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Localized orthogonal decomposition method for the wave
equation with a continuum of scales

Assyr Abdulle! and Patrick Henning?

Abstract

In this paper we propose and analyze a new multiscale method for the wave equa-
tion. The proposed method does not require any assumptions on space regularity or
scale-separation and it is formulated in the framework of the Localized Orthogonal De-
composition (LOD). We derive rigorous a priori error estimates for the L2-approximation
properties of the method, finding that convergence rates of up to third order can be
achieved. The theoretical results are confirmed by various numerical experiments.

Keywords finite element, wave equation, numerical homogenization, multiscale method,
localized orthogonal decomposition
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1 Introduction

This work is devoted to the linear wave equation in a heterogeneous medium with multiple
highly varying length-scales. We are looking for an unknown wave function u® that fulfills
the equation

Opu(x,t) — V- (a°(x)Vu(z,t)) = F(x,t) in Q x (0,7,
u®(z,t) =0 on 99 x (0,77, (1)
u®(z,0) = f(z) and 0w (x,0) = g(z) in Q.

Here, Q denotes the medium, [0,7] C R™ the relevant time interval, a® the wave speed, F a
source term and f and g the initial conditions for the wave and its time derivative respectively.
The parameter € is an abstract parameter which simply indicates that a certain quantity is
subject to rapid variations on a very fine scale (relative to the extension of §2). € can be seen
as a measure for the minimum wave length of these variations. However, we stress that we do
not assign a particular value or meaning to € in this work. Due to the fast variations in the
data functions, which take place at a scale that is very small compared to the total size of the
medium, these problems are typically referred to as a multiscale problems. Equations such as
(1) with a multiscale character arise in various fields such as material sciences, geophysics,
seismology or oceanography. For instance, the propagation and reflection of seismic waves can
be used to determine the structure and constitution of subsurface formations. In particular,
it is necessary in order to locate petroleum reservoirs in earth’s crust.
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land, Assyr.Abdulle@Qepfl.ch, Patrick.Henning@epfl.ch



Trying to solve the multiscale wave equation (1) with a a direct computation, using
e.g. finite elements or finite differences, exceeds typically the possibilities of today’s super
computers. The reason is that the computational mesh needs to resolve all variations of the
coefficient matrix a®, which leads to extremely high dimensional solution spaces and hence
linear systems of tremendous size that need to be solved at every time step.

In order to tackle this issue, numerical homogenization can be applied. The term numer-
ical homogenization refers to a wide set of numerical methods that are based on replacing
the multiscale problem (1) by an effective/upscaled /homogenized equation which is of the
same type as the original equation, but which has no longer multiscale properties (the fine
scale is "averaged out”). Hence, it can be solved in lower dimensional spaces with reduced
computational costs. The obtained approximations yield the effective macroscopic properties
of u® (i.e. they are good L2-approximations of u¢). Multiscale methods that were specifically
designed for the wave equation, can be e.g. found in [4, 14, 23, 29, 32]. In Section 5.4 we
give a detailed overview on these approaches.

In this paper, we will present a new multiscale method for the wave equation which does
neither require structural assumptions such as a scale separation nor does it require regularity
assumptions on a®. We will not exploit any higher space regularity than H'. Furthermore, it is
not necessary to solve expensive global elliptic fine scale problems in a pre-process (sometimes
referred to as the ’one-time-overhead’, cf. [22, 21, 29]). Our method is based on the following
consideration: the L2-projection Py of the (unknown) exact solution uf into a coarse finite
element space is assumed to be a good approximation to an (unknown) homogenized solution.
Furthermore, the L2-projection Pp2(uf) can be well approximated in a low dimensional finite
element space. If we can derive an equation for Pr2(u®), all computations can be performed in
the low dimensional space and are hence cheap. This approach fits into the framework of the
Localized Orthogonal Decomposition (LOD) initially proposed in [27] and further developed
n [20, 17]. The idea of the framework is to decrease the dimension of a high dimensional
finite element space by splitting it into the direct sum of a low dimensional space with a
high H'-approximation properties and a high dimensional remainder space with negligible
information. The splitting is based on an orthogonal decomposition with respect to an energy
scalar product. In this work we will pick up this concept, since the remainder space in the
splitting is nothing but the kernel of the L2-projection.

The general setting of this paper is established in Section 2. In Section 3 we motivate the
method and in Section 4 we introduce the space discretization that is required for formulating
the method in a rigorous way. Our main results are stated in Section 5 and proved in Section
6. Finally, numerical experiments confirming our theoretical results are presented in Section

7.

2 Wave equation

In the following, we consider the wave equation (1) in weak formulation, i.e. we seek u® €
L%(0,T; H(Q)) and dyu® € L2(0,T; H-1(2)) such that for all v € H}(2) and a.e. t >0

(Ot (1), 0) + (@ VU (- 1), Vo) 12y = (F(0,0) 12
(u(+,0),v) 2y = (fsv) 12(0) » (2)
(O (+,0),0) 1200y = (9, V) 12() -
L(

Here, the dual pairing is understood as (L,v) = L(v) for L € H~1(Q) and v € H}(Q2). In the
following, we make use of the shorthand notation LP(H?®) := LP(0,T; H*(2)) for 1 < p < o0
and 0 < s < 1. In order to guarantee the existence of a unique solution of the system (1), we
make the following assumptions:



(HO)  Q C RY, for d = 1,2,3, denotes a convex bounded Lipschitz domain with a piecewise
polygonal boundary;

e the data functions fulfill F' € L?(0,T; L*(Q)), f € H} () and g € L?(Q);

e the matrix-valued function a® € [LOO(Q)]fyfnd that describes the propagation field is

symmetric and it is uniformly bounded and positive definite, i.e. a® € M(«, 3,Q) for
B8 > «a > 0. Here, we denote

M(a, B,9) = (3)
{a € [L®(Q)]] al¢)? < a(x)E - € < BIE[* for all ¢ € R and almost all z € Q}.

sym

Under assumptions listed in (HO) there exists a unique weak solution u® of the wave equation
(1) with du® € L*(0,T; L?(2)). Furthermore, u® is regular in time, in the sense that u® €
CO0,T; HY(2)) and dyu € C°(0,T; L%(2)). This result can be e.g. found in [25, Chapter
3.

In addition to the above assumptions, we also implicitly assume that the wave speed a®
has rapid variations on a very fine scale which need to be resolved by an underlying fine grid.
The dimension of the resulting finite element space (for the spatial discretization) is hence
very large. The method proposed in the subsequent sections aims to reduce the computational
cost that is associated with solving the discretized wave equation in this high dimensional
finite element space.

In order to simplify the notation, we define

b (v, w) = / a*Vu - Vw for v,w € HY(S). (4)
Q

3 Motivation - Numerical homogenization by L?-projection

In this section we motivate a multiscale method for the wave equation and discuss the frame-
work of our approach. All the subsequent discussion will be later rigorously justified by a
general convergence proof. We are interested in finding a homogenized or upscaled approxima-
tion of uf. In engineering applications this can be a function describing the macroscopically
measurable properties of u* and from an analytical perspective it can be defined as a suitable
limit of u® for € — 0 (see Section 5.3 below for more details).

Since u® is a continuous function in ¢, we restrict our considerations to a fixed time t.
Hence, we leave out the time dependency in the notation and denote e.g. u® = u®(-,t).

Let T denote a given coarse mesh and let Viy C HE(Q) denote a corresponding coarse
finite dimensional subspace of Hg(Q) that is sufficiently accurate to obtain accurate L
approximations. To quantify what we mean by ”sufficiently accurate”, let Py denote the
L%-projection of H}(Q) on Vy, i.e. for v € H}(Q) the projection Py(v) € Vi fulfills

/ Py (v)wg = / vwy for all wy € Vg. (5)
Q Q

We assume that
|u® = P (u)|z2(0) < dm,
where 0p is a given small tolerance. Let us denote upy := Pg(uf) € Vy. Obviously, the

L?-projection will average out all small oscillations that cannot be seen on the coarse grid Tx
(in this sense the projection homogenizes u). By definition, uy is the best approximation of



u® in V with respect to the L?-norm. Next, we want to find a macroscopic equation that is
fulfilled by u.
Since Vuy does not approximate Vu®, we are interested in a corrector Q(ug), such that

/ a®*(Vupg +VQ(ug)) - Vog = / a*Vu® - Vug for all vy € Vg,
Q Q

or in a symmetric formulation

/ o (Vurr + VQ(ur)) - (Vor + VQ(ur) = / WV (Vo +VQ(un))  (6)
Q Q

for all vy € V. A suitable corrector operator @ needs to fulfill two properties:
1. Q(ug) must be in the kernel of the L2-projection Py in order to preserve the L2-best-
approximation property

/ utvg = / Ug vy = /(uH + Q(UH))UH for all vy € V.
Q Q Q

2. It must incorporate the oscillations of a®. A natural way to achieve this is to make the
ansatz

/ﬁ%wm+VQ@myv%:Q
Q

where the test function vy, should be in H}(f2), but with the constraint v, € kern(Py). The
constraint is necessary to make the problem well posed (solution space and test function
space are identical).

In summary, we have the following strategy if u® is a known function: find uy € V that
fulfills equation (6) and where for a given vy € Vy the corrector Q(vy) € kern(Pp) solves
Joa®(Vvg + VQ(vg)) - Vo, = 0 for all vy, € kern(Py). Observe that this ug fulfills indeed
upg = Pr(u®) as desired, because (by equation (6)) the function e := u® — ug — Q(upg) is in
the kernel of Py. Hence for all vy € Vg

[wvn = [ (o + Quanen = [ (wi+ Qun) + o = [ o,
Q Q Q Q
which means just uy = Py (u®). Consequently, we also have the estimate

" —unllr20) < Ou- (7)

The only remaining problem is that we do not know the term fQ a*Vu*Vuyg on the right
hand side of (6). However, we know that

/aSVuEVv—/FU—/attufv.
Q Q Q

If the solution ¢ is sufficiently regular then dyu® is well approximated by dyuy = Pr (0 u®)
in the sense of (7).

This suggests to replace dyu® by Oyug and to solve the approximate problem to find
uyg € Vg with

/aE(VﬂH—i-VQ(ﬂH)) (Vg +VQ(vy)) = / Foy —/@taH vy A / a*VuVug
Q Q Q Q

for all vy € Vg.

Note that the above presented strategy is not yet a ready-to-use method, since the exact
computation of the corrector @) involves global fine scale problems. In order to overcome this
difficulty, a localization of () is required together with a suitable fine scale discretization. The
final method is presented in the Section 5. Before we can formulate the method, we introduce
a suitable fully discrete space-discretization.



4 Spatial discretization

In this section we propose a space discretization for localizing the fine scale computations in
the previously described ansatz. For that purpose, we make use of the tools of the Localized
Orthogonal Decomposition (LOD) that were introduced in [27] (see also [13, 17, 20, 18, 26]
for related works).

