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Numerical methods for parabolic homogenization problems combining finite element
methods (FEMs) in space with Runge-Kutta methods in time are proposed. The space
discretization is based on the coupling of macro and micro finite element methods fol-
lowing the framework of the Heterogeneous Multiscale Method (HMM). We present a
fully-discrete analysis in both space and time. Our analysis relies on new (optimal) error
bounds in the norms L2(H?), CO(L?), and CO(H?) for the fully discrete analysis in space.
These bounds can then be used to derive fully discrete space-time error estimates for a
variety of Runge-Kutta methods, including implicit methods (e.g., Radau methods) and
explicit stabilized method (e.g., Chebyshev methods). Numerical experiments confirm
our theoretical convergence rates and illustrate the performance of the methods.

Keywords: multiple scales; fully discrete; numerical homogenization; finite elements;
Runge-Kutta methods; Chebychev methods; parabolic problems
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1. Introduction

A wide range of applications such as thermal diffusion in composite materials or wa-
ter infiltration in porous soil are modeled by parabolic homogenization problems. In
such problems, microscopic heterogeneities are assumed to occur at a much smaller
length scale than the scale of interest, typically at a macroscopic level. Classical
numerical methods for such problems need grid resolution to resolve the finest scale
and become therefore quickly inefficient due to the very large systems arising with
such discretization. Yet, when there is a separation of scales between the micro-
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scopic length scale and the macroscopic scale, numerical methods based on macro
and micro solvers can be efficient.

Numerous numerical methods based on macro and micro solvers for the solution
of partial differential equations (PDEs) with multiple scales have been developed
the past few years. For parabolic problems we mention Refs. 6, 26, 38, 41 (we note
that nonlinear and stochastic problems are considered in Refs. 38 and 26). In this
paper we consider the framework of the heterogeneous multiscale method (HMM)
introduced in Ref. 22. Finite difference and finite element methods for parabolic
homogenization problems in the HMM framework have been developed in Refs. 6
and 38, respectively.

From a computational perspective, it is important to balance time and space
discretization to obtain a desired accuracy while minimizing the computational cost.
Yet for multiscale problems it is important to further balance the discretization
effort at the macro and micro levels involved in the spatial discretization. This has
first been addressed in Ref. 2 for the HMM applied to linear elliptic problems (see
also Ref. 3 for a review), in Ref. 28 for nonlinear elliptic problems of monotone type,
and in Ref. 11 for nonlinear elliptic problems of nonmonotone type. However none
of the existing work for parabolic homogenization problems®26:41:38 discuss a fully
discrete discretization in space.

Furthermore, while implicit solvers are usually chosen to integrate parabolic
problems in time, it is sometimes (in particular for large systems) desirable to avoid
the use of linear algebra for solving their implicit part. It is known that the (severe)
CFL constraint leading to (unacceptable) stepsize restriction for classical explicit
solvers can be overcome by using stabilized (Chebyshev) methods.”1:31:32 While
remaining fully explicit and straightforward to implement, Chebyshev methods free
the explicit schemes from stepsize restriction, provided an appropriate selection of
the number of internal stages of the methods. As the analysis presented in Refs. 6,
26, 38, 41 proceeds directly with a discrete scheme in space and time, it is tailored
to the specific numerical integrator used in time (usually the implicit Euler scheme)
and cannot be straightforwardly generalized to classes of implicit methods or to
Chebyshev methods.

The aim of this paper is to give a fully discrete analysis in both space and time
for a variety of time integration methods including the family of (implicit) Radau
type methods as well as the family of (explicit) Chebyshev methods. Our analysis
proceeds in two steps. First, we derive new (optimal) error bounds in the L?(H?%),
C%(L?), and C°(H%) for the fully discrete method in space. These error bounds,
involving macro and micro meshsizes, allow to set the optimal rate of the micro
mesh refinement in function of the macro mesh in order to have the most accurate
output with the smallest computational effort. Then, fully discrete space-time er-
ror estimates are obtained in a second step for several classes of time integration
methods as described previously. The fully discrete error bounds rely on analytic
semigroups techniques in a Hilbert space framework, following Ref. 37. The fully
discrete bounds in space, derived in the first part of the paper, are instrumental



abd vilm ‘multiscale parabolic m3as'p

Coupling heterogeneous multiscale FEM with Runge-Kutta methods 3

for such an analysis. Results of extensive numerical simulations are discussed for
both periodic and nonperiodic (e.g. random) coefficients, linear and nonlinear prob-
lems. While our analysis focuses on linear problems, numerical tests indicate that
the convergence rates derived in this paper are also valid for a class of nonlinear
problems.

The paper is organized as follows: In section 2 we introduce the homogenization
problem for parabolic problems and recall some analytical background. In section 3
we introduce the FEM for the multiscale parabolic equation. In section 4 we present
the analysis of the method. Numerical experiments for various type of oscillating
coefficients and for both linear and nonlinear problems are given in Section 5.

Notations. In what follows we consider the usual Sobolev space W*#P(Q). For
p = 2 we use the notation H*(Q2) and H}(Q), and we denote W' (V) = {v €

per

H},.(Y); [, vde = 0}, where H5, (V) is defined as the closure of C22,.(Y) (the

per per per

subset of C>°(R?) of periodic functions in the unit cube Y = (0,1)4) for the H®
norm. For a domain D C €, |D| denotes the measure of D. We will sometimes
2
use the notation 9,0y, ... or alternatively 97 for %, %, .... For a Banach space
X with norm | - ||x, we denote by L?(0,7T;X) = LP(X), 1 < p < oo the space
of functions ¢ — v(t) which are LP on (0,T) with values in X. Equipped with the
1/p

norm ||v||zr(o,7;x) = (fOT ||v(t)||§(dt) , the space LP(X) is a Banach space. In
addition, we denote C%([0, 7], X) the Banach space of continuous functions ¢t — v(t)
with values in X, equipped with the norm [|v||co(j0,77,x) = Supseqo,77 [|v(t) | x-

2. Model Problem
We consider a bounded, convex and polyhedral domain 2 in R%. Let 7" > 0. The

class of problems considered in this paper are the following parabolic problems
Owue — V- (a°Vue) = f in Q x (0,7)
ue =0 on (0,T) x 99 (2.1)
ue(z,0) = g(x) in Q,
where a®(z,t) satisfies a® € (L=(Q x (0,7)))?*¢ and is uniformly elliptic and
bounded, i.e.,
A > 0 such that AP < a*(z,0¢ €, [la (2, 0)¢l < AN, (2:2)
V¢ € R? and ae. x € Q,t € (0,T),Ve > 0.
The homogeneous Dirichlet boundary conditions are taken here for simplicity
and our analysis applies to other types of boundary conditions (e.g. Neumann,
mixte, etc.). Here and in what follows, € represents a small scale in the problem

that characterizes the multiscale nature of the tensor a®(x). We make the following
assumption on the parameters of the problem:

fEeL?0,T;L*(Q), g€ L*9), (2.3)
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and we consider the following Banach space
E={v; ve L*0,T; Hy()), 0w € L*(0,T; H ()} (2.4)
with the norm

lvlle = [[vllz2 0,581 () + 10:0] 220,751 () - (2.5)

Under the assumption (2.3), the weak form of (2.1) has a unique solution u. € F
(see for example Ref. 36). As we have the continuous inclusion E C C°([0,T]; L%(Q))
(see Sect. 5.9.2 of Ref. 27 or Chap. 1, Thm. 3.1 of Ref. 36), the solution u. satisfies
ue € C°([0,T7]; L*()). Moreover the following a priori estimate holds

l|uellz + ||Us||C°([0,T];L2(Sl)) < C(||f||L2(O,T;L2(Q)) + ||9||L2(Q))- (2.6)

Consider now the family of problems (2.1) (indexed by €) and the family of cor-
responding solutions {u.}. The estimate (2.6) together with standard compactness
results ensure the existence of a subsequence of {u.} (still denoted by ¢) such that

ue — ug weakly in L2(0,T; HY (), Oyue — dyug weakly in L2(0,T; H1(2)).

(2.7)
The next task is to find a limiting equation for the solution ug. Asymptotic expan-
sions can be used to find a candidate for such a limiting equation. To show that the
solution of this latter equation is the limit (in some sense) of the oscillating family
of functions {u.}, one uses usually the notion of G or H convergence (see Refs. 42,
19, 39), the former being restricted to symmetric tensors. It is then possible to show
that there exist a subsequence of {u.} (still denoted by ¢) satisfying (2.7) and such
that wug is the solution of a so-called homogenized parabolic problem

Oug — V- (a°Vug) = f in Qx (0,7)
ugp =0 on (0,T) x 9N (2.8)
uo(z,0) = g(z) in Q,

where the so-called homogenized tensor a® again satisfies (2.2), possibly with differ-
ent constants. We refer to Refs. 12, 15, 20 for details. Let us note that if a®(z, ¢) has
more structure as for example if a®(x,t) = a(z,x/e,t) = a(x,y,t) is Y-periodic in y
then one can show that the whole sequence {u.} weakly converges in the sense de-
scribed above.

The discretization of the problem (2.1) with FEM is a well understood problem.
Taking a finite dimensional subspace S(€, 7) of the Banach space (2.4), we search
for a piecewise polynomial solution u"(t) € S(€,T;,) of the variational equation cor-
responding to (2.1) in S(£2, 75,). However, the major issue is that usual convergence
rates can only be obtained if the spatial meshsize h satisfies h < €. For multiscale
problems with order of magnitude of discrepancies between the scale of interest (for
which we would like to set the spatial grid) and e, the restriction A < ¢ can be
prohibitive in terms of degrees of freedom of the computational procedure if not
impossible to realize.
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The idea of the multiscale method described in the next section is to rely on two
grids, and in turn on two FE methods. A macroscopic method relying on a macro-
scopic mesh H > ¢ which does not discretize the fine scale and a microscopic mesh
(defined on sampling domains within the macroscopic mesh) which discretizes the
smallest scale. Proper averaging of the microscopic FEM on the sampling domains
allows to recover macroscopic (averaged) data related to the homogenized problem
whose coefficients are unknown beforehand.

3. Multiscale method for parabolic homogenization problems

In this section we describe the numerical method under study. It is based on the
finite element heterogeneous multiscale methods, introduced an analyzed in Refs. 22,
2, 23 (see Refs. 3, 4 for a review). In the HMM context, two approaches for the
(spatial) numerical homogenization of parabolic problems have been proposed. The
method in Ref. 6 is based on finite difference discretization techniques while the
method in Ref. 38 is based on finite element discretization techniques.

