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On heterogeneous coupling of multiscale methods for problems with
and without scale separation
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Abstract

In this paper we discuss partial differential equations with multiple scales for which scale
resolution are needed in some subregions, while a separation of scale and numerical homogenization
is possible in the remaining part of the computational domain. Departing from the classical
coupling approach that often relies on artificial boundary conditions computed from some coarse
grain simulation, we propose a coupling procedure in which virtual boundary conditions are
obtained from the minimization of a coarse grain and a fine scale model in overlapping regions
where both models are valid. We discuss this method with a focus on interface control and a
numerical strategy based on non-matching meshes in the overlap. A fully discrete a priori error
analysis of the heterogeneous coupled multiscale method is derived and numerical experiments
that illustrate the efficiency and flexibility of the proposed strategy are presented.
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nization
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1 Introduction

The past few years has witnessed a growing number of new numerical schemes for multiscale
problems. Broadly speaking, the numerical challenge for the approximation of such problems is to
avoid scale resolution, i.e., the use of a fine mesh that resolves the smallest scale in the problem.
Indeed such direct approaches are often computationally too expensive for practical applications. In
this paper, we consider in a polygonal domain Q C R, d = 1,2, 3, with boundary I = T'p UTy, the
model problem

—div (a*Vu®) = f, in Q,
u® = gp, on I'p, (1)

n-(a*Vu®) = gy, on I'y,

where f € L*(Q), gp € H'/?(Tp), and gy € L*(I'y), and where a° € (L>(€2))?*? is a highly
oscillatory tensor that satisfies, for 0 < a < 33,

Qe < af(@)E €, Jaf(2)E] < Blel,  VEERY, forae. zER. (2)
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For such a problem, one can identify two broad classes of multiscale methods, namely numerical
methods that seek to approximate an effective solution of the original problems in which the
small scales have been averaged out. The existence of such effective solutions usually relies on
homogenization theory [9, 21]. The attractivity of such methods is the possibility to obtain numerical
approximations that correctly describe the macroscopic behavior of the multiscale problem at a
cost that however is independent of the smallest scale. Another class of multiscale methods aims at
building coarse basis functions that encode the multiscale oscillations in the problem. This class
of methods usually comes with a cost that is no longer independent of the small scale, but the
construction of the basis functions can be localized and, once constructed, this basis can often be
reused in a multi-query context. We refer to [5] for a review and references of the first class of
methods and to [15, 20, 23] for review and references of the second class of methods. The framework
that makes the first class of methods efficient is that of a simultaneous coupling of a macro and a
micro method. In such approach a separation of the scales is often required. The second class of
methods solves the fine scale problems on overlapping patches and it has recently been shown that
convergences can also be obtained without assuming scale separation [20, 23].

In this contribution we address an intermediate situation between separated and non-separated
scales in the following sense: we assume that in a subset ws of the computational domain €2 the
macro-micro upscaling strategy can be applied but that in an other part w of the domain one needs
full resolution of the scales. Here we assume that this second domain is sufficiently small so that
standard resolved finite element method (FEM) can be used. While our method easily generalizes to
multiple regions with and without scale separation, we assume here for simplicity that 2 = wo U w.
The main issue for such a coupling strategy is to set adequate boundary conditions at the interfaces
of both computational domains. We note that such problems have numerous applications in the
sciences, we mention for example heterogeneous structures with defects [16, 10] or steady flow
problems with singularities [17]. Coupling strategies between fine scale and upscaled models have
already been studied in the literature for example in [27] where a precomputed global homogenized
solution is used to provide the boundary conditions in the fine scale subregions. More recently, a
coupling strategy based on an L? projection of the homogenized solution onto harmonic fine scale
functions has been discussed [8].

The aim of this paper is to pursue the study of a new approach that we have proposed in
[6, 7] relying on an optimization based coupling strategy. By introducing small overlapping region
wo between we and w, where both fine scale and homogenized model are valid, we consider the
unknown boundary conditions for both models as (virtual) control and minimize the discrepancy of
the solutions from the two models in the overlap. Two possible scenarios are illustrated in Figure 1.
Such ideas have appeared earlier in the literature for coupling different type of partial differential
equations [18] or for atomistic-to-continuum methods [28]. We also note, related to our method, the
recent work on the coupling of local and nonlocal diffusion models [13].

We briefly describe the main contribution of this paper. First, in [7], the theory and the numerics
have been developed for the cost function || - [|12(.), called distributed observation in the classical
terminology of optimal control. Here we consider the cost function || - [|r2(r,ur,), called boundary or
interface control. Such controls can reduce the cost of the iterative method to solve the optimality
system compared to the cost of solving the optimization problem with distributed control [14].
Second, in [7] we used the same mesh in the overlap wp with the consequence of having to use a mesh
size that scales with the fine mesh of w. Here we discuss the use of independent meshes in the overlap
through appropriate interpolation techniques. As a result, we have again a significant reduction in
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Figure 1: Two scenarios for the domain decomposition of €.

the computational cost of the coupling as the macroscopic numerical method in we = Q \ w does
not need an increasing number of micro solvers as the mesh in wy is refined. Finally, numerical
examples were carried out in [7] only for the situation where w € Q (Figure 1 left), here we discuss
also the scenario for which dw N 9N # O (Figure 1 right).

The paper is organized as follows. In Section 2, we describe the model problem, introduce the two
minimization costs functions considered in this paper, and give an a priori error analysis between the
coupled and the fine scale solutions. In Section 3 we define the multiscale numerical discretization
of the optimization problem and perform a fully discrete a priori error analysis. Finally Section 4
contains several numerical experiments that illustrate the theoretical results and the performance of
the new coupling strategy.

