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Abstract

Computing the exponential of large-scale skew-Hermitian matrices or parts thereof
is frequently required in applications. In this work, we consider the task of extracting
finite diagonal blocks from a doubly-infinite skew-Hermitian matrix. These matrices
usually have unbounded entries which impede the application of many classical tech-
niques from approximation theory. We analyze the decay property of matrix exponen-
tials for several classes of banded skew-Hermitian matrices. Then finite section methods
based on the decay property are presented. We use several examples to demonstrate
the effectiveness of these methods.

Keywords. Matrix exponential, doubly-infinite matrices, finite section method,
banded matrices, exponential decay
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1 Introduction

In a number of scientific applications, especially in quantum mechanics, it is desirable to
compute exp(iA) where A is a self-adjoint operator. For example, exp(iA) naturally appears
in the solution of the time-dependent Schrödinger equation [7]. We refer to, e.g., [9] for
applications from other domains. In practice, the operator A is often given in discretized
form, i.e., a doubly-infinite Hermitian matrix under a certain basis, and a finite diagonal
block of exp(iA) is of interest. Suppose the (−m : m,−m : m) block1 of exp(iA) is
desired. A simple way to solve this problem is illustrated in Figure 1. We first compute the
exponential of the (−w : w,−w : w) block of A, where w is chosen somewhat larger than m,
and then use its central (2m+ 1)× (2m+ 1) block to approximate the desired solution. In
reference to similar methods for solving linear systems [15, 20], we call this approach finite

∗ANCHP, MATHICSE, EPF Lausanne, CH-1015 Lausanne, Switzerland. Email: meiyue.shao@epfl.ch,
telephone: +41-21-693 25 31.

1The Matlab colon notation i : j represents a set of consecutive integers {i, i+ 1, . . . , j}.
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section method. The diagonal blocks (−m : m,−m : m) and (−w : w,−w : w) are called
the desired window and the computational window, respectively.

To our knowledge, much of the existing literature on infinite matrices is concerned
with solving infinite dimensional linear systems, see e.g., [5, 6, 27] and the references
therein. The matrix exponential problem for infinite matrices has also been studied [14,
16]. Despite the simplicity of the finite section method, it is crucial to ask how large
the computational window needs to be, and whether this truncation produces sufficiently
accurate approximation to the true solution. These questions are relatively easy to answer
for bounded matrices, where standard polynomial approximation technique can be applied.
But it turns out that the finite section method can also be applied to certain unbounded
matrices, and still produces reliable solutions. For example, Figure 1 illustrates this for
an unbounded Wilkinson-type matrix W−(1), see Section 3.2, for which the error decays
quickly when the size of the computational window increases. In this paper we will explain
this phenomenon and establish the finite section method with error estimates for several
classes of doubly-infinite Hermitian matrices.
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Figure 1: A pictorial illustration of the finite section method. In this case A is the
Wilkinson-type matrix W−(1).

The rest of this paper is organized as follows. In Section 2, we discuss the decay property
of exp(iA) for a bounded matrix A and show how this can be used to analyze the finite
section method. In Section 3, we first analyze decay of entries for Wilkinson-type matrices
and derive the corresponding finite section method, and then discuss some extensions
to more general unbounded matrices. Finally, numerical experiments are presented in
Section 4 to demonstrate the reliability of finite section methods.
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2 The Finite Section Method for Bounded Matrices

To analyze the accuracy of finite section methods, we start by discussing a relatively
simple case—A is a bounded Hermitian matrix. To set the stage, let us first give a formal
mathematical formulation of the problem, see also [1]. A doubly-infinite matrix is a two
dimensional array A = [aij ] of complex numbers with i, j ∈ Z. It is called Hermitian
(or skew-Hermitian) if aij = aji (or aij = −aji) for all i, j ∈ Z. If there exists an even
number b such that aij = 0 when |i−j| > b/2, then A is called b-banded, or banded in short.
Matrix-matrix and matrix-vector multiplications are defined akin to those operations for
finite matrices. That is,

(AB)ij =
∑
k∈Z

aikbkj ,

(Ax)i =
∑
k∈Z

aikxk,
(1)

where A, B are doubly-infinite matrices and x = [xi] is a doubly-infinite vector, provided
that these summations converge absolutely. Evidently, multiplications involving banded
matrices are always well-defined since all summations are finite. A doubly-infinite matrix A
is called bounded if

‖A‖2 := sup
x∈l2(Z)
‖x‖2≤1

‖Ax‖2 < +∞;

in this case A can be interpreted as a continuous linear operator over l2(Z) [1]. By Gelfand’s
formula [12], we have

ρ(A) = lim
k→∞

‖Ak‖
1
k
2 ≤ ‖A‖2,

indicating that the spectrum Λ(A) is also bounded. For an analytic function F (z) defined
on a domain Ω which encloses Λ(A) (i.e., the spectrum of A), the matrix function F (A) is
defined as

F (A) =
1

2πi

∮
∂Ω
F (z)(zI −A)−1 dz.

In this paper we are interested in the exponential function F (z) = exp(iz).
Throughout this section, we assume that the doubly-infinite matrix A is Hermitian and

b-banded. In the following, we first recall the exponential decay property of exp(iA) and
then establish finite section methods based on this property.

2.1 The exponential decay property

It is well-known [3, 4, 5, 19] that when B is a finite banded matrix, the entries of F (B)
decay exponentially from the diagonal where F is an analytic function defined on a domain
containing Λ(B), see in particular [3, Section 2]. The decay properties easily carry over
to functions of bounded doubly-infinite matrices. In the following we briefly recall these
results.
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Definition 1. We say that a matrix A = [aij ] has the exponential decay property if there
exist K > 0 and ρ ∈ (0, 1) such that

|aij | ≤ Kρ−|i−j|, ∀i, j. (2)

The constant ρ is called the decay rate. If for any ρ ∈ (0, 1) there exists a positive number K
such that (2) holds for all i, j, we say that A decays super-exponentially.

We remark that all finite matrices trivially have the exponential decay property by
choosing sufficiently large K. Hence this property is meaningful only when K can be
chosen moderately small and ρ is not too close to one. However, for a doubly-infinite
matrix A, the exponential decay property is nontrivial since it implies the boundedness
of A in l2(Z). In fact, both ‖A‖1 := supj

∑
i∈Z |aij | and ‖A‖∞ := supi

∑
j∈Z |aij | are

bounded by K(1+ρ)(1−ρ)−1 and hence the Schur test [24] implies ‖A‖2 ≤
√
‖A‖1‖A‖∞ ≤

K(1 + ρ)(1− ρ)−1.
Proofs of the exponential decay properties of certain matrix functions are usually built

on polynomial approximation (see, e.g., [3, 4, 10]), i.e., approximate F (B) by a matrix
polynomial p(B) where p ∈ Pk is a polynomial of degree at most k. The propositions
below will be used in our analyses.

Lemma 1 (Bernstein). [3, 21] Let Eχ (χ > 1) be the Bernstein ellipse in the complex plane
defined by

<(z)2(
χ+ χ−1

)2 +
=(z)2(

χ− χ−1
)2 =

1

4
.

Then for any function F being analytic in the domain enclosed by Eχ and continuous on Eχ,
we have

inf
p∈Pk

‖F − p‖∞ ≤
2M(χ)

χk(χ− 1)
, (k ∈ N)

where
M(χ) = max

z∈Eχ
|F (z)|.

Theorem 2 (Benzi-Golub). [3] Let B be a b-banded Hermitian matrix whose spectrum
is contained in the interval [−1, 1]. Then for any function F being analytic2 inside the
Bernstein ellipse Eχ and continuous on Eχ, there exist constants K > 0 and ρ ∈ (0, 1) such
that

|[F (B)]ij | ≤ Kρ|i−j|.

More precisely, these constants can be chosen as

K = max

{
2χM(χ)

χ− 1
, ‖F (B)‖2

}
and ρ = χ−

2
b .

