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ON CONVERGENCE OF THE MAXIMUM BLOCK IMPROVEMENT
METHOD

ZHENING LI*, ANDRE USCHMAJEW', AND SHUZHONG ZHANG#

Abstract. The so-called MBI (maximum block improvement) method is a greedy type approach
to solve optimization problems where the decision variables can be grouped into a finite number of
blocks. Assuming that optimizing over one block of variables while fixing all others is relatively easy,
the MBI method then advocates to update the block of variables corresponding to the maximally
improving block at each iteration, which is arguably a most natural and simple process to tackle
block-structured problems with great potentials for engineering applications. It is therefore imperative
to fully understand its convergence properties. In this paper we establish global and local linear
convergence results for this method. The global convergence is established under the Lojasiewicz
inequality assumption, while the local analysis invokes second-order assumptions. We study in
particular the tensor optimization model with spherical constraints. Conditions for linear convergence
of the famous power method for computing the maximum eigenvalue of a matrix follow in this
framework as a special case. The condition is interpreted in various other forms for the rank-one
tensor optimization model under spherical constraints. Numerical experiments are shown to support
the convergence property of the MBI method for the randomly generated instances.

Key words. maximum block improvement, block coordinate descent, nonconvex optimization,
rank-one tensor approximation, convergence, Lojasiewicz inequality
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1. Introduction. Updating the values of certain variables sequentially and iter-
atively is a common practice in scientific computation. For instance, the Gauss-Seidel
method or the Jacobi method are such schemes for solving linear equations. In the
domain of optimization, the example extends to the so-called coordinate descent
method [26]. Further, a substantial extension of coordinate descent is the block
coordinate descent to solve problems where one variable is replaced by a block of
variables.

If multiple blocks of variables are present, then the issue of selecting which order of
blocks to update becomes imperative. A natural choice is to predetermine an ordering
and then adhere to it. In the context of rank-one approximation of tensors, which
is an application we also consider in this paper, such a cyclic coordinate descent is
known as the alternating least squares (ALS) method. The difficult choice of orderings
notwithstanding, the ALS method may fail to converge at all. However, if the ALS
method converges under certain non-degeneracy assumption, then it actually has a
local linear convergence rate [39]. This is also true for higher rank approximations,
see Uschmajew [35].

For the general block optimization model, Chen et al. [7] proposed an ordering-free
approach to select an appropriate block for updates. The main idea is to implement
a block update which is the best possible among all the block updates. Hence the
method was termed mazimum block improvement (MBI). A global convergence result
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was proven in [7] under fairly loose conditions. However, the rate of convergence
remained unknown. In this paper, we prove that the local rate of convergence of the
MBI method for solving the general block optimization model is actually linear under
a non-degeneracy condition, even if the overall objective is nonconvex.

The organization of the paper is as follows. In Section 2 we recall the MBI method,
and provide a global convergence result (here and in the following understood as critical
point convergence) for block strongly multi-convex functions assuming a Lojasiewicz
inequality at a cluster point (Section 2.3). Global convergence results for this kind
of functions have been recently obtained for the cyclic (Gauss-Seidel) BCD approach
even in a non-smooth setting [38] based on the more involved Kurdyka-Lojasiewicz
inequality [19], which itself recently attracted considerable attention in nonlinear
optimization, see e.g. [4, 2]. Thanks to the greedy nature of the MBI method, the
analysis is much simpler than that for Gauss-Seidel.

In Section 3, we present the local linear convergence analysis for the MBI method
using second order information. The key assumption for linear convergence is a sort
of non-degeneracy of the limiting KKT point. For the unconstrained minimization
model, this boils down to the strict positivity of the Hessian at the KKT solution. By
a local diffeomorphism, we study the non-degeneracy condition in the case of spherical
constraints.

In the literature, global convergence results of block coordinate descent (BCD)
methods are often obtained for functions which separate into sums of functions of single
block variables. Instead, a particular situation we have in mind is the optimization of
smooth (e.g. quadratic) functions in low-rank tensor formats [11], which usually indeed
leads to block multi-convex and real-analytic problems (for which the Lojasiewicz
inequality holds), but separate into (sums of) products of lower-variate functions.
This typically makes it difficult to guarantee lower bounds of the moduli of strong
block convexity. A modified abstract global convergence statement for this situation is
formulated in Section 2.4.

More concretely, as promoted in [7], a possible application for the MBI method is
the calculation of the best rank-one approximation to a (possibly super-symmetric)
d-th order tensor F € Rm™M*n2X"X"d i the Frobenius norm. This problem can be
both formulated as a block multi-convex unconstrained optimization problem, and
as spherically constrained multi-linear maximization problem which is also known
as the tensor maximum eigenvalue problem. In Section 4, we apply our global and
local convergence results on this problem, and the corresponding numerical results
will be presented in Section 5. To the best of our knowledge, Theorem 4.2 is the
first global convergence result for best rank-one approximation by a block coordinate
descent method. The key is that it is possible to bound from below the mentioned
convexity moduli of the block functions when using a BCD method on this problem
(Lemma 4.1), an observation which might be also used to prove global convergence of
the ALS algorithm for rank-one approximation based on the results in [38].

Admittedly, rank-one tensors are the simplest objects in tensor approximation,
but serve here as a perfect illustration of our abstract results, without involving too
heavy tensor tools. Generalizations to optimization using, e.g. tensors in the TT
tensor format [29, 28], in particular the global convergence result of Theorem 4.2, will
be an interesting future research topic to be reported elsewhere.

Notation. We denote by (x,y) the Euclidian inner product of two vectors x,y €
R™, and by ||x|| = \/(x,x) the Euclidian norm. For tensors X', € R™ *m2X"X"d we
will add an additional subscript F' to emphasize that we deal with the Frobenius norm
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and inner product.
2. The MBI method and its global convergence property.

2.1. Definition of MBI. Given finite-dimensional spaces X', X2,..., X% and
subsets S? C X% a generic problem one wants to solve is

min zl 2?2, ad

st. zteSi=

where f: 5! x §2 x .- x 8% — R is a function of d block variables x* € X*. In [7] the
MBI method was proposed to solve (2.1) for certain problem classes. We first recall
its definition. For every x € S x §2 x --- x §% define the block search sets

EL={(2',..., 271} x §% x {(mi+1,...,xd)}, 1=1,2,....d,

and the shifted block coordinate cross
By =|JEL.
Let further

S(x) = argmin f(y),
YEEX

which is a set-valued function. Given a current iterate x, € S* x S2 x --- x S¢, the
MBI method chooses

Xnp+1 € S(Xn) (22)
by some rule. In practice, this amounts in calculating all restricted block solutions

&1 = argmin f(y), (2.3)
yeEL

Xn

and then choosing x,,+1 to be the 5; 1 which gives the best improvement. For reference
the procedure is reproduced in Algorithm 1.