Notations. In what follows, C' > 0 is used to denote a generic constant independent of ¢.
We consider the usual Sobolev space H'(Q) = {u € L*(Q) | D'u € L?(Q),|r| < 1}, where
r €N |r|=r1+...+74and D" = 0] ... 9% The notation |- | stands for the standard Euclidean
norm in R%. Let Y denote the unit cube (0,1)¢ and define W (V) := {v € Hl,(Y) | [y vdy = 0}

per

where the set H', (Y) is the closure of C3,(Y) for the H! norm.

per per

2 Problem formulation

Let w C Q be the region without scale separation and wy be the overlap region. Assume that
'y = 0wy \ T and 'y = Qwy \ T" are Lipschitz continuous boundaries. We decompose the tensor a®
of problem (1) into a® = a,, + a5, where a§ = a°1,,, and a,, = a1, are tensors with and without
scale separation, respectively. The tensor a§ H-converges towards an homogenized tensor a9 [25].
Further, we set a1 = a®1,,, u1 = uj, and ups = ug. The heterogeneous control restricted to Dirichlet
boundary controls is given by the following problem: find u§ € H'(wy) and u§ € H'(ws), such that
$llu§ — u9||3, is minimized under the following constraints, for i = 1,2,

—div (a;Vu;) = f, in w;,
uj =0;, only,
u; =gp, ondw;NIp,
n-(a;Vv;)) =gn, on dw;NTy,



where the boundary conditions 6;, called the virtual controls, are to be determined; (H, || - ||%) is a
Hilbert space specified below. Further we define the space of admissible Dirichlet controls

UP = {p; € HY2(T;) | Ju € H (w;), ulr, = i, in the sense of the trace}.

The strategy is to solve a minimization problem in the space of admissible controls, where we
minimize the cost

1
J(O1,02) = 5 l[ui(61) — u3(02) 3.

In this paper, two Hilbert spaces (H, || - ||3) are considered.
Case 1. Minimization in L?(wp), with

1
J(01,02) = 5|5 (01) = u3(02) [F2()- (case 1)

Case 2. Minimization in L?(I'; UT3), with

1
J(O1,02) = 5 [lui(61) — u3 (02172, ury) - (case 2)
The solutions are split into

ui(01) = uio+vi(0h),  up(f2) = u3p + v3(02),

where (v§,v9) are called the state variables and satisfy, for i = 1,2,
—div (a;Vv;) =0, in w;,
v; = 9,‘, on Pi,
v; =0, ondw;NIp,
n-(a;Vv;)) =0, ondw;NTy,

(4)

where v; = vf, and vg = vg. The functions u; ¢ are solutions of problem (3) with zero controls on
Ty, for i = 1,2. Let H}(w;), i = 1,2, denote the functions in H'(w;) that vanish on dw; N T'p. The
solutions uj ; and u%yo exist and are unique, thank to the Lax-Milgram Lemma, and the solutions
v§ and v§ can be uniquely determined if the controls #; and 6, are known. As ui o and u%o are
independent of the virtual controls (61, 62), they can be computed beforehand.

The well-posedness of the optimization problem is proved following Lions [22]. The key point
consists in proving that the cost function induces a norm over U = (U, UL). One consider then the
completion of U (still denoted by U) with respect to the cost induced norm, and the minimization
problem admits a unique solution (61, 62) € U satisfying the Euler-Lagrange formulation

/(9(@?(91) —v3(62)) (v (1) — v3(02))dz = — /O(vi(ul) —v3(n2))(uf o — up)dz, ()

for all (u1,u2) € U, and where O is either wy or I'y UT'y. While the optimization problem with the
cost function of case 1 has been considered in [7], we prove that the optimal controls problem is
well-posed with the cost function of case 2.

For the homogenization theory (H-convergence), we consider a family of problems (1) indexed
by e. In what follows, we will often assume ¢ < gy, where gg is a parameter used in a strong
Cauchy-Schwarz inequality (see Lemma 5.3). We assume that 6; € U and hence u;(6;) is in H'(w;),
fori=1,2.



2.1 Minimization over I'; UT',

As a fist step, we write the cost in terms of the state variables v and v,

1
J(Or,02) = 5[5 (61) — v (02)l[72(r, ury) + (7 (01) = v3(02))(ui o — 15 0)IF2(r, Ury)
1 g
+ 5”“1,0 - Ug,oui?(rlurgy

We set
w{(00,02), (ur,i2)) = [ (05(00) = o5(82)) (05 (1) = v5(62))

' Ul

and show that 7 induce a norm over U.
Lemma 2.1 The bilinear form m is a scalar product over U.

Proof. The symmetry and positivity are clear, and it remains to prove that the form is positive
definite; m(61,602) = 0 if and only if §; = 0 and #2 = 0. We use the short-hand notation (61, 62) to
denote 7'('(((91, 92), (91, 492))

Assuming that 6; and 6, are zero, the state variables v§ and vJ are solutions of boundary value
problems with zero data, thus v{ and v§ are zero over w; and wy respectively. This leads to
s (91, 92) =0.