2In [3], F is additionally required to be real analytic. But this extra assumption turns out to be
unnecessary, see, e.g., [21, page 76].
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Although Theorem 2 is derived only for finite matrices in [3], the same proof is valid
for analytic functions of a doubly-infinite Hermitian b-banded matrix B as long as Λ(B) ⊂
[−1, 1] holds. Now we consider a doubly-infinite b-banded Hermitian matrix A with spec-
trum Λ(A) ⊂ [λ0 − ∆, λ0 + ∆].3 In the following we show that exp(iA) has the super-
exponential decay property.

Corollary 3. Suppose A is a doubly-infinite b-banded Hermitian matrix with Λ(A) ⊂
[λ0 −∆, λ0 + ∆]. For any χ > 1, let

K =
2χ

χ− 1
exp
[∆(χ2 − 1)

2χ

]
and ρ = χ−

2
b . (3)

Then ∣∣∣[exp(iA)
]
ij

∣∣∣ ≤ Kρ|i−j|, ∀i, j ∈ Z. (4)

Moreover, exp(iA) has the super-exponential decay property.

Proof. For χ > 1, we set

M(χ) = max
z∈Eχ

∣∣exp(i∆z)
∣∣ = max

x+iy∈Eχ
x,y∈R

∣∣exp[−∆y]
∣∣ = exp

[∆(χ2 − 1)

2χ

]
.

Applying Theorem 2 to F (z) = exp(i∆z) with B = (A − λ0I)/∆, which has spectrum
contained in [−1, 1], yields∣∣∣(exp

[
i(A− λ0I)

])
ij

∣∣∣ = |[F (B)]ij | ≤ Kρ|i−j|, (5)

where ρ = χ−
2
b and

K = max

{
2χM(χ)

χ− 1
, 1

}
=

2χM(χ)

χ− 1
=

2χ

χ− 1
exp
[∆(χ2 − 1)

2χ

]
> 1.

The bound (4) now follows from (5) using the fact that

|exp(iA)| = |exp(iλ0)| ·
∣∣exp

[
i(A− λ0I)

]∣∣ =
∣∣exp

[
i(A− λ0I)

]∣∣ .
For any ρ ∈ (0, 1) we choose χ = ρ−

b
2 and K = 2χ exp

[
∆(χ2 − 1)/(2χ)

]/
(χ− 1) according

to (3) so that (4) holds for all i, j ∈ Z. Therefore, by definition exp(iA) has the super-
exponential decay property.

Since F (z) = exp(i∆z) is an entire function, in Corollary 3 we can choose any χ from
the interval (1,+∞) to bound

∣∣[exp(iA)]ij
∣∣. Sometimes an upper bound of

∣∣[exp(iA)]ij
∣∣ for

a given entry (i, j) is of interest. Thus it is desirable to find a χ that minimizes Kρ|i−j|.
Such a choice is made by taking θ = 1 and d = |i− j| in the following theorem.

3Without loss of generality, we always assume that ∆ > 0.
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Theorem 4. Let b, d, ∆, and θ be positive numbers. Then the function

g(χ) =
( 2χ

χ− 1

)θ
exp
[∆(χ2 − 1)

2χ

]
χ−

2d
b , (χ > 1)

has a unique minimum at χ = χ∗, where χ∗ is the unique root of the cubic equation

χ3 −
(

1 +
4d

b∆

)
χ2 +

(
1 +

4d− 2bθ

b∆

)
χ− 1 = 0

in the interval (1,+∞). Moreover, we have

lim
d→+∞

χ∗
d

=
4

b∆
.

Proof. We first notice that limχ→1+ g(χ) = limχ→+∞ g(χ) = +∞. Therefore g(χ) has
at least one minimum in the interval (1,+∞) as g(χ) is continuously differentiable. Any
minimizer χ∗ satisfies the condition

0 =
dg(χ)

dχ

∣∣∣∣
χ=χ∗

= g(χ∗)
[
− θ

χ∗(χ∗ − 1)
+

∆(χ2
∗ + 1)

2χ2
∗

− 2d

bχ∗

]
.

Multiplying by 2χ2
∗(χ∗ − 1)

/
[g(χ∗)∆] yields h(χ∗) = 0, where

h(χ) = χ3 −
(

1 +
4d

b∆

)
χ2 +

(
1 +

4d− 2bθ

b∆

)
χ− 1.

Since h(1) < 0, h(χ) has either one root or three roots in the interval (1,+∞) according to
the monotonicity of a real cubic function. If there are three roots in (1,+∞), the product
of all these roots is greater than one. This contradicts Vieta’s formulas which imply that
the product of the roots of h(χ) is one. Therefore, h(χ) has only one root in (1,+∞). This
root is also the unique minimizer of g(χ).

To obtain the asymptotic behavior of χ∗, we consider the function

h̃(χ̃) =
h(χ)

d3
= χ̃3 −

(1

d
+

4

b∆

)
χ̃2 +

( 1

d2
+

4

bd∆
− 2θ

d2∆

)
χ̃− 1

d3
,

where χ̃ = χ/d. Since χ∗ is the largest real root of h(χ), χ̃∗ = χ∗/d is also the largest
real root of h̃(χ̃). When d = +∞, we have χ̃∗ = 4/(b∆). Notice that χ̃∗ is a continuous
function of the coefficients of h̃(χ̃) (see, e.g., [31]). Therefore, we obtain

lim
d→+∞

χ∗
d

= lim
d→+∞

χ̃∗ =
4

b∆
.
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2.2 The finite section method

We have seen that exp(itA) has the (super-)exponential decay property when a doubly-
infinite matrix A is banded Hermitian and bounded. We now make use of this property to
establish the finite section method with guaranteed accuracy.

Suppose A is partitioned into the form

A =

A11 A12

A21 A22 A23

A32 A33

 ,
where A22 corresponds to the computational window. The finite section method extracts
the desired window from exp(iA22). The matrix exp(iA22) is the central diagonal block
in exp(i Diag {A11, A22, A33}), and the latter can be viewed as the exact exponential of a
perturbed matrix. Hence a perturbation analysis of the matrix exponential as in [28] is
helpful for studying the truncation error in the finite section method.

Notice that the solution of the linear differential equation

dx(t)

dt
= iAx(t), x(t) ∈ l2(Z)

is given by [8, Theorem 2.1.10]

x(t) = exp(itA)x(0).

Using this connection between the linear differential equation and the exponential function,
it can be shown [8, Theorem 3.2.1] that

exp(itA+itB)v−exp(itA)v = i

∫ t

0
exp[i(t−s)A]B exp[is(A+B)]v ds, ∀v ∈ l2(Z), (6)

when both A and B are bounded. The following theorem is based on this perturbation
bound.

Theorem 5. Suppose that

A =

A11 A12

A21 A22 A23

A32 A33


is a doubly-infinite b-banded Hermitian matrix with Λ(A) ⊂ [λ0−∆, λ0 + ∆], where A22 is
the (−w : w,−w : w) diagonal block of A. Let Ã = Diag {A11, A22, A33} be a block diagonal
approximation of A. Then for any χ > 1, we have∣∣∣[exp(iA)− exp(iÃ)

]
ij

∣∣∣ ≤ K(ρ|w−i|+|w−j|− b2 + ρ|w+i|+|w+j|− b
2
)
, ∀i, j

where

K =
b(b+ 2)

4
max

{
‖A12‖2, ‖A23‖2

}( 2χ

χ− 1

)2
exp
[∆(χ2 − 1)

2χ

]
and ρ = χ−

2
b . (7)
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Proof. Let

A0 =

A11 A12

A21 A22 0
0 A33

 , B = A0 −A.

Then Λ(A0) ⊂ [λ0 −∆, λ0 + ∆] because

ρ(A0 − λ0I) = ‖A0 − λ0I‖2
= max

{∥∥∥[A11 A12
A21 A22

]
− λ0I

∥∥∥
2
, ‖A33 − λ0I‖2

}
≤ ‖A− λ0I‖2 = ρ(A− λ0I).

