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Abstract

This work considers eigenvalue problems that are nonlinear in the eigenvalue parameter.
Given such a nonlinear eigenvalue problem 7', we are concerned with finding the minimal
backward error such that T has a set of prescribed eigenvalues with prescribed algebraic
multiplicities. While the usual resolvent norm addresses this question for a single eigen-
value of multiplicity one, the general setting involving several eigenvalues is significantly
more difficult. Under mild assumptions, we derive a singular value optimization charac-
terization for the minimal perturbation that addresses the general case.

Key words. Nonlinear eigenvalue problem, analytic matrix-valued function, Sylvester-
like operator, backward error.
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1 Introduction

Let T : © — C™" be an analytic matrix-valued function on some domain Q@ C C. Then
M € C is called an eigenvalue of T if there is a nonzero vector v € C™ such that

T(\)v = 0. (1)

A number of numerical algorithms have been proposed for solving such nonlinear eigenvalue
problems, see [23, 28] for overviews. In these algorithms, it is important to be able to quantify
whether the accuracy of the current eigenvalue approximation y € €2 is satisfactory. Let us
first suppose that also an eigenvector approximation ¢ € C™, normalized such that ||7]|2 = 1,
is at hand. Then the norm of the residual,

1T (1)7]]2, (2)
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is the most commonly used criterion for quantifying the accuracy of p and v together. In the
absence of eigenvector information or for testing the accuracy of the eigenvalue approximation
1 alone, one is free to choose a normalized vector ¥ such that (2) is minimized. This leads to

i (T(1)) = | T() 7Y (3)

where o, denotes the smallest singular value of a matrix. For a linear eigenvalue problem
T(\) = M — A, the criterion (3) corresponds to the well established notion of pseudospec-
tra [27]. A different extension of pseudospectra to the nonlinear case has been proposed
in [25, 29].

In applications, one is often interested in approximating more than one eigenvalue. This
gives rise to the task of quantifying how well a list of s (not necessarily distinct) scalars
A1, ... As € Q approximates eigenvalues of T. Of course, one could apply (3) to each eigen-
value approximation individually, but this bears the danger of failing to detect spurious eigen-
value approximations. More specifically, consider the case of two eigenvalue approximations
A1, A2, both considered sufficiently accurate by criterion (3), but A; and Ay actually approxi-
mate the same (simple) eigenvalue. Then A1, Ay taken together may be a poor approximation
to two eigenvalues of T'. In this paper, we propose and analyze a criterion that is robust to
this phenomenon. As explained in Section 6, the use of this criterion goes beyond verifying
the accuracy of eigenvalue approximations. For example, it can be used to determine the
distance to a nearest nonlinear eigenvalue problem with a multiple eigenvalue.

Based on the well-known characterization of o, (T(1)) as the minimal [|A[l2 among all
A € C™*™ guch that T'(u) + A is singular, we propose the distance

7(S) ;=min{ Al | Y m; (T+A) =7y, (4)

j=1

where S := {A1,..., A} C Q, r is a specified positive integer, and m;(T + A) denotes the
algebraic multiplicity of A; as an eigenvalue of T(A\) = T(A\) + A. Note that the algebraic
multiplicity is defined as the multiplicity of \; as a root of the scalar function det(T(\)).

The distance (4) extends our previous definitions for (generalized) linear and polynomial
eigenvalue problems [16, 20] to the nonlinear case. In these earlier works, we derived a singular
value optimization characterization for 7,.(S), which can be numerically solved using global
optimization techniques, at least when r is small [18]. The main contribution of this work is
to show that such a characterization also holds for the nonlinear case. A notable feature, our
derivation does not make use of linearization techniques but works directly with the original
nonlinear eigenvalue problems, based on the technique of so called invariant pairs [19].