We first describe the spatial discretization in Section 3.1 based on the HMM
framework, using macro and micro FEM. We then discuss the time-discretization
in Section 3.2

3.1. Spatial discretization

The numerical method is based on a macro and a micro FEM. We denote by Ty
a family of (macro) partitions® of 2 in simplicial or quadrilateral elements K. The
diameter of an element K € Ty is denoted by Hx and we set H = maxger, Hi.
We then consider a macro FE space

So(Q, Tar) = (o™ € Hy(Q); 0|k € RYK), VK € Tu}, (3.1)

where RY(K) is the space P*(K) of polynomials on K of total degree at most £ if
K is a simplicial FE, or the space Q°(K) of polynomials on K of degree at most ¢
in each variables if K is a rectangular FE. Crucial to the FE-HMM is the definition
of a quadrature formula on the elements K. We thus consider within each macro
element K € Ty for j=1,...,J,

e quadrature points zx; € K,
e quadrature weights wy, .

Quadrature formula. A proper choice must ensure the coercivity of the bilin-
ear form (3.8). Furthermore, minimizing the number of quadrature points is cru-
cial as each quadrature point involves the solution of a boundary value prob-
lem (the micro problem). We consider K the reference element and for every
element of the triangulation the mapping Fx (a C!-diffeomorphism) such that

2By macro partition we mean that H > ¢ is allowed.
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K = Fg(K). For every K we consider the quadrature formula {ek, wi, oy
and we suppose that the quadrature weights and integration points are given by
vk, = Fi(&;), wi, = ©;/det(0Fk)],j = 1,...,J, where {&;,0;}7_, is a quadrature

formula on K. We will make the following assumption on the quadrature formula

QD) @ > 0,5 = L., S wlVeE)P 2 AVl 4. (@) €
RYK), with A > 0;

(Q2) [ p(@)dE =30, @;p(d5), VP(E) € R7(K), where o = max(2( — 2,0) if K
is a simplicial FE, or ¢ = max(2¢ — 1,¢ + 1) if Kisa rectangular FE.

These requirements on the quadrature formula ensure that the optimal convergence
rates for elliptic FEM hold when using numerical integration.!”
Based on the quadrature points, we define sampling domains

Ks, =xr, +0I, I =(-1/2,1/2)* (5 >¢), (3.2)

the “domains” of the micro FE method. We consider a (micro) partition 7y, of each
sampling domain K, in simplicial or quadrilateral elements @ of diameter hg and
denote h = maxqeT;, hg. The sampling domains K, are typically of size ¢, that is
|Ks,| = O(?), and hence h < & < § holds for the micro mesh size. For this partition
we define a micro FE space

SU(Ks;, Th) = {z" € W(Ks,); 2"lr, € RUQ), Q € Ta}, (3-3)

where W (Ks,) is a certain Sobolev space. Various spaces can be chosen for the
micro numerical method, and the choice of the particular space has important con-
sequences in the numerical accuracy of the method as we will see below (this choice
sets the coupling condition between macro and micro solvers). We consider here

W(Ks,) = W (Ks,) = {= € HL (Ks,); / 2de =0}, (3.4)

per
ng

for a periodic coupling or
W (Ks,) = H(Ks) (3.5)

for a coupling through Dirichlet boundary conditions. Essential for the definition of
the multiscale method below is the definition of the following microfunctions. Let
wH € S§(Q, Twr) and consider its linearization

wil, =w" (zk,) + (x — 2k,) - Vo (2k,)

at the integration point rx;. Associated to wﬁn in the sampling domain Kj;, we
h,t

define a microfunction W, depending on t, such that (w};(f — wﬁn) € SY(Ks,, Tn)
and
/ as(x,t)Vw?(’t Vzlder =0 Ve SUKs,, Th). (3.6)
Ks,

J
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Multiscale method. Find v € [0, T] x S§(2, Tar) — R such that

(O o) 4+ By (t;u o) = (f(t),v") Yol € S§(Q, Tr)
uH:0 on 00 x (0,T) (3.7)

’U,H(I,O) = u(l)qa

where

E(x,t)Vu% : Vv};(’fdx, (3.8)

By (t;u };2:

and ull € S§(Q, Tyr) is chosen to approximate the exact initial condition g (see
Remark 4.3 below). Here, u};(:, v?(: are the solution of the microproblems (3.6) con-
strained by uﬁn, vﬁn, respectively. We emphasize that the above numerical method
aims at capturing the homogenized solution of (2.8). A numerical corrector can be
defined extending the known micro solutions u" (defined in the sampling domains
K(;j) on the whole macro element K. With the help of the numerical corrector,
an approximation of the fine scale solution u® can be obtained (see Ref. 23 and
Chap. 3.3.2 of Ref. 3). For nonlinear monotone elliptic problems, the convergence
of such reconstruction procedure has been proved in Refs. 24, 25 for the Multiscale
Finite Element method (MsFEM) in the stochastic case, and in Ref. 28 for both

the MsFEM and HMM in the general case of an arbitrary G-converging sequence.

3.2. Time discretization

Let U be the column vector of the coefficients of u’’ in the basis {cbj}j”il of
S5(2, Twr), and consider the stiffness matrices

K(t) = (BH(t7¢’La¢J))ZA,/§:1 (((bza(bj)) i,j=1"
This permits to rewrite (3.7) in the form of an ordinary differential equation
MU (1) + K6)U™ () = F™(t),  U(0) = Uy,

where F(t) corresponds to the source term and is defined in the usual manner.
With these notations, (3.7) can be written as

UH(t) = F(t, U (1)), U(0) = Uy, (3.9)

where F(t,UH) = —-M'K(t)U? + M~1FH(t).
The fully discrete space time method relies on the discretization of (3.9) by a
(s-stage) Runge-Kutta method

s s

Un+1 =U, + At, ijSnj, U,i = U, + At, nyianj, (310)
j=1 j=1

Shi :F(tn—FCiAtn,Um), 1=1...s. (3.11)
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where ~;;,b;,¢; with 4,5 = 1...s are the given coefficients of the method (with
E;:1 vij = ¢;) and t, = >, At,. We sometimes use the notations

L= (vj)5 =1, b=(b1,....,0)", c=(c1,...,c)" =T1, 1=(1,...,1)7.

We recall that the order of the method is r if the following error holds after one
step with the same initial conditions for both the exact and the numerical solution

Uy —U(ty) = O (At") | for At — 0,

for all sufficiently differentiable initial value systems of differential equations.

Two classes of time integrator will be considered in the analysis.
Implicit methods. We consider a subclass of Runge-Kutta methods which are of
order r with stage order (the accuracy of the internal stages) r — 1, and which are
strongly A(6)-stable with 0 < 6 < x/2. This latter condition means that I — 2T’
is a nonsingular matrix in the sector |arg(—z)| < @ and the stability function®
R(2) = 1+ 2bT(I — 2") 71 satisfies |R(2)| < 1 in |arg(—z)| < 6 (we refer to Sect.
IV.3,IV.15 of Ref. 31 for details on the stability concepts described here).

Notice that all s-stage Radau Runge-Kutta methods satisfy the above
assumptions®! (with > 7/2) . In particular, for s = 1, we retrieve the implicit
Euler method

(M + AtK (ty1))UL = MUY + F(tny1). (3.12)

Our analysis for implicit methods covers variable time step methods, provided
that the stepsize sequence {At, }o<n<n—1 with At,, = t,11 —t, >0 and ty =T
satisfies for C,c > 0

N—-1
> Atpg/At, =1 < C, (3.13)
n=0
cAt < At, < At forall0<n <N —1. (3.14)

Remark 3.1. The condition (3.14) may appear restrictive. However, a finite subdi-
vision of the interval [0, 7] into subintervals can be considered and (3.14) is required
only on each of the subintervals (see Sect. 5 of Ref. 37). This permits to use stepsizes
of different scales.

Chebyshev methods. Chebyshev methods are a subclass of explicit Runge-Kutta
methods with extended stability domains along the negative real axis. Their fa-
vorable stability properties originate from the fact that is is possible to construct
s-stage methods with stability functions Rs(z) = 1 + 2bT (I — 2T")~!1 satisfying

|Rs(z)] <1 for xz € [—Ls,0] (3.15)
bWe recall that the stability function of a Runge-Kutta method is the rational function

R(At)\) = R(z) obtained after applying the method over one step At to the scalar problem
dy/dt = My, y(0) =1, A e C.
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with L, = Cs?, where the constant C' depends on the order of the method. Such
methods have been constructed”!:32:35 for order up to r = 4. As eigenvalue of a
parabolic problem lie on the negative real axis, Chebyshev methods are suitable for
such problems. For first order methods, we have

Ry(x) = T,(1 + x/5%), (3.16)

where T,(-) denotes the Chebyshev polynomial of degree s and Ly = 2s?. The
corresponding Runge-Kutta method can be efficiently implemented by using the
induction relation of the Chebyshev polynomials. Higher order methods based on
1,32 We briefly explain why it can be advan-
tageous to use such methods. Let py be the spectrum of the discretized parabolic

induction relations can also be built.”

problem (depending on the macro spatial meshsize H) and assume that the stepsize
to achieve the desired accuracy is At. Integrating the parabolic problem with an Eu-
ler method requires to take a stepsize 0t satisfying the CFL constraints dt < 2/pgy
and we thus need At/dt > (Atpg)/2 function evaluations (a measure of the numeri-
cal work). With a Chebyshev method of the same order with stability function given
above, one can first choose a stepsize At and then choose an s-stage method such
that Atpy < 2s2. This sets the number of stages s = \/(Atpp)/2, which represents
the square root of the numerical work needed by the explicit Euler method (notice
that for Chebyshev methods, there is one new function evaluation per stage). Cheby-
shev methods are usually used in a “damped” form, where the stability function
satisfies the strong stability condition

sup |Rs(z)| <1, for all v > 0. (3.17)

Ze[_Ls;_'Y]v s>1
For instance by changing the function (3.16) to

Ts(wo + w1 2)

Rs(2) = T.(wo)

L with wo =145 w = (3.18)
S

The parameter 7 is called the damping parameter. Choosing any fixed 1 > 0 ensures
that R4(z) satisfies (3.17). It also ensures that a strip around the negative real axis
is enclosed in the stability domain S := {z € C;|R4(z)| < 1}. The growth on the
negative real axis shrinks a bit but remains quadratic, see Ref. 32 and Chap. IV.2 of
Ref. 31. For the analysis, we shall also need that the stability functions are bounded
in a neighbourhood of zero uniformly with respect to s, precisely, there exist v > 0
and C' > 0 such that

|Rs(z)| < C for all |z| <+ and all s. (3.19)

This can be easily checked for the Chebyshev methods with stability functions
(3.16), (3.18).
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3.3. Preliminaries

In order to perform the analysis of the FE-HMM, it is convenient to introduce the
following auxiliary bilinear form

B(t;v,w) = /an(ac,t)Vv(x) -Vuw(z)dz, Yv,w e HY(Q), (3.20)

where a%(z,t) is the homogenized tensor of (2.8). Consider also the associated bi-
linear form for standard FEM with numerical quadrature,
J
Bou(tv" w) = > Y wi (e, ) Vo (ak,) - Vo'l (2k,), (3.21)
KeTy j=1

for all v, wH € S5(Q, Tyr). Of course, a®(z,t) is usually unknown, otherwise there
is no need for a multiscale method. In order to define FEM with numerical quadra-
ture (as in the above bilinear form), some regularity on the tensor a®(x,t) is needed.
We suppose that

(H1) ag;, drad; € CO([0,T] x K) for all K € Ty for alli,j =1,...,d.

