to provide such decomposition

is with the following assumption on the geometry transformation ¢p;c.

Assumption 11. Let R, € N and assume that {Z{;} mie i3 a disjoint partition of Zp
such that the restriction @mic(s, Z)|zezg is affine for every s 6 QxYandre{l,...,Ruic}
Moreover, for any K € Tp, thereis r € {1,..., Ryic} such that K € Zf.

Assumption 11 implies that V,¢omic(s, ) is constant in z € Z} for every s € Q x Y. Using
this in the definition (36) we obtain that for any s € 2 x Zf we have

pls,2) = 7 (s) = det(J"(5))(J" () TI" ()",

where the Jacobian J"(s) is the constant value of V,pmic(s,z) for z € Z5. Hence, the
bilinear form A,;. and the linear forms anic can be affinely decomposed as follows. For any
U= (up N eX,V=(v,q,k) € X,and s € Q xY we have

d  Rmic

ou Ov
Annc U V -——d
S 1]231 rz:l pU Z5 821 azj :
d R
- av; ou;

— Z Zafj(s)/ ( D+ q) dz

R — Z}? 6,2] 82’]

2,7 (86)
+ Z / (Ag + kp) dz,
Rmic

G'(V;s) = Z TT(S)/ e -vdz.

r=1 F

Using symmetry of p and o we can obtain an affine decomposition of Apie with Q3¢ =
Ruic(1 4 d + d?). The affine decomposition of G* has Qgﬁc = Rumjc terms.
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RB at the micro scale. Thus, all the requirements of the RB method are met. We set the
tolerance eRB > 0 and choose a training set of parameters ZRB < O x Yp and the RB offline
computation can start by running Algorithm 10. The RB approximation of the solution U, h’2
is denoted by Uf;fB and the resulting approximation of b"2(s) by the RB method (see (76))

is defined by

IIllC

b (5) = Gluie(Ufini 8) + Glaic(Ugps 8) — Amic(Ugp, Ugps ).
Affine decomposition of the meso problem. We update the meso problem (46), (47)
to include the upscaled meso permeability b®P instead of b"2. We replace the bilinear form
Al (defined in (48)) with
A (U, Vi) = AU Vi) 4+ Y S won 5B g, ) - vlm) e (s7)
TeT,, J=1

where SRB : Q x Yp :— R¥? is defined by

2
BRB(z,y) = ?? det(Vy@mes(, ) (67 (2, @mic(z, 1)) .

From now on we consider the meso problem with the bilinear form (87) and the original
right-hand side G* as in (46). Meso problems have the same structure as the model problem
in section 4. They are parametrized by = € (2, which corresponds to p = x and D = ,
and we use the Hilbert space X = X/'L_. To successfully apply the RB method we need to
provide an affine decomposition (77) to the bilinear form ARE and to the linear forms G?

defined in (39). Let us start with an additional assumption on ¢pnes that will help us with a
part of the decomposition.

Assumption 12. Let Ryes € N and assume that {Y7}; R"‘e* is a disjoint partition of Y such
that the restriction @mes(,y)|yey is linear for every x € Q and r € {1,..., Rmes}. Moreover,
for every T € Ty, there is r € {1,..., Rmes} such that T € Y.

Using Assumption 12 we can repeat the reasoning we used with the micro problems to show
that the linear forms G? ., and the bilinear form A5'°ks allow an affine decomposition with
4% and Q' terms, respectively. However, we cannot apply the same reasoning to the term
with quadrature formula in (87) since a form of the function B%B(x, ) that would separate
x and y is not known. This problem can be solved by considering a suitable approximation
of (87) given by the empirical interpolation method described below. For the moment, let us

assume that we have an approximate expansion

Ngmm

Mz, y) = Y ¢ (y)r" (@) = BB(z,y), (88)
n=1
where ¢" : Yp - R and ™ : Q — R for n € {1,...,Ngm} and Ngiv € N. We then
substitute the expansion (88) in (87) and define