The rest of this paper is organized as follows. In Section 2, we first analyze the nullspace
of a linear, Sylvester-like operator associated with an analytic matrix-valued function T.
This result then yields a rank characterization for 7" to have sufficiently many eigenvalues
belonging to S. Subsequently, in Section 3, we turn this rank characterization into a singular
value characterization, which leads to our main result summarized in Section 4. As this result
involves the matricization of the Sylvester-like operator, it may be hard to interpret at first. In
Section 5, we therefore show how our result can be brought into more intuitive form, in terms
of the divided differences of T'. Finally, in Section 6, we illustrate the findings of this paper for
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two numerical examples. The first example is a small-scale nonlinear eigenvalue problem for
which we prescribe a multiple eigenvalue, while the second example is a large-scale problem
for which we prescribe two distinct eigenvalues.

2 A rank characterization for eigenvalues of T'

For the rest of this paper, we assume that 7" : Q — C™*" is regular, that is, its determinant
z — det(T'(z)) does not vanish identically on Q. Following the developments in [16, 20], we
will approach the distance (4) by first characterizing the inequality

S
> omy(T) =7 (5)
j=1
in terms of the rank of a certain linear operator.

2.1 A linear operator for nonlinear eigenvalue problems

The natural extension of the usual Sylvester operator to the nonlinear setting is most easily
defined if we suppose that T takes the form

TA\) = fi(N) AL+ fo(MA2 + -+ + fr(M) Ak, (6)

for analytic functions fj : Q@ — C and matrices Ay € C**", k= 1,..., K. Of course, this is
always possible by decomposing 7'()\) into n? terms [T'())];; eiejT, but in many applications T'
is already given in the form (6). For a fixed matrix C € C"™*" with all eigenvalues contained
in €, we define

K
Te: C™7 = C™7, X = To(X) =Y AX fi(C), (7)
k=1

where f(C) is a matrix function in the sense of [15]. Equivalently [6, 7], T¢ can be defined
by the relation
1

Tl =55 ),

T(2)X (21 — C)™* dz, (8)
where C is a contour (i.e., a simply closed curve) in €2 enclosing the eigenvalues of C' in its
interior. The linear operator T¢ is closely associated with the notion of invariant pairs for
nonlinear eigenvalue problems [19]. In particular, the nullspace of T¢ is trivial if and only if
C and T have no eigenvalue in common. To arrive at a rank characterization for (5), we need
to characterize the nullspace of T¢ when C' and T' do have eigenvalues in common.

First of all, because of To(X) = Tg-105(XS) - S71, we may assume without loss of
generality that C' is in Jordan canonical form:

C = diag(Jul,Tla' ) J#q’rq)’
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where J, , denotes the Jordan block of size r with eigenvalue p, i.e. J,,, = pI + N, with
0 1

N, = R eCrr.
SO
0

For a single Jordan block J,, » we will abbreviate T, = by T, ;.. Partitioning X = [Xy,..., X]
with X; € C"*"i it follows from

To(X) = [Ty (X1)s - vy Ty oy (Xg)]
that .
dimker Te = ) dimker Ty, .. (9)

i=1
Hence, we can restrict our discussion to linear operators of the type T, ;.

2.2 Root polynomials

It is well known [14, 24, 5] that the equation T, (X) = 0 is closely connected to the concept
of root polynomials.
A vector polynomial

z)zka(z—u)k, z, € C"

is called a root polynomial belonging to the eigenvalue p of T if ¢(u) # 0 and T'(u)p(u) =
Since z — det(T'(z)) does not vanish identically the same holds for the function z — T'(2)¢(z
Thus, there exists a maximal integer k > 1, called the order of ¢, such that

T(2)¢(2) = (z — )" ¢(2)

for some analytic vector function 1 defined in a neighborhood of y and satisfying 1 (u) # 0.
In terms of the derivatives of T(z)¢(z), we have

= max{k | (T$) () =0for j =0,....k—1}.

0.
)-

Recall that the multiplicity m(u) of the eigenvalue p is defined as the multiplicity of u as
a root of det(T'(z)). In contrast, the multiplicity of an eigenvector xq is the maximal possible
order of any root polynomial ¢(z) with ¢(u) = xo.

The following theorem characterizes a particular set of root polynomials.