The following construction of a numerically homogenized tensor is usefull (see
Refs. 4, 5 for details). Let e;, 4 = 1,...,d, denote the canonical basis of R?. For
each e; and each ¢ € [0,T], we consider the following elliptic problem

/ ae(ﬂc,t)Vz/J?{f;’t(x)Vzh(x)dx = —/ af(z,t)e;- V2" (x)dx, V2" € SUKs;,Th),
Ks,

Ks;
' (3.22)
where S9(Kj;;,Ts) is defined in (3.3) with either periodic or Dirichlet boundary
conditions. We also consider the problem

/ ae(x,t)Vz/J%_ (x) - Vz(z)de = —/ a®(x,t)e; - Vz(x)dr, Vz € W(Ks,),
Ks,

K5j
(3.23)
where the Sobolev space W (K5, ) is defined in (3.4) or (3.5). We then define two
tensors

1

0 e T

ap(xg,,t) = a®(z,t) (IJr J e ) dz, (3.24)
K ! |1<§J| K,;j wi{] (I)

where Jwﬁ(‘;(z) is a d x d matrix with entries (‘]1/)’;(’;(9:)) , = (aqp?(};vt)/(axg) and

1
af (zk,,t) : a®(z,t) (I + JZ;(,(I)) dx, (3.25)

o |K5.7‘| Ks;
where Jy: () is a d x d matrix with entries (Jw;( (I)> = (81/)%)/(89%)
J J ik
Using the numerically homogenized tensors (3.24) or and the results of Ref. 5

(see also Lemmas 11 and 12 of Ref. 4) we obtain the following reformulation of the
bilinear form By (-, -) of (3.8) which will be useful for the analysis.
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Lemma 3.1. The bilinear form By (-,-) defined in (3.8) can be written as

J
By (t;vf wf) = Z Zija?{(ij,t)VvH(ij)-VwH(ij). (3.26)
KeTnu j=1

Using (3.25) we can also define a bilinear form useful for the subsequent analysis

J

By (t;vf wf) = Z Zijé?{(ij,t)VvH(ij)-VwH(ij). (3.27)
KeTu j=1

Solving the parabolic problem (3.7) with the bilinear form Bz amounts to neglecting
the micro errors, as the micro functions in (3.23) are exact.

Coercivity and boundedness of the bilinear forms. We shall also consider
the bilinear forms B’(¢;v,w), By (t; v, wH) defined as the time differentiations of
(3.20), (3.26), respectively,

B (t;v,w) = /Q (0a°(z, 1)) Vo(z) - Vw(z)dz,

J
Bl (t;0f wH) = Z Zij (0ra% (k. 1)) Vol (zk,) - Vw (zk;).

KeTh j=1

In view of (2.2) and (H1), we have for some positive constants 1, ya,

vl < B(v,v), (3.28)
|B(t;v,w)| 4+ |B'(t; v,w)| < v2llvl g llwll g )

for all v,w € H}(Q) and all t. Assuming that the quadrature formula satisfies (Q1)
and that (2.2) and (H1) hold, then (3.21) is coercive and bounded (see Ref. 16). It
can also be shown that the bilinear forms B (-, ) defined in (3.8) is (uniformly w.r.
to €) coercive and bounded (see Refs. 2, 23, and Sect. 3.3.1 of Ref. 3 for a proof),
ie.,

71||UHH%{1(Q) < Bu(t; 0", 0"), (3.29)

| Br(t; 0™, w™)| + | By (80", w™h)| < yollo [ o l|w |51 @) (3.30)

for all v, wf € S§(Q, Tr) and all t. The same bounds (3.29),(3.30) can be shown
for the bilinear form By (t;v™,w!). No spatial structure assumption (as e.g. pe-
riodicity, random homogeneity) on the small scale tensor a° is required to prove
coercivity and boundedness (only (2.2) and (Q1) are needed).

We quantify the discrepancy between the bilinear forms By g (;-,-) defined in
(3.21) and Bpg(t;-,-) defined in (3.8). This will account for the error done at the
microscale as well as the so-called modeling error, the error induced by artificial
micro boundary conditions or non-optimal sampling of the micro structure. Consider
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the quantity

THMM = sup Hao(sz,t) fa(;((ij,t)HF (3.31)
KeTH,sz €K, t€[0,T)

+ sup [0va® (2, t) — Dpae(zxc;, 1) || s
KeTu LK €K,te[0,T)
where || - || denotes the Frobenius norm®. Following the strategy developed in
Refs. 5, 3, 4 for the error analysis, we can further decompose 7 s, into micro and
modeling error terms as

1

THMM = Z sup ||afa0(ij’t) - c')f&%(x}(j,t)HF
k=0 KETH,(EKj EKJ,E[O,T]
TMOD
+ Z sup 10 ak (w5, t) = OFal (i, )| s (3.32)
k—o K€TH, rk; €K, t€[0,T]
TMIC

where we have used the tensor (3.25).

Lemma 3.2. Let By gy (t;-,-) and By (t;-,-) be the bilinear forms defined in (3.21)
and (3.8), respectively. Then we have

| Bo,ir(t; 0™, w™) = By (t0™ ') + B gy (t50",w') = Bl (0™, w™))|

< Crgmum|v? ||H1(Q)||w |z (@)

Proof. By using the continuity of the bilinear forms By g (-,-) and Bg(:,-), we
have using the Cauchy-Schwarz inequality,

|Bo, (0", w™) — By (t; 0™, w')|

J
ST wk, (@¥(wk, 1) — die(ax,, 1) Vo (vk,) Vw (z;)dz]

KeTy j=1
J

< sup la®(wx; t) = af (wrey, O)llmy| D D wie Vol (k)2
KeTy, rk,; €K, t€[0,T] KeTy j—1

J ZwK IVl (zg,)[2
KeTy j=1

<C sup la° (2, t) = a% (wx;, Ol 0™ L ) w1 -

KGTH7IKJEK,tE[O7T]
We proceed similarly for B(/LH(UH7 wh) — Bl (v wH).

¢The Frobenius norm of a matrix M is defined as | M||p = /trace(M T M).
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The modeling and the micro error can be traced in the following lemma, whose
proof follows the arguments of Lemma 3.2.

Lemma 3.3. Let By g (t;-,-), Bu(t;-,-) and By (t;-,-) be the bilinear forms defined
n (3.21), (3.8), and (3.27), respectively. Then we have for all v wH € S§(Q, Tw),

| Bo,u (t; 0™, w!) = By (t; 0™, w™)| + | By (0", 0™) — By (0, w'™))|

< Cryop|lv™ | i @l |19,

[Br (o™, w™) — By (t; v, w™)| + | By (t; 0™, w™) — By (t; 0™, w™)]

< Crare|v? | a@llw™ | a1 @
Standard estimates for bilinear forms with numerical quadrature. Con-
sider the usual nodal interpolant Zp : C°(Q) — S§(Q, Tx) onto the FE space
SE(Q, Ty) defined in (3.1). The following estimates are based on the Bramble-
Hilbert lemma and have first been derived in Thm. 4 & 5 of Ref. 17. They will
often be used in our analysis. Assuming (Q2) and the regularity assumptions of

Theorem 4.1 (see next section), we have for all v w € S§(Q, Tz) (where p = 0
or 1),

|1B(t; v, w™) — Bo g (t; 0™, w™) |<CHI[0" || g oy |0 || 11 (),
|B(t; Zruo, w) — Bo i (t; Zrrug, w™ )| SCH ||uo (8)|lw om0 || 1 (0.

(3.33)
(3.3

1)

1/2
|B(t;IHU07wH)*BO,H(t;IHUmwH)|§CH£+“||Uo(t)||Wf+1=p(Q)( Z HwHH%I%K)) (3.35)

KeTu

An a-accretive operator. For the time-discretization analysis, we introduce for
each time ¢ the linear operator Ag(t) : S§(Q, Ta) — S§(Q, Trr) defined as

(=Ag () wf) = By (t;v,wf),  for all v, w¥ € S5(Q, T), (3.36)

where By is the bilinear form defined in (3.8). Consider the sector in the complex
plane

So = {pe’ s p>0,10] <a}.

The operator Ay can be extended straightforwardly to a complex Hilbert
space based on S§(Q, Tw) equipped with the complex scalar product (u,v) =
fQ x)dx which is an extension of the usual L? scalar product. It can be shown
that fAH is a so-called a-accretive operatord: there exist 0 < a < m/2 and C' > 0
such that for all z ¢ S,,, the operator zI + Ay (t) is an isomorphism and

1
I+ Ap(t) 2@ <
1T+ Au(t)” lr20)—1 = 4(z, Sa)

for all z ¢ S,, (3.37)

dEquivalently, + A is called an a-dissipative operator.
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where d(z,S,) is the distance between z and S,. In general one can show a <
arccos(y1/v2) using (3.29),(3.30). In the case of a symmetric tensor, all the eigen-
values of Ay are real and located on the negative real axis of the complex plane, and
one has simply o = 0. The proof of (3.37) is omitted as this is a classical result for
the time discretization of parabolic PDEs. More details can be found for instance
in Ref. 18.

4. Main results

In this section we shall present our main results. We first analyze the spatial dis-
cretization errors, and then we focus on the time discretization errors.