The spatial discretization involves two discretization levels. On the one hand, we have
a coarse mesh on () that is denoted by Ty. Ty consists either of conforming shape regular
simplicial elements or of conforming shape regular quadrilateral elements. The elements are
denoted by K € Ty and the coarse mesh size H is defined as the maximum diameter of an
element of 7. One the other hand we have a fine mesh that is denoted by 7. It also consists
of conforming and shape regular elements. Furthermore, we assume that 7}, is obtained from
an arbitrary refinement of 7Tz, with the additional requirement that h < (H/2), where h
denotes the maximum diameter of an element of 7. In practice we usually have h < H. In
particular, 75, needs to be fine enough to capture all the oscillations of a®. In contrast, the
coarse mesh is only required to provide accurate L?-approximations.

For 7 = Ty, T, we denote

Pi(T) :={v e C%w) | VK € T,v|x is a polynomial of total degree < 1}, (8)
Q1(T) :={v e C%w) | VK € T,v|x is a polynomial of partial degree < 1}.

With this, we define the classical coarse Lagrange finite element space Vi by Vi := P1(Tp,) N
H(Q) for a simplicial mesh and by Vi := Q1(T) N HY(Q) for a quadrilateral mesh. The
fine scale space V}, is defined in the same way.

Subsequently, we will make use of the notation a < b that abbreviates a < Cb, where C'is
a constant that can dependent on d, €2, a;, 8 and interior angles of the coarse mesh, but not
on the mesh sizes H and h. In particular it does not depend on the possibly rapid oscillations
in a®. We write a <p b if C is allowed to further depend on T and the data functions F, f
and g.

The set of the interior Lagrange points (interior vertices) of the coarse grid Tz is denoted
by Ng. For each node z € Ny we let ®, € Vg denote the corresponding nodal basis function
that fulfills ®,(z) =1 and ®,(y) =y for all y € Ny \ {z}.

In the next step, we define the kernel of the L?-projection (5) restricted to V}, in a slightly
alternative way. Recall that this kernel was required as the solution space for the corrector
problems discussed in Section 3. However, from the computational point of view it is more
suitable to not work with the L?-projection directly, since it involves to solve a system of
equations in order to verify if an element is in the kernel. For that reason, we subsequently
express kern(Pply, ) equivalently by means of a weighted Clément-type quasi-interpolation
operator Iy (cf. [9]) that is defined by

—

;P
Ig:H}(Q) = Vi, v Ig(v) = Z v, ®, with v, := m 9)

ey (1, @) 120

With that, we define
Wi, == kern(Igly;,).

Indeed the space W), is the previously discussed kernel of the L?-projection. This claim can
be easily verified: if Ig(v,) = 0 for an element v, € Vp, then we have by the definition of
Iy that (vp, (I)Z)Lz(g) = 0 for all z € Ng. Since ®, is just the nodal basis of Vg we have
(Vh, @u)r2(q) = 0 for any @y € V. Hence W), = kern(Iy |y, ) C kern(Py|y;,). In particular,
we have the splitting V}, = imag(Prlv;,) ® kern(Pglv,) = Vi @ Wi,



Recall that the optimal corrector Qp o : Vu — W}, (in the sense of Section 3) can be now
formulated as: find Qp q(vy) € Wy, with

be(UH + Qh,Q(UH)a wh) =0 for all wy, € Wy, (10)

where b°(-, -) is defined in (4). However, finding @ o(vg) involves a problem in the whole fine
space V}, and is therefore very expensive. For this purpose, we wish to localize the corrector
Qn,0 by element patches.

For k € N, we define patches Uy (K) that consist of a coarse element K € Ty and k-layers
of coarse elements around it. More precisely Uy (K) is defined iteratively by

Up(K) := K,

Up(K) = U{T € Ty | TNUp_1(K) #0} k=1,2,.... (1)

Practically, we will later see that we are only require small values of k (typically & = 1,2,3).
With that, we define the localized corrector operator in the following way:

Definition 4.1 (Localized Correctors). For k € N, K € Ty and Uy (K) defined according to
(11), we define the localized version of kern(Psly; ) by

Wh(Uk<K)) = {wh S Wh‘ wp, =0 in \ Uk(K)}

The localized version of the operator (10) can be constructed in the following way. First, for
vy € Vi find Q{L{,k(vH) € Wi(Ug(K)) with

/ afVQE, (vy) - Vuwy, = —/ a*Vog - Vwy, for all wy, € Wp,(Uk(K)). (12)
Ui (K) 7 K
Then, the global approximation of @, is defined by

Qnilvr) == > Qf(vm). (13)

KeTy

Observe that if k is large enough so that U(K) = 2 for all K € Ty (a case that is only useful
for the analysis), we have Qp r = Qp 0, Wwhere Qp o is the corrector operator introduced in
(10).

Remark 4.2 (Splittings of V}). The space that is spanned by the image of (I + Qp ) is
given by

Vliln,qk: = {UH + Qth(’UH)’ vy € VH} (14)

Furthermore, we denote V5, := {vy + Qna(ve)| vy € Vi } for the optimal corrector. This
gives us the following splittings of Vj:

Vi, = Vg & Wy, where Vg LW, wurt. (- ')L2(Q)>
Vi = Vi © Wh, where  Vig L Wy wart. b°(-, ),
Vi, = Vﬁ’sk e Wh,.

Beside the operator 7 that we defined in (9) other choices of interpolation operators (such
as the classical Clément interpolation) are possible to construct splittings Vj, = V35, @ W,
with Vi75, Lye(..) Wh. If the operator fulfills various standard properties (like interpolation

error estimates, H!'-stability, etc.; cf. [18] for an axiomatic list) the space Vi3, will have



similar approximation properties as the multiscale space that we use in this contribution.
However, we note that the particular Clément-type interpolation operator from (9) yields the
L?-orthogonality Vi L W}, which is typically not the case for other operators. This is central
in our approach. In this paper we particularly exploit this feature to show that we obtain
higher order convergence rates under the assumption of additional regularity. We also note
that the Lagrange-interpolation fails to yield good approximations (cf. [20]).

Remark 4.3. Observe that the solutions Qp x(vy) of (12) are well defined by the Lax-
Milgram theorem. Furthermore, it is was shown that solutions such as Qp, (vg) (with local-
ized source term) decay with exponential speed to zero outside of the support of the source
term (cf. [27, 17]). More precisely, we will later see that we have an estimate of the type
IV(Qnk — Qno)vn)ll2) S kd/ZQkHVUHHLz(Q) for a generic constant 0 < 6 < 1. Hence,
we have exponential convergence in k and small values for k (typically k£ = 2,3) can be used
to get accurate approximations of Q. For small values of k, the local problems (12) are
cheap to solve, they can be solved in parallel and @, (®.) is only locally supported for every
nodal basis function ®, € V.

5 Multiscale Methods and error estimates

Based on the discretization and the correctors defined in Section 4, we present semi-discrete
multiscale method for the wave equation and state a corresponding a priori error estimate.
As an example of a time-discretization, we also present a Crank-Nicolson realization of the
method and state a fully discrete space-time error estimate. In order to abbreviate the
notation, we define effective/macroscopic bilinear forms for vy, wy € Vi by

bak(ve, wn) == 0" (vg + Quir(ve), wy + Qni(wy)) and
(va, wa) gk = (v + Qnir(vh), wh + Qni(wh))r20),

where b° is defined in (4).

5.1 Semi-discrete multiscale method for the wave equation
We can now formulate the method.

Definition 5.1 (Semi-discrete multiscale method). Let k& € N denote the localization pa-
rameter that determines the patch size Ug(K) for K € Ty (according to (11)) and hence
also determines the localized corrector operator Q. The semi-discrete approximation
up € H*(0,T; Vi) (of uf in L?) solves the following system for all vy € Vi and ¢ > 0

(Owum (1), ve) i + b k(um k(- t), ve

) (,t), v + Qh,k('UH))LQ(Q) )
(wr g + Qnx(umr))(+,0)

)

)

(F
T e(f); (15)
Pii(9),

Or(um gk + Qni(ump)) (-0

with the projections mj7; and Pp defined in (17) and (18) below.

Recall Vi be the space defined in (14). We subsequently define two elliptic projections
for v € L?(0,T; H3()) and one L%-projection.

1. The projection mj, : L2(0,T; H}(2)) — L?(0,T;V}) is given by:
find mp,(v) € L%(0,T;V},) with

b (mp(v) (-, 1), w) = b (v(-, 1), w) for all w € V},, for almost every t € (0,7"). (16)



2. The projection 7y, : L0, T; H () — L*(0,T; V%) is given by:
find 757, (v) (-, t) € V75, with

V(e (0) (-, 1), w) = b°(v(-, 1), w) for all w € Vi3, for almost every t € (0,T).
(17)

For U(K) = Q, we denote by %, the above projection mapping from L2(0,T; H(Q))
to L2(0, T; Vi)

3. The L*-projection Py : L*(0,T; Hy(Q)) — L*(0,T; Vi7s,) is given by:

find P (v) (-, t) € Vi3 with

(P (v)(-5t), w) 20y = (v(- 1), w)r2(q) for all w € Vi3, forae. t € (0,7).
(18)

Remark 5.2 (Existence and uniqueness). If assumptions (HO) are fulfilled, the system
(15) has a unique solution. This result directly follows from standard ODE theory, af-
ter a reformulation of (15) into a (finite) system of first order ODE’s with constant coef-
ficients and applying Duhamel’s formula. Due to the Sobolev embedding theorems, we have
ug r € CL([0,T; Vir). If additionally f € C°(0,T; L*(Q)), we even get ug . € C*([0,T]; V).
The corrector Qp, i (up ) inherits this time regularity.

Note that the time-regularity does not allow any conclusions on uniform bounds for e.g.
0cw s k|l Lo (0,711 (0))- Bounding this term by the data functions requires more assumptions.
In order to guarantee optimal convergence rates, we need more assumptions on the regularity
of the data functions. Our assumptions will slightly differ from the regularity assumptions
for the standard finite element method for the wave equation, which requires higher space
regularity. Our assumptions on the other hand involve a higher time regularity to obtain
optimal convergence rates. The following (graded) regularity assumptions refer to the solution
u® of (2). The parameter s € {0,1} in (H2) and (H3) below is specified when one of the
assumptions is used. Exploiting the notation LP(H§) := LP(0,T; H(Y)) (with HY := L?),
we introduce the following (graded) assumptions.

(H1) We have dyu® € L'(H}).
(H2) We have dyu® € LY(H}); Opuf, F € L*®(Hg) and Oyeu®, O, F € L' (H{).

(H?)) We have 6tu5 S LOO(H(%), 8tttu5,8tF S LOO(LQ), 8ttu5,F S LOO(HS), 8ttu5 € Ll(H(%),
Ofuf, 0y F € LY(L?) and g € HL(R).