Theorem 2.1 ([13, 24]). Let p be an eigenvalue of the regular analytic matriz-valued function
T. Then there exist root polynomials

Ki—1
oi(z) = Zmik(z—,u)k, i=1,...,s (10)
k=0
to the eigenvalue p with orders k1 > ... > ks such that the vectors x;,o = ¢;(u), it =1,...,s

form a basis of ker T'(p) and > ;_, ki = m(u).
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A set of root polynomials ¢; having the properties described in Theorem 2.1 is called a
canonical system of root polynomials. The orders k; in such a canonical system are unique [24]
and called the partial multiplicities of the eigenvalue u. Note that the degree of ¢; cannot be
larger than k; — 1, but it can be smaller. Moreover, for each i = 1,...,s it holds [17, Pg. 20]
that x;p attains the maximal possible multiplicity among all eigenvectors not expressible in
terms of linear combinations of zj¢,...,2;—1,0. This immediately yields the following result.

Lemma 2.2. Let p be an eigenvalue of T' and let ¢1,...,¢s be a canonical system of root
polynomials having orders k1 > ... > ks. Given any other root polynomial ¢ having order £,
it follows that ¢(p) is a linear combination of all ¢;(u) satisfying k; > K.

Proof. Let i be the smallest integer such that x; < k. Let us suppose that the statement of
the lemma does not hold. Then there is a root polynomial (;NS of order & such that g?)(u) cannot
be expressed in terms of a linear combination of ¢1(u),...,d;—1(u). This, however, violates
the maximality of ¢;(u) mentioned above. O

The following lemma provides the connection between root polynomials and the nullspace
of Ty,

Lemma 2.3. Let p € Q, ¢ € {0,...,r —1} and X =1[0,...,0,z0,...,2,_q—1] € C"*" with
——

q times
xo # 0. Furthermore, let
r—q—1
ox(2) = 3 an(z— " (11)
k=0
Then )
T, (X)=10,...,0, Yo, -, Yr_q_1], where yx = g(T(;sx)(k)(ﬂ). (12)
N—— :

q times

Thus, X € kerT, . if and only if ¢x is a root polynomial of order at least r — q for the
etgenvalue p of T.

Proof. Let e; denote the jth unit vector of length . Then for 0 < k£ <r — ¢ —1 it holds that

1 -1
TM,T’(X)eq+1+k = i . T(Z)X((Z — )l — Nr) eqt+1+k dz
1 qz““ 1
~ om c X i=0 W€q+l+k_i dz

1< 1
- TNk
2mi Z_;/c (z — p)itt (2)op—i dz

k k

= D, %T(i) (mni = Z.(Tl_z). TO ()6 (1)
i=0 i=0 ’
= (TP ().

Analogously one shows T, ,(X)e; =0 for j < ¢. This completes the proof of (12). O
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As an immediate consequence of Lemma 2.3, we recover the fact that ker T, , = {0} if
and only if u € € is not an eigenvalue of T

For our further developments, observe that the multiplication of N, with X € C"*" affects
a right shift of the columns of X, i.e. XN, = S(X) with

S([l‘o,l‘l, ce xr_l]) = [O,xo, ce ,.’IL‘T_Q].

From the relation N,J,, = J,,N,, it follows that T, .(S(X)) = S(T,-(X)). Hence, the
operator S commutes with T, ,. This yields that ker T, , is S-invariant:

X ekerT,, = S(X) €kerT,,. (13)

The following theorem states that a basis of the nullspace can be constructed from a
canonical system of root polynomials.

Theorem 2.4. Suppose that p is an eigenvalue of T with partial multiplicities k1 > ... >

ks > 1. Let ¢1,...,¢s be a canonical system of root polynomials, as in (10), with coefficients
zip €C™. Fori=1,...,s let
[Ti0s -y Tip—1] if 1 < Ky
X; = [07“';0axiOw"vxi,nifl] Zf’l’>l€i
——

T—K;i ZETOS
Then the matrices
S7(X5), i=1,...,8, j=0,...,min{m;r} -1 (14)

form a basis of ker T, .. In particular,

dimker T, , = Z min{k;,7}.

i=1

Proof. By Lemma 2.3 and (13), all matrices defined in (14) are contained in ker T, ,.. Since the
polynomials ¢; form a canonical system, the vectors x;9, i = 1,...s, are linearly independent.
This immediately implies that the matrices S?(X;) defined in (14) form a linearly independent
set.