Assume now that m(61,62) = 0. It holds that

/ (vi(01) — v3(62))*dz = / (61— 0§(62))°dz + | (05(61) — 62)°da = 0,
T1Ulg Iy o

and

/ (61 — 03(6))2dz = 0, / (v5(61) — 02)%dz = 0, (6)
Iy 'y

This implies that v5(61)|r, = 61 = v3(62)|r, a.e., and vJ(0s)|r, = 02 = v5|r,(61) a.e. As v and v
are H! functions on w; and wsy respectively, we obtain

161 — v3(62) [gg1/2r,) = O, and [[v§(61) — Oz2lg1/2(r,) = 0.
Using the trace inequality and the strong Cauchy-Schwarz inequality Appendix 5.3, it holds

0= [[0§(61) = v3(O2)[IF1/2(r,0ry) = Crllvi(@1) = v5(02) [1F1 )
> Cifjvi (6 (62) 117 2 ()
> Co([|vf (011 2(wg) + 102(02)117 20
€
1

> C3([[v5(01) 12y + 193021 E 20

(%

NO NO

) —
) —
(
(

where the last inequality comes from the Caccioppoli inequality Appendix 5.1, the inequality given
in Appendix 5.2, and the PoincarA(©) inequality. We obtain that

vf =0 a.e. on wy, and vg =0 a.e. on woy,

hence #; = 62 = 0, thanks to (6). This concludes the proof. O



The norm induced from the scalar product 7 is given by

1/2
sl = ([ (050 = o)), Vo) € (7

where O is either wg or I'y U T's.

2.2 A priori error analysis

Let u® be the solution of the heterogeneous problem (1), and let us derive a priori error bounds
between u® and the solution of the coupling

_ u3 (61), inwt,
U=
ub®(f2), in Q\wt,

(8)

where u5 is the reconstructed homogeneous solution u9 with periodic correctors, and w* is a

subdomain of Q such that w C w™ C wy. The term w5 is given by

oud(z)
81']'

d
us(x) = ug(x) + ey X/ (a,x/e)
j=1

, reQ\wt, 9)

where 1 = u9(6s).
We consider the cost function of case 2, and we refer to [7] for an analysis of case 1. For ¢ fixed, we
define u° as the solution of

—div (a%VUO) =f, in ws,
uo = ,72(u5), on FQ, (10)
u? =4p, on 8WQQFD,
n- (aVul) =gy, on dws NT,

where vy : H'(wy) — HY?(T3) denotes the trace operator on T'y. Similarly, we define the trace
operator v; on I'y. Assuming that the tensor a§ is periodic in the fast variable, i.e., a5(x) =

as(x,x/e) = az(z,y) is Y-periodic in y, where Y = (0,1)%, explicit equations are available to

compute the homogenized tensor a)

oS@) = 7 [, ) (T + T .

where Vy = (Vx!,...,Vx?) and I is the d x d identity matrix. The functions x/ € WL (Y) are

. per
called the first order correctors and, for j =1,...,d, x? is solution of the cell problem

/ ag(az,y)VXj -Vody = —/ as(x,y)e;Vudy, Yu e WI}GT(Y),
Y Y

with periodic boundary conditions, and where (ei)glzl denotes the canonical basis of R?. Assuming
sufficient regularity on «® and on x7, it can be proved that

[0 = u¥||L2(uy) < Ce, (11)

where the constant is independent of . For proofs, we refer to [9, 21, 24].



Estimates for the fine solution Let us define an operator P : U — H'(wy) x H'(2\ wy) such
that

ui(pr), inwi,

ug(ug), in \ w1.

It can be split into P = Q + Uy, where Q : U — H'(w1) x H*(Q\ wy) is defined by

P(p1, p2) — {

vi(p), in wr,
Q(p1, p2) — { : .
v9(p2), in Q\ wi,

where the state variables v§ and vJ are solutions of (4) for i = 1,2 respectively, and where Uy is
given by

Uy = uf o, In wi,
ud g, in Q\ wi.

For the cost function of case 1, it has been shown in [7] that the operator ) is bounded in the

operator norm, i.e.,
Q= sup o UL

— o <O
(p1,p2)€EU H(Mlv/L?)”L*(M)

Here we assume that @ is bounded for the norm in ¢/ induced by the scalar product (7) for the cost
function of case 2.

Theorem 2.2 Let u be solution of (1) and u be given by (8). Assume that u® and x? are smooth
enough for (11) to hold, and that ||Q|| < C. Then we have

[0 = Ul o) < Ce,

where the constant C' depends on the constant of the Caccioppoli inequality, the bound ||Q||, and the
trace constants associated to the trace operators v1 and vo on I'y and I'a, respectively.

The difference u® — u is aj-harmonic in wy, thus Caccioppoli inequality (see Appendix 5.1) can be
applied,

_ 1 _
lu” = @l ) < C—llu —allz

w1)
= CLP (), 12(6)) — P(61,02) e (12)
< QI (), 72(u)) — (@1, 02) o

We next need to bound [|(vy1(u),y2(u®)) — (01, 02)[|r- @s)-

Lemma 2.3 Let u® and u” solve (1) and (10) respectively, and let (61,02) € U be the optimal
virtual controls. Then

(1 (), y2(u)) = (01, 02) -y < 1w = u® [z, ora)-



Proof. From the definition, it holds

[ (71 (%), 72 (u®)) — (01, 02) ||y =
sup 7 (71 (u®), v2(u®)), (p1, p2)) — 7 ((61, 02), (11, p2))|
(1, u2) €U [ (s p12) | o)

We look at the numerator. As the pair (61, 2) minimizes the cost function J, the Euler-Lagrange
formulation (5) holds and

(v (), 72(w)), (i, p2)) — (01, 02), (1, p2)) =

= o (O ) = o802 ) (5 (1) — e

[ @il = o)) i — w8 g)da
iUl

N rlur2((vi(%(“€)> +uf g) — (V9 (72(u®)) + uf ) (V5 (1) — v (a))da

= / (0 = u”) (05 (1) = v3(p2))da < [[u° = w2, urg) | (1, 2) Lo oy
MUl
The result follows. O
The next Lemma gives an upper bound to the norm in Lemma 2.3.