Similarly, it can be shown that Λ(Ã) ⊂ [λ0 −∆, λ0 + ∆]. Using (6), we obtain

exp(iA0)ej − exp(iA)ej = i

∫ 1

0
exp[i(1− s)A]B exp(isA0)ej ds, ∀j ∈ Z.

For each s ∈ [0, 1], we denote by U(s) = exp[i(1 − s)A] and V (s) = exp(isA0). Then for
i, j ∈ Z, we conclude from the nonzero structure of B that∣∣∣[U(s)BV (s)

]
ij

∣∣∣
=

∣∣∣∣∣∣
b/2∑
k=1

0∑
`=−b/2+k

bw+k,w+`Ui,w+kVw+`,j +

0∑
k=−b/2+1

b/2+k∑
`=1

bw+k,w+`Ui,w+kVw+`,j

∣∣∣∣∣∣
≤‖A23‖2

( b/2∑
k=1

0∑
`=−b/2+k

|Ui,w+kVw+`,j |+
0∑

k=−b/2+1

b/2+k∑
`=1

|Ui,w+kVw+`,j |
)
.

Using (3) and (4), we have

|Ui,w+k| ≤
2χ

χ− 1
exp
[(1− s)∆(χ2 − 1)

2χ

]
ρ|w+k−i|,

|Vw+`,j | ≤
2χ

χ− 1
exp
[s∆(χ2 − 1)

2χ

]
ρ|w+`−j|,

and thus

|Ui,w+kVw+`,j | ≤ K0ρ
|w+k−i|+|w+`−j| ≤ K0ρ

|w−i|+|w−j|−|k|−|`| ≤ K0ρ
|w−i|+|w−j|− b

2 ,

where

K0 =
( 2χ

χ− 1

)2
exp
[∆(χ2 − 1)

2χ

]
.

Hence, we obtain ∣∣∣[U(s)BV (s)
]
ij

∣∣∣ =
b(b+ 2)

4
‖A23‖2K0ρ

|w−i|+|w−j|− b
2 .
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Integrating over the interval [0, 1] eventually yields∣∣∣[exp(iA0)− exp(iA)
]
ij

∣∣∣ ≤ b(b+ 2)

4
‖A23‖2K0ρ

|w−i|+|w−j|− b
2 ≤ Kρ|w−i|+|w−j|−

b
2 .

Following the same analysis above, we obtain another estimate∣∣∣[exp(iÃ)− exp(iA0)
]
ij

∣∣∣ ≤ b(b+ 2)

4
‖A12‖2K0ρ

|w+i|+|w+j|− b
2 ≤ Kρ|w+i|+|w+j|− b

2 .

Then the theorem is proved from∣∣exp(iÃ)− exp(iA)
∣∣ ≤ ∣∣exp(iA0)− exp(iA)

∣∣+
∣∣exp(iÃ)− exp(iA0)

∣∣.
Now we are ready to derive the finite section method for computing the diagonal block[

exp(iA)
]
(−m:m,−m:m)

. Based on Theorem 5, we can choose w > m such that the pertur-

bations introduced at the ±wth rows have only negligible impact on the desired window.
For a given entry (i, j) in the desired window, we set k = (i+ j)/2. Then∣∣∣[exp(iA)− exp(iÃ)

]
ij

∣∣∣ ≤ K(ρ|w−i|+|w−j|− b2 + ρ|w+i|+|w+j|− b
2
)

= K
(
ρ2(w−k)− b

2 + ρ2(w+k)− b
2
)

≤ K
(
ρ2(w−m)− b

2 + ρ2(w+m)− b
2
)
.

The last inequality is based on the convexity of the function ρx. It is then desirable to
minimize the right-hand-side in the above inequality. Substituting d = 2(w−m)− b/2 and

θ = 2 into Theorem 4, we obtain that the parameter χ∗ that minimizes Kρ2(w−m)− b
2 is the

unique root in the interval (1,+∞) of the cubic equation

χ3
∗ −

(
1 +

4d

b∆

)
χ2
∗ +

(
1 +

4(d− b)
b∆

)
χ∗ − 1 = 0. (8)

Such a choice is already sufficient for practical purpose since

Kρ2(w−m)− b
2 +Kρ2(w+m)− b

2 ≤ 2Kρ2(w−m)− b
2

and usually ρ2(w+m)− b
2 � ρ2(w−m)− b

2 . Finally, we remark that the knowledge of the width
of Λ(A) is required in order to compute the constant K in (7). In practice a moderate
overestimate of the width is sufficient since in Theorem 5 the closed interval [λ0−∆, λ0+∆]
is only required to contain Λ(A). We demonstrate the finite section method in Algorithm 1.4

4In Step 4 of Algorithm 1, we label the indices of E with −m : m instead of 1 : (2m + 1). We use this
labeling convention for submatrices extracted from a doubly-infinite matrix, when there is no ambiguity.
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Algorithm 1 (A priori) Finite section method for exp(iA)

Input: A is b-banded Hermitian and bounded, m ∈ N, τ > 0.
Estimate the extreme points of Λ(A) and set

∆← sup Λ(A)− inf Λ(A)

2
.

Find the smallest integer w such that

K
(
ρ2(w−m)−1 + ρ2(w+m)−1

)
≤ τ and w ≥ m,

where K and ρ are chosen optimally from (7) and (8) with d = 2(w −m)− b/2.
Compute E ← exp

[
iA(−w:w,−w:w)

]
.

Output E(−m:m,−m:m).

Evidently, the effectiveness of Algorithm 1 depends on the quality of the a priori esti-
mate. We remark that sometimes the estimate based on Theorem 5 can severely overes-
timate the truncation error, mainly because the bound in Theorem 2 is pessimistic. An
extreme case occurs when A is diagonal and has a wide spectrum. Theorem 2 still provides
a very large constant K which grows exponentially with ∆ while the actual decay is arbi-
trarily fast. We will show another example in Section 3.2. Once the a priori estimate is too
pessimistic, it might not be a good idea to identify the size of the computational window
based on such a bound. A remedy for this issue will be proposed in the next section.

3 The Finite Section Method for Unbounded Matrices

In this section, we discuss how to derive the finite section method for unbounded self-adjoint
matrices. Since unbounded matrices are conceptionally quite different from bounded ma-
trices, in the following we first recall some preliminaries in functional analysis. Then the
decay property of two classes of Wilkinson matrices are analyzed. This analysis is used to
derive the finite section method for these matrices. Finally, we investigate some extensions
to a certain class of diagonally dominant banded matrices.

3.1 The exponential of unbounded matrices

Unlike the bounded case for doubly-infinite matrices, unbounded Hermitian matrices do
not necessarily represent self-adjoint operators on l2(Z). However, the self-adjointness is
important even for defining the exponential function. Hence careful treatment is required
for unbounded matrices. In the following, we recall some preliminaries in functional anal-
ysis. These results can be found in, e.g., [1, 8, 23].
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In this section we only consider class of doubly-infinity banded Hermitian matrices A
that can be expressed as the sum of three Hermitian matrices

A = D +N +R,

where D is diagonal and invertible, R is bounded, and ‖ND−1‖2 < 1. We will show that A
is self-adjoint, in the sense that it can be represented as a self-adjoint operator by choosing
a suitable domain of definition in l2(Z). Let

DA =

{
x ∈ l2(Z) :

+∞∑
n=−∞

|dnnxn|2 < +∞

}
,

which is a dense subspace of l2(Z). Then A defines a symmetric operator φ[A] : DA → l2(Z),
x 7→ Ax, by the matrix-vector multiplication (1). Notice that

‖(A−D)x‖2 ≤ ‖(ND)−1(Dx)‖2+‖Rx‖2 ≤ ‖(ND)−1‖2‖Dx‖2+‖Rx‖2 < ‖Dx‖2+‖R‖2‖x‖2

for all x ∈ DA Then by the Kato-Rellich theorem [17, Theorem 4.4 in Chapter 5], φ[A]
is essentially self-adjoint due to the fact that φ[D], which is defined on DA, is essentially
self-adjoint [1]. By the spectral decomposition of the closure of φ[A],

φ[A] =

∫ +∞

−∞
λ dPλ,

we define exp
(
itφ[A]

)
as [23, Theorem VIII.6]

exp
(
itφ[A]

)
=

∫ +∞

−∞
exp(itλ) dPλ, t ∈ R,

where P is a projection-valued measure on l2(Z). Since exp
(
itφ[A]

)
is unitary in l2(Z)

and hence bounded, it has a matrix representation [1] with respect to the standard basis
{en}n∈Z. This matrix representation is denoted by exp(itA).

