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A PRECONDITIONED LOW-RANK CG METHOD FOR

PARAMETER-DEPENDENT LYAPUNOV MATRIX EQUATIONS∗

DANIEL KRESSNER† , MARTIN PLEŠINGER‡ , AND CHRISTINE TOBLER§

Abstract. This paper is concerned with the numerical solution of symmetric large-scale Lya-
punov equations with low-rank right-hand sides and coefficient matrices depending on one or several
parameters. Specifically, we consider the situation when the parameter dependence is sufficiently
smooth and the aim is to compute solutions for many different parameter samples. Based on exist-
ing results for Lyapunov equations and parameter-dependent linear systems, we prove that the tensor
containing all solution samples typically allows for an excellent low multilinear rank approximation.
Stacking all sampled equations into one huge linear system, this fact can be exploited by combining
the preconditioned CG method with low-rank truncation. Our approach is flexible enough to allow
for a variety of preconditioners based, for example, on the sign function iteration or the ADI method.

1. Introduction. Let us consider a Lyapunov matrix equation

A(α)X(α)M(α)T +M(α)X(α)A(α)T = B(α)B(α)T , (1.1)

where the coefficient matrices A(α),M(α) ∈ R
n×n, B(α) ∈ R

n×t, and consequently
also the solution matrix X(α) ∈ R

n×n, depend on a vector of parameters α ∈ Ω ⊂ R
p.

We are concerned with the problem of solving (1.1) for possibly many parameter
samples. This is needed in interpolatory model reduction techniques for parametrized
linear control systems, see [4, 6]. For the rest of this paper, we will assume that
A(α) and M(α) are both symmetric positive definite for every α ∈ Ω. In particu-
lar, this implies that (1.1) has a unique symmetric positive definite solution. Our
assumption is satisfied, for example, for Lyapunov equations (1.1) arising from the
finite element discretization of an infinite-dimensional linear control system governed
by a parameter-dependent parabolic PDE. In this case, A(α) and M(α) correspond
to the stiffness and mass matrices, respectively. We will comment on extensions to
the nonsymmetric case in Section 5.

For the rest of this paper, we suppose that the right-hand side of (1.1) has low
rank, i.e., t≪ n. Under our assumptions, this implies that X(α) admits an excellent
low-rank approximation for fixed α; see, e.g., [17, 28, 34, 37]. Virtually all existing
algorithms for large-scale Lyapunov equations exploit this observation. This includes
the low-rank Smith iteration and ADI method [31, 33], subspace methods [9, 25, 36,
39, 40], and low-rank variants of the sign function iteration [5, 11]. All these methods
deal efficiently with a single Lyapunov equation evaluated at an individual parameter
sample, but none of them can be extended in an obvious way to deal efficiently with
many parameter samples.

In this paper, we propose new Krylov subspace based techniques to solve (1.1) for
many parameter samples simultaneously. For this purpose, we combine our recently
developed low-rank techniques for solving parameter-dependent linear systems [28]
with low-rank techniques for Lyapunov equations. For this purpose, we proceed as
follows.
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2 D. KRESSNER, M. PLEŠINGER, C. TOBLER

In Section 2, we consider (1.1) for a fixed parameter sample and treat it as a
Kronecker-structured n2 × n2 linear system. This view, which has already been pro-
moted in [24], allows more flexibility in the choice of the solver and the preconditioner.
More specifically, we combine the standard conjugate gradient (CG) method with
preconditioners inspired by existing methods for solving Lyapunov equations. One
obvious disadvantage of this approach is that each iterate in the CG method is a vec-
tor of length n2, which is infeasible for large-scale applications. This can be avoided
by applying low-rank truncations to the iterates, an idea that has been successfully
used in [7, 16].

In Section 3, the approach from Section 2 is extended to m > 1 parameter samples
by considering all m Lyapunov equations simultaneously in one huge block diagonal
linear system of size mn2×mn2. Again, a CG method is applied to solve this system.
However, instead of low-rank matrix truncation, we now consider the iterates of length
mn2 as 3rd order tensors of size n × n ×m and apply multilinear low-rank approxi-
mation [15]. The success of this approach crucially depends on the approximability
of the solution tensor. In the case of smooth dependence on a single parameter, we
prove rapid decay of the approximation error for increasing multilinear ranks. This
approach is also well suited for several parameters, provided that the number of sam-
ples does not grow too large. This can be achieved for several parameters by sparse
collocation techniques, see for example [1].