It remains to show that any X € ker T, , can be expressed as a linear combination of the
matrices $7(X;). Assuming that X # 0, let us partition

X =[0,...,0,20,...,2y_g_1] € C™*"
N——
q times

with zg # 0. Then, according to Lemma 2.3, the vector polynomial ¢x defined in (11) is a
root polynomial of order at least r — ¢. By Lemma 2.2, this implies that g can be expressed
as a linear combination

t
To = Zoéil’io, (15)
i=1
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where ¢ is the largest integer such that x; > r — ¢q. Based on these scalars «;, let us now define

t .
X Z fr<ek;
X=X — ;S%(X;), with ¢ = q ifr < /<;
i=1 q— (r —r;) otherwise.

Then (15) implies that the (g + 1)th column of X becomes zero:

X=[0,...,0,&0,...,&r_q_2]

——

q+ 1 times
We can repeat this process to successively annihilate columns g + 2, + 3, ..., 7. Eventually,
this shows that X is a linear combination of the matrices S7(X;). O

2.3 A rank characterization for > 7 m;(T) > r

According to the discussion in Section 2.1, Theorem 2.4 implies the following characterization
of the nullspace dimension of T¢.

Corollary 2.5. Let T : Q — C™ "™ be a reqular analytic matriz-valued function and let
C € C™" hawve the Jordan decomposition C = Sdiag(Ju, s -5 Juy.r,) S~1. Suppose that all
eigenvalues pj of C are contained in Q and hence the linear operator Te in (8) is well defined.
Let J be the set of j such that ji; is an eigenvalue of T'. For j € J let k1j > ... > Ks; j > 1
be the partial multiplicities of j1; as an eigenvalue of T'. Then

55
dimker T = Z Zmin{fiij,rj}. (16)

jeJ =1

In what follows, we will choose C' to be an upper triangular matrix of the form

M1 Y12 Yir
Cp,T) = 9 he ,
: Tr—1,r
0O --- 0 L
where p := [ [ B T } eCr, T':= [ Yiz e Vr—li,r ]T € C"(r=1/2 We let the set

G(w) contain all values of T for which each eigenvalue of C(u,T") has geometric multiplicity
one. The set G(u) is dense in C"("=1)/2; see [10].

After these preparations, we are ready to present our main result, a dimensionality char-
acterization for the eigenvalue multiplicities of T'. Below, S” denotes the set of r-tuples with
elements in S.

Theorem 2.6. Let T : Q — C™ "™ be an analytic matriz-valued function. Then the following
two conditions are equivalent:

(1) 5mimy(T) = .
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(ii) There exists u € S™ such that
dim {X | Ten(X) =0} >r (17)
for allT € G(u).

Proof. The result follows directly from Corollary 2.5, by letting g contain at most m;(T)
copies of each eigenvalue A;. O

Using basic properties of the Kronecker product, the nr x nr matrix representation 7 (u,T")
of the linear operator T/, ) can be easily derived from (8):

Tl

T(uT,T) = QL /C (21— C(u, 1) T @ T(2) de. (18)

Equivalently, the decomposition (6) of T gives

K
T, T) =Y fi (C(n,T)) @ Ay
k=1

Using this matrix representation, (17) becomes equivalent to the rank condition

rank 7(u, 0, T) <n-r—r. (19)

3 Derivation of the Singular Value Characterization

Coming back to our proposed distance 7,.(S) defined in (4), the rank characterization (19)
derived in the previous section yields

7-(S) inf {||All2 | 3u € S” such that rank (7 (1, I', T+ A)) <n-r—rfor I' € G(u)},
inf Pp(p),