We have seen in Section 2.2 that the finite section method can be interpreted as intro-
ducing some perturbation in the matrix A. Since A is self-adjoint, by Stone’s Theorem [23,
Theorem VIII.8], {exp(itA) : t ∈ R} is a strongly continuous unitary group on l2(Z) whose
infinitesimal generator is iA. As a consequence, (6) also holds [8, Theorem 3.2.1] for self-
adjoint matrices A and B where A can be bounded or unbounded. This perturbation result
plays an important role when analyzing the error of the finite section method.

3.2 Case study for Wilkinson-type W− matrices

Our first example is the class of Wilkinson-type W− matrices

W−(α) = Tridiag


· · · α · · · α α · · · α · · ·

· · · n · · · 1 0 −1 · · · −n · · ·
· · · ᾱ · · · ᾱ ᾱ · · · ᾱ · · ·

 .
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Here we use the Tridiag notation to represent a tridiagonal matrix in terms of its three
diagonals. Instead of handling the doubly-infinite matrix W−(α), we start with its central
(2n+ 1)× (2n+ 1) diagonal block

W−n (α) = Tridiag


α · · · α α · · · α

n · · · 1 0 −1 · · · −n
ᾱ · · · ᾱ ᾱ · · · ᾱ

 .

Since all eigenvalues of W−n (α) are distinct [31], the corresponding eigenvectors are unique
(up to scaling). We will show that these eigenvectors are highly localized once |α| � n. The
following lemma is a simplified version of [22, Lemma 4.1] tailored to W−n (α). The estimate
provided here is slightly better than directly using the conclusion of [22, Lemma 4.1], since
the special structure of W−n (α) is taken into account.

Lemma 6. Let λ−n ≥ λ−n+1 ≥ · · · ≥ λn−1 ≥ λn be eigenvalues of W−n (α), with normal-
ized eigenvectors x−n, x−n+1, . . . , xn−1, xn (i.e., ‖xj‖2 = 1). Then the entries of these
eigenvectors satisfy

|xj(i)| ≤
|i−j|−d0∏
k=0

|α|
k + d0 − 3|α|

(9)

for any integer d0 ≥ 4|α|.

Proof. See Appendix A.

Lemma 6 demonstrates that the entries xj(i) decay super-exponentially with respect
to |i − j|. A more general conclusion for block tridiagonal matrices has been developed
in [22], which aims at deriving eigenvalue perturbation bounds, see also [13] and [30]. By
choosing d0 =

⌈
5|α|

⌉
, we obtain a simpler (but much looser) exponential decay bound

|xj(i)| ≤ min
{

1, 2d0−|i−j|
}
. (10)

A notable observation is that neither (9) nor (10) depend on the size of W−n (α), apart
from the fact that these bounds are not useful when n < 2|α|. Now from the spectral
decomposition

W−n (α) =

n∑
k=−n

λkxkx
∗
k,

we immediately obtain that

exp[iβW−n (α)] =

n∑
k=−n

exp(iβλk)xkx
∗
k

12



and hence | exp[iβW−n (α)]| ≤ |Xn||Xn|∗ where Xn = [x−n, . . . , xn] and β ∈ R.5 Because
the product of two doubly-infinite matrices with exponentially decayed off-diagonals also
has the exponential decay property (see, e.g., [19]), we conclude that exp[iβW−n (α)] has
the exponential decay property. Lemmas 7 and 8 below give quantitative estimates of the
decay.

Lemma 7. Suppose two doubly-infinite matrices X and Y both have the exponential decay
property, i.e.,

|xij | ≤ KXρ
|i−j|
X , |yij | ≤ KY ρ

|i−j|
Y , ∀i, j.

Then their product XY satisfies

|(XY )ij | ≤ KXKY

( 2

1− ρ2
0

+ |i− j| − 1
)
ρ
|i−j|
0 , (11)

where ρ0 = max {ρX , ρY }.

Proof. The entries in the product XY can be bounded by

|(XY )ij | ≤
∑
k∈Z
|xikykj | ≤ KXKY

∑
k∈Z

ρ
|i−k|+|k−j|
0 .

Without loss of generality, we consider the case i ≤ j. Notice that

|i− k|+ |k − j| =

{
|i− j|, if i ≤ k ≤ j,
|i− j|+ 2 min {|i− k|, |j − k|} , if k < i or k > j.

Therefore, we obtain

∑
k∈Z

ρ
|i−k|+|k−j|
0 =

i−1∑
k=−∞

ρ
|i−j|+2|i−k|
0 +

j∑
k=i

ρ
|i−j|
0 +

+∞∑
k=j+1

ρ
|i−j|+2|j−k|
0

=
( 2

1− ρ2
0

+ |i− j| − 1
)
ρ
|i−j|
0 .

Lemma 8. Suppose two doubly-infinite matrices X and Y both have the exponential decay
property of the form

|xij | ≤ min
{

1, ρ|i−j|−d0
}
, |yij | ≤ min

{
1, ρ|i−j|−d0

}
.

Then the product XY can be bounded by

|(XY )ij | ≤


(
|i− j| − 2d0 − 1 +

2

1− ρ

)
ρ|i−j|−2d0 , if |i− j| ≥ 2d0,

2d0 − |i− j| − 1 +
2

1− ρ
, if |i− j| < 2d0.

(12)

5The inequality between matrices is understood entrywise.
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Proof. Without loss of generality, we only need to prove the conclusion for i ≤ j. When
i ≤ j − 2d0, we have

|(XY )ij | ≤
i+d0∑
k=−∞

|ykj |+
j−d0−1∑
k=i+d0+1

|xikykj |+
+∞∑

k=j−d0

|xik|

≤
(
|i− j| − 2d0 − 1 +

2

1− ρ

)
ρ|i−j|−2d0 .

When j − 2d0 < i ≤ j, we use

|(XY )ij | ≤
j−d0−1∑
k=−∞

|ykj |+
i+d0∑

k=j−d0

|xikykj |+
+∞∑

k=i+d0+1

|xik|

≤ 2d0 − |i− j| − 1 +
2

1− ρ

to obtain the conclusion.

The estimates (11) and (12) can certainly be applied to finite matrices and yield decay
bounds for exp

[
iβW−n (α)

]
. To obtain an easily computable decay bound, we set

d0 =
⌈
6|α|

⌉
, ρ =

|α|
d0 − 3|α|

,

and conclude from Lemma 8 that∣∣∣(exp[iβW−n (α)]
)
ij

∣∣∣ ≤ (|i− j| − 2d0 − 1 +
2

1− ρ

)
ρ|i−j|−2d0

≤
(
|i− j| − 2d0 + 2

)
ρ|i−j|−2d0

when |i− j| ≥ 2d0, based on the fact that ρ ≤ 1/3. Then we consider the function

f(x) = (x+ 2)
( e

3

)x
, (x ≥ 0).

It can be easily verified that maxx≥0 f(x) < 5. Then applying the inequality

(
|i− j| − 2d0 + 2

)(1

3

)|i−j|−2d0
≤ 5 exp

(
−|i− j|+ 2d0

)
, (13)

the decay bound (12) on exp
[
iβW−n (α)

]
simplifies to∣∣∣(exp[iβW−n (α)]

)
ij

∣∣∣ ≤ 5 exp
(
2
⌈
6|α|

⌉
− |i− j|

)
≤ 5 exp

(
12
⌈
|α|
⌉
− |i− j|

)
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Figure 2: The Benzi-Golub bound (4) with optimally chosen χ deteriorates as n increases.
Our estimates (12) and (14) are also provided for reference.

for |i − j| ≥ 2d0. Notice that exp
(
12
⌈
|α|
⌉
− |i − j|

)
> 1 when |i − j| < 2d0 < 12

⌈
|α|
⌉
.