Lemma 2.4 Let u¢ and u® be solution of (1) and (10) respectively. Assume that u® and x? have
enough reqularity for (11) to hold. Then

[u® = u0|lr2(r,ury) < Ce,
where the constant C is independent of €.
Proof. It holds
[|u® — UOHLQ(Flqu) <l - u0||L2(I‘1) + [Ju® — U0||L2(F2)-
Using the continuity of the traces, the first term can be bounded by
[uf = u®|L2ry) < Cllu® = 4|2y < Ce,
whereas the second term is zero because u°|r, = y2(u®) = u®|p,. This prove the result. O

The proof of Theorem 2.2 follows from (12) and Lemmas 2.3 and 2.4.

Estimates for the coarse solution The a priori error estimates to the coarse scale solver follows
from [7, Theorem 3.6] using Lemma 2.4. We skip the details.

Theorem 2.5 Let u* be solution of (1) and uj*(62) be given by (9). Let ax(w,y) € C(@; Lz (Y)
and X7 € Wper(Y), j =1,....d. If in addition, u® € H*(Q), u3(f2) € H*(wp), and x7 € WH(Y),
j=1,...,d, it holds

rec

[0 — uh(62) [ oty < Ce™2,

where the constant C is independent of €, but depends on T, 7T, and the ellipticity constants of a5.



3 Fully discrete coupling method

In this section, we describe the fully discrete overlapping coupling method, and perform an a priori
error analysis. The fine scale solver requires a triangulation of size h sufficiently small to resolve the
multiscale nature of the tensor. In contrast, the coarse scale solver on wo takes full advantage of the
scale separation and allows for a mesh size larger than the fine scale. We use the FEM in w; and
the FE-HMM in ws. As the finite elements of the fine and coarse meshes in wq are different, an
interpolation between the two meshes should be considered. One can also chose to use the same
finite elements in the overlap, leading to a discontinuity at I'y in the mesh over ws. In that latter
situation, the discontinuous Galerkin FE-HMM [4] should be used instead of the FE-HMM.

In what follows, we consider for simplicity the problem (1) with homogeneous Dirichlet boundary
conditions, i.e., we set gp = 0 and 'y = (). Further, we assume that the strong Cauchy-Schwarz
Lemma (Appendix 5.3) and its discrete version (Appendix 5.5) hold.

Numerical method for the fine scale problem. Let 7; be a partition of wy, in simplicial or
quadrilateral elements, with mesh size h < & where h = maxge7; hgi, and hg is the diameter of
the element K. In addition, we suppose that the family of partitions {7;} is admissible and shape
regular [11], i.e.,

(T1) admissible: W; = Uge7, K and the intersection of two elements is either empty, a vertex, or
a common face;

(T2) shape regular: there exists ¢ > 0 such that hg /px < o, for all K € T;, and for all T; € {7},
where pg is the diameter of the largest circle contained in the element K.

For each partition 7T; of the family {7}, we define a FE space in w;
VB(w1,T;,) = {w € Hp(w1) | wy,, € RP(K), VK € T},

where RP is the space PP of polynomials of degree at most p on K if K is a triangle, and the space
OP of polynomials of degree at most p in each variable if K is a rectangle. Further, V¥ (wi, T7)
denotes the space of functions in V5 (w1, 7;,) that vanish on dw.

Let u, j, be the numerical approximation of uj satisfying problem (3) for i = 1. We can split
Uy j, Into uy j = uy o5 + vy j,, where vy ;€ VE(w1,Tj,) is obtained by the optimization method and
Upgj, € V5 (w1, T;) satisfies

Bl(“lp,ﬁ»“’lﬁ) = / a1Vu1707;L . lejldm = Fl(w”:b), leﬁ S Vop(wl,T;L),

w1

where Fj is given by
Fi(w, ;) = / fw, pda.

w1

Thanks to the Poincaré inequality, the coercivity and boundedness of the bilinear form B; can be
proved; the existence and uniqueness of u, ;7 follows.



Numerical method for the coarse scale problem. Let {7z} be a family of admissible (T1)
and shape regular (T2) partitions of wy, with mesh size H = maxge7;, hx. For each partition Ty
of the family {7z}, we define a FE space over ws

VE(wa, Tr) = {v € Hp(w2) | w),, € RP(K), VK € Ty},

and use V' (w2, Tir) to denote the set of functions of VJ(ws, Ty) that vanish over dws.

Quadrature formula. A macroscopic quadrature formula is given by the pair {z; x,w; x} of
quadrature nodes x; i and weights w; i, for j = 1,...,J. The sampling domain of size § around
each quadrature point is denoted by Ks, = z; x + d[—1/2, 1/2]¢. We assume that the quadrature
formula verifies the necessary assumptions to guarantee that the standard error estimates for a
FEM hold [11].