Algorithm 1 MBI method

Require: xo € S x $2 x ---x §
1: forn=0,1,2,... do

2 fori=1,2,...,d do

3 Find some &, € argmin yeri f(¥)

4:  end for !

5

6:

d

Choose Xy, 41 € argminc 15 gy f(€541)-
end for

2.2. MBI in the context of coordinate descent methods. The MBI method
is a greedy-type block coordinate descent or relazation method. As such it is to be
distinguished from the following well-known relaxation methods.



4 ZHENING LI, ANDRE USCHMAJEW, SHUZHONG ZHANG

1. The cyclic relaxation (or nonlinear block Gauss-Seidel method), where the
optimization is looped over the spaces E! in some specified order without
a greedy comparison. Variants include the forward, the backward and the
symmetric Gauss-Seidel iteration [32]. An extreme case is the almost cyclic
iteration [24] where one only ensures one update per block coordinate within
one fixed iteration length.

2. The Gauss-Southwell rule [33], where the block coordinate with the directional
derivative of largest modulus is chosen as the next update direction. Defined
in this way the Gauss-Southwell method is meaningful for optimization in
open sets of linear spaces, although the required modifications to constrained
optimization are obvious. Since the gradient provides only local information,
the Gauss-Southwell procedure differs from MBI in general. Even for quadratic
functions, more precisely, for minimizing

5%, Ax) — (b,x)
with positive definite matrix A they can be different unless, e.g. A = al. In the
context of quadratic functions, Griebel and Oswald call the Gauss-Southwell
method the greedy multiplicative Schwarz method [12].

3. The random relaxation, where the block coordinate to be optimized is chosen
randomly. A detailed investigation of this method started rather recently [25,
31], in particular for linear equations; see [20, 12].

In comparison with the mentioned methods, MBI can be considered as the most
expensive one, since all block improvements have to be calculated per iteration, and
much of information is discarded. It is therefore understood that its applicability is
restricted to problems, where the one coordinate optimization can be done efficiently.

However, the additional cost lead to improved theoretical convergence properties
compared to the other methods. Powell [30] gave examples of even smooth functions
with a bounded sublevel set in which the cyclic relaxation can produce non-trivial
loops, i.e., with the gradient remaining bounded from below. Typically some sort of
convexity assumptions are required to prove global sub-sequential convergence to critical
points [13, 34]. This is also the case for the nonlinear Gauss-Southwell method [24].
In contrast, for the MBI method a compact sublevel set {x : f(x) > f(xq)} for the
starting value is sufficient. This is a major theoretical advantage. In [7, Theorem 3.1]
the following theorem has been proved.

THEOREM 2.1. Assume that the S* (i = 1,2,...,d) are closed, and the MBI
sequence (x,,) is bounded. Then every cluster point X, of the MBI method will be a
stationary point for (2.2), i.e.,

X € S(X4).

2.3. Global convergence based on multi-convexity and Lojasiewicz in-
equality. We consider the case that S x §2 x --- x S% is open and f is differentiable.
Then the statement of Theorem 2.1 means that V f(x,) = 0; i.e., X, is a critical point
of (2.1). Hence in the unconstrained case it suffices to prove that a sequence generated
by the MBI method converges at all to conclude that the limit point is a critical point.

To establish such a global convergence result, we would like to make use of
a powerful principle from analytical dynamical systems, the Lojasiewicz gradient
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inequality, which states that

IVF ()l = el f(x) = fx)[H° (2.4)

for all x in some neighborhood of x,. Here ¢ > 0 and 6 € (0,1). We will not go
into detail, but as Lojasiewicz showed, this inequality holds for instance at any point
X, (with the ¢ and 6, as well as the valid neighborhood depending on x.) in whose
neighborhood f is real-analytic [23, p. 92]. One can prove the following result [1].

THEOREM 2.2. Let S' x % x --- x S be open. Assume a sequence (X,) C
Sl x §% x --- x 8% satisfies the strong descent condition

FGen) = F(xn1) 2 oIV (xn) [ %041 = %nl],

and the stationarity condition

[f(Xn+1) = f(Xn)] = [Xnt1 = X4

for some o > 0 and all sufficiently large n. Then, if a cluster point x,. of the sequence
satisfies the Lojasiewicz gradient inequality (2.4), it is its limit point. This is for
instance the case, if f is real-analytic and (x,,) is bounded.

We next provide a problem class of interest — block strongly multi-convex functions
— for which MBI turns out to meet the strong descent and stationarity requirements of
Theorem 2.2. For simplicity, we restrict to the case that S = X* for i = 1,2,...,d.
We say that f is block downwards strongly multi-convez at x, if its restrictions to S?,

flo Xt SR, 2t e f(at, .2t ),

are strongly convex on the current level-set, i.e.,

T2 2 o)+ {VFw) 2 ) + Sz —yl forall g,z with F(y), £(2) < J(2),
(2.5)

where for every i = 1,2,...,d the constant £ > 0 can depend on all block-variables

except ', Similarily, we say that Vf is block downwards multi-Lipschitz at x, if

IVfi(2) = VW < Lillz =yl for all y, 2 with f'(y), f'(2) < f'(a")  (2:6)

with a constants Li which can depend on all blocks except .

We now analyze one step of the MBI method from some x,, for such functions.
For readability, we will use the subscript n instead of x,, in the following. Clearly,
every fi has a unique minimizer 2% with Vfi(zl) = 0, and trivially f(z) < f(z?).
Let ¢* be an index with maximum improvement, such that x,, 11 € Ej:n is the response
of the MBI method. Further, let

l, = min L,= max L
i=1,2,...,d " i=1,2,....d "

then we deduce from (2.5) and (2.6) that for any index j € {1,2,...,d} it holds
Fa) — Fo) = _max (f(ah) ~ f(a))

vay

> max D a2
i=1,2,....d n *

S lr j j e o
1 4 3 (o

> s — IV @)Ixn — Xt ]

=27,
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If we pick j as the index for which ||V f7(2%)| is maximal (i.e., the index of the
Gauss-Southwell rule), then it follows from ||V f(x,)||? = Zf-l:l |V £i(z?)]|? that

1 ¢,
> —— |V ) xner — xnll-
257 IV FGen) et I
Applying Theorem 2.2, we arrive at the following result.