Taking into account that ‖exp[iβW−n (α)]‖2 = 1, we combine the two cases into∣∣∣(exp[iβW−n (α)]
)
ij

∣∣∣ ≤ min
{

1, 5 exp
(
12
⌈
|α|
⌉
− |i− j|

)}
. (14)

An important observation is that both (12) and (14) provide estimates independent of n.
Finally, we remark that Theorem 2 can also be applied to W−n (α) for any given n. However,
since ∆ = Θ(n), the estimate deteriorates as n increases, see Figure 2.

3.3 Case study for Wilkinson-type W+ matrices

Let us consider another Wilkinson-type matrix

W+(α) = Tridiag


· · · α · · · α α · · · α · · ·

· · · n · · · 1 0 1 · · · n · · ·
· · · ᾱ · · · ᾱ ᾱ · · · ᾱ · · ·


and its finite diagonal block

W+
n (α) = Tridiag


α · · · α α · · · α

n · · · 1 0 1 · · · n
ᾱ · · · ᾱ ᾱ · · · ᾱ

 .
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Such a matrix has also been considered in [22, 30]. The spectral decomposition of W+
n (α)

can be constructed from the spectral decompositions of two smaller tridiagonal matrices,
see [31] for details. Unlike the matrix W−n (α), the eigenvectors of W+

n (α) do not have the
decay property (2) when α 6= 0, no matter how we order the eigenvectors [31]. However, it
is still possible to establish a bimodal decay. To explain this, let the eigenvalues of W+

n (α)
be in the order λ−n, . . . , λn, where

λn ≥ λ−n ≥ λn−1 ≥ λ−n+1 ≥ · · · ≥ λ1 ≥ λ−1 ≥ λ0.

Then the corresponding normalized eigenvector matrix Xn = [x−n, . . . , xn] satisfies

|xj(i)| ≤ 2

∣∣|i|−|j|∣∣−d0∏
k=0

|α|
k + d0 − 3α

.

This can be shown using the same techniques as in Lemma 6, see [26] for detailed derivation.
The decay rate here is also independent of n. We can simplify this bound to an exponential
decay bound of the form

|xj(i)| ≤ K max
{
ρ|i−j|, ρ|i+j|

}
≤ K

(
ρ|i−j| + ρ|i+j|

)
,

see Figure 3 as an illustration. The entries of Xn decay along its diagonal as well as along its
anti-diagonal. We call this kind of decay property bimodal exponential decay. In contrast,
we call the decay property (2) unimodal exponential decay.

To obtain the decay property of exp[iβW+
n (α)], we provide two ways to make use of

the existing results on the unimodal exponential decay. The first approach uses a flipping
trick. Let Π = [en, . . . , e−n]. Then Xn can be split as Xn = Y + ΠZ where both Y and Z
has the unimodal exponential decay property. Then we obtain∣∣exp

[
iβW+

n (α)
]∣∣ ≤ |Xn||Xn|T ≤

(
|Y ||Y |T + Π|Z||Z|TΠ

)
+
(
Π|Z||Y |T + |Y ||Z|Π

)
.

Applying Lemma 8, the corresponding matrix exponential admits a bimodal exponential
decay bound ∣∣[exp[iβW+

n (α)]]ij
∣∣ ≤ K̃(ρ̃|i−j| + ρ̃|i+j|

)
,

We will see in Section 3.4 that finite section methods based on bimodal decay can also be
established, which naturally covers the unimodal diagonal decay property (2). Another
approach uses a shuffling trick proposed in [25]. Let Π̃ = [e0, e−1, e1, . . . , e−n, en]. Notice
that X̃ = Π̃TXnΠ̃ has the unimodal decay property. Then we conclude from∣∣exp

[
iβW+

n (α)
]∣∣ ≤ Π̃

(
|X̃||X̃|T

)
Π̃T

that exp[iβW+
n (α)] has the bimodal exponential decay property. For W+

n (α), the shuffling
trick is not the first choice. It provides looser estimates compared to the flipping trick as
the decay rate of X̃ is worse than that of Y or Z. But it would be useful when only the
knowledge of the asymptotic decay is required.
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Figure 3: Localized eigenvectors of W−n and W+
n (for n = 500, α = 1).

3.4 The finite section method

In Sections 3.2 and 3.3, we derived decay properties of two classes of finite Wilkinson-type
matrices. Now we show that this kind of decay property is sufficient to guarantee the
accuracy of the finite section method. Since the decay bounds are only available for finite
matrices, we require a slightly different approach compared to the one in Section 2.2.

Consider two dynamical systems

d

dt

E11 E12 E13

E21 E22 E23

E31 E32 E33

 = i

A11 A12

A21 A22 A23

A32 A33

E11 E12 E13

E21 E22 E23

E31 E32 E33


and

d

dt

Ẽ11 0 0

0 Ẽ22 0

0 0 Ẽ33

 = i

A11 0 0
0 A22 0
0 0 A33

Ẽ11 0 0

0 Ẽ22 0

0 0 Ẽ33


where E22 and Ẽ22 are the central (2w + 1) × (2w + 1) diagonal blocks we apply the
projection. Now we assume that the tridiagonal Hermitian matrix A has the bimodal
exponential decay property in the truncated exponentials:

|[Ẽ22(s)]ij | ≤ K
(
ρ|i−j| + ρ|i+j|

)
,

where the constants K and ρ are independent of w and s ∈ [0, 1]. We have already seen
from the previous two subsections that this assumption holds for A = βW±(α). From (6),
we obtain[

E22 − Ẽ22

]
(1)

= i

∫ 1

0

[
0 I 0

]
exp[i(1− s)A]

 0 A12 0
A21 0 A23

0 A32 0

Ẽ11(s) 0 0

0 Ẽ22(s) 0

0 0 Ẽ33(s)

0
I
0

ds
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= i

∫ 1

0

[
E21(1− s)A12 + E23(1− s)A32

]
Ẽ22(s) ds. (15)

Notice that E21(1− s)A12 has nonzero entries only in its first column and there exists an
upper bound ‖E21(1 − s)A12‖2 ≤ ‖A12‖2. Using the bimodal exponential decay property
of Ẽ22(s), we obtain that∥∥[E21(1− s)A12Ẽ22(s)](:,j)

∥∥
2
≤ ‖A12‖2 ·K

(
ρ|j+w| + ρ|j−w|

)
, j = −w, . . . , w,

i.e., only the first and last several columns of this matrix can have nonnegligible entries.
Similar property holds for E23(1−s)A32Ẽ22(s). Therefore the columns (−m : m) in E22(1)
and Ẽ22(1) agree with each other with accuracy at least (‖A12‖2 + ‖A32‖2) · K · ρw−m.
Certainly the (2m + 1)× (2m + 1) desired window is contained in this region. Therefore,
by choosing a (2w + 1)× (2w + 1) computational window satisfying(

‖A12‖2 + ‖A32‖2
)
·K
(
ρw−m + ρw+m

)
≤ τ, (16)

we ensure that [Ẽ22(1)](−m:m,−m:m) approximates the desired block in E22(1) with accu-
racy τ . Therefore, we can use (16) to find a suitable w a priori and obtain a finite section
method similar to Algorithm 1.

Sometimes a priori estimates on the decay can be too pessimistic (e.g., if we apply the
Benzi-Golub bound to exp[iW−n (α)]). In some case we might even not have any concrete
estimates despite the fact that we have the knowledge of asymptotic decay. Then algorithms
such as Algorithm 1 become inappropriate. As a remedy of this issue, we propose a
repeated-doubling approach based on the a posteriori error estimate using (15), as shown
in Algorithm 2. In this algorithm no a priori knowledge about the detailed decay rate is
required. The computational window at most doubles the smallest one that fulfills the
accuracy requirement. Similar techniques on stopping criteria can be found in [11, 18].