Assumption (H1) is the minimum assumption for deriving explicit convergence rates in
H. Observe that we do not make any high order space regularity assumptions (i.e. involving
H#(Q) for s > 1). This guarantees that the following estimates are independent of the
oscillations in a®*. We are now prepared to formulated the first main result of this contribution.
In the following, Cy denotes a (generic) constant that can depend on F, f, g, « and 3, but
not on €.

Theorem 5.3 (A priori error estimates for the semi-discrete method).

Assume that (HO) and (H1) with ||0u®|| 10,751 Q) < Ca (i-e. there holds a uniform bound
in €). By m, we denote the elliptic projection of H3(Q) on Vi, (cf. (16)). Let u® denote the
exact solution of the wave equation (2) and let up i be the numerically homogenized solution



defined by (15). We let s € {0,1}. Then there exists a generic constant Cy (i.e. independent
of H, h and €) such that if k > (1/2)(2 4+ s)Cy|In(H)| we have the following a priori error
estimates:

If (H2) is fulfilled with s = 0 and if ||Opu®|| L1y + |00u® || oo (p2) + [|0weu® || 1(12) < Ca, we
obtain the corrector estimate

u® = (up g + Qni(um )l Lo r2(0)) ST H? + Opa- (19)

If (H2) is fulfilled with s = 1 and if ||0u®|| g1y + 100u® || oo (1) + [ Oetev® || 1 (1) < Ca, we
get

u® = (um g + Qui (i)l noe o r2()) ST H® + 0pa. (20)
If (H3) holds with s =0 and if
100 || oo 11y + 100t poo 2y + 100w | L1y + 10eete® || oo 2y + 10767 || 122y < Cas
we get

[00u® — Op(ur ke + Qnk(wr )l Loo 22y + | — (umk + Qnk(um k)| ooy S H + Op2-
(21)

If it holds (H3) with s = 1; if the initial value in (15) is picked such that we have Oy(up j +
Qnr(umy))(-,0) = wiry(g) and if

[0vu|| oo 11y + 100" || oo (1) + 1 0wu® | pr 1y + 10ku® || oo 12y + ||321U6HL1(L2) < Cu,
we get

10vu — Oy (upr g + Qui(wrr )l oo 2y + u° — (urr e + Quae(wr k)| poo(mry St H? + Op2-
(22)

Here, the fine scale errors op1 and o2 are given by
On,1 = [[u® — mp(u)|| oo 2y + 10 — T (Opu)| 12y
and
On,2 = [|0pu” — mp(Opu”)|| oo (£2) + [|0nu” — mh (Ouw®) || L1 (z2) + [lu” — mh(u”) || oo (1)

where my, is the elliptic-projection on Vj,. Note that 6y ; will yield optimal orders in h, if u®
1s sufficiently reqular.

A proof including refined estimates (i.e. estimates where all dependencies on u¢ and k
are worked out in detail) is given in Section 6.

Remark 5.4. Concerning Theorem 5.3, we note that the uniform bounds in ¢ are not very
restrictive, since they do not involve higher order space derivatives (i.e. H*(f2) with s > 1).
For instance for m € N and s > 1, it is well known that typically ||0;"u®||p2(0,r;ms()) —
for e — 0 (cf. [10]), whereas (if it exists) [|0]"u®||r2(0,7;m1(0)) remains uniformly bounded, if
the initial data does not trigger rapid time oscillations. In Remark 6.5 we present an example
how to guarantee the uniform bounds by making assumptions on the initial data.
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5.2 Time discrete multiscale method for the wave equation

In this section, for J € N, we let At := % > 0 denote the time step size and we define
t" := n/At for n € N. In order to propose a time discretization of (15), we introduce some
simplifying notation. First, recall that for every coarse interior node z € Ny, we denote the
corresponding nodal basis function by ®,. The total number of these coarse nodes shall be
denoted by Ny and we assume that they are order by some index set, i.e. Ny = {z1,...,2n5}-
With that we define the corresponding stiffness matrix S, € R¥*N by the entries

(Sk)ij = b r(Ps;, P2,)

and the entries of the corrected mass matrix M € RV*N by
(Mg)ij = (P2, P2y k-

The load vectors Gy, fi, gr € RV arising in (15) are defined by

(Gk)i(t) = (F(-,t), (I)zi + Qh,k(q)zi))L2(Q) 5

N

(fi)i is such that 7 (f) = Y (fo)i(®z, + Qni(®,)), (23)
l;l

(gr)i is such that Pi(9) = Y (dk)i(®=; + Qni(®s,)), (24)
=1

with 7%, being the elliptic projection on V5 (see (17)) and Pp%, being the L?-projection
on V73 (see (17)). Hence, we can write (15) as the system: find (1) € RN with

My&i(t) + Spéi(t) = Gy(t),  for0<t<T

and &,(0) = fi, and &(0) = gx. This yields upk(-,) = 300, (&(t))i®x,-
In order to solve this system we can apply the Newmark scheme.

Definition 5.5 (Newmark scheme). For n > 1, given initial values 5,5;0) € RY and ¢ ,gl) e RV,
and given load vectors Gén) € RV, we define the Newmark approximation f,gnﬂ) of & (t+D)
iteratively as the solution €](€n+1) e RN of

(D)2 My, (00 = 26 + ¢ 7)

1 ~ (n 3 ~ n A A~ n— n
+ 55 (235,§ 41— 4B+ 29)eM + (1+ 28 — 29)¢ 1>):G,§>‘

Here, B and 4 are given parameters.

An example for an implicit method is given by the choice B = 1/4 and 4 = 1/2, which
leads to the classical Crank-Nicolson scheme. Another example is the leap-frog scheme that
is obtained for B =0 and 4 = 1/2. The leap-frog scheme is explicit (up to a diagonal mass
matrix which can be obtained by mass lumping).

As one possible realization, we subsequently consider the case =1 /4 and 4 = 1/2, i.e.
the Crank-Nicolson scheme (see Definition 5.6 below). We state a corresponding a priori error
estimate and the numerical experiments in Section 7 are also performed with this method.
Before we present the main theorem of this section, let us detail the method by specifying
the initial values and the load vectors for the Crank-Nicolson method.
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Definition 5.6 (Fully-discrete Crank-Nicolson multiscale method). As before, let k € N de-
note the localization parameter that determines the patch size Uy (K) for K € Ty (according
to (11)). The load functions Gy, fx,gr € RY are defined according to (23) and we denote
G,(Cn) = %(th” + Gp(t"71)) for " = nAt, n > 1. Defining 5,&0) = fi and 77(0) := G, the

k
approximation (g,(j),n,(j)) € RN x RY in the n’th time step is given as the solution of the

linear system

AtQ n AtQ n— n— n
(S Sk + M = (M = == Sinf" ™ — stspe" ™ + 2eGy

w7 = S0 G0 1 )
With that, the Crank-Nicolson approximation of (15) is defined as the piecewise linear
function ug a1 with

N
e D N ) L
urAek(t) = Z (N(flﬂ: ))z‘ + F(f}& +1))i> D, for t € [t", t"1]. (25)
i=1

Remark 5.7. Existence and uniqueness of (f,(gn), n,(gn)) in Definition 5.6 is obvious since the

system matrix (ATtQSk + M) has only positive eigenvalues.

In order to obtain the optimal convergence rates with regard to the time step size, we
require an additional regularity assumption.

(H4) Let either s = 0 or s = 1. We have dyu® € L?(H}); Opu®, F € L®(HY); Ouu®, O F €
L*(H) and 0fu® € L?(L?). Furthermore, there exists a generic constant Cy that can
depend on T, F), f, g,§2, a and 8 but not on &, such that

1050 L2y + 106w || oo oy + [0etet® | 2 iy + 1107 w7 || 212y < Ca
With this assumption, we can formulate the optimale error estimate for the Crank-Nicholson
version of the multiscale method.

Theorem 5.8 (A priori error estimates for the Crank-Nicolson fully-discrete method).
Assume that (HO) is fulfilled and let s € {0,1}. Beside this, let the notation from Theorem 5.3
hold true and let up At = um At be the fully discrete numerically homogenized approximation
as in Definition 5.6. Then there exists a generic constant Cy (i.e. independent of H, h and
) such that if k > (1/2)(s + 2)Cy| In(H)| we have the following a priori error estimates:

If (H4) holds with s = 0 we obtain the corrector estimate

Jmax [|[(u” = (um,at + Qni(umar) (5 ")z @) St H? + At? + 6. (26)

If (H4) holds with s =1 we have

Jmax {|(u” — (um,ae + Qnk(uma) (5 ") 2 @) St H? + A8+ b (27)

Here, the fine scale error oy, is given by
On := |lu® — 7 (u)|| oo (0,7522(00)) + 1000 — TR (Oeu®) | L2 (0,722 (02))-

The theorem is proved at the end of Section 6.
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5.3 Relation to the homogenization of the wave equation

In this section we recall some fundamental results concerning the homogenization of the wave
equation and relate it to our multiscale method. Furthermore, we present an estimate for the
error between homogenized solution and the coarse part of our multiscale approximation. In
the following, we let Y := [0,1]? denote the unit cube in R? and we let Ci? (Y') denote the
set of continuous functions on R¢ that are Y-periodic. Furthermore, we denote the space of
periodic H'-functions by

—o7
H}(Y):=CY(y) ™™

The essential question of classical homogenization is the following: if (a®).~¢ represents a
sequence of coefficients and if we consider the corresponding sequence of solutions (u®)c>o (2),
does u® converge in some sense to a u’ that we can characterize in a simple way. The hope
is that u” fulfills some equation (the homogenized equation) which is cheap to solve since it
does no longer involve multiscale features (which were averaged out in the limit process for
e — 0). With the abstract tool of G-convergence it is possible to answer this question:

Definition 5.9 (G-convergence). A sequence (a%)s>0 C M(a, 3,) (i.e. with uniform spec-
tral bounds in ¢) is said to be G-convergent to a € M(a, 8,Q) if for all F € H-(Q) the
sequence of solutions v* € H}() of

/ a*Vo© - Vo = F(v) for all v € H} ()
Q
satisfies v — v¥ weakly in H}(Q2), where v° € H} () solves
/ a®Vo - Vv =F(v)  for all v € H}(Q).
Q

The following result was obtained in [8, Theorem 3.2]:

Theorem 5.10 (Homogenization of the wave equation). Let assumptions (HO) be fulfilled
and let the sequence of symmetric matrices (a%).~0 C M(a, 3,8) be G-convergent to some
a® € M(a,3,2). Let u¢ € L®(0,T; H}(Q)) denote the solution of the wave equation (2).
Then it holds

u® —u®  weak-+ in L>=(0,T, H}(Q)),
puf — O’ weak-x in L=(0,T, L*(R2))
and where u® € L(0,T; H}(Q)) is the unique weak solution of the homogenized problem
(0 (-, 1),0) + (a"Vul (-, 1), V’U)L2(Q) = (F(-,1),0) 200 for allv € H}(Q) and t > 0,
(u°(-,0), U)L2(Q) = (,v) 20 for all v € H(Q), (28)
(0,u°(-,0), U)LQ(Q) = (9,v) 2(q) for all v € Hi ().