HEST

where T := T + A denotes the analytic matrix-valued function T(\) = T(\) + A, and
Po() = inf {| Az | rank (T, T, T+ A)) <n-r —r} (20)

for any I' € G(u). This section is concerned with the derivation of a singular value optimization
characterization for P.(u).
We immediately obtain the lower bound

Pr(p) > oy (T(u,T,T))

from the Eckart-Young theorem, where o_,(-) denotes the rth smallest singular value of a
matrix. Indeed, since the above inequality holds for any I" € G(11), and due to the continuity
of the singular value o_,.(-) with respect to I, we deduce

Pr(p) 2 sup o (T, 1, T)) =: ir(p). (21)

As in the derivations for the specialized cases [20, 16], which led us to consider this more
general setting, we prove P.(u) = £,(p), under mild multiplicity and linear independence
assumptions, by constructing a perturbation A, such that
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(i) [|Asll2 = r(p), and
(ii) rank (7 (., I, T+ A,)) <n-r —r for some I' € G(u).

As discussed in [16], the supremum in (21) is always attained at some I, as long as r < n and
for generic values of pu. More precisely, we require the vector p € C” to satisfy the condition
that the matrix

(T() = T(pw))/ (0 — p) 7 p

Tlhser ] = {T/(Nz) = fk

is invertible for all k # I. The proof for the existence of T, can be found in [16, Appendix A].
Although this proof targets matrix polynomials P()); it makes no use of particular properties
of polynomials and directly carries over to an analytic matrix function 7'(\) represented in
the form (6).

Let ', be such that

KJ,-(M) =0—r (T(/J” F*7 T)) )
and let U,V € C™ be the associated left, right singular vectors satisfying

T, T, TV = kpe(u) U and U*T (1, T, T) = Kp(p) V*. (22)
We claim that the perturbation defined by
A, =k (UVT, (23)

where U,V € C™*" are such that vec(Ud) = U and vec(V) = V, satisfies both of the properties
(i) and (ii) under the following mild assumptions.

Definition 3.1 (multiplicity assumption). The multiplicity of the singular value o_, (T (11, T, T))
15 one.

Definition 3.2 (linear independence assumption). There exists a right singular vector V
associated with the singular value o_, (T (11, T'x, T)) such that the nxr matriz V with vec(V) =
V has full column rank.

The subsequent two subsections are devoted to the proofs of the properties (i) and (ii)
for the perturbation A, defined by (23). To simplify the derivation, we make two additional
assumptions initially. First, u is supposed to be comprised of distinct elements. In this case
all eigenvalues of C'(u,T") are simple, and hence G(u) = C"("=1/2, Second, we assume that
T'[pk, ] has full rank for all k& # [. Eventually, these two additional assumptions will be
dropped.

3.1 Property (i) — Norm of A,

In this section, we show ||A.ll2 = k() = o (T (1, T4, T)), which amounts to verifying
l/VT]2 = 1. Asnoted in [22, 20, 16], the latter property follows from the relation U*U = V*V,
which we will establish under the multiplicity assumption.

Let us consider the function

o(T):=0_ (T (1, I,T)) where T(u,I,T):= % (21 — C(ILL,F))_T ®T(z) dz.

T Je
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By differentiating the relation I = (21 — C'(u,T'))R(2,T) one obtains the following identities
for the partial derivatives of the resolvent R(z,T') = (21 — C(u,T'))~* with respect to the real
and the imaginary parts of the components ~y; of :

8?{1,3% (Z,F) = *R(Z,F) 8?{C’Zk (Z F) R(Z,F) R(Z I‘)elek R(Z F)
OR aC .
O (z,1) = —R(7T) 55— 37ir (2, ) R(2,T) = flR(z,F)eiegR(z,F),
where 1 < i < k < r. It follows that
oT B 1 . .
m(u,r,:ﬁ) = i), [R(z,T) eief R(z,T)]" ® T(2) dz,
- (WIT) = —o [R(2,T) eief R(z,T) dz])" ® T(2) d=
8%%% Ha s - o Jo iCl ,

for1<i<k<r.
Let

=— | R(z,T,)U*T(2)VR(z,7.) dz. (24)
2mi c

From the assumption that the singular value o(T',) is simple it follows that the function
~v +— o(T) is analytic at T, and