The numerically homogenized tensor ag’h(acj, k) is obtained using numerical solutions of micro
problems defined in Kj;. In each sampling domain, we consider a mesh 7 in simplicial or
quadrilateral elements K with mesh size h = maxge7;, hi satisfying h < e. The micro FE space is

SU(Ks;, ) = {w" € W(Ky,) | wl, € RUK), VK € Ty},

where the space W (Ks;) depends on the boundary conditions in the micro problems; W(K(;j) =
H&(K(;j) for Dirichlet coupling, or W(Kj;) = wl (Ks,) for periodic coupling. The discrete micro

per

problems read: find 1[)}’{}; € SUKs;,Tn), i =1,...,d, solution of
J

/K ag(:c)vw?(’;j -ijhdx = — /K ag(a:)einjhdx, Vw? € Sl(ng,ﬁL). (13)
5 5

The numerically homogenized tensor can be computed by

1
0,h 5 h
ay" (T k) = —=— as(x) (I + Vg, )dex,
2 K5, | iy, ( K%)
where Vw?% = (Vl/}}(’?j e ,Vq/ﬁl(’?j). We define a macro bilinear form Bs p(+,-) over V(wa, Ti) X
Vi (w2, Tr),
! 0,h
Bom(vom,womr) = >, Y wikay () Voo u(zj i) - Vw,m(z; i)-
KeTy j=1

The numerical homogenized solution ug g is split into ug g = w2 0,5 + v2, i, where vo gy € VE (wa, Th)
is given by the coupling and ug o g € V§ (w2, Ti) is the solution of

Bo m(ugo.m,we.m) = Fo(wam), Ywepm € VP (w2, Th),

with Fy given by

F>(wa, 1) =/ Jwo gdz.

w2

10



Numerical Algorithm In this section, we state the discrete coupling and give the main conver-
gence results. The well-posedness and the proofs of the errors estimates are done in details in [7].
In what follows, we use O to denote either wg or I'1t UTs.

The solution (u, j,, u2,i) € VE (w1, T;,) x V5 (wa, Ta) satisfies

1

2 .
HII%H sl (i i) = w2, (e, [z (o) subject to {

By (ul,fp ’UJLB) = Fl(wljl)7
By m(ug i, wa, i) = Fa(wom),
for all wyj € Vi'(w1,T;) and wo i € V§' (w2, Ta). We introduce discrete Lagrange multipliers

for each of the constraints, and obtain a discrete optimality system: find (v1 7> AL 7y V2,H s A2, o) €
Vh(wi, T;) x Vi (w1, T;;) % VB (wa, Ta) x V§ (wa, Tar) satisfying

/O(vl,ﬁ —vpm)wy pde — Bi(wy j, Ay ) = = /O(ul,o,ﬁ — ug0,i)wy jda, (14)
Bi(vy & 1) = F1(8§y 1) — Biluy s € 1) (15)

/O(U2,H — vy pJwa,pdr — By g (Wo,1, Ao,i) = /O(“LOﬁ — ug,0,5 ) w2, gdu, (16)
Ba i (vo,mr, &2.1) = Fa(§o,1) — Ba,m(u2,0,m,82,10), (17)

for all w, ; € VB (w1, T;), &7, € Vi (w1, T;), wo.m € VE(w2, Tr), and & i € Vi (w2, T)-
The optimality system (14) to (17) can be written in matrix form as

where the unknown vector U is given by U = (v j,v2,1, A )\27H)T, and

Joviwipde = fovo,pw; jda
M{vy jrvomts {wy o wo,m}) = (_ [ A

Bl v *,)\ ~) 0
B({o, o2t} (o Mo ) =< e )

Bo g (vo,m, Ao, 1)

Fully discrete error estimates The coupling solution, denoted by uj,j;, is defined as

Uy = {ulh(el’ﬁ)’ e N (19)
up’fy(O2,m),  in Q\w”,

where u5, £7(02,17) is a fine scale approximation obtained from the coarse scale solution ug i (62, 1)
using a post processing procedure in the following way. We assume that the tensor a5 is Y-periodic
in y and we restrict the FE spaces to piecewise FE spaces. Periodic coupling is then used with
sampling domains K. of size ¢. The reconstructed solution u5; 1 (02,17) is given by

rec

8
by () = vz (s +z¢ D52 (@), wek,
J
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where 1/1}(}: are the micro solutions of (13) in the sampling domain K.. As the numerical solutions
might be discontinuous in wsy, we consider a broken H' semi-norm,

Wiy = > IVullizan+ Do IVUllizu.
KeTh(wt) KeTag(Q\w™)

We next state our main convergence result for the optimization based numerical solution. Let
ufl € Vi) (w2, Tar) be the FE-HMM approximation of the homogenized solution u".

Theorem 3.1 (A priori error analysis in wt) Let g9 be given by the strong Cauchy-Schwarz
Lemma 5.3 and consider € < eg. Let u® and u® be the exact solutions of problems (1) and (10),
respectively, and uj ;; be the numerical solution of the coupling (19). Further, let ufl e Vol (wo, Trr)
be the FE-HMM approzimation of u®. Assume u® € H*TY(Q), with s < 1, u® € H?*(ws), and assume
that (11) holds, then

Co

T—T

[Ju® — U1,B(‘91,E)||ﬁ1(w+) < Clﬁs\uE\HsH(wl) + ¥ (BS+I|U€|H8+1(W1) +e+ eHMM,LQ) )

where the constants are independent of ¢, H, h, and h, and where egare = lu’ — uHHLg(W).

Proof. Follows the lines of [7, Theorem 4.3], using a continuous macro FEM (FE-HMM) instead of
a discontinuous Galerkin FEM (DG-FE-HMM). O

The Analysis of the error egpspr 2 is by now standard for the FE-HMM. One decompose the error
into [2]

erniarze = U0 — w12y < 0 — w2 ) + 1ul — 7 12wy + 187 = w |lL2(w),

EMAC EMOD EMIC
where u% is a FEM approximation of u° with numerical quadrature and @ is a semi-discrete
FE-HMM approximation of u°, where the micro functions are in the exact Sobolev space W (Kj).