']tnes
APN(U, Vo) = AU, Vi) + Y Y wr, ™ (2, yr) )u(yr,) - v(yr,) dy. (89
TeTy J=1
Let the affine decomposition of A%t%kes(U, V' z) be composed of coefficients @f(m) and non-
parametric bilinear forms A?(U, V), where the index ¢ is in range {Ngm + 1,..., Ngmm +
Q%}. Changing the summation order in (89) and applying (88) and the affine decomposition

of Astokes giyeg

Neim Jmes
Afes (U, Vi) = Z ) Y. > wnq(yr)ulyr,) - viyr,) dy
n=1 @A(z) TeTy, =1
=:An(U,V)
Nem+Q%*
+ > efMx)Al U, V).
g=Npimv+1
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Updated meso problem. At the meso scale we replace the original problem (46), (47)
with the following approximation. For every z € Q and i € {1,...,d} find Ugj,, € XML,
such that

AR (Ui Viw) = Ghoes (Vi 2) YV € XL, (90)
al™(z) = Gl (U7 ) Vi, je{1,...,d}. (91)

We have shown that Assumption 12 and the approximate expansion (88) imply that APIM

mes
and G}, have affine decompositions of sizes Q'\*° + Ngmv and QF®, respectively. Let us

explain the last piece of the meso RB method, the construction of (88).

Empirical interpolation method. An approximate expansion such as (88) can be con-
structed using the empirical interpolation method [8]. For brevity we explain the method in
a general setting and then show how it applies to our problem.

Consider sets D and P and a function f : D x P — R. We build a sequence of approxima-
tions of f denoted by In[f]: D x P — R indexed by N € {0,1,..., Nemu}, where Ny € N
is the final size of the approximation. With an offline greedy algorithm (see below) we con-
struct the so-called magic points y, € P and functions ¢" : P — R for n € {1,..., Ngmv}-
We then define Iy[f](x,y) =0 and for N > 1 we let

N N
Ivif)@y) = D" @) ( D BYuf@.ym)), (92)

where BY is the inverse of the matrix (@m (Yn))1<n,m<n. The coefficients that multiply ¢
in (92) can be computed in the online stage with only N evaluations of the function f and
one matrix-vector multiplication with the matrix of size N x N. Let us define the error of
the EIM approximation simply by

Ex[fl(z,y) = f(z,y) — IN[fl(z,y).
Algorithm 13 (EIM offline stage). Set a tolerance egpy > 0. For n =0,1,... do:

1. Find where the interpolation commits the largest pointwise error:

Tnt1, Ynt1 ¢— arg max [E,[f](z, y)|. (93)
ze€D,yeP

If |E,[f](nt1,Ynt1)| < e then we stop iterating and let Ny <— n.
2. We define ¢"*': P - R as

En[fl(®ni1,9) )
En[f1(@n41, Yn+1)

"t (y) +—

Application of EIM to obtain (88). For several reasons it is not straightforward to
apply the EIM to obtain the expansion (88). First, values of the function SRE(z,y) are not
real numbers but real matrices of size d x d. Second, the set 2 x Yp is infinite, therefore,
a direct evaluation of expressions as (93) can be problematic. We address the first point by
considering a function f: Q x (Yp x {1,...,d}?) — R defined by

f@, (y,4,5)) = Bis° (. y).

The second point can be addressed by taking only finite samples of 2 and Yp that we
denote by D = ZEIM © ) and P = ZEIM C Yp, respectively. The offline EIM algorithm
then becomes numerically feasible. We obtain Ngpy € N and a sequence of magic points
(Y in, jn) € Yp x {1,...,d}? and functions ¢" : Yp x {1,...,d}*> - Rforn € {1,..., Ngmm}-
The real functions ¢" are then reshaped into matrix-valued functions by ¢} (y) = ¢"(y, 1, j)-
Thus, we define

NEm Nem
BEM (@, y) = > ¢ () (Y BumBEE, (@.um)) (94)
n=1 m=1

=:r(z)
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which is a decomposition of the desired form (88). Given a tolerance egmy, we can perform
the offline EIM algorithm and it is guaranteed that

187 (2, y) — 85 (2, 9) ¢ < Cerna (95)

for every (z,y) € ZEIM 5 ZEIM 1f the training samples are dense enough in Q x Yp we expect

that the inequality (95) holds for every (z,y) € Q¥ x Q™. We advise to choose ZEIM ¢ QH
(quadrature points of the initial macro mesh) and ZEIM < Q"' (quadrature points of the
mesoscopic mesh used to compute the RB functions) so that the training sets contain only a

fraction of the total number of the quadrature points.