Finally, we return to the problem left in the previous subsections—the decay property
of doubly-infinite matrices exp[iβW±(α)]. Interestingly, this property can be derived as
a consequence of the finite section method. For instance, let us consider W+(α). To
estimate the magnitude of the (i, j)-entry of exp[iβW+(α)], we set τ = εK

(
ρ|i−j| + ρ|i+j|

)
and m = max {|i|, |j|}, where ε can be any positive number. Using the finite section method
above, we are able to find a suitable (2w + 1)× (2w + 1) window such that∣∣[exp[iβW+(α)]]ij

∣∣ ≤ τ +
∣∣[exp[iβW+

w (α)]]ij
∣∣

≤ τ +K
(
ρ|i−j| + ρ|i+j|

)
= (1 + ε)K

(
ρ|i−j| + ρ|i+j|

)
.

Since K and ρ can be chosen independent of w, letting ε → 0+, we conclude that the
doubly-infinite matrix exp[iβW+(α)] admits the same decay bound as the finite matri-
ces exp[iβW+

w (α)]. Similar conclusions hold for exp[iβW−(α)]. Using the estimates (9)
and (14), we obtain the following theorem (see [26] for a detailed proof).
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Algorithm 2 (A posteriori) Finite section method for exp(iA)

Input: A is tridiagonal and Hermitian, m ∈ N, τ > 0.
Additionally, exp[iA(−n:n,−n:n)] is known to have the bimodal exponential decay prop-
erty for all n.

1: Let k ← 0, w(0) ← 2m.
2: Compute E ← exp

[
iA(−w(k):w(k),−w(k):w(k))

]
.

3: Let T ←
∣∣A(−w(k)−1,−w(k))

∣∣ · ∥∥E(−w(k),−m:m)

∥∥
1

+
∣∣A(w(k)+1,w(k))

∣∣ · ∥∥E(w(k),−m:m)

∥∥
1
.

4: if T < τ then
5: Output E(−m:m,−m:m).
6: else
7: Let w(k+1) ← 2w(k), k ← k + 1.
8: Go to step 2.
9: end if

Theorem 9. For any real number β, the doubly-infinite matrices exp[iβW±(α)] have the
bimodal exponential decay property. Moreover, we have estimates∣∣[exp[iβW+(α)]]ij

∣∣ ≤ min
{

1, 40 exp
(
12
⌈
|α|
⌉
−min {|i− j|, |i+ j|}

)}
,∣∣[exp[iβW−(α)]]ij

∣∣ ≤ min
{

1, 5 exp
(
12
⌈
|α|
⌉
− |i− j|

)}
,

for all i, j ∈ Z.

3.5 More general unbounded matrices

We have seen that the eigenvector decay bounds, as established in Lemmas 6 and 7 play
important roles in the derivation of the exponential decay property as well as finite section
methods for Wilkinson-type matrices. In the following we extend our analyses to a more
general class of unbounded matrices and establish finite section methods. We only consider
the setting explained in Section 3.1. Additional requirements on the matrices will be
discussed below.

To generalize the technique in Lemma 6, estimates on the eigenvalues in terms of
diagonal entries are required. For any matrix A, finite or infinite, we define the dominance
factors at its kth row as

µk =

{
1
|akk|

∑
j 6=k |akj |, if akk 6= 0,

+∞, if akk = 0.

The Gershgorin circle theorem [29] on a finite Hermitian matrix A states that

Λ(A) ⊂
⋃
k

[
akk − µk|akk|, akk + µk|akk|

]
.
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But even if A is diagonally dominant, in general we cannot further ensure that there exists
an ordering of the eigenvalues λk of A satisfying

1− µk ≤
λk
akk
≤ 1 + µk, ∀k, (17)

when the Gershgorin disks are not separated. For instance,

A =

25 1 16
1 24 8
16 8 26


is such a counterexample to (17). To resolve this issue and establish a valid rowwise
estimate similar to (17), we introduce the following concept.

Definition 2. Let A be a strictly diagonally dominant matrix with dominance factors {µk}.
Then A is called strong diagonally dominant if there exists a set of numbers {µ̂k} satisfying
µk ≤ µ̂k < 1 (∀k) and{

(aii − ajj)
[
(aii − |µ̂iaii|)− (ajj − |µ̂jajj |)

]
≥ 0,

(aii − ajj)
[
(aii + |µ̂iaii|)− (ajj + |µ̂jajj |)

]
≥ 0,

∀i, j. (18)

The numbers µ̂k’s are called strong dominance factors of A. The set

{z ∈ C : |z − akk| ≤ |µ̂kakk|}

is called an extended Gershgorin disk with respect to µ̂k.

The condition (18) has a geometrical interpretation—the leftmost/rightmost points of
these extended Gershgorin disks follow the same order as their centers. This condition
is used to limit the growth of off-diagonals compared to the diagonals A. With this new
concept, we derive the following lemma, which provides a rowwise estimate similar to [2,
Proposition 2].

Lemma 10. Let A be an N ×N diagonally dominant Hermitian matrix with µ̂k (k = 1,
. . . , N) being its strong dominance factors. Then the ith smallest diagonal entry di and
the ith smallest eigenvalue λi are related by

1− µ̂i ≤
λi
di
≤ 1 + µ̂i. (19)

Proof. Without loss of generality, we assume that the diagonal entries of A are in increasing
order, i.e., di = aii for all i. By the Cauchy interlacing theorem, λi never exceeds the largest
eigenvalue of A(1:i,1:i). Let µi be A’s dominance factor at ith row. If di < 0, then by the
Gershgorin circle theorem we have

λi ≤ max
1≤j≤i

(1− µj)dj ≤ max
1≤j≤i

(1− µ̂j)dj = (1− µ̂i)di.
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If di > 0, we notice that Gershgorin disks centered in the left half plane never produce
positive eigenvalues. Hence we have

λi ≤ max
j≤i
dj>0

(1 + µj)dj ≤ max
j≤i
dj>0

(1 + µ̂j)dj = (1 + µ̂i)di.

The two complementary estimates can be obtained by applying the same analysis to −A.

Lemma 10 provides nice rowwise estimates for eigenvalues of strong diagonally dominant
Hermitian matrices even when the Gershgorin disks overlap. Evidently, all finite diagonally
dominant matrices are trivially strong diagonally dominant since we can choose µ̂k =
(1 + maxk µk)/2, which is an upper bound independent of k. However, in many cases at
least some µ̂k (e.g., which corresponds to an isolated Gershgorin disk) can be chosen not far
larger than µk. In this case (19) becomes nearly as powerful as (17). With the help of this
rowwise estimate, we now extend our analysis for Wilkinson-type matrices to more general
cases. The following theorem, akin to Lemma 6, illustrates the decay in eigenvectors for
nearly diagonally dominant matrices.

Theorem 11. Suppose A = Ã+R is an N ×N Hermitian matrix where Ã and R are both
tridiagonal, and in addition, Ã is diagonally dominant. µk and µ̂k (k = 1, . . . , N) are Ã’s
dominance factors and strong dominance factors, respectively. Let λ1 ≤ λ2 ≤ · · · ≤ λN be
eigenvalues of A, with normalized eigenvectors x1, x2, . . . , xN . If the diagonal of Ã is in
increasing order, then the entries of xj satisfy

|xj(i)| ≤



k0∏
k=i

µk|ãkk|+ ‖R‖2
|ãkk − ãjj | − µk|ãkk| − µ̂j |ãjj | − 3‖R‖2

, (j ≥ i),

i∏
k=k0

µk|ãkk|+ ‖R‖2
|ãkk − ãjj | − µk|ãkk| − µ̂j |ãjj | − 3‖R‖2

, (j < i),

(20)

where k0 is chosen between i and j such that it maximizes |i− k0| and ensures

|ãkk − ãjj | > 4‖R‖2 + 2µk|ãkk|+ µ̂j |ãjj |

for all k between i and k0.