Under suitable regularity assumption [12], we have
enac < CH?,

where the constant C' is independent of ¢, h, H, and h.
Next, following [1, 2] we can bound the micro and modeling errors. If we assume the following
regularity on ¢ € W(Ks), the non-discretized micro solutions of problem (13),

W%(S‘HQ(K;) <Ce 1[Ks|, fori=1,...,d,

we obtain a bound on the micro error
h 2
emrc <C <€> ;

where the constant C' is independent of ¢, h, H, and h (we recall that for the reconstruction we use
periodic boundary conditions in the micro problems (13) over sampling domains are of size § = ¢).
If we collocate (i.e., freeze) the slow variable = to the quadrature point xx in the tensor a5, i.e., we
consider a5(zx,z/e) in the macro and micro bilinear forms, we obtain an optimal modeling error

emop =0, with S*(Ks, T,) C W, (Ks),

12



assuming that /¢ € Nsg. Without collocation, the modeling error becomes
emop = Ce,
where the constant C' is independent of ¢, h, H, and h.

Remark 3.2 When §/e ¢ N and § > e, Dirichlet boundary conditions are used instead of the
periodic conditions in the micro problems (13), and the modeling error becomes

01%7 with collocation and Sl(K(;,ﬁL) C H&(K&)7
(& e
Mop Ca(0+ %),  without collocation and SY(Ks,Tn) C HY(Ks),

where the constants are independent of €,0, h, H, and h.

Remark 3.3 Higher order FE macro and micro spaces can also be considered, and we refer to

[2, 3] for details.

Next, we state an error estimates in the coarse scale region for the optimization based numerical
solution with correctors.

Theorem 3.4 (Error estimates in Q\ w™) Let u® be the exact solution of problem (1) and uj,y
be the numerical solution of the coupling (19). Let a5(x) = az(x,x/c), where az(x,y) is Y -periodic
in y and satisfies ay(x,y) € C(wWa; L2, (Y)). Let e (x) € Wy (K:), j = 1,...,d. If in addition,
W € H2(Q), u3(02) € H*(w2), uf € H* N (w1), with s < 1, and ¢} (x) € WHR(K,), j=1,...,d.
It holds,

h
Ju5(62) = w55 O s vy < Co2 4 Co (2) + Clllufl e

Cy

2 (B ooy + €+ B2l )

where the constants are independent of H, h,h, and €.

Proof. Follows the lines of [7, Theorem 4.4], where DG-FE-HMM is replaced by FE-HMM. 0O

Remark 3.5 We note that the above theorem is also valid when using discontinuous Galerkin macro
solver (i.e., the DG-FE-HMM [4]). This has been studied in [7] for the cost function of case 1. A
similar proof applies for the cost function of case 2.

4 Numerical experiments

In this section, we give three numerical experiments that can be seen as a complement of the ones
carried in [7], where we focused on a minimization in L?(wy), with interior subdomains and matching
grids in the overlap wp. In the first experiment, we still consider the minimization over L?(wg) and
compare matching and non-matching meshes. The second experiment illustrates the coupling with
the cost function of case 2 over I'y UT's, and comparisons with the cost function of case 1 over wy.
In the last example, we combine non-matching grids and a minimization over the boundary. We
observe several order of magnitude of saving in computational cost when compared to the method
proposed in [7].

13



Comparison of matching and non-matching grids on the overlap.

Ezxperiment 1. For this experiment, we use the cost function of case 1

]' 13
J(p1, p2) = 5”“1(#1) - U%(W)”i%wo)-

Using FEM and FE-HMM in w; and ws respectively, leads to two main restrictions: the mesh size
in wi should be smaller than the fine scale, whereas the mesh size in wy can be larger than the fine
scales, in order to take full advantage of the FE-HMM. Since both methods are defined in wy, we
can chose to have the same FE in both meshes on the overlap, or one can impose two different
meshes. With the first choice, no interpolations must be considered between 7T;, and Ty over wg, but
Tz is composed of FE with mesh size as small as the fine scales. In that situation, DG-FE-HMM is
chosen instead of FE-HMM due to the discontinuity at the interface I'y. The second choice requires
interpolation between the meshes in wp, but 7y is not restricted by the size of the fine mesh 7j,.
We show that both cases give similar convergence rates, but the computational cost is significantly
reduced in the second case.

Let us consider a Dirichlet elliptic boundary value in = [0, 1)?,

—div (a*Vu®) = f, in Q,
u =0, on 0f,

with f =1 and af is given by

R 1 /114 sin(2m(z1/e)(x2/e)) .
aa(@1, @2) = 6( 1.1+ sin(217m2/€§ - sm(4x%m§) * 2) Iz,
4 7
a1, 72) = 3 + ;;; - i cos (8 iy — a1/(+ 1)) + [150iz1 | + [150z2])

Let z. be the center of €, we consider w; = z. + [—1/4,1/4]I and w = =, + [—1/8,1/8]I5. Let
H =1/8, ¢ = 1/10, and a micro mesh size h = ¢/L, so that the micro error is negligible. We
initialize the fine mesh to h = 1 /16. We use uniform simplicial meshes in w; and wg, and assume
that 7; is obtained from 7Ty using a uniform refinement in wg. This allows simplification in the
interpolation between the two meshes in the overlap. We couple the FEM over w; with the mesh
T; (w1) with the FE-HMM over wy with mesh 7z (w2), and compare it with a coupling between FEM
over 77 (wy) with DG-FE-HMM over a mesh composed of coarse FE from T (w2 \ wp) with small FE
from the fine mesh 7; (wo). The reference fine scale solution is computed on a very fine mesh, and
we compare the two numerical solutions with the reference one. After three i terations, we plot the
numerical approximations of the fine scale solution u§ and coarse scale solution uJ (in transparent),
for a coupling with minimization of the cost function of case 1 with non-matching grid (Figure 2(a))
and with matching grids (Figure 2(b)). A zoom of the coarse scale solutions in the overlap region
wp can be seen in Figure 2(c) for the coupling with non-matching grids and in Figure 2(d) with
matching grids, where the coupling is performed with the cost function of case 1 (as the fine meshes
become too dense after three iterations, we plot for the zoom the solution after one iteration to
better visualize the difference in the meshes).