RB at the meso scale. An affine decomposition of the modified meso problem (90) has
been provided and thus the requirements of the RB method are met. Given a tolerance
eRB > 0 and a finite set of training parameters X5, C Q we are ready to run the RB offline
stage. The RB approximation of Uy, is denoted as UR}; and the RB approximation of the
output of interest a®™ (z) is defined by
RB i T . j T, EIM L T,

aij (37) = Gﬁnic(U-I]XIB’ JJ) + G-I]nic (U%{;]g»’ JJ) - Ames (U;{%ﬂ U%E’ aj) (96)
Macro problem. Finally, we are ready to update the macroscopic problem (49) to the
following. Find p'RB € S1(Q, T)/R such that

H,RB
)

Burs(p q") = Lurs(¢") Vg™ € SY(Q, Tr) /R, (97)

R

where By rp and Ly rp are defined as in (50) but with the tensor a B instead of a”!.

5.1. Summary. The goal of the method we presented is to solve the macro prob-
lem (97), where the permeability a®E needs to be evaluated at every macroscopic quadrature
point. Before we can use the RB online computation for a fast evaluation of a*B, several
offline algorithms need to run. We plot the processes that yields an online evaluation of a*B
in a comprehensive flowchart diagram in Figure 4. For simplicity, we excluded the successive
constraint method from the diagram, which needs to be applied twice: before the micro RB
offline stage and before the meso RB offline stage.

User input Offline Online
5 (43), (44) affine decomposition s O4(s),0%(s)
[ I
: eRB ERB micro RB offline bRB . O x Yp — R4
1
% EEIM Egg\g, Eglel\s/l EIM offline: (94) rt . —- R
L !
affine decomposition 1 G
2 T A
SHNCL meso RB offline aRB ; Q — Rixd

Figure 4: A comprehensive guide to the computation of a®B. Thin arrows show the order
of processing. In the “online” column the thick arrows show dependence of computation, for
example, to evaluate bRB(s) for some s € Q x Yp we need to evaluate ©4(s) and ©F(s).

Time cost. Let NEE be the maximal size of the RB on the micro scale (that is, max;e gy, g Vi)

and let NIEES be the same for the meso scale. Let Npyac, Nmes, NVmic be the number of
degrees of freedom of the FE problem (97), (90), (43), respectively. Let Q%i¢, Q®i¢ and
QU, Q% be the sizes of affine decompositions of the micro and the Stokes part of the

meso problem, respectively. For simplicity, let us denote Quic = max{QIXiC,QgiC} and

Cgmes = maX{QrXesv Qg‘les}
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For any s € Q x Yp the time cost of evaluation of bRB(s) is O((NREQumic)?), as was
discussed in section 4. For any x € ) the time cost of evaluation of the coefficients " (x)
forn =1,..., Ngv takes Ngmv online evaluations of b*B and a matrix-vector multiplication
with the matrix of size Ngm X Nermv, which makes a total of O(Nemi(NEEQmic)? + Npy)-
To obtain the time cost of the online evaluation of a®*B(x) we need to add assembling and
solution of the online system, which gives O(Nemi(NEEQumic)? + (NEB (Ngiv + Qmes))?) in
total. The total time cost of the online stage of the reduced basis three-scale method is thus

(Q(Z\Tmac(]\/vEIM(]\/vglr)c,cgmic)2 (Ngg)s(NEIM + Qmes))g))-

2. A priori error estimates. In this section we show well-posedness of the RB
three-scale numerical method presented and derive a priori error estimates. We follow the
a priori error analysis from section 3.2 and take into account the additional approximation
techniques: reduced basis and empirical interpolation method.

Let us start with the micro scale. It was shown that the micro problem (33) and its
discretization (43) are well-posed (see (40), (42), and (51)). Furthermore, under rather
general assumptions on the micro geometries, the permeability tensor #° is shown to be
uniformly bounded and elliptic (see (20)) and the same is true for b"2 for sufficiently small
hs (see (56)). Moreover, both b° and b2 are symmetric.