Theorem 5.10 implies that it is sufficient to identify the G-limit of a sequence of matrices
(a%)es0 C M(a, 5,Q) in order to formulate the homogenized problem. Hence, by the defini-
tion of G-convergence, the problem of finding a® reduces to a standard linear elliptic problem.
However, in many cases it is not possible to construct a® explicitly. Explicit formulas are for
instance available for locally periodic coefficients a°, i.e. a®(x) = a(x, Z) for a Caratheodory
type matrix-valued function a € [L*°(1, Ci?(Y))]dXd (hence, a® is e-periodic on a fine scale).
By standard theory for elliptic problems (see e.g. [11, 28]), it is well known that (a®).>¢ is
G-convergent to a limit a® € M(a, 3,€) that can be expressed by the solutions of so called
cell problems. More precisely, the following holds true:
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Conclusion 5.11 (Homogenization for locally periodic structures). Let assumptions (HO)
be fulfilled and let a®(z) = a(z, £) for a function a € [LOO(Q,C’?(Y))]dXd. Then a° is G-
convergent to a’ € M(a, 3,1) that is given by

@)= [ alwu)(e; + ) - (e + Tywilo )
and where w; € L2(Q, H'(Y)) is a solution of
/ a(z, - )Vywi(z, ) - Vo = —/ a(z,)e;- Vo Vo e HY(Y)
Y Y

for almost every x € . Hence, after computing/approximating a” with the above strategy,
problem (28) can be straight forwardly solved in a coarse finite element space.

The next theorem shows that in scenarios where it is not possible to compute or approx-
imate a”, we can still approximate u° by using our multiscale method.

Theorem 5.12 (A priori error estimate for the homogenized solution).

Let u® denote the solution of (2) and assume that (HO) holds. Consider the setting and the
notation of Theorem 5.3 and 5.8. In particular, we assume k > Cy|In(H)| and the fine scale
error Oy, is given by

On = [|u” = 7 ()| Lo 0,1522(0)) + 100" — mn(Fpu) || L2(0,mi22(02))-

Furthermore, by u® we denote the homogenized solution given by (28), by up := UH | we
denote the semi-discrete numerically homogenized solution and by ug sy = up sk the fully-
discrete one.

If (HO) and (H1) are fulfilled and if ||0pu®| 110,11 (2)) < Ca for some generic constant
Cy that can depend on F, f,g,Q, a and 3, but not on €, then we have the error estimates:

[0’ — upll oo, r020)) Sr H + 04 + [[u” — v oo o7 02(02)) (29)
and

Jmax [u® (") = an( ") | n2i) Se H + A + 05 + u” — 0|l pooriz2().  (30)
If we replace the elliptic projection w5, (f) in (15) by the L*-projection P .(f), estimate
(29) still remains valid.

The theorem is proved in Section 6. Observe that if we are in the homogenization setting
of G-convergence, i.e. if it holds |lu® — UOHLOO(07T;L2(Q)) <r C(e) £ H with C(e) — 0, then
estimate (29) reads [[u® — ug|| 10 7.12()) ST H + 6. The assumption C(e) < H excludes
that the coarse grid already resolves all microscopic structures (which is an unpractical case
that is of no relevant interest).

5.4 Survey on other multiscale methods for the wave equation

The number of existing multiscale methods for the wave equation is rather small, compared
to the number of multiscale methods that exist for other types of equations. Subsequently
we give a short survey on existing strategies to put our method into perspective.

One way of realizing numerical homogenization is to use the framework of the Heteroge-
neous Multiscale Method (HMM) (cf. [1, 2, 3, 12, 19]). The method is based on the idea
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to predict an effective limit problem of (1) for € — 0. This can be achieved by solving local
problems in sampling cells (typically called cell problems) and to extract effective macroscopic
properties from the corresponding cell solutions. In some cases it can be explicitly shown
that this strategy in fact yields the correct limit problem for € — 0. The central point of the
method is that the cell problems are very small and systematically distributed in €2, but do
not cover §2. This makes the method very cheap. For the wave equation, an HMM based on
Finite Elements was proposed and analyzed in [4]. An HMM based on Finite Differences can
be found in [14]. Since the classical homogenized model is known to fail to capture long time
dispersive effects (cf. [24]) another effective model is needed for longer times. Solutions for
this problem by a suitable model adaptation in the HMM context can be found in [5, 6, 15].
The advantage of the HMM framework is that it allows to construct methods that do not
have to resolve the fine scale globally, allowing for a computational cost proportional to the
degrees of freedom of the macroscopic mesh. But it requires scale separation and the cell
problems must sample the microstructure sufficiently well. In many applications, especially
in material sciences, these assumptions are typically well justified, in geophysical applications
on the other hand, they might be often problematic. In this work, we hence focus on the
latter case, where the HMM might not be applicable.

Beside the multiscale character of the problem, one of the biggest issues is the typically
missing space regularity of the solution. In realistic applications, the propagation field a®
is discontinuous. For instance in geophysics or seismology, the waves propagate through a
medium that consists of different, heterogeneously distributed types of material (e.g. different
soil or rock types). Hence, the properties of the propagation field cannot change continuously.
This typically also involves a high contrast. The missing smoothness of a® directly influences
the space regularity of the solution u® which is often not higher than L>(0,T; H*(Q)). As a
consequence, the convergence rates of standard Finite Element methods deteriorate besides
being very costly.

To overcome these issues (multiscale character and missing regularity of u®), Owhadi
and Zhang [29] proposed an interesting multiscale method based on a harmonic coordinate
transformation G. The method is only analyzed for d = 2, but it is also applicable for higher
dimensions. The components of G = (G1,...,Gy) are defined as the weak solutions of an
elliptic boundary value problem V(a*VG;) = 0in Q and G;(x) = z; on 992. Under a so called
Cordes-type condition (cf. [29, Condition 2.1]) the authors managed to prove a compensation
theorem saying that the solution in harmonic coordinates yields in fact the desired space-
regularity. More precisely, they could show that (uoG) € L°(0,T; H?(£2)) and furthermore
that

I o Gll (o rimyy < C(F.g) + Cllotul-, 0) 20

where C(F, g) and C are constants depending on the data functions, but not on the variations
of a®. Consequently, by using the equality Oyu(-,0) = V- (a*V f) — F(-,0), the L (H?)-norm
of u¥ oG can be bounded independently of the oscillations of a® if the choice of the initial value
is such that ||V - (a*V f)||12(q) can be bounded independent of €. Note that |[u® ||z (0,7;m2(0))
(if it even exists) is normally proportional to the Wh*-norm of a® (if it exists), which is
the reason why classical finite elements cannot converge unless this frequency is resolved by
the mesh. The harmonically transformed solution of the wave equation does not suffer from
this anymore. With this key feature, an adequate analysis (and corresponding numerics) can
be performed in an harmonically transformed finite element space, allowing optimal orders
of convergence. The method has only two drawbacks: the approximation of the harmonic
coordinate transformation G and the validity of the Cordes-type condition. Even though the
Cordes-type condition can be hard to verify in practice, the numerical experiments given in
[29] indicate that the condition might not be necessary for a good behavior of the method.
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The approximation of the harmonic coordinate transformation G on the other hand can
become a real issue, since it involves the solution of d global fine-scale problems. This is an
expensive one-time overhead. Furthermore, spline spaces are needed and it is not clear how
the analytically predicted results change, when G is replaced by a numerical approximation
G},. Compared to [29], our method has therefore the advantage that it does not involve to
solve global fine scale problems and relies on localized classical P1-finite element spaces.

Another multiscale method applicable to the wave equation was also presented by Owhadi
and Zhang in[30]. Here a multiscale basis is assembled by localizing a certain transfer property
(which can be seen as an alternative to the aforementioned harmonic coordinate transforma-
tion). In this approach, the number of local problems to solve is basically the same as for
our method. However, the local problems require finite element spaces consisting of certain
C'-continuous functions. Furthermore, the diameter of the localization patches must at least
be of order v/ H|In(H)| to guarantee an optimal linear convergence rate for the H'-error,
whereas our approach only requires H|In(H)].

The Multiscale Finite Element Method using Limited Global Information by Jiang et
al. [22, 21] can be seen as a general framework that also covers the harmonic coordinate
transformation approach by Owhadi and Zhang. The central assumption for this method
is the existence of a number of known global fields G1,...,Gny and an unknown smooth
function H = H(G1,...,Gny,t) such that the error e = u® — H(G1,...,Gny,t) has a small
energy. Based on the size of this energy, an a priori error analysis can be performed. The
components of the harmonic coordinate transformation G' are an example for global fields
that fit into the framework. Other (more heuristic) choices are possible (cf. [22, 21]), but
equally expensive as computing the harmonic transformation G. The drawback of the method
is hence the same as for the Owhadi-Zhang approach: the basic assumption on the existence
of global fields can be hard to verify and even if it is known to be valid, there is an expensive
one-time overhead in computing them with a global fine scale computation.

With regard to the previous discussion, our multiscale method proposed in Definition 5.6
has two benefits: the method does not require additional assumptions on scale separation or
regularity of a® and it does not involve one-time-overhead computations on the full fine scale.
In particular, our method is independent of the homogenization setting and does not exploit
any higher space regularity than H'.

6 Proofs of the main results

This section is devoted to the proof of Theorem 5.3. Before we can start with proving the a
priori error estimates, we present two lemmata. The first result can be found in [9, 27]:

Lemma 6.1 (Properties of the interpolation operator). The interpolation operator Iy :
HE(Q) — Vi from (9) has the following properties:

lo = T (V)22 @) + Hllv = Ta(0) | 11(0) < Cry Hl|vll g1 o), (31)

for all v € H&(Q) Here, Cr,, denotes a generic constant, that only depends on the shape
regularity of the elements of Ty. Furthermore, the restriction Ig|y, : Vu — Vug is an
isomorphism on Vi, with (I|v,; )~ being H'-stable.

Observe that ((IH‘VH)fl o IH)’VH = Id. On the other hand ((IH‘VH)il o) IH)’W;, = 0.
Hence, for any vy, = vy +wy € Vi = Vg & Wy, with vy € Vg and w, € Wy we have
((Iulvy) Yo In)(vy) = vg = Py(vy) and therefore

((Irlviy) ™" o In)lv,, = Prilv, - (32)
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Furthermore we have the equation

T (V) = (Pu o ) (v) + (Qnk 0 P o miry,) (v) for all v € HY (). (33)
The next lemma was proved in [17]:
Lemma 6.2 (Decay of local correctors). Assume that (H0) hold true and that k € N~q. For
KeT, let pff € Wy, be the solution of

/ aEVth - Vwy, = Fg(wp) for all wy, € W), (34)
Q

where Frc € WY is such that Fx(wp) = 0 for all wy, with supp(wy) C (2\ K). Furthermore,
let th’k € Wi(Uk(K)) be the solution of

/ a*Vprt  NVwy = Fe(wy)  for all wy, € Wiy (Ug(K)). (35)
Uk (K)

Then there exists a generic constant 0 < 6 < 1 (independent of H, h or ) such that

2

> VR -t SEOF Vo 720 (36)
KeTy LQ(Q) KeTy

Proposition 6.3. Let assumptions (H0) be fulfilled and corrector operators defined according
to Definition 4.1 for some k € Nsg. Then we have the estimate

IV (Qnk — Qne) )l 2 S kY208 Vor || 120 (37)

for allvy € Vi and with 6 from Lemma 6.2. Furthermore, the operator Qp i is H'-stable on
Vi and the operator (Py o miyy) is H'-stable on HX(), i.e.