In Section 4, an alternative approach is suggested for p > 1 parameters, in the
case that the samples are arranged in a tensor grid. The solutions of (1.1) are collected
into a tensor of order 2+p, where the first two modes correspond to the rows/columns
of the solutions and each of the remaining p modes corresponds to a parameter. The
associated linear system is solved by combining CG with low-rank truncation in the
so called hierarchical Tucker format [18, 23].

Remark 1.1. Most numerical experiments in this paper have been performed in
Matlab version 6.5 (R13) on an Intel Core2 Duo (T8300) 2.40GHz processor. The
experiments in Section 4 have been performed in Matlab version 7.8 (R2009a).

2. No parameter. We first consider (1.1) for a fixed parameter sample. For
simplicity, we omit the dependence on the parameter:

AXMT +MXAT = BBT , (2.1)

where A and M are both symmetric positive definite. It is well known that (2.1) can
be cast as a Kronecker product linear system

(
M ⊗A+A⊗M

)
x = b, (2.2)

with x = vec(X) and b = vec(BBT ), where vec(·) stacks the columns of an n × n
matrix into a vector of length n2.

2.1. The basic form of preconditioned CG. As the matrix in the linear
system (2.2) is symmetric positive definite, we can apply the preconditioned CG
method to (2.2). We will base our preconditioner on existing methods for solving a
standard Lyapunov equation of the form

ĀX̄ + X̄ĀT = B̄B̄T . (2.3)

Note that (2.1) and (2.3) are equivalent via the relations Ā = L−1
M AL−T

M , B̄ = L−1
M B,

and X = L−T
M X̄L−1

M , with the Cholesky factorization M = LMLT
M . Given a precon-

ditioner P−1 for

Ā := I ⊗ Ā+ Ā⊗ I (2.4)
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the Kronecker product formulation of (2.3), a preconditioner for (2.2) is obtained as
(
L−1
M ⊗ L−1

M

)
P−1

(
L−T
M ⊗ L−T

M

)
. (2.5)

Algorithm 1 is the standard CG method [3] applied to (2.2) with the precondi-
tioner (2.5). The only difference to the standard formulation is that we recast all
operations in terms of n × n matrices instead of vectors of length n2. In particular,
the inner product 〈·, ·〉 should be understood as the matrix inner product and the
preconditioner P−1 is considered as a linear operator on R

n×n.

Algorithm 1 Conjugate gradient method for solving AXMT +MXAT = BBT .

Input: Symmetric positive definite matrices A,M ∈ R
n×n and right-hand side matrix B ∈

R
n×t, tolerance tol > 0.

Output: Approximation Xk to solution of Lyapunov equation (2.1).

1: LM ← chol (M) {(sparse) Cholesky decomposition}
2: k ← 0,
3: R0 ← BBT {initial residual corresponding to (2.1)}
4: Compute R̄0 ← L−1

M R0L
−T
M .

5: Compute Z̄0 = P−1
(

R̄0

)

. {apply preconditioner for (2.3)}

6: Compute Z0 ← L−1
M Z̄0L

−T
M .

7: ρCG
0 ← 〈R0, Z0〉

8: P0 ← Z0

9: repeat

10: k ← k + 1
11: Wk ← APk−1M

T +MPk−1A
T {apply Lyapunov operator}

12: αCG
k ← ρCG

k−1/〈Wk, Pk−1〉
13: Xk ← Xk−1 + αCG

k Pk−1

14: Rk ← Rk−1 − αCG
k Wk

15: Compute R̄k ← L−1
M RkL

−T
M .

16: Compute Z̄k = P−1
(

R̄k

)

. {apply preconditioner for (2.3)}

17: Compute Zk ← L−1
M Z̄kL

−T
M .

18: ρCG
k ← 〈Rk, Zk〉

19: βCG
k ← ρCG

k /ρCG
k−1

20: Pk ← Zk + βCG
k Pk−1

21: until ‖BBT − (AXkM
T +MXkA

T )‖F < tol {test true residual for convergence}

It is well known that the solution X of the Lyapunov equation (2.1) is symmetric.
It turns out that Algorithm 1 automatically preserves this symmetry. More specif-
ically, if the preconditioner P−1 applied to a symmetric matrix again results in a
symmetric matrix, it can be easily seen that all iterates Pk, Rk, Xk,Wk, Zk generated
by Algorithm 1 are symmetric n× n matrices.