THEOREM 2.3. Let (x,,) be a sequence generated by the MBI method (Algorithm 1)
for problem (2.1) with S* = X* fori=1,2,...,d (the unconstrained case). Assume
that

(i) f is differentiable and block downwards strongly multi-convex at all x,,, and

Vf is block downwards multi-Lipschitz at all x,, with constants £%, and Lt
respectively,

(ii) there is a constant & such that

f(xn) = f(Xn41)

min; & _

max; LY, 28>0
for all n, and
(iii) the sequence (x,) has a cluster point X, which satisfies the Lojasiewicz gradient
inequality (2.4).
Then x, is the limit point of the sequence and V f(x,) = 0.
Note that the assumption implies that f is strictly convex on every E;n N{x:
f(x) < f(x5)} so that the stationarity condition in Theorem 2.2 is indeed satisfied.
We also remark that the Gauss-Southwell rule allows for almost the same analysis.

2.4. Example: multi-convex functions in tensor optimization. Of course,
every strongly convex function on X! x X2 x --- x X% is trivially block strongly multi-
convex. Less trivial examples of such functions naturally arise in tensor optimization
by composition with multi-linear functions as follows. Let J : R?1*"2X " x"d 5 R he a
function of tensors (multi-dimensional arrays) of size ny X ny X - -+ X ng. Let further
T X' X X2 x oo x X4 — RMXmeX X he mylti-linear with respect to the block
variables ¢ € X?. The mapping T parameterizes certain tensors of low-rank. One then
wishes to minimize f = J o 7 which is multi-convex. Examples are the problem of the
best canonical low-rank tensor approximation (4.1) below, where J(X) = 1[|F — X||?
and 7(zt,2%,...,2Y) =Y _ 2t ® 22 @ - @ o with 2' € R"*". Another example
is the approximate solution of linear equations in the TT format [17].

We assume that J is differentiable and uniformly strongly convex with modulus A,
ie.,

T) = J() + (VI(X), Y~ %)+ 51V - x|
and its gradient Lipschitz continuous with Lipschitz constant A:
IVJ(Y) = VI(X)| < AllY = &]].
Further, we need bounds
Myl < Ime)Il < Mllyall, (2.7)

where we have denoted by 7% the restrictions z* — 7(z}, ..., 2% ..., 2%) of 7 on X"
Since these functions are linear, it holds (V7L (2"), y* — ') = 74 (y*) — 7 (2"). Now we
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can estimate
Fy) = T(r(y)
> J(rh(@) + (VI(rh(a), ma(y) — mh(a) + 2lri(y’) — ri @)
> filad) + (V) g — af) + 2
and similarly,
IVfi(y") = Vi (@)l < AM[ly" — 2.

Hence, in this special case Theorem 2.3 reads as follows.

COROLLARY 2.4. Let (x,) be a sequence generated by the MBI method (Algo-
rithm 1) for problem (2.1) with f = JoT and S* = X fori =1,2,...,d (unconstrained
case). Assume that

(i) there is a constant & such that

min; (m? )%
—  >5>0
max; M}
for all n, and
(ii) the sequence (x,,) has a cluster point x, which satisfies the Lojasiewicz in-
equality (2.4).
Then X, is the limit point of the sequence and V f(x,) = 0.

Since 7 is multi-linear, f will be real-analytic, if J is real-analytic. Hence condition
(ii) can be replaced by requiring the sequence to be bounded and J to be real-analytic.
We should however note that both conditions in the theorem are usual not trivial
to validate for most tensor formats. An exception are rank-one tensors for which we
present the result in Section 4.2.

3. Local convergence analysis. We return from multi-convex functions to
general ones. The local convergence analysis below is classical in the sense that it will
invoke second-order assumptions. Therefore we now assume f to be twice differentiable.

3.1. The unconstrained case. The proof of Theorem 2.1 relies on compactness
and is nonconstructive. Nothing can be said about the rate of convergence or about
how many cluster points there can be. Ideally, a numerical method is also backed by a
local convergence theorem. Local convergence analysis is again the simplest in the
unconstrained case, i.e., S* = X’ for i = 1,2,...,d. Being local in nature, the results
for the unconstrained case are obviously applicable to stationary points which lie in
the interior of S' x §2 x --- x S,

As a BCD method, we expect local linear convergence from the MBI method. As
a rule of thumb [26], one proves local linear convergence of a method by investigating
its linearization. For instance, it is well known [27] that the linearization of the
nonlinear Gauss-Seidel method around a stationary point x, (under some smoothness
assumptions) is just the linear Gauss-Seidel iteration for solving Az = 0, where
A = V?f(x,) is the Hessian at x,. Therefore, it is locally linearly convergent if
V2 f(x,) is positive definite [37] and this condition cannot be much improved in
general.

However, for the MBI method it is not clear whether its linearization is the MBI
method applied to solve Az = 0 for the Hessian (which would coincide with the
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Gauss-Southwell/greedy multiplicative Schwarz method). The simple reason is that
even if x,,11 = S(x,,) defines a map, we cannot prove that it is differentiable. Still it
should hold (as a general principle, e.g, also for nonlinear Gauss-Southwell) that the
local contractivity of a nonlinear relaxation method is governed by its application to
the second order model of the function f. This is the statement of Lemma 3.2 below.
It then remains to prove the local convergence of MBI for quadratic functions under
definiteness assumptions on the Hessian. But such results are known.

Still, we have to enforce (or assume) that the MBI iteration stays local, since
otherwise the question of local convergence would not make much sense. Let x, be
a local minimum of (2.1) with S = X for i = 1,2,...,d. Let further A = V2f(x.,)
denote the Hessian. We assume that A is positive definite. Then

x|l = (x, Ax)/?

defines the energy norm of A. By the implicit function theorem, there exists a
neighborhood V' of x, and a possibly smaller neighborhood U such that for every
X, € U the problems

Vif(x)=0, xeVNEL, (3.1)

have unique solutions. For V' small enough, they are local minima of the coordinate-
restricted problems, since the second directional derivatives are, as the diagonal blocks
of A, positive definite. The least trouble we encounter if f is strictly convex and has
bounded level sets. Then we can choose V as the whole space.