Yog € Vi : ”Qh,k(vH)HHl(Q) g HUHHHl(Q) and (38)
Vo e Hy(Q): [[(Promin) ()l o) < vl

Proof. Let vy € Vi be arbitrary. In view of (36) for pf’k = Qfgk(vH) and pX = QhK,Q(vH)
we get

1/2
IV(Qnk — Qua)(wm)l2) S kY265 | D IVQEawn)lliz0
KeTy
1/2
SEPE LS (IVerlliag |
KeTy

where we used that for any K € Ty

QR k(v 1 0y S b (@hp(vr), Qhp(vm)) = — /KGEVUH VO (vn)
SAVorl 2o @bk (e L @)-

This proves (37). Since Qp q is obviously H 1_gtable on Vi and since k%20* is monotonically
decreasing for growing k, the H'-stability of Qn i follows directly from (37). The elliptic
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projection 77, is also obviously H Lstable. Finally, the H!-stability of (Py o ﬂ'In}bk) follows
from the identity Pgly, = (IH]‘_/}II oIg)lv, (see (32)), the H'-stability of IH]‘_/; on Vi and
the H'-stability of Iy on H}(f2) (see Lemma 6.1). Hence:

1(Prr o 71) )l i) = Uk ly,, o In o ) () o) S vl
for arbitrary v € H(Q). O

The next lemma gives explicit error estimates for the elliptic projections on Vil

Lemma 6.4. Let u® be the solution of (2) and let the corrector operator Qp i, be given as in
Definition 4.1 for some k € Nsqg. Furthermore, let n§7, and m, denote the elliptic projections

according to (17) and (16). We further denote the L?-projection of Vi, on Vi by Py. The
following estimates hold for almost every t € [0,T].
If Oiuf € LY(0,T; HY(Q)) for i € {0,1,2}, then it holds
1(Pr o i) (O (-, 1)) — O (- )| L2 (39)
< 0fut () = T (Ofu® () | 2y + (H + 0"k |0 (- 6) || 11 )

Assume that i € {0,1,2} and s,m € {0,1}. If diu® € L'(0,T; H'(Q)) and 02T, 0iF €
LY(0,T; H5(S2)) it holds

175k (B (- 1)) = Bfus (- )| m) S 1036 (1) = 7 (B (1)) |1 2y (40)

H(HPT 4 R ACTIROETIR) (1|97 (- t) — OLF ()| s o) + 10fu" ()| @) -

Proof. Error estimate under low regularity assumptions (39). We use an Aubin-Nitsche du-

ality argument for some arbitrary v € L*(0,7; H}(2)). Let us define egy j, := 75, (v) — mp(v).
We regard the dual problem: find z, € L'(0,T;V},) with

b (wh, 20 (5 1) = (em k(- 1), wn)r2(0) for all wy, € V3, forae. t€(0,7)  (41)

and the dual problem in the multiscale space: find Ziy € Vf‘}i with
b (w™, 2f7 k(5 1) = (emr(-, 1), w™) 21 for all w™ € Vi3, forae. t€(0,7). (42)
Obviously we have b%(w™, (25, — 2j7}) (-, 1)) = 0 for all w™ € V3 and for almost every
t € [0,T]. This implies that (25 — 27q) (-, t) is in the b°(-, -)-orthogonal complement of V5,

(for almost every t), hence it is in the kernel of quasi-interpolation operator I. Omitting
the t-dependency, we obtain

bV (2n — 2, 20 — 2H0) = (emks2n — 2 o) 12(Q)
= (enn (zn — 2Fa) — Tn(2n — 2i0))2(0)
(31)
S Hllewxllrzllzn — 25l mr o) (43)

Next, let us define the energy
E(UH) = bs(zh —VH — Qh,k(UH)y Zh — VH — Qh,k(UH)) for Vg € VH

and let us write 27 = zm,0 +Qno(zr0) and 2k = ZHk +Qnk(zm k) With 2o, 2k € V.
Since we have

bE(Zh —ZHk — Qh,k(ZHJg),UH + Qh,k(UH)) =0 for all vy € Vg,
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we know that this is equivalent to the fact that zp ; € Vy must minimize the energy E(-) on
V. Hence

lzn — 2k — QuiCzap)llme < lzn —2zr0 — Quie(zao)ll @)
< = 2Halla @) + 1(Qna — Qne)(za0)ll 1 (0)
(43),(37) o2
S Hllem k| 2 + 07k 7(|Qno(zm0) | m1 (o)
(38 kpd/2
S (HAE)enkllre o)

And as a direct consequence, using b°(emk,2f7),) = 0 (combining (16) and (17) for test
functions in Vj7%)

lerkll72q) = b (ks 2) = b (erks 20 — 2571) S llemkll ) (H + 0°kY?)ler kll 12() -
(44)

The bound [legkllriQ) S [[vllai) and 75 (v) = (Pr o 7)) (v) + (@nk © Pr o i) (v)
conclude the estimate

[(Paomie)() —vllrzi < 7Ek(v) —vllr2@) + [(Quk © Pr o i) ()| L2 (0
(31),(38) ke d/2
S o= @)l ey + (H + 0K |[0] g1 0y + Hv]| 1o
Hence for all v € H&(Q)

|(Prr o w5) (@) = vl ey + I3 (0) = vll 22y S 10— (@)l 220y + (B + 8K o]l i1 0.
(45)

The results follows with v = d{u® (-, t).

Error estimate under high reqularity assumptions (40). For the next estimate, we restrict our
considerations to the solution u® of (2). Let the regularity assumptions of the lemma hold
true and let us introduce the simplifying notation

v°:=0ju® and F :=0}F.
We observe that v* solves the equation
(O (+£), w) g0y + V(0 (-, 8),w) = (P, 1), w) (0
for all w € H}(S2), for almost every t € (0,T). By the definition of projections, we have
bV (T a(v®) — mr(v%)) (1), w) =0 for all w € Vi3, for almost every ¢ € (0, 7).
We conclude (77 (v¥) — mp(v°))(+,t) € W), for almost every ¢ and in particular
Ig (g () — 7 (v)) (-, 1)) =0 for almost every ¢ € (0,T). (46)

Furthermore, with the notation W?ﬁk(vs) = vk +Qnk(vE k) and ﬁln}fg(ve) =vH0+Qno(vHn)
we have again that vy i (-, t) € Vg minimizes the energy

E(®g) =0 (mp(v°(-t) = Pu(,t) — Qni(@r) (1), ma(v° (1) — @ (1) — Qni(Pw) (- 1))
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for @y € Vi and therefore

175 s (0= (1) = ma (0 () L) = v () + Qua(va k) (5 1) — (v (5 )l @)
S lloma(t) + Qui(vma) (1) — ma (0 (5 0)) L1 (o)

For brevity, let us from now on leave out the t-dependency in the functions for the rest of
the proof. Hence, we obtain in the same way as for the low regularity estimate

|75 (V%) = Ta (V) 1)
< Numa + Qnalvae) — ()| g1@) + (Qna — Qni)(vro)llm (@)
S lvee + Qra(vaa) — m(v) g1 @) + kd/z@k”ﬁ“fk(”s)”m(g)
S Imia(0®) = ma(0)llar @) + 72007 g1 o)- (47)
We next estimate the term |[mj7o (v%) — m(v¥) | 1(q) in this estimate. For this, we use the
equality
(v, wn) 2 = (v = I (v), wn — T (wh))r2(0) for all v € L*(Q), w;, € Wy (48)

This equation holds because of Iy (wy) = 0 for all w, € W), and (UH,wh)Lz(Q) = 0 for all
vy € Vi (because wy, is in the kernel of the L2-projection). With that we obtain
V(i (v®) — ma(v%) , mia(v®) — ma(v%))
= b (mp(v%), ma(v%) — T (V%))
= b (v, m(v°) — (V7))
= (F—=0w0", mp(v°) — 7o (%)) 12 (0

L (F-0u07) — In(F=0uv°) , (nn(v7) ~m3a(v%)) — T (m (%) =i (0) ) 12y

31) B
< HTYE = 0uv®|| s | (v°) — 75 (0) o) -
Combining this with (47) we get
75 (V%) — T (V%) |10y S HIPH0wv® — Fllps) + k205 [0% || 1o (49)

which proves the estimate (40) for the case m = 1. Now, we prove the estimate for the
case m = 0 by applying the same Aubin-Nitsche argument as above. Defining ep ) =
T (v7) — mh(v°) we are looking for z, € L%(0,T; V) and 237, € Vis that are defined
analogously to (41) and (42). Hence we get with same strategy as before

25 = 2nll @) S (H + k720 len 1 120

and hence together with (49)

ler k720 = 65 (emns 20 — 25|
S (H2 4+ 190%) (1000 = Fllgso) + 10 m @) lemn

LQ(Q).
In total we proved (40) for m =1, i.e.

ms

H,k(va) - UEHLQ(Q)
S0 = mn(09) |2y + (HT2 4+ k20%%) (|00 — Fllas () + 1] 1)) -

I
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In view of Lemma 6.4, it is necessary to bound the various time derivatives of u° indepen-
dent of €. In Theorem 5.3 this issue was shifted to making various additional assumptions on
the existence of corresponding uniform bounds. In the next remark, we show a possibility of
how to justify this.

Remark 6.5 (Uniform bounds in e for the time derivatives of u¢). The regularity required
in Theorem 5.3 (including the e-uniform bounds) can be guaranteed be making assumptions
on the data (c.f. [16, Chapter 7, Theorem 6]). The uniform e-bounds can be for instance
justified by making additional assumptions on f and g in the following way:

Let m € N>, then (under the assumption of sufficient regularity) we have

(0720 (-, 1), 07 Mt (1)) + b7 (0 us (-, 1), O s (-, 1)) = (9" F (-, 1), 0" s (-, 1)),
Hence

107" || oo 022 () + 1076 | oo (07,111 (02))

< N0 Fllzorz29) + 107 (0, )| 22(q) + IV - (a° VO U (0, )] r2(0)-

For m = 1 and by 0u®(-,0) = g, u°(-,0) = f and the compatibility condition dyu(-,0) =
F(-,0) 4+ V - (a°*Vu&(-,0)) (which is required to obtain sufficient regularity) we get

0 || oo (0,122 (02)) + [102° || oo (0,11 ()
S N0 F 20220 + I1F(0) + V- (a*V )2 + IV - (a°Vg) 2 (0)-

Therefore, if the initial data is such that ||V - (a*Vg)||r2(q) and ||V - (a*V f)[|12(q) can be
bounded independent of e, we can bound |[|0uu®||pe(0,m;22(0)) and [|0pu® || Lo (o,r;m1(Q)) in
the same way. This easily generalizes to higher time derivatives of u® by exploiting the
corresponding higher order compatibility conditions.