4.1. Fully discrete results in space

Theorem 4.1. Consider ug, u'’ the solutions of (2.8), (3.7), respectively. Let
w = 0 or 1, £ > 1 and 2 < p < oo such that £ > d/p. Assume

(Q1),(Q2),(H1),(3.28),(3.29) and
U, 8tu0 S LQ(O, T; W£+1’p(Q)),
ad;, wal; € L=(0, T; WHHH>(Q)), Vi, j=1...d.

iy
Then we have the L*(H') and C°(L?) estimates

Ug — W ||L2([0,T;HY(Q)) = THMM g — Ug |[L2(Q))s .
I il < C(H'+ + |l ol ) (4.1)
lluo — u™[|coo, ;2200 < COH + ranne + lg — ul | r2(0)),  if p=1(4.2)

If in addition, the tensor is symmetric, then we have the C°(H"Y) estimate
luo — w |lcoo,rp501 () < CH" + rraans + lg = ul |11 @)- (4.3)
The constants C are independent of H, g pins-

The first term in the right-hand side of the above estimates quantifies the er-
ror of the macro solver. It shows that the proposed multiscale FEM gives optimal
(macroscopic) convergence rates in the C°(L?) and L?(H') norms (and C°(H?!) for
symmetric tensors) of the fully discrete FE-HMM (3.7). We emphasize that the
above error estimates have been derived without specific assumptions on the oscil-
lation of the multiscale tensor. We recall that the additional term g p;ps defined in
(3.31), that appears in the right-hand side of (4.1) or (4.2), encodes the so-called
modeling and micro error, i.e., the error due to a possible mismatch of the averag-
ing procedure in the FE-HMM, the boundary conditions and size of the sampling
domains as well as the discretization error done of the micro FEMs.

To quantify further the term rgasrps we need some regularity and growth as-
sumption (in terms of €) of the solution of the microproblems (3.23). Motivated
by the case of periodic tensors (e.g. the chain rule applied to a® = a(z,z/¢e,t)) we
consider the following regularity assumption on the solution of problem (3.23)
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(H2) W?{i'Hﬁl(K%) + |atw?(tj‘Hq+1(K5j) < C e %/|Ks,|, where C is independent
of ¢, the time ¢, the quadrature points zf,, and the domain Ks,. We also sup-
pose that the map t — a°(-,t) € (L*°(Q))%*? is C* and |0vas; (t, )| o) < C, for
all t € (0,7) and all € > 0. We make the same assumptions on the solution of
the modified problem (3.23) where the tensor a® is replaced by a*” (the adjoint
problem).

Remark 4.1. When Dirichlet boundary conditions (3.5) are imposed in (3.22), the
assumption (H2) can be easily satisfied (without any further knowledge about the
structure of the oscillating tensor a®) for ¢ = 1 as |’(/J?{tj|H2(K5j) < Ce /K,
follows from classical H? regularity results (see Chap. 2.6 of Ref. 34), provided that
|ag; (-, t)lwioe (@) < Ce™! for i,j = 1,...,d. Then, following the proof of Lemma
4.12 of Ref. 11, \(’9)51/)}’(2 |H2(K5j) < Ce™/|K5,| holds, provided |9;a5; (-, t)|lw1.0(0) <
Ce~1. For periodic boundary conditions (3.4) in (3.22), (H2) can be established for
any given ¢, provided o = a(z,z/e,t) = a(z,y,t) is Y-periodic iny, §/e € N,
and a® is sufficiently smooth, by following classical regularity results for periodic
problems (see Chap. 3 of Ref. 13).¢

We then have the following theorem.

Theorem 4.2. Consider ug, ufl the solutions of (2.8), (3.7), respectively. In ad-
dition to the assumptions of Theorem 4.1, assume that (H2) hold. Then we have

A
lluo — w || L2 (o, 73:11 () < C(HE + <€> +rvop + g — ud L2 @), (4.4)

h\ 2 ,
luo = u™ lleoqpo, ;2 () < CH + <5> +raop + g — g L2 (@), if 1= 1.(45)

If in addition, the tensor is symmetric, then

h\ >
||u0 — UHHCO([O,T];Hl(Q)) < C(HZ + (E) +7rymop + Hg — Ué—IHHl(Q)).
The constants C' are independent of H, h,rpop, €.

The first term as is Theorem 4.1 quantifies the error coming from the macro
solver. The second term quantities the error coming from the micro solver — when
discretizing the microproblems by a FEM — transmitted to macroscale. This term
does not appear in the analysis given in Ref. 38, where the microsolutions u”,v" in
(3.8) where supposed to be exact. The additional analysis of the micro error allows
to derive a macro-micro refinement strategy.

We emphasize that the remaining term ry;op defined in (3.32) does not depend on

the macro and micro mesh sizes H and h. In particular, any result concerning the

®¢We also note that 8{601?]-‘}( € Wh(K) VK € Ty and \8fafj|w1,oo(K) < Ce™! with k = 0 and
1 are sufficient, if the macro mesh is aligned with the (possible) discontinuities of a® (see Ref. 5

for details).
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approximation of the homogenized tensor with artificial micro boundary conditions
or modified cell problems (e.g. Refs.14, 23, 29, 30, 44) could be used in our analysis.
Here, we consider a class of non uniformly periodic tensors of the form

(H3) a° = a(wx,x/e,t) = a(x,y,t) Y-periodic in y, where we set Y = (0, 1)
We then have the following theorem.
Theorem 4.3. Consider ug, u! the solutions of (2.8), (3.7), respectively. In addi-

tion to the assumptions of Theorem 4.1, assume (H2) and (H3). Assume also that
w}’(tév is the solution of the cell problem (3.22) in the space W,,,.(Kj,), thate/é € N,
J

per
and that the tensor a(x,x/e,t) is collocated at the quadrature points a(xg,,x/e,t)
in the FE-HMM macro bilinear form (3.8) and in the micro problems (3.6). Then
we have

h\*
lluo — UHHL2([0,T];H1(Q)) < C(H'+ (5) +llg— U(I)LIHL?(Q))v

h\ _
lluo = u[leo (o772 () < C(H™! + (5) +llg = uil 2, if p = 1(4.6)

If in addition, the tensor is symmetric, then

h\
luo = ™ leoqo,ry:mr (@) < C(H + (5> +llg =g o).
The constants C' are independent of H, h,¢.

Remark 4.2. If the tensor a(z,x/e,t) is not collocated at the slow variable in the
above theorem, we get for the modeling error (see Appendix of Ref. 11, Prop. 14 of
Ref. 3)

ryop < C 6.

If the solution of the cell problem (3.22) in Hj(Ks,), a resonance error contributes
to rpop. For a tensor independent of time, the results in Ref. 23 can be readily
used in the framework developed in this paper for the analysis of parabolic problems
and we have

"MOD S 0(5 + %)

This results could be extended for time-dependent tensor by following Ref. 23 and
Appendix of Ref. 11.

4.2. Fully discrete estimates in space and time

In this section, we explain how fully discrete estimates in both space and time can be
derived. We focus on the one hand on implicit time discretizations (Runge-Kutta
methods) with variable timesteps, and on the other hand on stabilized explicit
time discretizations (Chebyshev methods). We assume that the numerical initial
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condition ufl of the FE-HMM in (3.7) is chosen to approximate the exact initial
condition g as

l[ug" — gl < C(H™™ +rgar), (4.7)
lud' = gl < C(H" +ramm). (4.8)

Remark 4.3. There are several natural choices for the initial condition uf! to

satisfy (4.7)-(4.8). For instance, one can take ul! = Il g, the L? projection of g on
S5(2, Tar), defined as

(HHg - g7ZH) = 07 VZH € SS(Q7TH)3 (49)

and then (4.7)-(4.8) hold without the 7gasas termsf. One can also consider the
elliptic projection ull = Pgg with respect to the bilinear forms B in (3.20) and By
in (3.8),

Br(0; Prg, 2) = B(0;9,2™), V2" € S§(Q, Tu), (4.10)

and (4.7)-(4.8) hold (see Corollary 5.1 in Sect. 5.1 below where we notice w!! (0) =
Hug).

The first theorem treats the case of implicit methods and is obtained by com-
bining our fully discrete error estimates in space (Theorem 4.3) with the results of
Ref. 37.

Theorem 4.4. Consider ug the ezact solution of (2.8) and ull the numerical so-
lution of a Runge-Kutta method for (3.9), with variable timesteps {At,} satisfying
(3.13)-(3.14). Given an integer r > 1, assume that the Kunge-Kutta method has
order r when applied to ordinary differential equations, that it has stage order r—1,
and that it is strongly A(0)-stable with o < 0 where « is the angle in (3.37) of
accretivity of —Apg. Assume the hypotheses of Theorem 4.3 with p = 1. Assume
further (4.7),

f e H(0,T;L*(Q)), a® € C7([0,T], L= () with (|0} a® | (peo(yyaxa < C, k=1...7,

and
07 u™ (0)[| 20y < C, (4.11)
where u*? is the solution of (3.7). Then, we have the C°(L?) estimate
hy 24 -
Jmax [l = uo(tn)]| o) < € (H”l + (g) + At > . (4.12)

Assuming in addition (4.8) and that a® is symmetric, then we have the L*(H")
estimate

N-1 I 29 2
> Atpllull = uo(tn) 3y < C (Hf + (g) + Atr> : (4.13)
n=0

fNotice that the regularity assumed on ug, d:up in Theorem 4.1 implies ug 0)=ge€ WZJFI*”(Q).



abd vilm ‘multiscale parabolic m3as'p

18 A. Abdulle and G. Vilmart

All the above constants C are independent of H, h,e, At.

The assumption (4.11) can be satisfied in dimension d = dimQ < 3 as proved
in Proposition 5.1 of Sect. 5.2 below. We mention that for » = 1 the symmetry
assumption on the tensor can be removed for (4.13) (see Sect. 5.2). The next theorem
treats the case of Chebyshev methods where we focus for simplicity on the case
where tensor a® is symmetric and time-independent. Recall from Sect. 3.2 that
it is essential when considering Chebychev methods that the eigenvalues of the
differential operator of the problem remain close to the negative real axis. This is
automatically the case when the tensor is symmetric.

Theorem 4.5. Consider ug the exact solution of (2.8) and ufl the numerical solu-
tion of a Chebyshev method for (3.9), applied with a constant timestep At =T/N,
and with stability functions {Rs(2)}s>1. Assume that the tensor a® is symmetric
and time-independent, and that f = 0. Assume (4.7) and the hypotheses of Theo-
rem 4.8 with u = 1. Given r > 1, assume that the order of the Chebyshev method
s r, precisely,

ZT+1

lim | & —2%) — R(2)
z—0

<oo foralls>1. (4.14)

In addition to (3.19), assume the strong stability condition (3.17) holds with the
number of stages s chosen such that pAt < L, where p is the spectral radius of the
operator Ay defined in (3.36). Then,

h2a
H < 041 (7) r\ .
omax, [y, —uo(tn)|lL2@) < C (H + 5 + At (4.15)

For the sake of brevity of the analysis, we assumed in Theorem 4.5 above that the
source term f is zero. Notice that a non-zero time-independent source f(z) could
also be considered in the analysis by using a change of variable of the standard
form ug(z,t) < up(x,t) — Uo(x) where Uy denotes the stationary solution of the
problem, to retreive the zero source case (we omit the details). Moreover, in the
case where the strong stability condition (3.17) is not satisfied (for instance if the
damping is zero in the Chebyshev method (3.18)), we can still show the convergence
by exploiting the regularity of the initial condition, as illustrated in Theorem 5.1 of
Sect. 5.2.1.