Og oT o1
T R T " 1 = ’ F*a
0 ORvir (T) =R (U ORyin (1, T T)V> R (vec(u) I (1, T, T) vec(V))

= _%R <Vec( ) vec <217Ti/CT(z)VR(z,%)eiefR(@F*) dz>)

- —R <tr <21ﬂ_i/CL{*T(Z)VR(Z,F*)eiezR(z,F*) dz>)

= féR(eEGei) for1<i<k<r,

where the last equality follows from the trace identity tr(XY) = tr(YX). Analogously we
have

oo

0 =
8%’71']@

T'.)=%* —ieTGei =S eTGei for1<k<i<r.
k k

Thus, G is upper triangular. The identities

L1y er— o)t de = o) u,
27 Je
5o | (L= Cu.1)” "UT(z) dz = o(T,) V*
i Je
imply
(21 - C(u,T,))G = 27r1 /u T(z)V (2 — C(p, 7)) " dz = o(T) U U,
G(zI — C(u,T,)) = (zI C(u, T)) ' UT(2)V dz = o(L,) V*V.

27
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Thus,
oT)UU-VV)=GC(p,Ts) — C(p, TG

Consequently, since both G and C (u,T'x) are upper triangular, the right-hand side of the
equation above is strictly upper triangular, whereas the left-hand side is Hermitian. Therefore
both sides must vanish, and we have U*U = V*V as desired.

3.2 Property (ii) — Rank Condition

It remains to show that the constructed perturbation A, = —r,(u)UVT satisfies the rank
property (ii) for 7. Using both, the multiplicity and linear independence assumptions, we
will establish this property by showing that the nullspace of the perturbed linear operator
has dimension at least r.

We start with writing the left-hand equation in (22) in terms of the operator T, . ):

TC( )(V) ZO'(F*)U.

Fos7Y
By exploiting the property U*U = V*V from the previous section, we have U = UVTV and
hence

0="Tegr.)V) —o(r)UV'V =Teqr,) (V) + AV (25)

Furthermore, consider the space of matrices
{D|C(u,T2)D - DC(p,T') =0}

commuting with C(p, '), which has dimension at least r [12, Theorem 1, p. 219]. It is well
known that any such D also commutes with (21 — C(u,T))~!, and hence

1 _
0 = Tery(V)D+AVD = T/T(Z)VD (2 —C(u,T)) " dz+ A VD
c

1

= Tc(ﬂ’p*)(VD) + A VD

This shows the desired result, that is, the nullspace of X + T¢,, r,)(X)+A,X has dimension
at least r.

4 Main Result

Before stating the main result, we discuss why the two additional assumptions mentioned
above can be removed. Suppose that p € C" has repeating elements and/or that T[ug, 1] is
singular for some k,[, but let us still assume that the linear independence and multiplicity
assumptions hold at u. By the regularity of T, it follows that there is i € C” arbitrarily
close to u, such that fi has mutually distinct elements and T'[fi;, fix] is nonsingular for all &, .
By continuity of the singular value and vectors, it follows that the multiplicity and linear
independence assumptions remain valid for [, provided that f is chosen sufficiently close to
u. Consequently, it follows from the previous section that k() = P,(j1) for all such . By
continuity, £,(u) = Pr(p).
The following theorem summarizes our findings.
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Theorem 4.1. Let T : Q — C™*™ be analytic and regular. Suppose thatS = {A1,..., s} T Q
andr < n are given. Then the distance 7,(S) defined in (4) has the singular value optimization
characterization

(S =inf s o, (T(I,T)), (26)
HES” peer(r—1)/2

provided that the multiplicity and linear independence assumptions hold at p., the optimal
value of u. Moreover, a minimal perturbation with 2-norm equal to 7,.(S) is given by (23).

Let us remark that the statement of Theorem 4.1 remains true for r > n, under the
additional assumption that the inner supremum in (26) is attained.