The estimates (19) and (20) in Theorem 5.3 are a direct consequence of the following
lemma. Observe that this lemma is a data-explicit (in particular e-explicit and T-explicit)
version of (19) and (20).

Lemma 6.6. Let the same notation and the same assumptions as in Lemma 6.4 be fulfilled
and let s € {0,1}. If assumption (H2) is fulfilled it holds

u = (um ke + Qi (umk)) Lo (2) (50)
S = ma(ut) | peer2y + 10 — mh (Oru®) || L1 (12
+(H*T + k0% (0 oo (arry + 1000 | 2y + 1060 || oo (arsy + 1106 || 11 (a7
HF| oo sy + N0 F N 1 arsy) -

Recall that the <-notation only contains dependencies on 2, d, o, B and the shape regularity
of Trr, but not on T and .

Proof. To prove the result, we can follow the arguments of Baker [7]. For the numerically
homogenized solution ugy of (15), we define wif, = upp + Qni(umy). For brevity, we
denote (-,-) := (,-)2(q). Furthermore, we use the notation from Lemma 6.4 and define the
errors

m:

e i=ut —upy, €= —mpp(ut) and YT = ujyy — i (u).
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Observe that we have for v € L?(0, T} VI}‘;) and almost every t > O:

0= (0" (-, t) = Oue™ (-, 1), v(-, 1) ) + b (¥ (- 1), v(- 1))
(O™ (1) = Oee™ (1), v(+,1) ) = (Opp™ (1) — Dee™ (-, 1), v (-, 1) ) + b7 (7 (- 1), v (-, 8) )
= —0(0e™(,t),v(-,1)) = (O™ (-, 1) — O™ (-, 1), Opv(-, 1) ) + b7 (Y7 (-, 8), v (-, t) )
For some arbitrary 0 < t9 < T we use the function v(-,t) = tto Y7 (-,s)ds in the above
equation (and the fact that 0yv = —9™) to obtain

1d ™ 2 1d e fo ™ o ™
57 V" e — 55,0 ( t V(- 5) ds, t (-, 5) dS)
= 8,5 <at6ms(',t),

Integration from 0 to ¢y yields

1 ™ 2 1 ™ 2 1 € fo T o s
iuw (7t0)HL2(Q)_§H¢ (70)”L2(Q)+§b 0 ¢ ('73) dS, 0 ¢ ('73> ds

0 ¢7r(.’ S) dS) + (8t67r('7t)7¢7r('7t) )

t

to to
= — <8tems(-,0), (-, ) ds) —I—/ (0™ (-, 1), 7 (-, t) ) dt.
0 0
Hence

197 (-, to) 1720

||¢7T(.’ O)H%Q(Q) -2 <atenls(.’ 0)’

IN

i wﬁ('v S) ds) * 2/0 O(Otew(" t)7¢7r('7t) ) dt

0

to
< Oy +2 [ @007 1))
0

vy ™ 1 i
< ™02 + 21067 0 mur20)) Sl 70 0.7 2202
By moving the term HQ,Z)TF||%OO(07T;L2(Q)) to the left hand side, we get

9™ | Loo (0,752 (02)) S NPT (5 0) 2y + 10e™ [ L1 0,7:02(02))- (51)
However, since uj;(+,0) = 7. (f), we get 7 (+,0) = 7. (f) — 7 (u(+,0)) = 0. Hence,
together with the triangle inequality for o™ = (u}y, — u®) + (v* — 7}, (u®)), equation (51)
implies
|wirk — vl Lo o,min2)) S v — iKW Lo 0,102 (0)) + 1000 — Tk (Oru®) | 0,722 -
Together with Lemma 6.4 this finishes the proof of (50). O
The next lemma is an e-explicit and T-explicit version of estimates (21) and (22) in
Theorem 5.3.

Lemma 6.7. Let the same notation and the same assumptions as in Lemma 6.4 be fulfilled,

let s € {0,1} and assume (H3).

If s =0, it holds

10" — Op(umr i + Qnp(wm )l Lo (r2) + lu® — (um g + Qnr(wr )l oo () (52)
S 10w = mp(9eu®) | oo (22) + [|00u — ma(Oneu®) | pr(n2) + (1w — 7 (u®) || oo (1)

1
+(H + kY20%) <ZH8ZU€”L°°(H1) + 100l Loo (r2) + 100w || L1 a1y + ||atttU€HL°°(L2)>
i—0

1
+(H + K20) <\|a;*umm> 30 F Lz + 10 Fl ey + rgrrm(m) .
=0
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If s =1 and if the initial value in (15) is picked such that Oy (up k+Qnk(umk))(+,0) = 751 (9),
then we obtain the improved estimate

10¢u® — Or(up i + Qn(um k)l Loo(r2y + (05 — (ur g + Qi (wm k)| Loo (1) (53)
S N0w® = wr(9eut) || oo 2y + |00u” — Tn(Ouu®) | prr2y + [[u® — 7h(u)]] Lo (1)

2
+(H? + k0") (Z!’anE!Lw(Hl) + [[0uw”|| 1y + ‘attt“EHLOO(L?))

H(H? + B0 (11044 || 11 12y + I1F | poo () + 100 || oo 2y + 106 F || 11 (22)) -

Again, recall that the <-notation only contains dependencies on ), d, o, B and the shape
reqularity of Tr, but not on T and €.

Proof. Again, we define the errors e™ := u® — u},, € = u® — WHk(UE) and Y™ =
wip, — (1), We only consider the case 8tu’;‘fk(7-,0) = Pp(9) (i.e. estimate (52)),
the case 8@%“*,6(‘,0) = 7 (9) (ie. estimate (53)) follows analoéously with 9™ (-,0) = 0.
By Galerkin orthogonality we obtain for a.e. ¢ € [0,T]

(Ore™ (1), 0™ ) L2y + b (e™ (-, 1),v™) =0 for all v™ € Vi3,
and hence
(O™ (- 1), 0™ ) 2y + 0T (W7 (1), v™) = (Fue™ (-, 1), v™) 12(q) for all v™ € Vi3
Testing with v™ = 9y9)™ yields for a.e. t € [0, 7]
5 (197 () By + 570,87, 1)) = (Bue™ (1), 867 (1) ey
By integration from 0 to tg < T we obtain
*||5t1/f7r( to) 72 + 5 Wﬂ( t0) 1311

to
< 100 C Oy + S5Oy + [ 100”0007 C.)ago .

Since we have ¢7(-,0) = w7, (f) — 7 (f) = 0 we get with the Young and the Cauchy-
Schwarz inequality

1 s 2 - s 2
S N0e™ (s to)llz2(0) + S 1197 (5 1)l o
1
< slmE(g) - P2 () + 10ue™ 210020 + 21067 oo 01522(02) -
By taking the supremum over all 0 <ty < T we obtain

HBWH%oo(Lz> + 20977 ) < 2ll7ik(g) — Pri(g HL2 + 4| Oe” HLI(L2

The term [|0y€™ || 11 (z2) can be treated with Lemma 6.4, equation (40). Hence it only remains
to estimate the term |77 (9) — Py (9 )HL?(Q) for which we get

175 k() = P92 < 17k(9) — gllz2) + 1PE%(9) — 9ll2 )
<2|mgk(9) = gllzz) = 20170 k(9) — 9 — Iu (7 k(9) — 9)ll2(0)
S H|mgk(9) = gl S Hllglla@)-



23

Hence, the triangle inequality yields

[0:€™ (| oo (£2y + ll€™ | Loo (a1
ms

S 0w — 7 (00w || Lo (£2) + 10 — 75 (u) | oo (1)
H|0ku® — 7 (0w L1 2y + H| 9|l 51 (0)-

Lemma 6.4 finishes the proof. O
Next, we sketch the proof of Theorem 5.8.

Proof of Theorem 5.8. The first part of the proof is completely analogous to the one presented
by Baker [7, Section 4] for the classical finite element method. With the same arguments, we
can show that

onax, [(u® = umnek — Qni(uaack)) (") 2 @)

ms

< € _ EV(.. "
~ o@f‘é”(“ Ttk (u?)) (5 1) L2 (0)

Hl(umaek + Qni(umack)) (- 0) = i (u (-, 0)ll L2 ()

(O — 7 (0w 2 0.1:22(0)) + O (1020 | 20,7, 02(00)) + 1080 | 20,7, 02(02)))
where we note that the term ||[(um Atk + Qnk(um aek)) (-, 0) — w5 (u (-, 0))[| L2y is equal to
zero, since obviously (um Atk + @nk(umatk))(-0) = 75 (f) by definition of the method.
The last two terms are already readily estimated. It only remains to bound the two terms
[(w® — w7 (u)) ()| L2y and [[(Opu® — 75y (Oiu®))|[L2(r2) using (40). That finishes the
proof. O

We next prove the homogenization result stated in Theorem 5.12. This is a direct conse-
quence of the following lemma.

Lemma 6.8. Let the same notation and the same assumptions as in Lemma 6.4 be fulfilled,
let u® be the homogenized solution of (28) and let O € L'(0,T; H*(Q)). Then it holds
u® — gl rr2 ) S U — ullpoeo.:12(0)) (54)
+ f = (N2 + [lu® = 7o)l Lo 0,1020)) + 100w — 70 (00w”) || 21 0,7;02(0))
+ (H 4+ 0"k"2) (1P| 20,7:22() + 1 ) + 912y + 100 | o rmn @) -

Recall that the <-notation does not allow dependencies on T and €.

Proof. First, recall that ug € Vi denotes the solution of (15) and define w}y) = um i +
Qni(um). We aim to split the error into the contributions

u® — wp gl poo(r2) < u® = ul| poor2) + U — uf il oo (22) + 1Qnk (W) | Lo (12)-

=1 =II =I11

The term I does not have to be estimated any further.