Remark 4.4. For simplicity, we assumed rp;op = 0 in Theorems 4.4 and 4.5.
If (H2) does not hold (similarly to Theorem 4.2), then (4.12), (4.13), and (4.15)
remain valid provided the term ry;opdefined in (3.32) is added in the right-hand
sides of these estimates.

5. Analysis
5.1. Fully discrete analysis in space

In this section we perform the analysis of the numerical method (3.7).
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We shall often use the following continuous embedding result (Sect.5.9.2 of
Ref. 27). For all v € H'(0,T; X) where X is a real Banach space, e.g. X = L?(Q2) or
X = H'(Q), we have v € C°([0,T]; X), v(t) = v(s)—i—f; v'(r)dr, forall0 < s <t <T
and

lvlleoqo,m1;x) < Cllvllr0,7;x) (5.1)

where C' depends only on 7 and X. The macro FE space S§(2, Tx) equipped with
the H' norm will be denoted V* in the following. Let ug(t) be the solution of
(2.8). Following an idea of Raviart® for FEMs with numerical quadrature applied
to (single scale) parabolic equations, we define an elliptic projection as follows. For
all t € (0,T), we let w(t) € S§(Q, Trr) equipped with the norm of H'(2) be the
elliptic projection of ug(t) with respect to B and By as

By (t;w (), 27) = B(t;uo(t), 27), V2l e S5(Q, Tw), te(0,T). (5.2)

Using the ellipticity and continuity (3.29) of By and (3.28), w*(¢) is well defined
for all t and w# € L2(0,T;V*). Differentiating (5.2) with respect to time, we obtain
for all 21 € S§(Q2, Ty) and almost all t € (0,7)

By (t; 000 (), 27) = B'(t;uo(t), 2™ ) + B(t; 0puo (t), 27) — By (t; wh (1), 27). (5.3)

We deduce similarly o,w? € L?(0,T;V?"). Using (5.1) with X = V* we have that

w!l is in fact a continuous function of time on [0,7]. As a preparation for the

derivation of Theorem 4.1 we need the following lemma.

Lemma 5.1. Let ug(t) be the solution of (2.8) and w (t) be the elliptic projection
defined in (5.2). Assume that the hypothesis of Theorem 4.1 hold. Then we have

oy (wH — o) || z20,7501(02)) < C(H 4 ragamum), k=0,1, (5.4)
10 (W — o) || L20,7502(0)) < CH™M + 1), k=0,1, p=0,1. (5.5)
Proof. Step 1: estimation of |[w? — uo| 120,711 (02)) -
Using (5.2), we get for all z € S§(Q, Tr),
By (t;w? — Tyug, 2) = B(t;ug — Truo, 27)
+ B(t; Zuo, 2) — Bo g (t; Trruo, 27)
+ Bo.u (t; Zrug, ) — By (t; Trruo, 27)
< CHJuo(t) lwesro 12" 1 )
+ THMM”IHUO(t)HHl(Q)HZH”Hl(Q)
where we used (3.34) and Lemma 3.2. Using the ellipticity (3.29) of By and taking
2H = wH (t) — Tgug gives
Yillw () = Tuo(t) || ) < CH uo(t)lweso@) + raaralluo ()| m2q)-
Integrating between 0 and 7', and using ||Zguo — uo|| 20,711 (2)) < CH* gives

||wH — u0||L2(07T;H1(Q)) < C(]:Iz +THMM)- (5.6)
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Step 2: estimation of ||0y(wf —uo)||L2(0,1: 1 (2))-
Using (5.3), we obtain

By (t; 0w — Ty, 2%) = B(t; Ouo — Zydwug, 27) + B (t;uo — Zruo, 27)
+ B(t;IHatuo,zH) — BQH(t;IH@tuO,ZH)
+ Bo.g(t; Zgowug, ) — By (t; Trdsug, 27)
+ B'(t; Tyuo, ™) — Bj y(t; Tauo, )
+ By (t; T, 2™) — By (t; Truo, 2™)
— By (t;w" — Tgug, 2™)
This yields using (3.34) and Lemma 3.2,
By (t; 0yw™ — Ty dpuo, 2™) < CH (uo(t) [lwesr.0 () + 10110 () [werroo) 127 10
+ e ([Zao (8)| (o) + 1 Zadsuo ()| @)1z 10
+ Cllw™ = Zauo ()| g2 o 127 11 1 )

We take 2z = 0w (t) — Ty dpup(t). Using (5.6) to estimate the last term in above
inequality, we obtain the following estimate, similarly to the Step 1,

10 (w™ = uo) |l L2011 (2)) < C(H® + rrarn). (5.7)

Step 3: estimation of |[wf —uo| r2(0,7;12(0))-
We use the classical duality argument of Aubin-Nitsche. Given v € L?(0,T; L%(9)),
consider for almost every t € (0,T) the solution ¢(t) € H}(Q) of the problem

B(z,p(t)) = (v(t),2), Vze€ Hy(Q). (5.8)

Since a € (L>(0,T;Wh*°(€)))4*? using the convexity of the polyhedral domain
Q, we know that ¢ € L2(0,T; H?(Q)) and

lell 20,752 (0)) < CllvllL20,7:02(9))- (5.9)

We take z = v = wll(t) — up(t) in (5.8). Using (5.2) we obtain for all pf(t) €
SS(Q,TH),

(W — ug, w” —ug) = B(t;w" — ug,p — )
+ B(t;w™ — Thuo, ™) — Bu(t;w™ — Tyug, o)
+ B(t;IHUO, (pH) - BH(t;IHUO, (pH). (510)

We take of = Typ(t). Using (3.28), (3.33) and (3.35) respectively, we deduce

(W —ug, w™ — o) < Cllo)||m2(0) (H + ) [w™ (8) = uo ()| 2 0
+ (H + rgapan)|u() | e )

where we used also Lemma 3.2. We deduce with (5.9) and (5.6) that

lw™ = ol 2o,7sr20)) < COH™ +raam). (5.11)
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Step 4: Estimation of [|0y(w™ — uo)||r2(0,7:12(0))-
We consider again the dual problem (5.8), with z = v = 9 (w — ug)
(8t(wH —ug), Oy (wh — uo)) = B(t; 0y (w" — up), p), (5.12)
and estimate for ¢(t) € H?(Q) and o (t) € S5(Q, Ty)
B(t,0,(w —uo), p) = B(t; dy(w™ — o), 0 — ™)
+ B(t; 0w — T dyuo, o) — Bu(t; 0w — Tudyuo, ™)
+ B(t; T duo, o) — Bu (t; Tudiuo, o)
+ B,(t7 Uo — va 410)
+ B'(tjug — w0 — )
+ B'(t;w™ — T, o) — By (tw™ — Tyug, o)
+ B/(t;IHUO, (pH) - B}{(t;IHUO, (pH) (513)
The fourth term in the right-hand side of (5.13) can be bounded as

B'(t;ug —w™ o) = (ug — w, Lo) < Clluo(t) — w™ (8)| L2y llo() |20

0
where we consider the differential operator £ := —) ?jzl %(3;? (a:,t)%). All
) K2 J

other terms in the right-hand side of (5.13) can be bounded similarly as those in
the right-hand side of (5.10). From (5.12), using (5.13) with ¢” = Ty ¢ we obtain

06 (w™ (t) = uo ()| 2() < C(H“o(t) —w ()| 2 + H +7“HMM) o) z2)-

Integrating this estimate between 0 and T and using the estimates (5.9),(5.6), (5.7),
(5.11), we deduce from the Cauchy-Schwarz inequality

10 (w' — uo)|| L2 (0,1322()) = C(H“” + rHMM)- (5.14)

This concludes the proof of Lemma 5.1. O

Corollary 5.1. Under the assumption of Lemma 5.1, we have

[w™ = wo|lcoo,r;m1()) < CH" + rnvim) (5.15)
lw = wolleoqo,riz2()) < CUH ™ + ruan). (5.16)

Proof. The results follow from (5.1) with X = H(Q) or X = L?(Q) using
(5.6),(5.7) or (5.11),(5.14). O

We can now prove our first main result.
Proof of Theorem 4.1 In view of the triangle inequality

luo — w|| < [l —uol + [[u” —w™|

and Lemma 5.1 it remains to estimate ||[uf — w*|| for the L2(H'),C°(L?) and the
C°(H') norms.
Step 1: Estimation of ||u® — w120 7,11 (0)) + [[u? — w™||coo,77:02(02)) -
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We set ¢ (t) = uf (t) —wt(t),t € [0, T]. A simple calculation using (2.8),(3.7) and
(5.2) gives for all 22 € S§(Q, Ty),

(O 2B + By (t: €7, 21) = (O4ug, 2™ — (O™, 21). (5.17)
Integrating this equality from 0 to ¢ with z# = ¢ using the continuity of u??, w#
with respect to time, the coercivity of By (,-), (3.28) and the Cauchy-Schwarz and
the Young inequalities, we obtain

t 1 t
||§H(t)|\2L2(Q)+’Yl/O ”fH(S)”%Il(Q)dSSHgH(O)HQL?(Q)J'_%/O 1010 —Bsw™ (|72 ) ds,

(5.18)
and thus
€7 132 0.2, (@) < C (€7 O3y + 1940 — B |20, 7 120 )
Using the decomposition £(0) = (ug — w)(0) + (ull — g) and (5.16) yields
€O 22(0) < CH™ +rraane) + llug’ — gllz2(0)- (5.19)

By taking the supremum with respect to ¢ in (5.18), using (5.19) and (5.5) we
deduce

[u —w|eoqpo. 12 )+ 1w =w™ | L2001 () < COH M +rman+|ug —gllL2@)-

Step 2: Estimation of ||u™ —w||coo,r);m1(0))-
For ¢H(t) = uf(t) — w(t),t € [0,T], we set zf = 9,6H in (5.17). Using the
symmetry of the tensor, and integrating from 0 to ¢, we obtain for 0 <¢ < T