We refine either only in w; for the fine scale solver (non-matching grids) or in addition in wy for the
coarse scale solver (matching grids). We set § = ¢ for the sampling domains, and consider a micro
mesh size h = /L, so that the micro error is negligible. Figure 3(a) shows the H! norm in w with

14



non-matching grids (bullet) and with matching grids (diamond); we see that the errors are similar.
We also measured the times, using Matlab timer, to compute the numerical solutions. We see in
Figure 3(b) that using non-matching grids is faster as the number of micro problems, that have to
be computed with the coarse solver, is smaller and fixed, whereas it increases when matching grids
are used, causing a significant time overhead.

0.12
0.1
9%
FIRS
AL
0.08 AN
RN
>
N\
0.06 \
0.04 ]
1

0.5

0.5

(c) (d)

Figure 2: experiment 1: numerical solutions of the coupling with minimization of the cost function
of case 1 using non-matching grids (a) and matching grids (b), zoom in wy of the coarse scale
solution with the cost function of case 1 and non-matching grids (c¢) and with matching grids (d).

The rate of convergence in w is influenced by H and e, and when h is refined, we expect a saturation,
depending on H and ¢, in the convergence. Let ¢ = 1/20 and initialize the fine mesh to h = 1/64.
We set H = 1/8,1/16, and 1/32, and refine h in each iteration. In Figure 4, we plot the H! norm
between the reference and numerical solutions w.r.t the mesh size in w. We see indeed that the error
saturates at a threshold value that depends on H.

Minimization with interface control.

For this experiment, we compare the coupling done with the cost function of case 1 and of case 2 on

15
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mesh size h with H=1/8
(a)
Figure 3: experiment 1: (a) H' norm in w with minimization of the cost function of case 1 using

non-matching grids (bullet) and matching grids (diamond), (b) CPU time with the cost function of
case 1 using non-matching grids (bullet) and matching grids (diamond).

non-matching grids with min. over wg

1072 T ]

| -e- H=1/8 .

|-e-H=1/16 |
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B i |
|

1073 | .

i | | ,

10—25 102

mesh size h
Figure 4: experiment 1:(a) H! norm between the reference and numerical solution using non-

matching grids and cost function of case 1 for different macro mesh size H = 1/8 (dashes), H = 1/16
(dash-dots), and H = 1/32 (full).
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an elliptic problem with w C €, i.e., when the boundaries of w and {2 intersect (see Figure 1 right
picture).

Experiment 2. Let us consider a Dirichlet elliptic boundary value in Q = [0, 1],

—div (a*Vu®) = f, in Q,
u =0, on 09,

with f =1 and a® — plotted in Figure 5(b) — is given by
a5(x1,z9) = (cos(27raf1/€) +2) 15,
1

to(21,29) = 3+ = ZZ ilcOS(LS(sz—xl/(z—l—l))J+L150i$1J+L1509§2J).
j 0= 0

The tensor a® in wo has scale separation, is Y-periodic in the fast variable, and the homogeneous

tensor a9 can be explicitly derived as

-1
ay(x) = ((fo ayodyl) 0) :

2

Let wy =[0,1/2] x y and w = [0,1/4] x y, with y € [0,1]. An illustration of a numerical solution is
given in Figure 6(a). At first, we consider the cost of case 1,

1
T(s 12) = 5 [[uf () = () [P ).

Let e = 1/50, and h/e = 1/L be small enough to neglect the micro error. We initialize the fine mesh
to h = 1/128. For different macro mesh sizes H = 1/8,1/16,1/32 and 1/64, we refine i and monitor
the convergence rates between the numerical solution of the coupling and the reference solution.
In Figure 5(a), the H! norm is displayed for H = 1/8 (dots), H = 1/16 (dashes-dots), H = 1/32
(dashes) and H = 1/64 (full lines). One can see that the error saturate at a value depending on the
macro mesh size H.
Now, we compare the costs of case 1 over wg with the cost of case 2 over I'y UT'5. We fix e = 1/10,

H =1/16, and h = ¢/L small enough in order to neglect the micro error. We initialize the fine
mesh to A = 1/32 and refine the mesh only in w;. The numerical approximations of u$ and u9 are
shown in Figure 6(a), for the cost of case 1 over wy, and in Figure 6(b), for the cost of case 2 over
I't UTy. The H! and L? errors between u!’ and a reference solution in wy, are shown in Figures
6(c) and 6(d), respectively. Computational times are compared as well in Figure 7, for the cost over

o (diamonds) and the cost over I'; UT'y (bullets). As the number of degrees of freedom of the
saddle point problem (18) is reduced when minimizing over the boundaries I'y U T'9, we see that
the coupling over wqg is more costly than the coupling over I'y UT's. Considering an interpolation
between the two meshes in the interface wy gives similar results as, due to the periodicity of a3, we
need only to resolve one cell problem to compute the homogenized tensor a).
We next vary the size of the overlap wp, and consider w; = [0,1/4 + mH] x y, for m = 1,4, 8, where
H = 1/32 is the coarse mesh size, and initialize h = 1/64. We minimize over the overlap wo. We
observe that both couplings are influenced by the size of 7 = dist(I';y UT'3) and this is shown in the
H?' errors in Figure 8. The rates deteriorate when 7 goes to zero.
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Figure 5: experiment 2: (a) H' errors between the numerical and the reference solutions in w using
matching grids and the cost function of case 1 with different macro mesh size H = 1/8 (stars),
H =1/16 (diamonds), H = 1/32 (bullets), and H = 1/64 (plus), (b) tensor a® over © for ¢ = 1/10.