For the term II, we start with the triangle inequality to obtain |[u® — ujf,||pec(r2) <
[u® — 75 (u) | oo (z2y + 197 | Loo 22y, where Y7 := wiy ) — i (u®). For [[¢7[|Loo(12) We can
use estimate (51) that we obtained in the proof of Lemma 6.6, i.e. we have

1™ | oo 0,752 S YT ¢ 0) 2y + 10 — 7 (Oeu®)| L1 0,7:02(02)) - (55)

In Theorem 5.12 we claimed that (15) remains valid independently of wether we use ufy p(0) =
75 (f) or wip,(-,0) = Pp.(f) for the initial value. For the first case we have ¥™(-,0) = 0
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and the term in (55) vanishes. Subsequently, we therefore only consider the non-trivial L2-
projection case, i.e. wi,(-,0) = Pg%(f). Now we use the triangle inequality in (55) for
YT = (uiy — u®) + (u¥ — T, (u)) and obtain

I = |lufry, — ul| Lo o,ms20)) S Wik — w®) (5 0)l22) + 1w — 7k () (- 0)] 220

_I1,
+  lu® = 7R (W) L0, 02(0)) + 100" — 7 (00u®) || L1 0,.7,12(0) - (56)

Recalling that Py, denotes the L?-projection on V5. and 7, the elliptic projection, the
first term on the right hand side can be estimated as follows

I = If = P (N2 + 1f = 7k (Hll 20
< nf [l = ollpze) + If = 7R (D2

vGVIfI“j'C
< 2lf = mrR(Dllz2@
(49 kp.d)2
S =Dz + (H + 0K fll 51 o)- (57)

Consequently with (33), we have

O Nf = mn(F)ll 2 + (H + Hkkd/Q)Hf”Hl(Q) (58)
+ lu® = Pu(mg(u )l peer2y + 106(u® — P (7 e (u) | 2122y
+ (QFk o Promie) ()l poo(r2y + [(QFk © Pr o mirk ) (Oeu)|| L1 (12

The terms [[u® — Py (), (u®))|| Lo (z2) and [|0p(u® — Pu (7, (u®)))||1(z2) can be estimated
with Lemma 6.4, inequality (39). For the last two terms involving Qg (), we can subtract
the Clément-type interpolation Ig(Qmk(v)) = 0 and use the interpolation error estimate
(31). This gives us O(H)-terms. Then, we can then use the H!-stability estimates in (38) to
obtain

IS f =)l + v = mr(u®) || oo (0,m;2(0)) + 100" — Tr(Opu) || 10,122 (0)
+ (H+ 0 6"2) (IF || 202200 + I L) + gl z2i) + 1000 Lo 71 ) -

The term III = ||Qp k(um k)| Loo(z2) can be also estimated in the same way, using (31) and

(38). Finally, the energy estimate [[ufyy ||y S 1 F 22y + 1 fll 1) + 19l L2 () is required

to bound III independent of H and h. We obtain the same type of estimate as for II.
Combining the estimates for I, I and III finishes the proof. O

7 Numerical experiments

In this section we present the results for three different model problems. The first model
problem is taken from [29] and involves a microstructure without scale separation, which
however can be described by a smooth coefficient. In the second model problem we abandon
the smoothness and consider a problem which involves a highly heterogenous discontinuous
coefficient. The third model problem is also inspired by a problem presented in[29]. Here, we
add an additional conductivity channel to the heterogenous structure of model problem 2,
which results in a high contrast of order 10%. Finally, in the last experiment, we investigate
briefly the accuracy of our method for increasing time.

In the first three computations, we fix the considered time interval to be [0,7] := [0, 1]
and the time step size to be At := 0.05. In order to compute the errors for the obtained
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multiscale approximations, we use a discrete reference solution uj A¢ as an approximation
to the exact solution of problem (1). This reference solution is determined with the Crank-
Nicolson scheme for the time discretization (using equidistant time steps with time step size
At = 0.05) and a Finite Element method on the fine mesh 7}, for the space discretization.
We use a linear interpolation between the solutions obtained for each time step. Hence,
Orup, p¢ is well defined on each time interval [t", t”“}. By um, Atk we denote the multiscale
approximation defined according to (25).
In this section, we use the following notation for the errors:
" = up ar k(- ") = unad(-, ")
w0 = (ugaek + Qn (U ack))(5t") — unad(, "), (59)

Demsm = b O (um,atk + Qur(umaek)) () — Orunat(-,t).

€

By || - HTLCIQ(Q) (respectively || - H}CIII(Q)) we denote the relative error norms, i.e. the absolute
errors divided by the associated norm of the reference solution wm Ay -

7.1 Model problem 1

The first model problem is extracted from [29]. As pointed out in [29], a sufficiently accurate
reference solution uy a; is obtained for a uniform fine grid with resolution h = 2~7. Hence,
we fix Tj, to be a uniformly refined triangulation of {2 with 66.049 DOF's.

Problem 7.1. Let Q :=] — 1,1[?> and T := 1. Find v € L>®(0,T; H}(Q)) such that
Opu(x,t) — V- (a°(z)Vu'(z,t)) = F(z) in Q x (0,7,
u(x,t) =0 on 092 x [0,T], (60)
u®(z,0) =0 and O (z,0)=0 in €,

where F is a Gaussian source term given by F(z1,x2) = (2m02)~1/2e~ (@i +(22-0.15))/(20%) 5.
o =0.05 and

1.1 + sin(27x /&1 1.1 + sin(27xy /e2)
1.1 + sin(2mxy /&1 1.1 + cos(2mxy/e9)
1.1+ cos(2mx1/e3) 1.1+ sin(2ma/eq 1.1+ cos(2mxy/e5)
( )/

1.1+ sin(2rxa/e3) 1.1+ cos(2mza/eq) 1.1+ sin(2mxa/es

a®(xy,xe) = é <1 + sin(4a2x3) + i + (61)
)

with e1 = 1/5, e9 = 1/13, €3 = 1/17, 4 = 1/31 and €5 = 1/65. The coefficient a° is plotted
in Figure 1, together with the reference solution up a; fort = 1.

Note that the Gaussian source term will become singular for ¢ — 0. Hence it influences
the regularity of the solution and we expect the multiscale approximation to be less accurate
than for a more regular source term. In particular, F has already a very large H'-norm,
which is why we cannot expect to see the third order convergence O(H?) in (27), unless
H/|F| o) < 1.

In Table 1 the relative errors are depicted for various combinations of H and k (recall that
k denotes the truncation parameter defined in (11)). The errors are qualitatively comparable
to the errors obtained in [29] for similar computations. Furthermore, we observe that the
error evolution is consistent with the theoretically predicated rates. EOCs are given in Table
2.

For k ~ |In(H)| + 1, we observe roughly a convergence rate of 1.3 in H for the L%
error of the numerically homogenized solution ug a¢%. Adding the corresponding corrector
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Figure 1: Model Problem 1. Left Picture: Plot of the coefficient a® given by (61). Right
Picture: reference solution up ay att =1 for h = 277,

Figure 2: Model Problem 1, results for " = 1. Left Picture: Comparison of the isolines of
the reference solution up ny for h = 277 (black isolines) with the multiscale approzimation
upg ark + Qni(umack) for (H b k) = (273, 277.2) (colored isolines). Right Picture: Plot of
the multiscale approzimation ug stk + Qnk(wm k) for (H, h, k) = (273,277,2).

Table 1: Model Problem 1, results for t* = 1. The table depicts relative L?>- and H'-errors
for the obtained multiscale approximations with respect to the reference solution. The errors
are defined in (59).

L H [R5 | ™ e [ lle™ o) | 19" 5k g) | 0™ I g |

2-1 1 0.1448 0.1341 0.4532 0.8718 0.9957
271 ]2 0.1394 0.1334 0.4627 0.8312 0.9822
2721 0.0780 0.0688 0.3517 0.6464 0.9424
272 ]2 0.0687 0.0521 0.2919 0.5439 0.8949
27213 0.0675 0.0499 0.2835 0.5362 0.8929
2731 0.0368 0.0328 0.2279 0.5824 1.1262
273 [ 2 0.0242 0.0130 0.1212 0.3285 0.7769
27313 0.0234 0.0105 0.1036 0.2846 0.6998

Qn i(wm, At k), the rate is close to 2 in average. In Figure 2, a visual comparison between the
reference solution and the multiscale approximation is shown. We observe that for (H, h, k) =
(273,277, 2), the solution upy a¢ k+Qn k(Wi At k) looks the same as the reference solution uj, a
depicted in (1). This is also stressed by the comparison of isolines in Figure 2.
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Table 2: Model Problem 1, results for t* = 1. Owverview on the EOCs associated
with errors from Table 1. We couple k and H by k = k(H) := ||In(H)| + 1|. For
each of the errors |ey| below (for H = 27'), we define the average EOC by EOC:=

3 21 loga(llea—1/llea-n 1)/ loga(2).

EREONEE

rel

to | 1€ ) | e

|r}eIll(Q) | ||at€ms’n||r£12(ﬂ) | ||8t€ms’n||rflll(g)

271 1 0.1448 0.1341 0.4532 0.8718 0.9957
272 2 0.0687 0.0521 0.2919 0.5439 0.8949
23] 3 0.0234 0.0105 0.1036 0.2846 0.6998
| EOC | 131 | 184 | 106 | 0.81 | 0.25 |

0.19

EO.]é

“0.12

0.08

E0.0A

0

Figure 3: Model Problem 2, plots for t" = 1. Left Picture: Plot of the coefficient a® given by
(63). Right Picture: reference solution up ay att =1 for h =278,

7.2 Model problem 2

In Model Problem 2 we investigate the influence of a discontinuous coefficient a® in our mul-
tiscale method. According to the theoretical results, it should not influence the convergence
rates. The fine grid 73, is a uniformly refined triangulation with resolution h = 278,

Problem 7.2. Let Q:=]0,1[% and T := 1. Find u® € L*>°(0,T; H}(Q)) such that

Opus (z,t) — V- (a®(2)Vus(x,t)) =1 in 2 x (0,7,
u(z,t) =0 on 0Q x [0,T7, (62)
u®(z,0) =0 and O (r,0)=0 in €.
Here, we have
t* for % <t<1
a®(z) = (hoc:)(x) with h(t) := t3 for 1<t<3 (63)
t  else
and where
1~ 2 .
ce(21,22) =1+ 15 Z(j_{_lCOS(LiI —%J+LWT1J+L%J))
§=0 =0

The coefficient a® is plotted in Figure 3 together with the reference solution on Ty fort = 1.
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Table 3: Model Problem 2. Owverview on relative L*>- and H'-errors for Model Problem 2 for
t" = 1. The errors are defined in (59).

| H [R5y | eIt | ™ Iiig) | 18" I5hq | 0™ 50 |
22 1] 0.1299 0.0613 0.1802 0.1762 0.6615
272 2] 01223 0.0245 0.0800 0.1298 0.6323
231 0.0914 0.0616 0.1926 0.2194 0.7255
23 [ 2] 0.0753 0.0191 0.0841 0.1049 0.5902
23 [ 3] 0.0741 0.0085 0.0563 0.0870 0.5688
211 ] 0.0327 0.0243 0.1401 0.1197 0.6710
2= 2] 0.0240 0.0047 0.0505 0.0600 0.5109
2113 0.0239 0.0029 0.0347 0.0562 0.5004

Table 4: Model Problem 2, results for t" = 1. Querview on the EOCs associated with errors
from Table 3. We couple k and H by k = k(H) := ||In(H)| + 0.5]. The average EOCs are
computed according to (64).