Lemma 14. Suppose that the assumptions of Lemma 6 hold. Then there exists C' > 0 such
that for any x € Q XY we have

16°(s) = P (s)[r < C( ey +Z (LS Uﬁ%llimic> :

Proof. We use the triangle inequality
16°(s) = 0B (s) [l < [10°(s) — b"2(s)[| + [[0"2(5) — b5 (s) I
and apply Lemma 6 and the a priori error estimates in output of interest (83). O

By Lemma 14 and (56) we see that if the error of the RB approximation is sufficiently
small, then we can conclude that b®B is also uniformly bounded and constant, that is, there
are constants 0 < Ay < Ay (denoted similarly as in (20), for simplicity) such that

WRB(s)E- € > Nl€]?,  |DRB(s)€] < Aylé], VeEeRY VseQxY. (98)

Furthermore, by symmetry of A, the tensor b*B is also symmetric.

Similarly as in section 3.2 we conclude from (98) and (6) that 3RB(s) is bounded, and
positive definite, that is, there are constants 0 < A < A (denoted the same as in (21), for
simplicity of notation) such that

B (2, )€ - € > Axl€?, 18" (2, 9)é < Aklé],  VEERY, V(z,y) € QxYp.  (99)
Since bRB is symmetric then BRB(s) is symmetric too. Furthermore, there is a constant C' > 0
that depends only on A and Ag such that

1872 (s) — BRB(s)[|lp < C||b"2(s) — bRB(s)||p Vs € Q x Vp.

Finally, consider the EIM approximation of %" that we denoted by S¥™ and defined in (94).
The bound (95) is a priori valid only on the EIM training set. Assuming that (95) is valid
for all (z,y) € 2 x Q™ it can be derived from (99) that S*™ is also uniformly elliptic and
bounded for a sufficiently small tolerance egpy. Hence, there are constants 0 < Ag < Ag
(using the same notation as in (21), for simplicity) such that

BEIM('xay>§ 5 > AK|€|2a ‘/BEIM('ray)a < AK|£‘7 VE S Rda V(ﬂf,y) €0 x Qh1~

Consequently, the meso problem (90) is well-posed, that is, there are constants 0 < A\pes <
Ames (using the same notation as in (41), for simplicity) such that for any x € Q we have

AEIM U V: AEIM U V:
inf sup mes ( ) > Amess sup sup mes ( ) < Apes-
vexm vexh Ul X e VI vexm vexi UX e VI
U#0  V#0 U#0  V#0
(100)
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Hence, the RB method at the meso scale is also well-posed and the macroscopic permeability
alB(z) is well-defined in (96). Since SE™ is symmetric it is evident that AZIM is symmetric
and thus a*P is symmetric.

Lemma 15. Suppose that (100) and the assumptions from Lemma 7 hold. Then there is
C > 0 such that for any x € Q0 we have

d
k 0,2 i,
o (@)—a"(@)]lr < C (h?( ot max [3°.9) = 5 @)l + 3 U - Uﬁgnﬁgmes) :
yeR™ i=1
Proof. The triangle inequality gives
la° (@) = a"B(@)[|r < [la(z) — a®™ (@) [|F + [la®M (2) — B (2) r-

Using Lemma 7 for the first term and the a priori error estimates in output of interest (83)
for the second term gives the desired result. O

For sufficiently good RB and EIM approximation and sufficiently small hy and h; we get
that a®P is uniformly elliptic and bounded. Thus, there are constants 0 < A\, < A, (denoted
as in (27), for simplicity) such that

a®B()E- € > N €)%, |aRB(x)E] < AJJE], VEERY, VreqQ. (101)
This leads to the first global a priori error estimate.

Lemma 16. Suppose that (101) and the assumptions of Lemma 8 hold. Then there is C > 0
such that

p° = p" P ) < C<Hl + 1 = £ 2 pa + €7 | L20)e ma lla®(x) — aRB(l‘)HF)-
TE

Proof. The proof follows the a priori error analysis from [1, Section 4]. O
Finally, we propose a fully discrete a priori error estimate.