5 Divided-Difference Formulas

The singular value characterization (26) can be conveniently expressed in terms of divided

differences, see, e.g., [8]. The divided difference of a function f : R — R at nodes zg,...,zx
is given by
flz1,. k] = fl®o,...,Tr—1]
- To # T,
floo,or, . me] = oo,y ™0 (27)
TR To = Tk
where the nodes are assumed to be contagious, that is z; = x; for some ¢ > j implies
x; = x; for i = j,..., L. Given a lower triangular matrix L, the entries of the matrix function
F = f(L), which is also lower triangular, are given by
fil = Z 1518013251 "'lSkSk_1f[Msoa-~-7,u5k]

(50,81,-,5k)

for ¢ > ¢ and f;; = f(ui), where p; = l;; and the summation is over all increasing sequences
of integers starting with £ and ending with 4, see [15, Theorem 4.11]
Applying the formula above for functions of lower triangular matrices to

K
T(.T.T) =" filC(p.7)" ® Ay
k=1

yields the following result: The matrix T (u, ', T) € C**™" is block lower triangular and its
n X n submatrix at rows 1+ (¢ — 1)n : in and at columns 14 (£ — 1)n : fn is given by

Z(so,sl ..... sk)’ySlSO’ySZSl "'fysksk—lT[lu’SO7"'7/j’5k] P> ﬁ’
T(:u’t) 1= év
0 i <d.

The proof of these relations for matrix polynomials can be found in [16, Section 3.4]; it directly
extends to analytic matrix-valued functions.

When § = {A\} and r = 2, Theorem 4.1 combined with the representation of T (u,T',T)
above results in the formula

s o2 (|, "oy o ]) .
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for the distance to a nearest nonlinear eigenvalue problem with A\ as a multiple eigenvalue.
When two eigenvalues are prescribed, that is S = {A1, A2} and r = 2, we obtain

inf Sup o_s ([ T(p) 0 ]) .
p1,p2€8? 4T v Tluy, pe]  T(pe2)

6 Numerical Examples

We illustrate the main result on two examples. The first is a small-scale problem, concerning
the distance to a nearest nonlinear eigenvalue problem with a multiple eigenvalue. The second
one is a large-scale problem, and is aimed at illustrating the point that even if the individual
backward errors are small for two approximate eigenvalues, there may not be any nearby
problem with both of these two eigenvalues. Furthermore, it is not possible to conclude this
by solely looking at the resolvent norms.

6.1 Prescribing a multiple eigenvalue

Let us consider the distance 7,.(S) with S = {A} and r = 2 for a prescribed eigenvalue A € C.
In this case, the formula (28) applies. In fact, the supremum can be taken over R instead of
C, since the singular values of

T(\) 0 } o [ T(\) 0 }
v-T'(N) T(A) Iy[-T"(N) T(N)

are identical. We deduce that the distance to a nearest nonlinear eigenvalue problem with a
multiple eigenvalue can be expressed as

o e (| Ty ol ])- )

In view of the result by Malyshev [22] for the linear case, we conjecture that (29) holds without
requiring the multiplicity and linear independence assumptions.

It is well known for the standard eigenvalue problem T'(\) = A — AI that the distance
to a nearest matrix with a multiple eigenvalue corresponds to the smallest € such that two
components of the e-pseudospectrum coalesce [3]. Generalizations of this result to matrix
pencils and matrix polynomials, allowing for perturbations to all coefficients, have been shown
in [2, Theorem 5.1] and [1, Theorem 7.1], respectively. The generalization to analytic matrix
functions in our setting, when only constant perturbations are permitted, appears to be
straightforward. In particular, denoting the set of eigenvalues with A(:), we consider the
following e-pseudospectrum for the analytic matrix-valued function 7"

AdT):= |J AT +4A) = {AeClo1(T(N) <e}

[Allz<e

The eigenvalues of T are the only local minimizers of o_1(T(+)) [9, Theorem 4.2], so there is
a connected component of A.(7") around each eigenvalue of T. When T has distinct eigenval-
ues, the smallest € such that two components of A.(T') coalesce is the distance to a nearest
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Figure 1: Contours of the pseudospectra for the nonlinear eigenvalue problem (30), with the
eigenvalues marked by crosses. The inner contour corresponds to the e-pseudospectrum for e
equal to the distance to a nearest nonlinear eigenvalue problem with a multiple eigenvalue.
Two components coalesce as expected, and the point of coalescence marked with an asterisk
is the multiple eigenvalue of a nearest nonlinear eigenvalue problem.

nonlinear eigenvalue problem with a multiple eigenvalue, which admits the singular value
characterization (29).