2 /0 10:6™ () 1172y ds + Br (€7 (), 7 (8)) = B (0;£7(0),£7(0)) + / B (s;6",¢M)ds

0
t
-+ 2/ (8tU0 — ath, 3t§H) ds.
0

Using the coercivity of By (-,-), (3.28) and the Cauchy-Schwarz inequality, and the
Young inequality, we obtain, similarly to (5.18),

t t
/0 10 ()25 + 1 IE7 (1) |2y < 1217 (0) 2y + 72 / €5 (5)]1271 g s

+ [ owots) — et () ey, (5.20)
Using again £ (0) = (ug — w)(0) + (ull — g) and (5.15) gives
1€ 0) 20y < CH +raen) + ug' = glla(o)- (5.21)
Taking the suppremum with respect to ¢ in (5.20), and using (5.21), (5.4), we deduce
[ = wH|coo. 13,01 () < CH + rrnns + [uf = gl @)-

This together with (5.15) concludes the proof of (4.3). O
Micro and modeling errors.
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Proof of Theorem 4.2 In view of (3.32), we have to estimate

1

TMIC = Z sup ||3kaK(:l:K],t) - 8fa(}<(ij,t)||F. (5.22)
k=0 KGTH,IKj €K, tel0,T]

For k£ = 0, the estimate of the micro error ry;;c was first presented in Ref. 2,

generalized to high order in Lemma 10 of Ref. 3,Corollary 10 of Ref. 5 (see also

Ref. 4). These results can be generalized for nonsymmetric tensor?! (see also Ref. 11

for a short proof). The time-dependence of the tensor does not change the above

proof and we have

h\ >

swp oo, ) — el 0llr <€ (1)
KeTh,vr; €K,t€[0,T] €

To estimate the term for k£ = 1 we follow Lemmas 4.6, 7.1 of Ref. 11. We first

observe (see Lemma 4.6 of Ref. 11) that

(@% (zk,,t) — a% (T, t))mn
—1
K|

—m,h,t

o (2,1) (VO3 (@) = VUM (@) - (VO (0) = VO (2)) da, - (5.23)

where @?;h’t, Eﬁjt are the solutions of the problems (3.22), (3.23), respectively, with
a®(z,t) replaced by a®(x,t)T (the adjoint problem). Differentiating with respect to
t and using (2.2) we obtain

a@% (21,1) — 0%, (016, £))mn
n, —m,h,t
<k |(||vw = VO e IVORS = V85, s,
7, n,h, —m,h,t
+||8tvat VYR }tHL? Ks, ||V7/)KJ Vi, ||L2(K5j)

—m,h,t

+||V1/J?(’: — Vo ht||L2 Ky, )”875va — OV, ||L2(Kaj))'
Following the proof of Lemma 7.1 of Ref. 11 one can show that
VPR = Vo', 9 VYR = Vo™,

and similarly for Eﬁjt@z“ Using hypothesis (H2) gives the result. O
Proof of Theorem 4.3 Under hypothesis (H3) one can show the identity
a(}(j (rg;,t) = &%j (rk,,t) similarly as in Appendix A of Ref. 9 (see also Theorem

17 of Ref. 4) and the result follows. O

5.2. Fully discrete analysis in space and time

In this section, we explain how the time discretization error can be analyzed, to
derive an error analysis that is fully discrete in both time and space.

We consider the s-stage Runge-Kutta methods based on the FE-HMM spatial
discretization as defined in (3.10). We assume that the method has order (at least) r
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stage order r — 1 and is strongly A(#)-stable with a@ < 6 < 7/2 (see Section 3.2).
The following proof combines our fully discrete error bounds in space and results
in Thm. 3.2 & 5.1 of Ref. 37.

Proof of Theorem 4.4 We first show the estimate

||atrUH||E < C(”fHHT‘(O,T;L?(Q)) + k:gl(?j%r ”aqu(O)”L?(Q))' (5.24)

The assumptions on the tensor ensure that the bilinear form By (¢;-,-) is bounded
and elliptic uniformly in ¢, i.e. (3.29) holds, and its derivatives up to order r are
continuous and bounded uniformly in ¢. In the case r = 1, the estimate (5.24) is
shown in Sect. 7.1 of Ref. 27. We notice that the proof of this estimate in Sect.
7.1 of Ref. 27 remains valid for a multidimensional valued function. Applying this
result to the augmented system associated to (3.7) and taking as unknown the
vector function (uf?, duf, ... 0ru'?), we deduce that (5.24) holds for a general r.
Using Thm. 3.2 & 5.1 of Ref. 37 (we take the pair V = (S5(Q, Tx), || - |2 (0)) and
H = (S§(2,Tu), || - [l2(2))) we then have

N-1
> At — o () 1) + Jax fuy —u ()| Z20) < CAN) 07w (1),
n=0 -

(5.25)
where || - || g is defined in (2.5) and the constant C' is independent of H, At.

The estimates (4.12)-(4.13) are then an immediate consequence of the triangle
inequality applied to the decomposition uZf — ug(t,,) = (uf —uf (t,)) + (uf (t,,) —
uo(ty)), Theorem 4.3, and (5.24),(4.11) and (5.25). O

We next discuss (4.11) used in
the above theorem, i.e., max—...,([|0Fu" (0)[12(0)) < C. For the case of order
r = 1, this assumption is automatically satisfied if one chooses the initial condition
ull = Pprg defined in (4.10) and by assuming d;ug € L%(9). Indeed, in this case,
we have 0;ull = I 0sug. For arbitrary r, the assumption (4.11) can be replaced by
an assumption on the exact solution ug as proved in the following proposition.

Proposition 5.1. Assume £ > r. Assume that d = dim Q) < 3 and the family of

macro meshes {Ty } satisfies the inverse assumption
H
e <C forall K € Ty and all Ty. (5.26)
K

In addition to the hypotheses of Theorem 4.4, assume for allk=1...r,
Ofug € CO([0, T]; WP ().

In the case r > 1 assume in addition to (H2) that |8{“z/1}<tj |Hat1 (k5. ) < Ce™? for all
J
k < r, and that the homogenized tensor has the smoothness

8fa?j e L®0,T;W5°(Q)), Vi,j=1...d, forallk<r.

Assume further that the macro and micro mesh sizes satisfy (h/e)?? < H". Then
(4.11) s satisfied with a constant C independent of H, h,e.
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Proof. We consider first the case r = 1. Subtracting (2.8) and (3.7), we obtain
(O™ — Trdwug, 2) = B(t;uo — Trruo, 2™) + B (t; Zyug — ul | 27)
+ B(t; Iyuo, ™) — Buo(t; Irug, 2™)
+ B o(t; Zruo, 2) — By (t; Zruo, 27)
+ (Opup — Tudpug, 2, V2 € S, Tw).  (5.27)
Taking 2 = Opuf! — Ty 0,up, using (3.34) and Lemma 3.2, we deduce
[0eu —Zaduo |72y < CH +ranran) |0 —Tudruo| 1 o) < CH||0wu™ =T dsuo| 11 (o)

In view of (5.26), using the inverse estimate ||z |1 (o) < CH ™2 ||12(0) (Thm.
17.2 of Ref. 16), we deduce ||0yu® — Ly dyuo||cojo,1),2(02)) < C which concludes the
proof in the case » = 1. The proof in the case of a general r is obtained similarly
by time differentiating (5.27), and by proving by induction that for all k =1...r,

|0fu™ — Of uol|co(o, 7,220 < CH" ",

This concludes the proof. O

We conclude this section by proving that the symmetry assumption used for
(4.13) in Theorem 4.4 can be removed in certain situations.

Proposition 5.2. For r =1, and for a general initial condition ull, assuming

07w (0)]| 120y < C,

then (4.8) and the symmetry assumption on the tensor can be removed for (4.13)
in the proof of the Theorem 4.4.

Proof. Using [|07u”(0)|12(0) < C and the estimate (5.24), we deduce
0:u ||c(o,17,02(0)) < C. Then, setting e(t) = Vu(t) — Vug(t), and using the
inequality

tn+1 tnt1
Atulle(ta)l2so) = / le(t) 22yt — 2 / (b — 0)(e(t), Due(t))dt

n n

tni1
< llellZz g, i 22 +/ ((tnsr = )% + lle(t) 720 )dt

< ||e||2L2(tmtn+1,L2(Q)) + (AL 3+ ”6”%2(tn,,tn+1,L2(Q)))’

we deduce, after summation on n,

N—-1
Z Atylle(tn)l72(q) < Clllel 20, 12(0)) + AL%).
n=0

We conclude the proof using the triangle inequality applied to the decomposition
Vull —Vuy(t,) = V(ul —ufl(t,)) + V(uf (t,) — uo(t,)), and applying (5.25) and
(4.2). m|
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5.2.1. Stabilized explicit methods

The proof of Theorem 4.5 relies on the following lemma, whose proof is inspired by
the analysis in Thm. 9 of Ref. 18 in the context of standard implicit Runge-Kutta
methods.

Lemma 5.2. Assume the hypothesis of Theorem 4.5. Then,

H H H
Jmax[uf! = u” () 120 < CAE Juf 2oy,

Proof. Let ¢, s(z) = e™® — Ry(z)". It is sufficient to show the estimate
lon.s(2)] <Cn™" forall z € [—Ls, 0], (5.28)

where C is independent of n, s. Indeed, consider the operator Ay in (3.36). Using
the symmetry of Ay, there exists an orthonormal basis where the operator Ay is
in diagonal form, which yields,

lon,s(AtAR)||L2)—r2@) =  sup  |on,s(Atz)], (5.29)
z€sp(Am)
where sp(Ap) denotes the spectrum of Ay. Using (5.28), (5.29), we deduce the
estimate

= u™ (ta)lL2@) = llen.s (AtAr)ul | 12) < Cn"lud |20

which concludes the proof. It remains to prove (5.28). The order condition (4.14)
implies that (e* — R4(2))/2""! is an analytic function in a neighbourhood of zero.
Applying the maximum principle and using the bound (3.19), we deduce

e* — Ry(z) ‘ e’ +|Rs(2)]

- NG < Co, (5.30)

sup
|z <~

< sup
[z]=~

where Cj is independent of s and + is the constant in (3.19). For z € [—,0], we
notice

|Ry(2)] = €*/2[e*/2 — 7201 (2)] < €*/2(1 — [2]/2 + 2?8 + 2|+ e™*/)
where we use (5.30), which yields
|Ry(2)| < e*/? for all z € [—,0], (5.31)

where -y is chosen small enough. Using the identity

n—1
Pns(2) = p1,5(2) D € Ry (2)" 1 H, (5.32)
k=0

we deduce from (5.30) and (5.31) the bound

- 2(r+ D)™ _ Co(d(r+1)/e)"*
< r+1,_ (n—1)z/2 < n( <
‘QO’VLS(Z)l — Colz‘ ne — CO (e(n o 1)|Z‘)r+1 = nr )
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where we use the estimate e™% < (%)”‘1 for all > 0. For the case z € [—Lg, —v],
let p < 1 denote the quantity in the left-hand side of (3.17). We have

) /) T+ (A =p)")

= nr

|on,s(2)] < e+ pn < emmY el

where we used twice the estimate e™® < (Z-)". This proves the estimate (5.28) and
concludes the proof. O

Proof of Theorem 4.5. The proof is an immediate consequence of

ez = wotn)llzz() < llun” = w (t) L2y + 1w (ta) = wo(ta)ll 22,

Lemma 5.2, and (4.6) in Theorem 4.3. O

We end this section by proving a result analogous to Theorem 4.5 but in the case
where the strong stability condition is not satisfied, i.e., when only (3.15) instead
of (3.17) holds.