Theorem 17. Suppose that assumptions of Lemma 16, Lemma 15, and Lemma 14 hold and
that £ € H'(Q)?. Then there is a constant C > 0 such that

d
0 = pTRB gy < C | H 4+ A3V 4 h3 ) 4 max YU - UL
SEQH XQ}Ll i—1

d
+ max HBRB(S) - ﬁEIM(S)HF + ma}; Z ||UE?M o U?{%H%(mes) :

sEQH x QM zeQM 4

Proof. The proof is a direct application of Lemma 16, Lemma 15, and Lemma 14. The
regularity of f allows the estimate ||f — £ ;2 ()« < CH'. O

In Theorem 17 we resolved the errors coming from the FE discretization of the macro,
meso, and micro problems but we left the error terms stemming from the RB and EIM. If
the training sets of the offline algorithms include all the quadrature points, we get an estimate

- 2(k+1) _ 2(m+1)

1 _
|p0 - pHVRBlHl(Q) S C (Nmadc + Nmes K + Nmic a + (5§§S)2 + €gMm + (511«{“]130)2> 5 (102)

where we used the degrees of freedom instead of mesh sizes as in (71). Let us remind that in
the online stage of the reduced basis three-scale method we can only change the macroscopic
mesh (H or Npyac) and the number of RB functions used at the meso scale, where we are
limited from above by the maximum achieved in the offline stage. All the other parameters
in Theorem 17 or in (102) have to be fixed in the offline stage. If the Kolmogorov n-widths
of the mesoscopic and microscopic solution manifolds decay exponentially, then so are the
mesoscopic and microscopic RB errors.
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6 Numerical experiments.

In this section we test the proposed reduced basis three-scale method and study the effect of
different parameter choices on the global error.

Implementation. All experiments were performed on a single computer with two 8-core
processors Intel Xeon E5-2600 and 64 GB of RAM with Matlab R2015b. The finite element
code is inspired by [5,15] and it uses vectorization techniques to achieve fast assembling.
Sparse linear systems are solved by the Matlab routine mldivide. Linear systems with the
same positive definite matrix representing the inner product on X} are solved repeatedly in
the offline algorithms. We optimize this by precomputing a sparse Cholesky factorization
(Matlab routine chol). Generalized eigenproblems from the SCM method were solved using
the Matlab package bleigifp [23], which implements a block, inverse-free Krylov subspace
method. Linear programming problems from the SCM method are solved by the Matlab
routine linprog with the default settings.

Macro scale. 'We consider the macroscopic domain € = (0, 2) x (0,3) with periodic bound-
ary between the bottom edge (0,2) x {0} and the top edge (0, 2) x {3} and Neumann boundary
conditions elsewhere. The macroscopic force field is constant f = (0, —1). The macro geom-
etry and the coarsest macroscopic mesh are both shown in Figure 5.

Js

0 Ta

Figure 5: Macroscopic domain  with the direction of the constant force field f (left) and
the coarsest macroscopic mesh Ty that we consider (right).

Meso scale. To describe the porosity at the meso scale we define the reference meso ge-
ometry (Yr,Yp) and the mapping pnes. Let

Yp = {y € Y; max{[yi], |y2|} < 1/8 or [yi| >3/8 or |ya| >3/8}

as is depicted in Figure 6. The fluid part is then the complement Yr = Y\Yp. We define
©mes implicitly by describing the local mesoscopic domains Y = ¢omes(z,Yp) and Y =
Omes (2, Yr). For any z € Q let Yi¥ be such that the outer layer is unchanged but the the
inner square is moved so that it is centered at the point with coordinates [u (), u2 ()], where

_1‘, Tr1  2TTe
) = goin (T + )

8

1 . Tr1  27TTo

—sin | — — .