The solutions of

min  f(x)
st. xeVNEy, (3:2)

are among the d possible solutions of (3.1). Let x1°¢; be one solution of (3.2), the
particular choice does not matter. We call xi?jl the local response of the MBI method
on X,.

THEOREM 3.1. Let x, be a local minimum of (2.1) with S* = X* fori=1,2,...,d.
Assume A = V2 f(x.) is positive definite. For Xy close enough to X., a sequence (x'°°)
of local MBI responses exists. Any such sequence converges at least Q-linearly to X, in
the energy norm, i.e., there exists 0 < q < 1 such that

ey —xla < gllx7° — x| a-

To prove the theorem, we continue now, without losing generality, by assuming
x, =0 and f(x.) = 0. By Taylor expansion, we then have

£ = I3 + gneolixl3,
where 7 is some function with n(x) — 0 for x — 0. The comparison of the local MBI
method with any other coordinate descent method for A is based on the following
lemma.
LEMMA 3.2. Let A = V2f(x.) be positive definite. For every e > 0 there exists a
6 >0, such that |[x|[a,[[ylla <6 and f(x) < f(y) implies |[x][a < (1 +€)|lylla-
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Proof. For any € > 0, let ¢g := min{1/2,¢/2} > 0, and there exists § > 0, such
that ||x||la < 0 implies |n(x)| < . When ||x]|4,[|ylla < 0 and f(x) > f(y), as
[n(x)], |n(y)| < eg, we have that

1

1
(L= eo)llx[h < F(x) < f(y) < 5(1+eo)llyll4,
implying
x4 _ 1+eo 2¢g 2-¢/2 2
4 < =14 <1+ =1+2e<(1+¢€)". |
Iyl ~ 1—eo 1—¢ 1-1/2

Proof of Theorem 3.1. Recall that x, = 0 and f(x.) = 0. Given x,, let y,4+1 be
the result of some coordinate descent method applied to x,, for minimizing the convex
function x — [|x[|4, i.e., solving Ax = 0, which is known to converge Q-linearly in the
energy norm, e.g. the Gauss-Southwell method [24, 12].

Let V and U C V be balls in the energy norm such that for x,, € U both x1¢,
and y, 1 are defined, belong to V' N (U, E, ), and satisfy

lYntilla < @llxnlla

for some 0 < ¢ < 1 related to the chosen method. By definition of x!°¢; it holds
f(x251) < f(ynt1)- Let € > 0 be such small that ¢ = (1+€)g < 1. Then we can make

V smaller, so that Lemma 3.2 becomes applicable, i.e.,

loc

[xnfilla < 1+ €)llyns1lla < gllxnla-
The rest follows by induction. ]

3.2. Spherical constraints. The local convergence result obtained above is
easily applicable to constrained problems when the S° are smooth manifolds. The
idea is to consider a local diffeomorphism to the tangent space to get into the locally
unconstrained setting. We present the idea for the important class of spherically
constrained problems,

min  f(z!,22,..., 2%

st i eRY, @i =1,i=12,...,d (3.3)

Let now x, denote a stationary point of the MBI method for (3.3), i.e., a stationary
point of (2.2) with S* = {z? € X : ||2!|| = 1}. If we set Y = {z¢}+ and

a4yt al4y? ad 4y
h(y17y27"'7yd):<| >7

iyt 2+ 2 [+ ]

then all directional derivatives of h at 0 will be zero, i.e., 0 is a critical point of the
function

g:Y'xY2x - x YIS R,y f(R(Y)),

and moreover, since y — h(y) is a local diffeomorphism to a neighborhood of x, on
the spheres, a locally responding MBI method applied to (3.3) in the neighborhood
of x, is in one-to-one correspondence to a local MBI method applied to g in some
neighborhood of 0, in the sense that

= ()

mn
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would be a feasible choice when xq = h(yo).! If we show local linear convergence of

ylo¢ — 0, then also x1°¢ — x, at least R-linearly. Hence Theorem 3.1 proves

THEOREM 3.3. Assume
V24(0) is positive definite on Y x Y2 x - x Y4, (3.4)

Then a local MBI iteration (x°°) for (3.3) ewists and is R-linearly convergent to X..

Condition (3.4) is reasonable as a general assumption when 0 is a local minimum
of g. But it is typically difficult to verify for particular applications. Let us derive the
explicit formula for V2g(0). By the chain rule,

(y, V29(0)y) = (VR(0)y, V2 f(x.) - VA(0)y) + Vf(x.) - V21(0)[y, y].
Using the Taylor expansion (1 +¢)~Y/2 =1 —t/2 4+ O(|t|?) we obtain for y € Y x
Y2 x .- x Y% by using orthogonality,
(@l +y)/ el +y'll = (@l +y") L+ [y’ 2
= (2 + )~ [ly'[I?/2+ Oy 1)
=l +y' =iy’ 1?2+ Olly'[).

Hence,
Vh(0)y =y
and
V2h(0)ly,y] = —(@:lly* 1%, 221, - - 22y %)
= —diag(ly" % 19217, -, 1y 1)
Therefore,
{y: V29(0)y) = (y, V2 f(x.)y) — Vf(x.) - diag([ly" 1%, [1y°11%, - v IP)xe (3.5)

It remains to mention that using different local diffeomorphisms h from the sphere
to its tangent plane, such as stereographic or orthogonal projection leads to slightly
different convergence criteria. However, we found (3.5) reasonably simple.

3.3. Example: The interpretation of the power method as MBI. As a
model problem for the reasoning so far, consider the task

max (zt, M2?)
st Jl2tf =[l2?] =1

for calculating the largest eigenvalue Ay« of a positive definite matrix M. The global
maximum is attained for aci = mi being a normed eigenvector for An.x. Denote
f(at,2?) = —(z, Mz?), then we have

vf(x*) "z = *<Zl,MSCE> - <I1,M22>,
so in particular
V(xe) - diag([ly' 1%, [y 1%)%e = =Amax (1512 + 19217) = =Amaxlly [ (3.6)

L As above, our assumption (3.4) on the Hessian will imply that this choice is locally unique when
using the same coordinate for each iteration of (x1°¢) and (yl°°).
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Further,

(y, V2 f(x.)y) = —2(y", My?).