Theorem 5.1. Consider ug the ezact solution of (2.8) and ull the numerical so-
lution of a Chebyshev method for (3.9). Assume the hypothesis of Theorem 4.5 hold
forr =1, with the exception that the strong stability condition (3.17) is replaced by
(3.15). Then,

h 24
H _ < o1 (,) .
pnax llu,, —wo(tn)llr2) < C <H + 5 + At

The proof of Theorem 5.1 relies on the following lemma which takes advantage
of the regularity assumed on the initial condition g. Recall that g € H?(2) follows
from (5.1) and the regularity assumed on wug, O;ug in Theorem 4.1.

Lemma 5.3. Assume the hypothesis of Theorem 5.1. Then,

0SnEN len’ - uH(t”)HLQ(Q) < C(Atllglla2(e) + |1Prg — u(l)LI”Lz(Q))a

where Prg denotes the elliptic projection of g defined in (4.10).

Proof. We consider first the case where the initial condition is uf = Py g. We first
show
enz 1%q (Z)n

p; < C, forall z€[-Ls,0].

Consider the function ¢, s(2) = (e"* — R4(2)")/z. For z € [—~, 0], we deduce from
(3.15)-(5.30) and an identity similar to (5.32) the estimate

n—1

|90n,s(z)| < C()‘Z| Zez < Cy

k=0
For z € [-Ls,—v], from (3.15), we have |¢, s(2)| < 2/|z| < 2/v. We deduce from

ull —uf (t,) = Atp, (AtAg) Agul!

~
1—e—

5



abd vilm ‘multiscale parabolic m3as'p

28 A. Abdulle and G. Vilmart

and the identity (5.29) that
Jurh = u (tn) || L20) < AtC Agug || L2 (o)-

The operator Py in (4.10) can be decomposed as Py = A;HHA where A is the
operator defined by —(Av,w) = B(v,w), Yv,w € H'(Q) (see the discrete analog
(3.36)). This yields Aguf =1IlgAg. Using [Ty Ag|lr20) < |Agll2) < ll9lla29),
this concludes the proof of Lemma 5.3 in the case ufl = Pgg.

For a general initial condition u{, we use the inequality

uyf —u ()l L2) < [|(exp(tnAn) — Ro(AtAw))Pruo| L2 ()
+ [[Rs (At A ) (Prruo — uo)l| 20
< CAtlgll 20 + |1 Pruo — ug || 120

where the first term is bounded as previously and the second term is bounded using
(3.15) and the identity (5.29) applied with R, instead of ¢, 5. O

Proof of Theorem 5.1. Using the estimate ||Pig — gl|r20) < C(H " + raarn)
which follows from Corollary 5.1 where we notice that w (0) = Il g, we deduce

1Prg — ullllr2@) < CH™ + i) + g — ufl |20
We conclude the proof by combining Lemma 5.3 and (4.6) in Theorem 4.3.

Remark 5.1. The Theorem 5.1 can be generalized for arbitrary r provided one
can bound the second term of the following inequality

jmax [Juy = u(tn)|z2(2) < CAFAgl|L20) + A TTHATg = ug[|L2(e)),

which is obtained following the lines of the proof of Lemma 5.3. This term vanishes

if one chooses the initial condition u{l = A5 Tl A"g which is equivalent to impose

6. Numerical experiments

In this section, we show numerically that the spatial estimates of Theorem 4.3 for
linear parabolic problems with locally periodic tensors are sharp for P! or Q'-finite
elements, and smooth initial data. We also illustrate the time discretization error
estimates of Theorem 4.4 (implicit Euler method) and Theorem 5.1 (Chebyshev
method). Numerical experiments for a class of non-linear parabolic problems are
reported. The case of a non periodic tensor with variable cell sizes is also investigated
on a random problem.

6.1. Convergence rates

We recall that for a tensor of the form a®(x,t) = a(z,z/e,t) = a(z,y,t) periodic
with respect to the y variable and collocated in the slow variable at the quadrature



abd vilm ‘multiscale parabolic m3as'p

Coupling heterogeneous multiscale FEM with Runge-Kutta methods 29
points, the L?(H') and C°(L?) errors satisfy (see Theorem 4.3 with ¢ = ¢ = 1)

B2
|ut — uoll L2(0,7,11 () < C (H + (g) > ’

h\ 2

[u™ = uollco 0,7y, £2(52)) < C <H2 * (g) ) 7

where we have considered periodic boundary conditions on the micro domains and
d/e € N. As usual, C in the above estimates is independent of H,h,c. Here, we
consider for the numerical initial value, ufl = Ilzg, the L?-projection (4.9) on
SE(Q, Trr)-

In the case of a linear or non-linear periodic tensor, to be able to compare our
numerical solution with the exact homogenized solution, we consider test problems
with tensors which are simple enough so that an analytical formula for the homog-
enized tensor can be derived. For the case of a random tensor, a finescale reference
solution is computed.

The C°(L?) and L?(H?') relative errors between the numerical and exact homog-
enized solutions are approximated by quadrature formulas. We compute®

L

€eoLa)T = ||“0||EO2([07T];L2(Q))TLI:HOE_’P_<N Kz; ;WKAUE(JTKJ —uo(T K, tn)]? (6.1)
€T £=1

N/ L
_ T
e%Z(Hl),T = ||u0||L§(07T7H&(Q))NZ Z ZWKAV'LL{;I(Z'KE) - VUO(mK@;tn)|27
n=0 KeTy (=1
so that

lluo — u oo, 1:12(2)) lwo - uM|| 20,718 (2))
€L2(H1),T ~

eco(L2),r =
l[uoll 20,7513 (2))

l[uollco o,y 1. (22)
The Gauss quadrature formula with £ = 4 nodes is chosen for quadrilateral ele-
ments, while the quadrature formula with £ = 6 nodes (the vertices, and the middles
. . 2
of the edges) is chosen for triangular elements. Here, the norms [luo||zo(o 77,1, ()
and ||u0|\%2(07T;Hé(Q)), and also the quantities ug(z g, , tn) and Vug(zk,, t,) are com-
puted using the analytical formulas for the exact solution wg(x,t). The prime in
!/

Zg:o indicates that the first and last terms of the sum are divided by 2 (trape-
zoidal rule).

6.2. Linear case with a (non-uniform) periodic tensor

We consider the numerical resolution of multiscale parabolic problems of the form
(2.1), on the domain Q = [0, 1]? discretized by a uniform mesh of Ny,acro X Nonacro
Q'-quadrilateral elements which corresponds to M,,qero = O(N?2 ) degrees of

macro

&The prime in Z,{LOI indicates that the first and last terms of the sum are divided by 2 (trapezoidal
rule).
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——C%(L?) error
- 'L2(H1) error

——C%(L?) error
- 'L2(H1) error

Bl SR : <. s :
Al e o TR Eaatadl Bk e Tt Lk 3

o N 2 10° 10' N 10°
10 steps 10 steps

(a) Implicit Euler method. (b) Chebyshev method of order 1.

Fig. 1. Linear problem (6.2)-(6.5). eco(p2) 1 error (solid lines) and ey 2 g1y r error (dashed lines)
versus the number Ng¢eps of timesteps. Fine macro and micro meshes (Nmacro = Nmicro = 128).

freedom. The micro sampling domains (3.2) are discretized by a uniform mesh of
Mupicro = Nmicro X Nmicro With Q'-quadrilateral elements (Micro = O(N2...0)
DOF). On these quadrilateral elements, we consider the Gauss quadrature formula
with J = 4 nodes for the macro and micro domains. Notice that similar results are
also obtained when considering P'-simplicial elements, together with the quadrature
formula with J = 1 node at the barycenter. A detailed description of the practical
implementation and discretization of the above numerical method for elliptic and
parabolic problems is discussed in Ref. 8.

In the linear case with a (non-uniform) periodic tensor, we consider two test
problems on the time interval (0,7') where T' = 1. The first problem reads

Opue — V- (a(x,x/e,t)Vue) = f in Q x (0,T)
u. =0 on 90 x (0,T) (6.2)
ua(xvo) = g(l‘) in

where the tensor is time-dependent, non-symmetric, and depends on the slow vari-
ables z and on the fast variable y = x/¢ in both directions,

et (2 + zgsin(mxy))w(x1/€) e"lw(xg/e) L
alw,z/e,t) = ( (1 —zim)w(zy/e)  (3+ a2 Sin(ﬂxg))w(scg/e)) ’ 0-1,
g(x) = 1621 (1 — z1)x2(1 — z2), (6.3)

where we consider the periodic function
w(y) = 2 4+ sin(27y).

The homogenized tensor a’(x,t) for € — 0 can by computed analytically with stan-
dard formulas and is given by the same formula as in (6.3) but with the oscillating
terms w(z1/€),w(wy/e) replaced by the constant v/3 (see for instance Sect. 1.2 of
Ref. 12). The expression for the source f(x,t) in (6.2) is computed analytically using
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Maple (we do not reproduce it here), so that the exact solution of the homogenized
problem is

up(x,t) = g(x) cos(mtxa/2). (6.4)

For the second homogenization problem, we consider again (6.2), but with the
symmetric and time-independent tensor

a(z,z/e) = 1/674(sin(27rx1/5) + %)(cos(%rxg/a) + 9)]2, v =0.1. (6.5)

917 8
The coefficients for the tensor a®(x) = a(x, x/e) are chosen so that the homogenized
tensor reduces to a®(z) = vy where I is the identity matrix (see e.g. Chap. 1.2 of
Ref. 33). The source f(x,t) in (6.2) is again adjusted analytically so that the exact
homogenized solution is (6.4).