Proof. By Lemma 10, eigenvalues of Ã satisfy |λ̃k − ãkk| ≤ µ̂k|ãkk|. Then Weyl’s theorem
implies that |λk − ãkk| ≤ ‖R‖2 + µ̂k|ãkk|. The rest of proof mimics Lemma 6. We refer
to [26] for details.

Remark 1. The bound in (20) cannot provide straightaway estimate without detailed
knowledge of the matrix, mainly because we do not know how small the distance |i − k0|
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can be. There exist matrices (e.g., Laplacian matrices) such that (20) only provides triv-
ial bounds |xj(i)| ≤ 1. However, there are also matrices for which the decay property of
eigenvectors can be well identified using (20). For example, for the Wilkinson-type ma-
trix W−n (α) with n > 2|α| > 0, we can introduce a perturbation6 R = Diag {0, R0, 0}
with

R0 = W−n (α)−W−n (0) + ε · e0e
∗
0, (ε > 0)

for a sufficiently small ε so that W−n (α) − R is diagonally dominant. By setting µ̂k =
2|α|/|k + ε| for (−n ≤ k ≤ n), (20) can then be simplified to

|xj(i)| ≤
|i−j|−d0∏
k=0

2|α|
k + d0 − 8|α|

.

for d0 > 10|α|. This bound is worse than (9) since detailed information regarding the
componentwise distribution in R is lost by crudely using ‖R‖2 ≤ 2|α|. Nevertheless, this
estimate is still asymptotically as good as (9).

Remark 2. If the diagonal of |Ã| first decreases and then increases, just like the diagonal
of W+

n (α), the estimate (20) needs to be slightly adjusted accordingly. Roughly speaking,
|xj(i)| is small if A(p, p) and A(q, q) are well-separated for all p close to i and q close to j.
This can also be obtained by applying the shuffling trick. The theorem naturally extends to
banded matrices, based on block versions of Lemmas 6 and 10 [29, Chapter 6].

Despite that Theorem 11 is a more qualitative analysis rather than a sharp quantitative
one, it is evident that certain types of (finite) diagonally dominant banded Hermitian
matrices, possibly with small perturbations, have localized eigenvectors. More importantly,
when A is extracted from an infinite matrix, the decay bound depends only on the location
(i, j), but not on the size of A. Unfortunately, without detailed information of the decay,
it would be difficult to derive a decay bound for | exp(iA)| ≤ |X||X|∗ as we have done in
Lemmas 7 and 8. Here we only provide an intuitive explanation about the decay in exp(iA).
Let A = XΛX∗ be the spectral decomposition of A, and Y be a b-banded approximation
of X with accuracy ‖X − Y ‖2 ≤ τ . Then

‖ exp(iA)− Y exp(iΛ)Y ∗‖2 = ‖X exp(iΛ)X∗ − Y exp(iΛ)Y ∗‖2
≤ ‖X − Y ‖2‖ exp(iΛ)‖2‖X∗‖2 + ‖Y ‖2‖ exp(iΛ)‖2‖X∗ − Y ∗‖2
≤ 2τ(1 + τ).

Therefore exp(iA) can be well approximated by a (2b)-banded matrix.
As seen in Section 3.4, to derive the finite section method for a doubly-infinite matrix,

we only need the knowledge of decay properties in finite diagonal blocks. Hence when

6We set R0(0, 0) = ε 6= 0 to guarantee the strict diagonal dominance of W−n (α) − R. But this is not
crucial since the analysis in Lemma 10 will not be completely ruined by a zero row.
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Theorem 11 produces nontrivial bounds for all sufficiently large diagoanl blocks of a doubly-
infinite matrix A, finite section methods can be applied to A. We classify such a kind of
unbounded doubly-infinite matrices as follows.

1. A is Hermitian and banded.

2. A is the sum of three Hermitian matrices A = D +N +R, where D is diagonal and
invertible, R is bounded, and ‖ND−1‖2 < 1.

3. D + N is strong diagonally dominant; in addition, the diagonal of D + N changes
monotonicity at most once.

4. For each extended Gershgorin disk, its (2‖R‖2)-neighborhood intersects only finitely
many other extended Gershgorin disks.

Loosely speaking, the third condition indicates that the diagonal of A is nearly sorted
so that we can apply a banded version of Theorem 11 to obtain the decay property for
sufficiently large finite diagonal blocks of exp(iA); the last condition ensures that finite
sections of A have reasonably well-separated eigenvalues so that the eigenvector matrix
has a certain decay property. For example, any Wilkinson-type matrix, or more generally,
any banded Hermitian matrix A whose off-diagonal part (i.e., by setting all diagonal entries

of A to zero) is bounded and |aii−ajj | = Θ
(∣∣|i|−|j|∣∣t) for some t > 0, belongs to this class.

In principle, both Algorithm 1 and Algorithm 2 can be applied to unbounded self-adjoint
matrices with slight modifications in the stopping criterion. We suggest that in general
Algorithm 2 is preferred unless a reasonably accurate estimate of the decay is known in a
priori.

Finally, we make a remark on the decay rate. If (15) can be bounded by a bimodal
exponential decay (e.g., it is the case when A has bounded off-diagonals and the bimodal
decay in Ẽ22 is exponential and independent of w), then the distance d = w − m stays
constant when the user requires a larger m. However, if the decay of (15) is slower than
exponential, to keep the same accuracy requirement w−m will grow as m increases. This
is the major reason why exponential decay is of great interest in finite section methods.

4 Numerical Experiments

In the following, we present numerical experiments for three examples to demonstrate the
accuracy of finite section methods. We use reasonably large matrices to mimic infinite ma-
trices. All experiments have been performed in Matlab R2012a. The exponential function
is computed via spectral decomposition (i.e., exp(iA) = exp(iXΛX∗) = X exp(iΛ)X∗). It
has been observed that sometimes even the componentwise accuracy of exp(iA) is retained
when the computed unitary matrix X has the exponential decay property.
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|exp(iβT)| in logarithm scale
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Figure 4: (a) Decay property of exp(10iT500). The 101 × 101 desired window is marked.
(b) Error of the finite section method (w = 74). Both the desired window and the compu-
tational window are marked.

Example 1. We first consider

Tn = Tridiag


−1 · · · −1

2 · · · · · · 2
−1 · · · −1

 ∈ C(2n+1)×(2n+1)

which are bounded with spectrum Λ(Tn) ⊂ [0, 4] for all n ∈ N. By Theorem 2, for any
constant β, exp(iβTn) has the exponential decay property. Suppose n = 500, m = 50,
and β = 10, i.e., the diagonal block [exp(iβTn)](−50:50,−50:50) is of interest. The desired
(absolute) accuracy is τ = 10−8. The magnitude of exp(iβTn) is shown in Figure 4(a).

Algorithm 1 requires w ≥ 74 to fulfill the condition Kρ2(w−m)−1 ≤ τ , with ρ = χ−1
∗

chosen optimally from (8). As a comparison, the smallest possible computational window
size to achieve accuracy 10−8 is w∗ = 69. Algorithm 2 applied to this problem terminates
after the first iterate, i.e., w = 2m = 100, which confirms the fact that w < 2w∗.

To visualize the error caused by truncation, let Sn,w be a block diagonal approximation
of Tn defined by 

Sn,w
(
±w,±(w + 1)

)
= 0,

Sn,w
(
±(w + 1),±w

)
= 0,

Sn,w(i, j) = Tn(i, j), otherwise.

It is comforting to see from Figure 4(b) that the error is localized around the corners of
the computational window.