2.2. Incorporating low-rank truncation into the preconditioned CG

method. A serious drawback of Algorithm 1, the storage requirements are O(n2)
as the iterates are generally dense n × n matrices. Motivated by the facts that the
right-hand side BBT has low rank (as we assumed t ≪ n) and that the solution X
can be well approximated by a low-rank matrix, we expect the iterates to be also
approximable by low-rank matrices. We will explicitly enforce low rank by truncating
the iterates repeatedly.

Any symmetric matrix S ∈ R
n×n of rank r ≪ n can be stored in O(nr) memory

by means of a decomposition

S = USΛSU
T
S , (2.6)



4 D. KRESSNER, M. PLEŠINGER, C. TOBLER

where ΛS ∈ R
r×r is symmetric and US ∈ R

n×r. For example, this can be achieved
by the spectral decomposition of S. All iterates of Algorithm 1 will be represented
in the factored form (2.6). This allows all operations needed in Algorithm 1 to be
performed efficiently:
Matrix multiplication. An operation of the form S̄ = L−1

M SL−T
M is performed as

S̄ = L−1
M

(
USΛSU

T
S

)
L−T
M =

(
L−1
M US

)
ΛS

(
UT
S L−T

M

)
=: US̄ΛSU

T
S̄
,

not increasing the rank and requiring O(nnz(LM )r) instead of O(nnz(LM )n)
operations, where nnz denotes the number of nonzero entries of a matrix.

Matrix addition. S̄ = S + T is performed as

S + T = USΛSU
T
S + UTΛTU

T
T =

[
US , UT

] [ ΛS 0
0 ΛT

] [
US , UT

]T

=: US̄ΛS̄U
T
S̄
.

While this operation has zero cost, the rank generally increases to rS + rT ,
where rS , rT are the ranks of S, T .

Application of Lyapunov operator. S̄ = ASMT + MSAT is performed in an
analogous way:

ASMT +MSAT = AUSΛSU
T
S MT +MUSΛSU

T
S AT

=
[
AUS ,MUS

] [ 0 ΛS

ΛS 0

] [
AUS ,MUS

]T

=: US̄ΛS̄U
T
S̄
,

doubling the rank and requiringO
(
nnz(M)r+nnz(A)r

)
instead ofO

(
nnz(M)n+

nnz(A)n
)
operations.

Matrix inner product. 〈S, T 〉 is performed as

〈S, T 〉 = tr

(
ST
)
= tr

(
UT
T USΛSU

T
S UTΛT

)
,

where the last matrix product can be evaluated in O(nrSrT ) instead of O(n2)
operations, provided that ΛS ,ΛT are diagonal.

The only operation not covered in the list above is the application of the preconditioner
P−1; this will be discussed in Section 2.3.

When applying Algorithm 1, the ranks of the iterates and consequently also the
storage requirements, will grow dramatically. This rank growth can be limited as
follows. Given a factored matrix S = USΛSU

T
S of rank r, we first perform a QR

decomposition US = QR with Q ∈ R
n×r having orthonormal columns and R ∈ R

r×r

being upper triangular. Then

S = USΛSU
T
S = Q

(
RΛSR

T
)
QT .

We then compute a spectral decomposition

RΛSR
T =

[
V1, V2

] [ Λ1 0
0 Λ2

] [
V1, V2

]T
,

where Λ1 ∈ R
r̄×r̄ is a diagonal matrix containing the r̄ eigenvalues of largest absolute

magnitude. The truncated matrix S̄ of rank r̄ is obtained as

S̄ = US̄ΛS̄U
T
S̄
, with US̄ = QV1, ΛS̄ = Λ1.
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Note that ‖S − S̄‖2 = ‖Λ2‖2 = σr̄+1(S), where σj(·) denotes the jth largest singular
value of a matrix. It remains to discuss the choice of the parameter r̄, the numerical
rank to which the different iterates of Algorithm 1 are truncated.
Numerical rank for Xk. For a desired user-specified accuracy ε > 0 and a safety

factor C1 ≤ 1, we let the numerical rank of Xk denote the smallest j such
that

σj+1(Xk) ≤ C1 ε ‖Xk‖2. (2.7)