Minimization with interface control on non-matching grids.

For the last experiment, we combine the two previous effects. The fastest coupling is obtained by
performing by considering the minimization with of the cost of case 2 with interpolation of the two
meshes in the overlap, whereas the slowest coupling is obtained by the minimization with the cost
function of case 1 using identical meshes in the overlap.

Ezxperiment 3. We consider a Dirichlet elliptic boundary value in = [0, 1]2,

—div (a®*Vu®) = f, in Q,
u =0, on 012,

with f =1 and af is given by

4 7
ay(z1,29) =3+ % Z Z ; j_ 7 cos (|8 (iwg —x1/(i4+1))] + [150ix1 | + [150z2]) .

§=0i=0

We set H = 1/16 and € = 1/10. We initialize h = 1/32. In Figure 9(a), we see the H' error for the
two settings are similar whereas the computational cost using minimization over the overlap and
non-matching grid in wy dramatically decrease (see Figure 9(b)).

5 Appendix

Let us start by recalling the Caccioppoli inequality [19]. Let w C w; be subdomains of Q with
7 = dist(Ow, Qw1 ) and set I' = 0. For a tensor a, the set of a-harmonic functions is denoted by
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Figure 6: experiment 2: numerical solutions using matching grids and the cost function of case 1 (a)
and of case 2 (b), (¢) H' error between the numerical and reference solutions in w using matching
grids and the cost function of case 1 (diamond) and the cost function of case 2 (bullet), (d) L? error
between the numerical and reference solutions in w, using matching grids and the cost function of
case 1 (diamond) and the cost function of case 2 (bullet).

H(w1), and consists of functions u € L?(w1) N H{,.(w1) such that
/ aVu-Vudr =0, Vv e (5o (wr),
w1

where HL (w1) := {u € HY(O) | for any open set O with O C w;}.

Theorem 5.1 (Caccioppoli inequality [19]) Let u € H(w1), then
) 1/2
[VullLzw) < mHUHL?(wly
Further, it holds,

261/2
[Vullrew) < mHUHLQ(wo)-
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Figure 8: experiment 2: H' errors between the numerical and reference solutions in w with matching
grids and the cost function of case 1 (diamond) and the cost function of case 2 (bullet) for 7 = 9/32
(dots), 7 = 10/32 (dash-dots), and 7 = 1/2 (full).
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matching grids (bullet), (b) CPU time with the cost function of case 1 and matching grids (diamond)
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We note that elliptic problems with a non null right hand side, and problems where dw NT' # (), can
also be considered and we refer to [19] for details. We give next a bound of the L? norm over w by
the L? norm over the overlap wy.

Lemma 5.2 Let v5 and v9 be solutions of (4), for i = 1,2, respectively. The following bounds hold
C
loille@) = —lville o)

C
022 @nwn) < o2l

where T is the width of the overlap and C is a constant depending on «, 3, and the Poincaré constant
associated to w1 and wo, respectively.

Proof. see [7, Lemma 2.1]. O

In the next lemma, we state a strong version of the Cauchy-Schwarz inequality, and refer to [7] for
the proof. Let us recall the problems for the state variables: find v; € H},(w;) solution of

—div (a;Vv;) =0, in w;,
v; =40;, only,

v; =0, on dw; UT'p,

n; - (a;Vv;)) =0, on dw; NT N,

(20)
where a1 = a and az = a3.

Lemma 5.3 (Strong Cauchy-Schwarz) Let v§ € H}(w1) and v§ € HL (ws) be solutions of (20)

fori=1,2. Then, there exist an g9 > 0 and a positive constant Cs < 1 such that for all ¢ < e, it
holds

| vibde < Colleflluzan 08
wo

Discrete versions of the Caccioppoli and the strong Cauchy-Schwarz inequalities are stated below.
v" € VP(wq,Tp,) solution of

By (vP, wh) = / aVol - Vuldr =0,  Vw' € VP (w1, Th). (21)
w1

Lemma 5.4 (Discrete Caccioppoli inequality for interior domains, [26]) Letv" € VP(w1, Tp)
satisfy equation (21) for all w" € V¥ (wy,Tp); it holds

1
V0" 2@ < C- " e,

where the constant C is independent of h.

We now give the discrete strong Cauchy-Schwarz inequality, and to simplify the notations, we omit
the € dependency in vy.

Lemma 5.5 Let ¢ < eg and Cs < 1 be given by the strong Cauchy-Schwarz Lemma 5.3, and let
vy, € Vh(wi1,T;) and va g € Vh(wa, Tar) be numerical solutions of (18). There exist ho > 0 and
Hy > 0 such that

/w U17EU27de < CSHUljZHLQ(wo)HU?,HHLQ(wo)v Vil < fLo,H < Hj.
0
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