Example 2. Now we consider Wilkinson-type matrices W−(α). In Figure 5, the exponen-
tial decay property of a 1001×1001 matrix (with α = 8) is illustrated. It can be seen from
Figure 5(g) that although the simplified bound (14) is asymptotically worse than the best
bound on |X||X|∗ based on (9), the difference is insignificant for entries above 10−16, since

24



|exp(iW
n

−
)|

 

 

−500 0 500

−500

0

500 −150

−100

−50

0

|X
n
|

 

 

−500 0 500

−500

0

500 −150

−100

−50

0

|X
n
||X

n
|’

 

 

−500 0 500

−500

0

500 −150

−100

−50

0

(a) (b) (c)
Upper bound on |exp(iW

n

−
)|

 

 

−500 0 500

−500

0

500 −150

−100

−50

0

Upper bound on |X
n
|

 

 

−500 0 500

−500

0

500 −150

−100

−50

0

Upper bound on |X
n
||X

n
|’

 

 

−500 0 500

−500

0

500 −150

−100

−50

0

(d) (e) (f)

0 100 200 300 400 500 600
10

−150

10
−100

10
−50

10
0

|i−j|

m
a

g
n

it
u

d
e

Decay along the diagonal

 

 

|exp(iW
n

−
)|

|X
n
|

|X
n
||X

n
|’

Upper bound on |exp(iW
n

−
)|

Upper bound on |X
n
|

Upper bound on |X
n
||X

n
|’

(g)

Figure 5: The exponential decay property of exp[iW−n (α)], Xn, and |Xn||Xn|∗ with n = 500
and α = 8. The upper bounds of exp[iW−n (α)] and |Xn| are given by the estimates (14)
and (9), respectively, with d0 = 6dαe = 48. The upper bound on |Xn||Xn|∗ is obtained
from the upper bound on |Xn| by explicit multiplication.
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Table 1: The distance between the computational window and the desired section (with
accuracy τ = 10−8). d = w −m is the a priori estimate while d∗ = w∗ −m is the smallest
distance obtained by enumeration.

α = 1 α = 2 α = 4 α = 8
β d∗ d d∗ d d∗ d d∗ d

1 7 33 9 45 12 70 18 119
2 9 33 12 46 18 71 27 119
4 11 34 16 47 25 71 41 120
8 12 35 17 47 26 72 43 121

the choice d = 6d|α|e produces a modest coefficient K. Another important fact is that the
decay rate is independent of the matrix size, see Figure 6 for an illustration.
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Figure 6: The decay rate is independent of the matrix size (W−n (α) for α = 8).

Table 1 contains the distance between the computational window and the desired win-
dow. The experiments were performed with different matrix sizes (n = 100, 200, . . . , 500)
and different central block size (m = 10, 20, 30). But we only present those values for
different α and β, because d is independent of m and n. Our estimates are quite conserva-
tive, but still produce computationally affordable w’s. Another fact not shown in the table
is that for fixed α and β, the desired (2m + 1) × (2m + 1) diagonal block extracted from
matrices with different sizes agree quite well as expected.
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Example 3. Our last example is another doubly-infinite matrix

A = Tridiag


· · · n

3
4 · · · 1 1 · · · n

3
4 · · ·

· · · n · · · 1 0 1 · · · n · · ·
· · · n

3
4 · · · 1 1 · · · n

3
4 · · ·

 .

A variant of Theorem 11 indicates that exp(iA) has a bimodal decay property, while the
decay is slower than the exponential decay. Suppose we would like to extract the central
101 × 101 diagonal block (i.e., m = 50) with absolute accuracy τ = 10−8. Algorithm 2
applied to this problem terminates at w = 4m = 200. Plots of X, |X||X|∗, exp(iA) as
well as the error are shown in Figure 7. Although the a priori estimate based on decay in
eigenvectors is too pessimistic, Algorithm 2 still handles this difficult example quite well.
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Figure 7: (a)–(c) The decay in X, |X||X|∗, and exp(iA), respectively, in Example 3. The
desired window in exp(iA) is marked. (d) Error of the finite section method. Both the
desired window and the computational window are marked. Here S is the block diagonal
matrix by dropping the ±wth sub-diagonal entries (w = 200) of A.

But we remark that Algorithm 2 does not work if there is no decay at all in a reasonably
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computable range. For example, for

B = Tridiag


· · · n1.9 · · · 1 1 · · · n1.9 · · ·

· · · n2 · · · 1 0 1 · · · n2 · · ·
· · · n1.9 · · · 1 1 · · · n1.9 · · ·

 ,

which is also self-adjoint. There is no obvious decay in a modest finite section of exp(iB),
see Figure 8. Hence Algorithm 2 cannot compute the finite section with m = 50 for this
matrix unless a computational window with w = 1600 is affordable.
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Figure 8: There is no decay in modest finite sections of X, |X||X|∗, and exp(iB) in Ex-
ample 3. The computational window is required to be very large in order to find a good
approximation. The desired window and the computational window are marked.

5 Conclusions

We have shown that certain decay properties can be used to establish finite section meth-
ods for extracting a finite diagonal block of exp(iA). For bounded and banded Hermitian
matrices, the exponential decay property of exp(iA) can be derived by polynomial approx-
imation; for unbounded matrices, we identify localized eigenvectors in its finite diagonal
blocks to obtain the decay property. We also show that the required distance to attain
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a certain accuracy between the desired window and the computational window stays con-
stant when the decay is exponential. Numerical experiments demonstrate the robustness
of proposed finite section methods.

A Proof of Lemma 6

Proof. Only the nontrivial case α 6= 0 is considered. We split W−n (α) into W−n (α) =
W−n (0) +Nn(α) where Nn(α) has zeros on its diagonal. Then by Weyl’s theorem, we know
that λj ∈ (−j − 2|α|,−j + 2|α|) for all j. We rewrite (W−n (α) − λjI)xj = 0 as a set of
equations:

(n− λj)xj(−n) + αxj(−n+ 1) = 0

(n− 1− λj)xj(−n+ 1) + ᾱxj(−n) + αxj(−n+ 2) = 0

· · ·
(−k − λj)xj(k) + ᾱxj(k − 1) + αxj(k + 1) = 0

· · ·
(−n+ 1− λj)xj(n− 1) + ᾱxj(n− 2) + αxj(n) = 0

(−n− λj)xj(n) + ᾱxj(n− 1) = 0

(21)

Since the eigenvectors are normalized, the conclusion trivially holds when |i − j| < d0.
Hereafter we assume that |i− j| ≥ d0.

Suppose i ≤ j − d0. In the following we show by induction that for any integer k
satisfying −n ≤ k ≤ j − d0 we have

|xj(k)| ≤ |α|
−k + j − 3|α|

|xj(k + 1)|. (22)

The first equation in (21) yields

|xj(−n)| = |α|
n− λj

|xj(−n+ 1)| ≤ |α|
n+ j − 2|α|

|xj(−n+ 1)| ≤ |α|
n+ j − 3|α|

|xj(−n+ 1)|

because n + j − 3|α| ≥ d0 − 3|α| ≥ |α| > 0. Then for −n < k ≤ j − d0, we consider the
equation

(−k − λj)xj(k) = −αxj(k − 1)− αxj(k + 1).

The induction hypothesis implies that |xj(k − 1)| ≤ |xj(k)|. Thus we obtain

|αxj(k + 1)| ≥ |(−k − λj)xj(k)| − |αxj(k − 1)| ≥ (−k − λj − |α|)|xj(k)|.

The corresponding coefficient −k − λj − |α| is positive because

−k − λj − |α| ≥ −k + j − 3|α| ≥ d0 − 3|α| ≥ |α| > 0.
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Hence we obtain

|xj(k)| ≤ |α|
−k + j − 3|α|

|xj(k + 1)|.

This finishes the proof of (22). Applying (22) repeatedly, we obtain

|xj(i)| ≤ |xj(j − d0 + 1)|
j−d0∏
k=i

|α|
−k + j − 3|α|

.

Taking into account that |xj(j − d0 + 1)| ≤ 1, we eventually arrive at

|xj(i)| ≤
j−d0∏
k=i

|α|
−k + j − 3|α|

=

j−i−d0∏
k=0

|α|
k + d0 − 3|α|

=

|i−j|−d0∏
k=0

|α|
k + d0 − 3|α|

,

The case when i ≥ j + d0 can be analyzed in a similar manner by starting from the last
equation in (21).
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