In our experiments, we have observed that C1 = 0.05 gives good performance.
Numerical rank for Rk. As the residuals can be expected to become small with

increasing k, a relative criterion of the form (2.7) would lead to unnecessarily
high ranks in latter stages of the CG method. Instead, we let the numerical
rank numerical rank of Rk denote the smallest j such that

σj+1(Rk) ≤ max
{
C1 ε ‖Rk‖2, C2 ε ‖R0‖2,

}
, (2.8)

for safety factors C1 ≤ 1 and C2 ≤ 1. Analogous criteria are used for the
iterates Pk and Wk. In our experiments, we have observed that choosing
C1 = 0, C2 = 0.1 for Rk, C1 = C2 = 0.25 for Pk, and C1 = 0, C2 = 1 for Wk

gives good performance.
Summarizing the discussion, all iterates Xk, Pk, Rk, Wk, Zk of Algorithm 1 are
represented in the factored form (2.6). We apply truncation with the parameters
described above after every operation that increases the rank of the iterates, i.e., in
lines 5, 11, 13, 14, 16, and 20.

Remark 2.1. In exact arithmetic, the matrix Rk corresponds to the residual of
the approximation Xk produced in the kth step of CG. In finite-precision arithmetic,
‖Rk‖F remains a faithful convergence indicator (up to machine precision) [41]. To a
certain extent, this remains valid when introducing low-rank truncations. However, it
is safer to use the explicitly recomputed residual for the stopping criterion in line 21
of Algorithm 1.

2.3. Preconditioners for Lyapunov equations. The convergence of Algo-
rithm 1 is governed by classical results for the CG method. To attain fast conver-
gence, the use of an effective preconditioner P−1 for Ā defined in (2.4) is therefore
mandatory. In the context of low-rank truncation, there is another important reason
for preconditioning. As illustrated in Figure 2.1, Algorithm 1 without any precondi-
tioner not only suffers from slow convergence but also from a significant growth of
the numerical ranks in the initial phase. As we will see below, this transient growth
is diminished when using effective preconditioners.

In the following, we will discuss various possibilities for the preconditioner. On
the one hand, the preconditioner should preserve the symmetry and (approximately)
low rank. The latter requirement is satisfied when P−1 can be written as a short sum
of Kronecker products. This rules out, for example, the use of classical preconditioners
such as Jacobi and SSOR [24]. On the other hand, the preconditioner should reduce
the condition number of Ā significantly. Fully structure-preserving preconditioners,
such as P−1 = (P⊗P )−1, may not offer enough flexibility to achieve this goal, see [42]
for a related discussion. We consider two preconditioners inspired by the ADI iteration
and the sign function iteration.

2.3.1. ADI preconditioner. Preconditioning a Krylov subspace method with
a few iterates of ADI was already proposed in [24] for Lyapunov equations, see also [9,
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Fig. 2.1. Algorithm 1 applied to the example from [29, Sec. 2.3.1]. The matrices A and
M are the stiffness and mass matrices, respectively, from the piecewise linear FE discretization
of the Poisson equation on the unit square with zero Dirichlet boundary conditions (n = 11 036).
The matrix B ∈ Rn×1 is chosen randomly. Left: Convergence of the residual norms. Middle:
Numerical ranks for Xk and Rk for ε = 10−8. Right: Evolution of 15 largest singular values of
Xk as k increases. Solid lines correspond to positive eigenvalues, dashed lines to absolute values
of negative eigenvalues. The CG method stops after 723 iterations (8 h, 25min, 31 s) with residual
norm 9.685 · 10−10.

10]. Algorithm 2 describes one cycle of ADI with ℓ real negative shifts ϕ1, . . . , ϕℓ. The
optimal choice of shifts is discussed in [44, 45, 35, 37]. In each iteration of ADI, linear
systems with the matrix Ā−ϕjIn = L−1

M (A−ϕjM)L−T
M need to be solved. Typically,

this is done by a sparse direct solver, computing the sparse Cholesky factorization of
A− ϕjM only once in a preprocessing step.

Algorithm 2 ADI(ℓ) applied to ĀZ̄ + Z̄ĀT = R̄.