Let A" < Apax denote the second largest eigenvalue (counting multiplicity) of M. Then,
for y',4? € {1} it holds

—{y, V2F(x)y) = 2(y" My?) < 2X[ly - Nyl < Ny + l)12) = Myl (3.7)

This estimate is sharp (consider y* = y? being the eigenvector for \’). Inserting (3.6)
and (3.7) into (3.5) we obtain

(y:V29(0)y) = (Amax — X)lly 1>

In the case N < Apax, i.€., the largest eigenvalue has multiplicity one, the Hessian
V2g(0) is positive definite at the eigenvector for the largest eigenvalue. Otherwise
we could have some trouble which might be avoided by considering as Y only the
eigenspaces of strictly smaller eigenvalues.

Let us see how the MBI method looks like for this problem. Starting from
xo = (£,7m) and assuming that ¢7 M?2¢ > T M2y it is easy to see that the MBI method
produces the normalized version of the sequence

x' = (&, M¢), x*=(M?¢,M¢), x° = (M€ M),

This is the classical power method in each component! Under the assumption that
Amax has multiplicity one, both components tend to the corresponding eigenvector
rl =22 aslong as xo ¢ Y! x -~ x Y% which is almost surely the case. If it is not the
case, we obtain convergence to some other eigenvector under the assumption that all
eigenvalues have multiplicity one. The analysis can then be restricted to the smallest
invariant subspace of M the starting point lies in. Hence, in this model application,
the subsequential global convergence of MBI is in fact global (if all eigenvalues are
distinct), and the convergence is asymptotically linear (which, of course, is known for
the power method). We also see that a limit point might only be a saddle point of the
initial problem, although here this scenario has probability zero.

In summary, for the matrix eigenvalue model, MBI is no new method, but it is
interesting to see that the power method is a particular instance of it. In any case, it
is a very illustrative, convincing example for our general reasoning and gives hope for
“similar” applications such as the calculation of the maximum eigenvalue of tensors,
which is the topic of the section 4.

4. Convergence results for best rank-one approximation of tensors. The
rank-r decomposition/approximation

. r 2
min %‘H‘F_Zk:l T @ a2 ®"'®JS%HF (4.1)
st. zp,eR™ k=1,2,...,r,1=1,2,...,d

of a tensor F (in the Frobenius norm) is an important task in some branches of statistics
such as Psychometrics or Chemometrics, and also in signal processing, where it serves
as a model known as PARAFAC or CANDECOMP to analyze multidimensional data;
see [18] and the references therein. The task also naturally occurs in high-dimensional
tensor calculus [14].

A popular method to solve (4.1) is the cyclic coordinate descent method with
respect to the block variables x* = (2%, x%,... 2¢) € R®*" which in this context
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is called ALS algorithm. It was originally proposed by Carroll and Chang [6] and
Harshman [15]. However, as already mentioned above, the ALS method is not even
guaranteed to globally converge to a stationary point, only to a solution where the
objective function ceases to decrease; see e.g. numerical observed cases in [10]. Local
convergence of ALS has been proved in [39] for rank » = 1 and in [35] for the general
case under natural, yet controversial, assumptions on the Hessian of (4.2), which never
is positive definite due to scaling indeterminacy of the tensor product.

4.1. Best rank-one approximation. What makes (4.1) a very difficult task
besides its high nonlinearity is its possible ill-posedness for ranks r larger than one [8].
Global minima might not exist, and minimizing sequences might not stay bounded.
These problems do not occur for the well behaved rank-one approximation problem

min HF-d'e?e-- . (4.2)

x€ER™1 XR™2 X --- XR™d

We note that if x, is a critical point of (4.2) and z! ® 22 ® -+ ® 2¢ # 0, then
2l ®2? @+ @ 2¢ indeed is a critical point of X +— %||F — X||% on the smooth
submanifold of rank-one tensors. See, e.g. [36, p. 155] for further explanation.

One point we want to focus on is the equivalence of (4.2) to the maximization
of homogenous polynomials. Specifically, given F € R"1*"2XX%d " jtg corresponding
multi-linear form F' is defined as

ny n2 Nd
1,2 dy ._ 12 d
F(x', 2%, ... 2% = g E E Fivig..igTiy Tiy - - - T,

i1=1i1=1  ig=1

Note that F(z',22,...,2%) is the Frobenius inner product of F and the rank-one
tensor 2! ® 22 ® - - - ® . It is therefore clear that, up to scaling, (4.2) is equivalent to
1,2 d
max Fz(x,az,,lx) . (4.3)
st. xteR™, |2 =1,4i=1,2,...,d,
which is an instance of (3.3). The possibility to reformulate (4.2) into (4.3) distinguishes
the rank-one approximation from the higher rank case in many respects.

The equivalence (up to scaling) between (4.2) and (4.3) also holds on the level
of a single block update. Given x,, such that %, = (x/|lzL|, 22 /|22 ], ...,z /||zd])
is defined, 2!, is a possible MBI response for (4.3) starting from %,, if and only
if o8 = F(zl,..., &% 4,...,28)&% | is a valid MBI response for (4.2) from x,,.
Conversely, if (x,) is an MBI sequence for (4.2)with 71(x,) # 0 for all n, then
(zk /lzi )l 22 /|22, . . ., 2 /||zd]) is an MBI sequence for (4.3) when using the starting
point (zg/llz6ll, 23/ll=3ll, - -, 2§/ll=8l)-

Multi-linear form optimization over spheres (4.3) is a fundamental model in
polynomial optimization. Recently, this model is frequently used as a relaxation for
homogeneous polynomial optimizations; see e.g. [16]. Problem (4.3) is also known as the
largest singular value of a high order tensor [21, 22]. Variants of problem (4.2) are for
instance also important because it is the key step in some greedy tensor approximation
strategies; see [5, 9] and the references therein. It might be worth mentioning that
also in the case of a super-symmetric tensor the best rank-one approximation is
symmetric [7, 40] (i.e., 21 = 22 = --- = 2% in (4.3)), so there is no need to impose this;
unfortunately the symmetry does not hold for local minima.
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4.2. Global convergence. We prove the convergence of the MBI method
for (4.2). As previously remarked this implies an analogous result for the MBI
method applied to (4.3). The advantage of (4.2) is that it is of the form described in

section 2.4 with J(X) = %H]—‘_ X||2 and

T=71:R" xR™ x - xR" 3R, r(zh,22,...,2) =2' @0 - @z
We hence aim to apply Corollary 2.4.