’ H ‘ k(H) ‘ Heo’n‘rﬁ(g) ‘ Hems’n‘rﬁ(g) ‘ Hems’nHrHell(Q) ‘ ||atems’n”rf£(g) ‘ ||atems’n‘|r1f111(g) ‘

22 1 0.1299 0.0613 0.1802 0.1762 0.6615

23 2 0.0753 0.0191 0.0841 0.1049 0.5902

24 3 0.0239 0.0029 0.0347 0.0562 0.5004
EOC 1.22 2.20 1.19 0.82 0.20

In Table 3 we depict various relative L?- and H!-errors for t" = 1. We observe that the
numerically homogenized solution ug a1 already yields good L?-approximation properties
with respect to the fine scale reference solution. These approximation properties can still
be significantly improved by adding the corrector Qp, x(um At k). We can see that the total
approximation ug a¢ k+Qnk(Wa, At k) is also accurate in the norms ||V || 2(qy and [|0; [ 12 (q-
The errors in the norm ||0; - || 1) are noticeably larger than the errors in all other norms.
Hence, the multiscale solution does not necessarily yield a highly accurate H'(0,T, H(Q))
approximation, even though the discrepancy is still tolerable.

All errors for Model Problem 2 are of the same order as the errors for Model Problem
1 depicted in Table 1. In particular, we do not see any error deterioration caused by the
discontinuity of the coefficient a®. The method behaves nicely in both cases. This is stressed
by the experimental orders of convergence (EOCs) shown in Table 4. For an error ||e|| on
a coarse grid Ty and an error ||ef/o|| on a coarse grid Tp o, the EOC (experimental order of
convergence) is given by EOCy := logy(llen||/ller/2ll)/ loga(2). For the EOCs in Table 4, we
use the average

EOC = (EOCQ—Q + E00273)/2 (64)

Motivated by Theorem 5.8, we couple the coarse mesh H and the truncation parameter k to
be the closest integer to |In(H)|, i.e. we pick k = k(H) := || In(H)|40.5] for the computation
of the EOCs. This gives us k =1 for H =272, k=2 for H =273 and k = 3 for H = 274
The corresponding results are stated in Table 4. We observe a close to linear convergence for
the L?-error for the numerically homogenized solution u Atk (as predicted by the theory).
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Figure 4: Model Problem 3. Left Picture: Plot of the coefficient a. The basis structure of a®
is given by (63), but this structure is perturbed by an arc-like conductivity channel (pink). In
this arc a® takes the value 100. Right Picture: reference solution up sy att =1 for h = 278,

Adding the corrector Qp, 1 (um, At k), the convergence rate increases to 2.2 (slightly worse than
the optimal rate of 3). For the H'-error, we observe linear convergence. The convergence
rate of the L%-error for time derivatives is slightly below linear convergence, but still very
satisfying. Only the convergence rate for the H'-error for the time derivatives is close to
stagnation.

Note that the deviation of these rates from the perfect rates comes from that fact that
we do not know the generic constant Cy in Theorem 5.8. We picked k = |In(H )|, instead of
k = Cy|In(H)|. Still we observe that approximating Cy by 1 yields highly accurate results
that are close to the optimal rates. Practically, this justifies the use of small localization
patches Uy (K).

7.3 Model problem 3

This model problem is inspired by a model problem in [29]. The source term as in [29] is given
by F(z1,x2,t) = sin(2.4x; — 1.8x2 + 27t) and as in [29] a® contains a conductivity channel
that perturbs the original structure. As we could not access the data for the channel given in
this paper in this paper we model a new one. This last model problem is set to investigate the
approximation quality of our multiscale approximations for problems with channel (which do
not have to be resolved by the coarse grid) and a high contrast 3/a ~ 10*. As in the previous
model problem, we chose 7}, as a uniformly refined triangulation with resolution h = 278,

Problem 7.3. Let Q :=]0,1[? and T := 1. Find u® € L°°(0,T; H}(Q)) such that

Opus(z,t) — V- (a®(2)Vu(x,t)) = F(x,t) in Q x (0,7,
u®(z,t) =0 on 92 x [0,T], (65)
u®(z,0) =0 and O (r,0)=0 in €.

Here, we have F(x1,xz2,t) = sin(2.4z1 — 1.8x9 + 27t) and af is given by equation (63) but
additionally it is disturbed by a high conductivity channel of thickness 0.05. The precise
structure of a® is depicted in Figure 4, together with the reference solution on Ty fort = 1.

We see in Table 5 that the additional channel in the problem does not deteriorate the
convergence rates compared to Model Problem 2. Again, close to optimal convergence rates
are obtained for the choice k = k(H) := ||In(H)| + 0.5] (which slightly underestimates
the optimal truncation parameter k). The corresponding results are given in Table 5. The
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Table 5: Model Problem 3, results for t" = 1. Ouerview on relative L?>- and H'-errors defined
as in (59).

| H [R5y | eIt | ™ Iiig) | 18" I5hq | 0™ 50 |
221 0.2468 0.1564 0.3321 0.2066 0.4486
2722 02270 0.0782 0.1992 0.1168 0.3269
2731 0.1451 0.1046 0.3305 0.1639 0.4588
232 01184 0.0329 0.1535 0.0607 0.2724
23 3] 01174 0.0202 0.1024 0.0468 0.2333
211 1] 0.0550 0.0433 0.2186 0.0667 0.3349
2= 2] 0.0390 0.0095 0.0803 0.0250 0.1896
2=113] 0.0385 0.0046 0.0464 0.0198 0.1758

Table 6: Model Problem 3, results for t" = 1. Ouverview on the EOCs associated with errors
from Table 5. We couple k and H by k = k(H) := ||In(H)| + 0.5]. The average EOCs are
computed according to (64).

’ H ‘ k(H) ‘ ”€O’n|rLel2(Q) ‘ ||ems’n‘rLel2(Q) ‘ Hems’nH}?l(Q) ‘ ||8tems’n||f;(g) ‘ ||8tems’n||rfjll(g) ‘
22 1 0.2468 0.1564 0.3321 0.2066 0.4486
23 2 0.1184 0.0329 0.1535 0.0607 0.2724
21 3 0.0385 0.0046 0.0464 0.0198 0.1758

| EOC | 134 2.54 1.42 1.69 0.68

method yields accurate results even in the case of conductivity channel and despite that the
coarse grid does not resolve the channel. Furthermore the high contrast of order 10* does not
significantly influence the size of the optimal truncation parameter k. In the model problem
we can still work with small localization patches Ug(K), independent of the conductivity
channel. This is further stressed by Figure 5 which depicts the multiscale approximation (i.e.
up Atk + Qnk(Ui At k) for the case (H, k) = (274,2). The solution looks almost identical to
the reference solution uy a¢ and the corresponding isolines match almost perfectly.

7.4 Model problem 4

In the last numerical experiment, we look at accuracy of the multiscale approximation for
large time intervals. In contrast to the previous three model, we consider now the time
interval [0,7] := [0,1000] and a time step size At := 1.0. It has been observed in the
literature that for time intervals of size O(1/?) homogenisation based models fail to capture
dispersive effects that appear in the true solution [5, 6, 15, 24, 31]. We are thus interested
to test the accuracy of our new multiscale method over such long time intervals. For this
purpose, we consider a model problem with known exact solution u® given by

u (1, o, t) = sin(t/10)> (sin(27mc1) sin(27xy) + %cos(%ml) sin(2mxs) sin(27rﬁ)> (66)
€
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Figure 5: Model Problem 3, results at t = 1. Left Picture: Comparison of the isolines of
the reference solution up ny for h = 278 (black isolines) with the multiscale approzimation
upg Atk + Qni(umaek) for (H h k) = (274,278,2) (colored isolines). Right Picture: Plot of
the multiscale approzimation ug stk + Qni(um atk) for (H,h k) = (274,278,2).

Table 7: Model Problem 4, results for t™ = 1000 (i.e. n = 1000). Overview on relative L*- and
H'-errors defined as in (59). Furthermore, we define u}y' = (wm e+ Qni(umark)) (- t");
up = up ae(- ) (5 t") and uS" = u (-, t"). The relative errors are the absolute errors divided

by the mnorm of the exact solution.

LAk | e — v iy | Il — o ) | 1" |
273 12 0.0149 0.0024 0.0143
2742 0.0079 0.0024 0.0069

LAk | e — o ey |1 — " i | 1" o) |
273 12 0.0768 0.0364 0.0679
2-4 12 0.0652 0.0364 0.0544

for e = 0.1. The function u° is depicted in Figure 6. To study if dispersive effects are captured
by our multiscale method, we take 7' = 1000 > (1/¢?) and define

1 <2(2 + cos(2m )1 0 )

£ .—
a*(z1, 22) : 0 1+ %cos(?w%)

~ 8n?

and
Fe(z,t) := =V - (a®(z)Vu(x,t)) + Oetu®(x,t)

and regard the following model:

Problem 7.4. Let Q :=]0,1[% and T := 1000. Find u® € L>(0,T; H}(2)) such that

Opus (z,t) — V- (a®(2)Vu(x,t)) = F(x,t) in Q x (0,7,
u®(z,t) =0 on 92 x [0,T], (67)
u*(z,0) =0 and 0w (z,0)=0 in €.

In the following, the fine grid 7} is a uniformly refined triangulation with resolution h =
2~7. In Table 7 we depict relative L2- and H!-errors between the full multiscale approximation
for (H,k) = (273,2) (respectively (H, k) = (27%,2)) and the exact solution at t"* = 1000. No
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Figure 6: Model Problem 4, plots for t = 1000. Left Picture: Plot of the exact solution
u® given by (66). Right Picture: full multiscale approximation up aep + Qni(um,atk) for
(H,h,k) = (273,277,2).

Figure 7: Model Problem 4, results att = 1000. Left Picture: Comparison of the isolines of the
exact solution u® (black isolines) with the multiscale approximation up e + Qn k(Wi AL k)
for (H,h,k) = (273,277,2) (colored isolines). Right Picture: Comparison of the isolines
of the exact solution u® (black isolines) with the multiscale approximation for (H,h,k) =
(274,277,2) (colored isolines).

loss accuracy is observable compared to the previous computations on short time intervals (for
similar accuracies). For completeness, Table 7 also contains the errors between multiscale
approximation and reference solution, as well as the errors between the reference solution
and the exact solution. To underline this observation, in Figure 6 the exact solution is
plotted next to the multiscale solution for (H, k) = (272,2) (again for ¢ = 1000). Clearly, all
features of the exact solution are also evident in the multiscale approximation. In Figure 7
the corresponding isolines are compared. We can see that there is still a small mismatch for
(H,k) = (273,2), which however disappears for (H,k) = (27%,2). In conclusion, we cannot
observe any loss in accuracy for computation over large time intervals.
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