8 2 3

The mesoscopic domain Y can be divided into 6 subdomains as is shown in Figure 6 and
the deformation @mes(x,-) : Y — Y can be defined so that it is affine in each of these

subdomains. It is important that |u;(x)| < 1/4 and |pe(x)| < 1/4 so that this deformation
is not degenerate.

p2(x) =

Micro scale. To describe the porosity at the micro scale we define the reference micro
geometry (Zp, Zg) and the mapping ¢mic. We define Zr and the coarsest micro mesh 7, as
is depicted in Figure 7. We define ¢p;. implicitly by describing the local microscopic domain
Z§ = Omic(s, Zw). It is shown in Figure 7 how Zy can be divided by two horizontal and two
vertical lines. For any s = (z,y) € QxY the fluid part Z§ can be obtained by simply moving
these lines so that the geometry is stretched or contracted in the directions z; and 29 as is
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Figure 6: From left to right: the coarsest mesoscopic mesh 7y,; division of Y into six
regions such that @5 is affine in each of them; reference mesoscopic domain (Yp, Yr); local
mesoscopic domain (Y7, Y}¥) that is obtained by applying ¢mes.

shown in Figure 7, where the deformation is controlled by

1 2
) = ggsin (51— 252 ) cosma),
X ) (103)
T T
p2(z,y) = 5 sin (1 2+27ry1+27ry2>.
12 2
Hence, Zr can be divided into 8 regions such that pmnic(s,+) is affine in each region.
6 7 8 - N
1/6
/ 1/6+ pa(s)
4 2 —1/6 — p2(s)
—1/6 ) \; Y
17273 Pmic(s, )
_—
Nuic = 1468 ~1/6 1/6 —1/6 — p1(s)
1/6 + p1(s)

Figure 7: From left to right: the coarsest microscopic mesh 7y, ; division of Y into eight
regions such that ¢ is affine in each of them; reference microscopic domain (Zg, Zg); local
microscopic domain (Z3, Z§) that is obtained by applying ¢mic.

Fine scale solution. For an illustration of the three-scale porous media that we just
defined, we plot in Figure 8 the solution p°*°2 to the fine-scale problem (9) with &7 = 1/4
and €5 = 1/32. This solution was obtained numerically using a mesh with 908 252 nodes,
which yielded 7777418 DOF with P2/P! finite elements.

Offline computation. We now provide a step by step description of the application of the
reduced basis three-scale method to a test problem. We describe the choice of the various
parameters and illustrate how they influence the error.

The offline part of the three-scale method is performed in the bottom-up manner, starting
with the micro scale. The microscopic geometry is described in Figure 7 and its parametriza-
tion is given in (103). The coarsest micro mesh that we consider is in Figure 7(left) and using
P? /P! finite elements gives Ny = 1468. Using the technique from [4] we created refined
micro meshes depicted in Figure 9.

To apply the RB method at the micro scale we need an affine decomposition of the micro
problem. Since the deformation function ¢y, satisfies Assumption 11 such a decomposition
is available via (86). We can symbolically reduce this decomposition to size Q4 = 12 and
Qc = 4. The same random sample of parameters Z55M = ZRB — () x YV was selected for
both offline SCM and RB algorithms. The sample size was set to 1282 and the offline SCM
stage was executed with egoy = 0 = 0.5. Instead of a tolerance for the a posteriori error
estimator, we stopped the offline RB stage (Algorithm 10) when we reached the number of
RB functions equal to 50. In the experiments we will then vary the size of the RB denoted
by N1 = N, = NRB < 50.

mic
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Figure 8: A solution p2 to the fine-scale problem (9) with ¢; = 1/4 and e = 1/32.
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Npic = 3054 Npic = 6711 Npic = 13279

Figure 9: Graded microscopic meshes and the corresponding number of DOF of the micro
problems when discretized with P?/P! FE.

Having completed the offline stage on the micro scale, we now have a fast online evaluation
of bRB(s) for any s € Q) x Y and we continue with the meso scale offline computation. The
mesoscopic geometry deformation and the coarsest meso mesh are depicted in Figure 6. We
will consider also finer meso meshes that are obtained via uniform refinement and shown in
Figure 10.
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Figure 10: Uniformly refined meso meshes and the corresponding number of DOF of the
micro problems when discretized with P?/P! FE.