6.2.1. Time discretization errors

For problem (6.2)-(6.5), we take fine macro and micro mesh sizes with Nyaer0 =
Npiero = 128 and we focus on the time discretization error. We consider various
constant timesteps of sizes At = T/Ngeps and consider respectively the implicit
Euler method (3.12) and the first order Chebyshev method (see (3.16)). For the
latter method, to make the method explicit, we use a standard mass lumping tech-
nique and replace the mass matrix by a diagonal matrix. In Figure 1(a), we plot
the L2(H') and C°(L?) errors for many different timesteps At for the implicit Euler
method (3.12). We observe curves of slopes 1, as predicted by Theorem 4.4 (case
r = 1). For small timesteps, the L?(H"') error becomes constant, this is due to
the residual spatial discretization error (which is in our case about two order of
magnitude larger than the C°(L?) error). In Figure 1(a), we consider the first order
Chebyshev method (3.16). The spectral radius of the operator Ay can be approx-
imated by p ~ 6.56 - 103 ~ 4vN2 .. To guaranty the stability of the method,
we thus take s = V2AtUNyaero + 1 stages (strictly speaking we should choose
s = V2AtVNpqero; the factor one added to s is a safety factor usually taken for
Chebyshev methods!7). For Nteps = 2,3,5,7,10, 14, 20, 28,40, 57,80, 113, 160 time
steps, this corresponds respectively to s = 41,34,27,23,19,16,14,12,10,9,7,6,6
stages. We observe again lines of slopes 1 (recall that for the sake of brevity of the
analysis, only the case of a zero source f = 0 is considered in the hypothesis of
Theorem 4.5). Notice that for the explicit Euler method, we would have the severe
stability CFL condition At <2/p ~ 3-107%.

6.2.2. Space discretization errors

For problem (6.2)-(6.3), we perform N = 400 time steps of constant size At =
2.5 - 1073 using the implicit Euler method (3.12). Our numerical tests indicate
that for this timestep, the time discretization error is negligible compared to the
space discretization error. In Figure 2(a), we plot the C°(L?) and L?(H') errors
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(a) Linear problem (6.2)-(6.3). (b) Nonlinear problem (6.6)-(6.7).

Fig. 2. eco(p2) r error (solid lines) and er2([1),r error (dashed lines) versus Nyqcro- The lines
correspond respectively to Npicro = 4, 8,16, 32.

for the numerical solution compared to the analytical exact solution, versus the
number Ny,qcero Of macro elements in each space dimension. The macro mesh size
is therefore H = 1/Nyacro (recall that the number of macro elements is M qcro =
Niacro X Nimaero). This is done for many different values of the scaled micro mesh
size h = h/e = 1/Npicro- When Nypaero is small, the macro error is dominant. In
agreement with Theorem 4.1, it has size O(H) for the L?(H') error (lines of slope
one), whereas its size is O(H?) for the C°(L?) error (lines of slope two). When
Ninacero gets larger, the micro error O ((h / 5)2) becomes dominant and independent
of Npicro (horizontal lines). For the C°(L?) error, we observe that when Nyicro is
multiplied by 2, the micro error is divided by 4, which illustrates that the micro error
decreases quadratically as predicted by Theorem 4.3 with ¢ = ¢ = 1. For the L2(H')
error, one can see that the macro error dominates (when the microstructure is
reasonably sampled) indicating a smaller influence of the error originating from the
micro discretization. This is again in agreement with Theorem 4.3. (Notice that the
curves of the L2(H?!) error are almost identical for Nyicro = 16,32 in Figure 2(a)).
Finally we note that our numerical tests indicate that the C°(H') errors behave
similarly to the L2(H!) errors, for both symmetric and non-symmetric tensors.

6.3. Non-linear problem

In this section, we investigate numerically if the error estimates derived in this paper
are still valid for a class of non-linear problems. We now consider non-linear multi-
scale parabolic problems of a form similar to (2.1), but with a tensor a(u.(z), z, z/¢)
(instead of a®(z)) which depends non-linearly on u.. To the best of our knowledge,
no numerical experiments have been given for HMM type methods applied to non-
linear parabolic PDEs.

We consider for all u? € S*(Q, Tz) the bilinear form By (uff;-,-) defined by (3.8)

with tensor a(z) replaced by a(u” (zg,),x,z/¢). Here, the micro functions v%]_
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(and similarly w}’(j) are the solutions of the micro problems (3.6) with the modified
tensor a(uf (zk;,), ). Details on the implementation of such a nonlinear bilinear
form can be found in Ref. 11 in the context of nonlinear elliptic problems. A similar
FE-HMM method has been proposed in Ref. 38 along with a semi-discrete analysis
(in space). We investigate here the influence of the micro discretization which has
not been taken into account in Ref. 38. We consider the following nonlinear test

problem:

Orue — V- (a(ue(x),x,2/e)Vue) = f in Q x (0,T)
ue =0 on 92 x (0,T) (6.6)
us(x,O) = g(x) in Q,

where the tensor depends nonlinearly on u. as

a(u,z,x/e) = v(1 + u?) (sin(27wz1 /) + %)(COS(ZTFIQ/&“) + %)IQ v=0.1,

64
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g(x) = 1621 (1 — z1)z2(1 — x2). (6.7)

In this situation, the homogenized tensor reduces to a®(u,x,y) = v(1 + u?)I,. The
source f(x,t) in (6.6) is adjusted so that the exact solution is (6.4).

For the integration in time, we consider the implicit Euler method. We consider
a time interval of length T = 0.5 and we perform N = 20 time steps of size
At = 2.5-1072. In Figure 2(b), we observe that the C°(L?) and L?(H') relative
errors behave similarly to the linear case. When N,,4cr0 is small, the macro error
is dominant, and we observe lines of slope one for the L?(H?!) error whereas the
slope is two for the L?(H*') error. When N,,4cr0 gets large, the micro error becomes
dominant, we observe in the CY(L?) error that it is divided by 4 each time Nyicro
is multiplied by 2, which illustrates that the micro error decreases quadratically
as for the linear case. These numerical experiments indicate that our fully discrete
estimates may be valid also for nonlinear problem of the type considered (a rigorous
proof of this observation remains to be done).

6.4. Linear problem with a random tensor

In practical situations, the tensor may not be periodic, or an analytic expression of
the tensor may not be available. This is the case for instance for random models
involved for the pressure equation in porous media flow*®. We refer to Refs. 44,
14, 23, 30 for numerical homogenization results in the case of linear problems with
stochastic tensors. We consider here the parabolic multiscale problem (2.1) with a
random tensor as considered in Sect. 4.2 of Ref. 8. It corresponds to a log-normal
stochastic field with mean zero and variance ¢ = 0.01, generated by the moving
ellipse average method, as described in Sect. 4.1 of Ref. 43. The role of € which is
not available here is played by the correlation lengths with known values €, = 0.01
and €;, = 0.02. The source term is f(x,t) = 1 and the initial condition is g(z) =
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Fig. 3. Random problem of Section 6.4. Solutions at final time ¢ = 1.

7(0.5—x1)(0.54+21)(1+x2). Notice that the other initial conditions as e.g. g(z) =0
yield similar conclusions in numerical experiments.

The computational domain €2 consists of a half disk meshed using 576 (macro)
triangles, and a rectangle meshed using 784 (macro) quadrilaterals. Notice that for
P! and Q'-elements, this mesh corresponds to about M,,qero ~ 1100 degrees of
freedom. We consider mixed boundary conditions, with Dirichlet conditions on the
three edges of the rectangular, and Neumann conditions on the boundary of the

half disk.

Then, for i = 0,1...5, we compute the numerical solution for different sampling
domain of sizes d; = §y/2" where 6§y = 0.12 is six times larger than the correlation
length €., > €;,. For each index ¢, we fix the size of Ny,icro,i S0 that the size h =
0i/Nmicroi = 0.94- 1072 of the micro elements remains constant for all experiments.

In all experiments, the solution of the parabolic problem is obtained using the
implicit Euler method with stepsize At = 5x1073 on a time interval of length 7' = 1.
The shape of the solutions at final time for experiments i = 0 and ¢ = 4 are plotted
in Figures 3(c) and (d). We compute a reference solution using a standard FEM
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with simplicial P!-elements with a fine mesh with about 10° degrees of freedom
(see the solution at final time in Figure 3(a)). For this method, as the chosen size
of the discretization does not resolve the fine scale, we do not expect an accurate
output as confirmed by the numerical experiments.

In Figure 3(b) we plot the L? norm of the solution ufl along the time interval
[0,T] for the different sampling domains with i = 0,1,...5. We observe that when
the sampling domains are sufficiently large compared to the correlation lengths of
the random field, the profile of the solution gets closer to the reference fine scale
solution. Notice that for finite elements close to the boundaries of 2, the sampling
domains may not be contained in . In this case, since the tensor is given only on
€2, we use for simplicity the arbitrary value a(z) := a(argming gl|z —Z||) for = ¢ €.
Here, for evaluating the L? norm, we use a quadrature formulas as given in (6.1).

7. Conclusion

We have presented and analyzed a fully discrete multiscale numerical method in
space and time for parabolic homogenization problems. The analysis is valid for
several classes of time integration methods (of arbitrary order) including stabilized
explicit methods. The analysis has been obtained in two steps. The first step pro-
vides new convergence rates in the norms L?(H'), C°(L?), and C°(H') in term of
the micro and macro discretization parameters. Such estimates are crucial to deter-
mine (a priori) the refinement strategy of the macro and the micro meshes so that
an optimal convergence rate with a minimal computational cost can be achieved.
Recently, an a posteriori error analysis has been proposed for the FE-HMM for
elliptic problems.!? Fully discrete analysis in space is also instrumental for such an
posteriori error analysis (the micro mesh has appropriately refined in the macro ele-
ments marked for refinement) has and the present work could be used to derive such
an analysis for parabolic problems. The semi-discrete error bounds also allow, in a
second step, to use semigroup techniques in Hilbert space to derive fully discrete
error estimates in time and space for various ordinary differential equation solvers.
Finally, we have discussed a generalization of the numerical method for nonlinear
parabolic problems. It is proved in Ref. 11 that the error estimates in terms of
the micro and macro meshes obtained for the linear case still hold for a class of
nonlinear elliptic problems. Numerical results seem to indicate that this is also the
case for a class of nonlinear parabolic problems. The corresponding macro-micro
analysis will be reported elsewhere.
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