To illustrate (29), let us compute the distance to a multiple eigenvalue for a nonlinear
eigenvalue problem from a delay differential equation [26]:

T(\) = (e* —1)B; + \2By — By. (30)

For this purpose, we apply the algorithm in [18] to the characterization (29). The matrices
By, B1, By € R¥*® are given by

By =100 - Ig
By =), bl =9~ max(j, k)] - k

2 2
By =[bS3], by =96+

with d;, = 1 if j = k, and zero otherwise. This is an example taken from [26]. A plot of
the pseudospectra of T is provided below in Figure 1. The inner curves correspond to the
boundary of A.(T') for e = 1.606, which is the computed distance.

6.2 Checking that a pair of eigenvalue approximations corresponds
to a nearby pair of eigenvalues

The second example is taken from [4], and concerns the eigenvalues of

TO)=K —A2-M+i-A-Wi+i- VA —o2-W, (31)

where K, M, Wy, W, € R9956%9956 are symmetric, K is positive semi-definite, M is positive
definite, and ¢ = 108.8774. This nonlinear eigenvalue problem occurs from a model of the
radio-frequency gun cavity [21]. Figure 2 displays some of the eigenvalues of T', computed
with the algorithm described in [11].
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Figure 2: Eigenvalues of nonlinear eigenvalue problem (31).
ut? s o1 (TG [ o1 (T687)) | (e, 1)
j=1]23354+0.8i | 234 + 1 0.2863 0.6477 10.4347
j=21326 326 + 0.51 | 0.1857 0.4993 0.6207

Table 1: Two pairs of eigenvalue approximations for the nonlinear eigenvalue problem (31):
Individual backward errors (columns 3 and 4) and the distance (column 5) to a nearest

problem having zij ), 289 as exact eigenvalues.

Suppose now that a (different) algorithm returns two pairs of eigenvalue approximations:
pl? =2335+08i, 8 =234 +1, and P =326, u =326+ 0.5

Considered individually, each of the approximations gives a reasonably small backward error
o_1(T(w)), see Table 1. However, this does not imply that each pair is a good approximation
to an eigenvalue pair of T'. In fact, it can already be seen from Figure 2 that there is only

one eigenvalue (with multiplicity 1) close to the first pair ,ugl), ,uél). Hence, one of the two

approximations is spurious. This can be verified by computing 7'2({/1%1), uél)}), which gives a
much larger value than the individual backward errors, see column 5 of Table 1. In contrast,
the second pair /152), /152) is visually close to two eigenvalues. This is also confirmed by the

fact that the distance m({pﬁ”, ugz)}) is of the same order as the individual backward errors.
Finally, Figure 3 illustrates

T ,uf) 0
v-T[uf),uf)} T (ug))

with respect to y € [0,3]. The figure suggests that the singular value function is unimodal for
a single parameter, which can be used in the optimization algorithm.

0_2
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Figure 3: The plot of o_o (T (1,7, T)) with respect to v € [0,3] for u = [M?),ug”] where

ugz), qu) are as in Table 1

7 Concluding Remarks

We have derived a further generalization of earlier works [16, 20] for locating nearest analytic
matrix-valued functions with specified eigenvalues. For this purpose, we have studied the
structure of the nullspace for Sylvester-like operators associated with nonlinear eigenvalue
problems. We believe that these auxiliary results could be of independent interest. Our main
result is the singular value characterization in Theorem 4.1. This characterization can be
turned into a numerical method by exploiting the smoothness properties of singular values;
using, for instance, the algorithm described in [18].
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