The following lemma basically shows that the representation of the rank-one
tensors in an MBI method does not become arbitrarily degenerate, and essentially
allows to bound the constants in (2.7). This useful fact applies to any BCD method
for solving (4.2), e.g. Gauss-Seidel (ALS).

LEMMA 4.1. Let (x,,) be an MBI sequence for problem (4.2) with initial guess Xg
and 71(x1) # 0.2 Then it holds for all n > 1 that

[Tzl = Imxa)lle < 17, (4.4)
i=1

and
lah il > llzpll, i=1,2,....d. (4.5)

As a consequence,

0 < il < [l ll < 1F e [T I i=1,2,....d.
i

Proof. By homogeneity of the tensor product, it is clear that, for n > 1, 71 (x,)
is the Euclidian (Frobenius) best approximation to F on span7i(x,), and therefore
satisfies

I Gen) I + [1F = 7 (xn) 17 = 17

This immediately proves (4.4), but moreover, since | F — 71(x,)||r does not increase
with n, it inductively also shows

n n
0 < JTlabll = ImGea)llr < ImaGeas)lle = [T 2l

i=1 i=1
for all n > 1. Since except for possibly one index all the blocks z, and 2% _, are
equal, (4.5) follows. |

Lemma 4.1 not only tells us that (x,) is bounded in R™ x R"™2 x --- x R but
also that there exist constants 0 < m < M independent of ¢ and n such that

n
mlap | < |mGea)llr = [T len ) < Ml
j=1

for all 72 and n. The convergence of the sequence to a critical point now follows from
Corollary 2.4.

THEOREM 4.2. If 7(x1) # 0, the sequence of iterates of an MBI method applied
to the rank-one approxzimation problem (either (4.2) or (4.3)) converges to a critical
point of the problem.

2Note that 71 (xp) can be orthogonal to F in the Frobenius inner product as long as there exists

one block i for which span(z}) ® - ® R™ ® - - - @ span(zg) is not an orthogonal subspace to F.
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4.3. Local linear convergence for perturbed rank-one tensors. We con-
tinue to use the notation 71 for the rank-one map, but focus the anlysis on the
equivalent maximization problem (4.3) in order to apply Theorem 3.3.% It is easy to
see (and known) that the MBI method will find the optimal solution after d steps if

Fo=AT1(x) #0, |zl =1, X\ >0,

itself is a rank-one tensor, and if the starting point xq satisfies F'(xg) = (F, 71 (x0))r #
0, which is almost surely the case when choosing it randomly. In fact, in that case

d
Fo(ot, 22 2% = M(n(x), (%) r = X [ [ (22, 2, (4.6)
i=1
and the unique solution of a subproblem
d
min A xi, zt
2I€R™3, |z ]|=1 Ef )
is 27 = £ as long as [Liy; (=l 2%) #0.
In other words, given F(xg), x. = (x1, 22, ..., 2%) and some of its sign-flipped vari-

ants are the only cluster points of the MBI method satistying F(x.) > 0. Furthermore,
using multi-linearity and (4.6),

(v, V2F.(x)y) = A (@l y')(2l,y7) = 0 (4.7)
i#]

fory € {z1}t x {22} x - x {2d}+, and
VE(x.) - diag(lly* 1% 1)1 - 1y 1*)x = Fee)lyl1* = Adlly > (4.8)

Hence we see from (3.5) that the assumption (3.4) of Theorem 3.3 is formally fulfilled.
This of course holds for all sign flipped solutions.

By continuity, we expect the same behaviour if F does not lie too far away from
the set of rank-one decomposable tensors. However, this statement will be rather
weak. We first note that also in the case of general F the corresponding restricted
subsolutions (2.3) are unique, if F(x,) # 0, since they are minimization problems of
then non-vanishing linear functionals on spheres.

THEOREM 4.3. For every § > 0 there exists an € > 0 such that if the distance
of F/||FllF to the set of rank-one tensors is smaller than €, and if the initial guess
satisfies |[(F, 2} @ 22 @ - - @ @) p| > 0||71(x0)|| 7, the sequence of iterates of an MBI
method applied to the rank-one approzimation problem (either (4.2) or (4.3)) converges
R-linearly to a critical point of the problem.

In fact, it would be possible to prove Q-linear convergence using the results
from [35] instead of Theorem 3.3.

Proof. We sketch the proof leaving out some details. Assume the claim is wrong.
Then there exist ¢ > 0 and a sequence (F") of tensors with norm || F"| = 1, converging
to some F* = 7 (x*) with ||(z*)?]| = 1 (the set of rank-one tensors is closed), such that
for all n there exists a starting point x{; (consisting of normalized blocks) for which the

3Due to the scaling indeterminacy of the rank-one representation, Theorem 3.1 is not directly
applicable to the unconstrained version (4.2), cf. the discussion in [35].
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MBI method applied to (4.3) with F,, converges to some x7, but not R-linearly (the
convergence follows from Theorem 4.2). We can assume that the sequence of starting
points converges to some xg. Using that F'(x) depends continuously on the generating
tensor F, it is fairly easy to see that x§ has to be stationary points of the MBI method
for F.. Furthermore, F,.(x}) > 0 by the monotonicity of MBI As just discussed,
for exact decompositions of F* the only cluster points of MBI having this property
are x* itself and its sign-flipped variants, and they satisfy the main assumption (3.4)
of Theorem 3.3 that the corresponding Hessian V2gz« - (0) is positive definite on
{(z*)} x {(z*)?} x --- x {(z*)?}+. One now has to argue by continuity that
V2g7n xn (0) will be positive definite on {(2™)*}+ x {(z)?}+ x -+ x {(a™)?}+ for
large enough n, which contradicts Theorem 3.3. ]

In a way, Theorem 4.3 is an odd statement. Although it is not vacuous (unless
d is not implausibly large), it gives no concrete information. Namely, it is not very
meaningful to guarantee the quality of a starting point (by choosing d) before knowing
the actual function (whose “choice” is restricted by €). The theorem merely gives an
idea that small perturbations of rank-one tensors lead to linear convergence rate if
the starting point is not too bad. Indeed, it states that there is at least one pair (9, €)
with the desired property. Of course, ideally, one would like to see d depend on ¢, i.e.,
interchange the roles of both, and state a theorem like “for all € > 0 (perhaps smaller
than some constant) there exists § > 0 such that ...”. This can be achieved when we
only consider global minima, as we show next.