Affine decomposition of the meso scale is achieved by two means, as described in section 5.
We consider the modified meso problem (90) with the bilinear form AEM defined in (89) and

the linear form G? ... The first part of Ayes (denoted by AStokes) and Gi . give an affine

mes mes
decomposition as in the micro scale because the meso geometry deformation ¢y,es satisfies
Assumption 12. The second part of Apes (see (89)) comes from the EIM applied to SR
as shown in (94). In the offline EIM stage (Algorithm 13) we select random training sets
EEIM O and ZEIM C Q™ of size at most 4096. We repeat the offline EIM cycle for 100
iterations and in what follows we denote by Ngmv the size of the EIM basis that we use
(Ngmm < 100). The size of the meso affine decomposition is then Q4 = 16 + Ngpy and
Qr = 4.

With an affine decomposition of the meso problem (90) we can continue with the RB offline
computation (Algorithm 10) at the meso scale. Since the variation of the inf-sup constant is
minimal, we used a constant estimate instead of the SCM algorithm. A random sample of
parameters ZXB C ) was selected with sample size 1282. We performed the offline greedy
algorithm until we reached the number of RB functions equal to 50. In the experiments we
will then vary the size of the RB denoted by N3 = Ny = Nﬁi < 50.

Let us remark that the micro mesh, micro RB size, meso mesh, and the size of the EIM
are fixed in the offline stage and can be changed only by running the offline stage again. The
size of the meso RB (not exceeding the maximal size that was computed in the meso RB

offline stage) and the macroscopic discretization can be freely changed in the online stage.

Reference solution. We are not aware of any three-scale locally periodic porous media
with an explicitly known macro solution p° or tensors a® or b° in a closed form. Thus,
whenever we compare to p° in numerical experiments, we use a fine numerical approximation
of p¥. This reference solution is obtained by the reduced basis three-scale numerical method
with the parameters described in Table 3.

Numerical tests. In the online stage we used macroscopic mesh from Figure 5 and its
uniform refinements. We tested P!, P2, and P> macroscopic FE but in the experiments
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micro mesh (DOF) | Nyic = 212267 micro FE | P?/P!
micro RB size Ny = Ny =50

EIM size NEIM =100

meso mesh (DOF) | Nyes = 700417 meso FE ‘ P2/pt
meso RB size N1y =Ny =50

macro mesh (DOF) | Nyac = 442944 macro FE | P3

Table 3: Parameters of the three-scale reference solution.

below we show only results with 2 and P2 to monitor the saturation of the error with micro
and meso parameter variation.

In Table 4 we define micro and meso parameters of a solution that will be taken as the
starting point of the following experiments. Each time we will vary one of the parameters
and see how it influences the macroscopic error with P? and P3 macroscopic FE. In all the
experiments we observe (see Figures 11-15) that the macroscopic error converges as Nlﬂééd
when the meso and micro errors are negligible. For larger values of N,,ac the macro error
saturates and this saturation level depends on the varying parameter. This corroborates the
a priori error estimate of Theorem 17.

micro mesh (DOF) | Ny = 24654 micro FE ‘ P2/pt
micro RB size N1 =Ny =20

EIM size NEIM =50

meso mesh (DOF) | Npes = 43777 meso FE | P?/P?
meso RB size Ny =Ny =20

Table 4: Micro and meso parameters of the most precise RB solution considered.

In Figure 11 we show how the micro mesh influences the accuracy of the three-scale method.
All the parameters from Table 4 are fixed except the micro mesh (Np;.), which varies over
the meshes from Figure 7(left) and Figure 9. The following experiments are of similar nature.

In Figure 12 we show how the size of the micro RB influences the accuracy of the method.
All the parameters from Table 4 are fixed except for the micro RB size NRE that varies over
values {4, 8,12,16,20}.

Let us now discuss the effects of changing the mesoscopic parameters. The influence of the
mesoscopic mesh is shown in Figure 13. We select the meso meshes from Figure 6(left) and
Figure 10 while the other parameters from Table 4 are fixed.

The influence of the size of the EIM for SR used at the meso scale is depicted in Figure 14.
The parameter Ngpy is chosen from the set {10, 20, 30, 40, 50}.

Finally, the effect of the size of the meso RB size is depicted in Figure 15, where NE2 are
chosen from {4, 8,12, 16,20}.

These five experiments shows that the error is influenced by all parameters and they should
be carefully selected to achieve good accuracy and performance. Moreover, except the size
of the meso RB that we use, all the other parameters have to be fixed in the offline stage of
the three-scale method.
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