4.4. A precise bound for optimal solutions. Let F, = \,7i(x.) with ||zi] =
1fori=1,2,...,d, be a best rank-one approximation to F, such that

F=F. +E,

where ||€]| is the (Frobenius) distance of F to the set of rank-one tensors. At the
possible solution x, of (4.3), (3.5) reads

(v, V2(0)y) =25 (el at) — F(x) |y |2,

i<j

We again have to show that this expression is negative for nonzero y € {xl}+ x
{22}+ x -+ x {24}, First note that (4.7) is again valid. Next, by optimality, £ and
71(x+) = A7 1 F. have to be orthogonal in R™M*n2XXn4a je  F(x,) = 0, where E
denotes the multi-linear form associated to €. Therefore, with (4.8),

(y,V29(0)y) =2 E(xl,....v'....¢0,. .., 29) = Aly>. (4.9)

i<j

By (4.6), the rank-one tensors % ® - - - @y’ ®--- @y’ @ - - @2 are pairwise orthogonal
for all i < j in the Frobenius inner product. Using that E(zl,...,v% ..., 97,... 7xd)

*
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is the inner product with &£, Pythagoras and Cauchy-Schwarz yield

? 2
Y E@L...y. )| = <g,2xi@...®yi®...®yj®,,_®xg>
i<J i<y B
2
<R |S et vye ey e
i<j B
, , !
=€ ele- - wye vy e ol
i<j
= €I I 1217112
1<J

where the third line is due to (4.6). For a fixed value of [ly[|2 = 32, [|y/[|* the last
sum is minimal if every ¢ has the same norm ||y|/v/d. Hence

i , d—1
ZE(Iiv"'vy7"'7yj7"'51:il)S W”‘SHFH}’Hz

1<j

Inserting this in (4.9) gives the estimate

2d — 2
(v, V?9(0)y) < ( — l€lF = A*> Iy %

Thus, we end up with the condition

2d — 2
= “° s
|l <

for (3.5) to hold, which, using the optimality condition A2 = || F||% —||€||%, is equivalent
to

d
€1l < m\\fﬂﬂ (4.10)

The same bound has been obtained, in a slightly different way, in [35] to ensure local
convergence of the alternating least squares algorithm (ALS).

Theorem 3.3 can now be reformulated into the following result.

THEOREM 4.4 (cf. [35]). Let Fu = Mzl @22 ®---®x¢ be a best rank-one approz-
imation of F = F. + E. Then, if (4.10) holds, also (3.4) holds at x.. Consequently,
the MBI method is linearly convergent in a neighborhood of x, .

We emphasize that this is actually a condition on the distance of a tensor F
to the set of rank-one tensors. Although it looks surprisingly soft, and essentially
independent of the order d, one should be aware that its restrictiveness lies in the
sizes ni,na,...,nq of the tensors under consideration. The larger they are, the more
structured tensors satisfying (4.10) have to be.*

4Consider hyper-diagonal tensors of size n with entries Ay > Ay > --- > A\, > 0 on the diagonal.
The distance to the set of rank-one tensors in the Frobenius norm is ||€]] = (|A2|? + - - - + [An]?) /2,
while the norm is || F|| = (J]\1]2 + [|€]12)Y/2.
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F1G. 5.2. Three instances of (4.3) ford=4 and n; =10 (¢ =1,2,3,4) by MBI

5. Numerical experiments. In the final section, let us present some numerical
experiments of the MBI method, to make the linear convergence being visible. We
focus on the problem of finding the largest singular value of a high-order tensor, that
is, given a tensor F € R"t*™2X"X7d with its associated multi-linear form F, on the
optimization model (4.3).

All the computations are conducted in an Intel Core2 Quad CPU 2.70GHz computer
with 4GB RAM. The supporting software is MATLAB 7.12.0 (R2011a) as a platform.
We use MATLAB Tensor Toolbox Version 2.5 [3] whenever tensor operations are called.
We test instances of (4.3) with d = 3 or d = 4, and the data are randomly generated.
In particular, the components of F follow i.i.d. standard Gaussian. The initial solution
xo = (23,23, ...,xd) are also randomly generated, with each block being drawn from
uniform distribution on the unit sphere.

We follow the standard MBI procedure (Algorithm 1) to solve (4.3) and output a
sequence (x,,) of approximate solutions, which itself always (by observation) converges
to a stationary point x,. Here the stopping criterion is both ||x,, — x,,_1] < 1078 and
F(x,) — F(xp-1) < 10712, In the following, we regard x. as a solution to (4.3). This
approach is common since it lacks alternatives: only for trivially structured tensors a
best rank-one approximation can be exactly determined.

The sequence (—logy ||Xn —Xu||) is plotted in Figures 5.1 and 5.2. Three randomly
generated instances (random JF and xg) are presented in each figure, which clearly
show the linear convergence of the MBI method. In fact, these curves appear to be
convex when the iterations are near the stationary points, suggesting that the local
rate of convergence may even be super-linear, at least for very small perturbations.
Clearly, since F' is locally Lipschitz, the plots for the logarithm of F(x,) — F(x,)
would look almost the same and are not of importance here.

5.1. Rank-one approximation of perturbed rank-one tensors. As dis-
cussed in Section 4.3, if the tensor F does not lie too far away from the set of rank-one
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EN/FII ‘ <01 02 03 04 05 06 ,/3%2 ~0.632 0.7 08 09
Recovery (%) ‘ 100 9 99 99 94 90 84 72 40 16
TABLE 5.1

Recovery of perturbed rank-one tensors using random starting points by MBI

decomposable tensors (within 4/ ﬁ multiple of the Frobenius norm of the perturbed

tensor), then the MBI method is linearly convergent in a neighborhood of a best
rank-one approximation tensor of F. In this set of tests, we set out to check the
performance of the MBI method in recovering perturbed rank-one tensors, which gives
an idea of how large that neighborhood can expected to be.

Let d =4 and n; = 10 for i = 1,2,3,4 in (4.3). We randomly generate a normalized
rank-one tensor Fy (from randomly generated vectors), then put F = Fy + £ where
&y is a random orthogonal perturbation satisfying |||/ r/||F||r = €. For F we first
obtain a “best” normalized rank-one approximation F, using MBI. Note that it holds

for & = F — F,
V31t lI&lE =1 < [IEF < [I&llr

(the first term is the distance of F to the unit sphere), that is, ||E.||r/||F||F is also of
order e.

We then apply the MBI method to solve (4.3) using random initial solution 100
more times, and check if they all return to the same stationary point, indicating the
exact recovery or not. For different level of perturbation (||€||r/||F|| ), the chance of
exact recover by the MBI method is listed in Table 5.1 (according to 100 random test
instances). It clearly shows that for a large allowed distance to the set of rank-one
tensors (e.g. 50%), the MBI method is able to recover the original rank-one tensor.
This somewhat confirms Theorem 4.3 that for small perturbations the convergence
result is almost global.

In the same context we expect that the local convergence region for the stationary
point F* = 2! ® 22 ® 2 ® 2% should be larger, the smaller the perturbation is, that is,
the smaller the distance of F to the set of rank-one tensors is. Next we try to confirm
this. We let the algorithm start from initial points

I’l +y1 1,2 +y2 1.3 +y3 1.4+y4
xo@l,xaxw)( N ) (5.1)
0:20: %0 %0) = 3T T2 4 o2 T + 921 Tk 4 471 )

T =
generate the initial points 100 times and check if they all return to F*, indicating
the exact recovery or not. The percentage of exact recovery for different perturbation
I€Ile/I|F|lr of F and radius § for starting points is listed in Table 5.2. It clearly
confirms the expectation. Indeed, the local convergence region is quite large even for

largely perturbed tensors.

where 3 L2 and 0 for i =1,2,3,4 are randomly generated for fixed §. We

5.2. Comparison with ALS and random block improvement. In this set
of tests, we compare different block search procedures to solve (4.3). Apart from
the greedy-type search method (MBI), we apply the workhorse algorithm ALS for
low-rank approximations of tensors, which is a cyclic search method. Besides, we also
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v IE1/1F1
Il <01 02 03 04 05 06 07 08 09
Tt +u7]

<05 100 100 100 100 100 100 100 100 100

0.6 100 100 100 100 100 100 100 100 99

0.7 100 100 100 100 100 100 100 99 94

0.8 100 100 100 100 100 100 100 98 86

0.9 100 100 100 100 100 100 98 89 56

1.0 100 99 96 93 84 64 40 18 1

TABLE 5.2
Convergence regions of perturbed rank-one tensors by MBI

try random block search procedure, to be named by RAN, where the next block to be
updated is uniformly (with probability ﬁ) chosen among all the blocks except the
block updated previously. As a side remark, when implementing MBI, the next block
to be updated is chosen the best one among all the blocks except the block updated
previously, for the sake of saving computational cost.

In order to observe the local convergence properties of these three methods (MBI,
ALS and RAN), we first apply the MBI method to get a stationary solution x.. Then
we add x, with a small perturbation over its null space as the initial solution like (5.1).

Specifically, z} = % with random y® Lz’ and Hac‘j!;illi\l = 0.05 for i = 1,2,3,4
(hence ||xg — x.|| = 0.1). Apply the three methods independently with the same initial
solution xg, and report the results only when all the three methods converge to the
original stationary solution x,. Five randomly generated instances are plotted in
Figure 5.3. Each row of figures are for the same instance, representing curves of the
three methods according to number of iterations, the gap to the stationary solution
(—logyg l1Xn — X«||), the loss of function value (—log,y(vs — vy)), as well as the CPU
time.

The following observations are clearly visible by comparing these three methods
(Figure 5.3).

1. The linear convergence of all the methods are validated. In most cases, the
convergence rate of MBI is slightly better than that of ALS, and both of them
are clearly better than RAN.

2. Under random data tensors, the plots for gap to the stationary solution are
almost same as that for loss of function value.

3. In terms of the CPU time, MBI is the most costly, mainly because it checks
d — 1 blocks in each iteration. In fact, one can use a parallel implementation
for the block search in each MBI iteration, which ALS and RAN cannot apply.
We estimated the time for parallelized MBI by dividing by d — 1, which should
be adequate for random data. Then the CPU time plots (the last column in
Figure 5.3) are almost same as the iteration plots (the first two columns).

4. MBI is a more stable and reliable method to use, as almost all the plots look
the same. In comparison, the prediction of ALS and RAN convergence is quite
uncertain, especially for RAN.

All the test instances are quite uniform and random. In our next and final test,
we incorporate some artificial structure. We adopt exactly the same test procedures
for comparing the three methods as above, the only slight difference is the choice of
the starting point. After having applied the MBI method to get the stationary point
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X,, the initial solution is chosen as

e e R o xi+y4>
2+ yH 1 a2 + w21 ot + 9217 a2 + ]

where the y; are random. Both the first two blocks and the last two blocks of the
initial solution, are hence small perturbations of the first two blocks of the stationary
point.

Again, we apply the three methods using the same initial solution xg, and report
the results only when all the three methods output the original stationary solution
X,. Three randomly generated instances are plotted in Figure 5.4. In contrast to the
previous observations in Figure 5.3, a clearer advantage of the MBI method for the
structured initial data can be seen in this set of tests.

1. The convergence rate of MBI outperforms that of ALS and RAN significantly.

2. In terms of the CPU time, MBI is the fastest to get a low accuracy (say at least
1072) even under this costly subroutine (not considering the parallelization).
This suggests us to propose MBI at least as a starting procedure.

3. MBI is much more robust than ALS and RAN. In same cases, the convergence
rates of ALS and RAN can be very slow.

To conclude this section, in terms of the number of iterations, the search for
a better block in each iteration is important. The MBI method usually converges
faster than other block coordinate search type methods. Though this greedy type
search method may increase the overall computational cost, parallel implementation

X0 = (x(1)7x87$37z4) = <
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FI1G. 5.4. Three instances of (4.3) using structured starting points by MBI, ASL and RAN

for the block search in each MBI iteration is strongly recommended. Besides, applying
the MBI method in the beginning to a point close to the stationary point, and then
switching to other searching methods would be suggested. No matter what type of
search method is applied, the convergence is only linear. The MBI method is the only

one

(amongst the considered) to guarantee global convergence to a stationary point,

as shown in [7].
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