1: Z̄(0) ← 0
2: for j = 1, . . . , ℓ

3: solve : (Ā− ϕjIn)Z̄
(j− 1

2
) = R̄− Z̄(j−1)(Ā+ ϕjIn)

T

4: solve : Z̄(j)(Ā− ϕjIn)
T = R̄− (Ā+ ϕjIn)Z̄

(j− 1

2
)

5: end

If the right-hand side R̄ has low rank then Algorithm 2 can be implemented
efficiently in low-rank arithmetic. As each iteration of Algorithm 2 increases the
rank, it is necessary to truncate after each iteration. While using ℓ > 1 yields more
effective preconditioners, our numerical experiments revealed that the computational
time spent on low-rank repeated truncation offsets this benefit. We have therefore
restricted ourselves to ℓ = 1. In this case, Algorithm 2 reduces to

Z̄ ← −2ϕ1(Ā− ϕ1In)
−1R̄(Ā− ϕ1In)

−T , (2.9)

which preserves the rank of R̄. The optimal value of the parameter ϕ1 in ADI(1) is
given by

ϕ1 = −
√

λmax(Ā)λmin(Ā) , (2.10)

where λmax, λmin denote the largest/smallest eigenvalues of Ā and can be easily esti-
mated by applying a few steps of the Lanczos method [35].

Figure 2.2 shows the performance of Algorithm 1 with the preconditioner (2.9).
Compared to Figure 2.1 (no preconditioner), the convergence is dramatically im-
proved. The numerical ranks of the iterates do not grow larger than twice the nu-
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Fig. 2.2. Algorithm 1 applied to the example from Figure 2.1 with the ADI preconditioner (2.9)
for three different mesh sizes n. Left: Convergence of the residual norms. Middle: Numerical ranks
for Xk and Rk for ε = 10−8 and n = 11 036. Right: Breakdown of the total execution time. The
preprocessing step for constructing the preconditioners is not included in the graph and takes 0.265 s,
0.532 s, and 2.094 s, respectively.

merical rank of the solution. Both improvements result into a dramatically reduced
execution time: 30 seconds instead of more than 8 hours.

2.3.2. Sign function preconditioner. Instead of ADI, one can also use a few
iterations of the sign function method for solving Lyapunov equations as a precondi-
tioner. A similar idea has been successfully used for iterative refinement in the context
of a hybrid CPU-GPU implementation [8].

Algorithm 3 performs the first ℓ iterations of the sign function method. A dis-
cussion on the choice of appropriate scaling parameters ωj > 0 can be found, e.g.,
in [38]. These parameters can be estimated during the computation of the matrices

A(j). In particular, for ℓ = 1, the choice ω1 =
√

λmax(Ā)λmin(Ā) is recommended,
which coincides with (2.10).

Algorithm 3 Sign(ℓ) applied to ĀZ̄ + Z̄ĀT = R̄.

1: Z̄(0) ← R̄, A(0) ← Ā
2: for j = 1, . . . , ℓ− 1
3: Z̄(j) ← 1

2ωj
(Z̄(j−1) + ω2

j (A
(j−1))−1Z̄(j−1)(A(j−1))−T )

4: A(j) ← 1
2ωj

(A(j−1) + ω2
j (A

(j−1))−1)

5: end

6: Z̄ ← 1
2ωℓ

(Z̄(ℓ−1) + ω2
ℓ (A

(ℓ−1))−1Z̄(ℓ−1)(A(ℓ−1))−T )

Since the iterates A(j), j = 0, . . . , ℓ − 1, in Algorithm 3 are independent of the
right-hand side R̄, they can be precomputed once in a preprocessing step. A major
obstacle is that the matrices A(j) for j ≥ 1 cannot be represented in terms of sparse
matrices and must be stored as dense matrices. This can be avoided when using
a data-sparse matrix format that allows for storage-efficient (approximate) inversion
and addition. Examples for such formats include hierarchical matrices [22] and hi-
erarchically semi-separable (HSS) matrices [12, 46, 43]. Implementations of the sign
function method in these formats are discussed in [5, 19, 32]. For ℓ = 1, this is not
needed. In this case, Algorithm 3 reduces to

Z̄ ← 1

2ω1
(R̄+ ω2

1Ā
−1R̄Ā−T ), (2.11)

which can be performed efficiently via Cholesky factorizations of M and A.
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Fig. 2.3. Algorithm 1 applied to the example from Figure 2.1 with the sign function precon-
ditioner (2.11) for three different mesh sizes n. Left: Convergence of the residual norms. Middle:
Numerical ranks for Xk and Rk for ε = 10−8 and n = 11 036. Right: Breakdown of the total
execution time. The preprocessing step for constructing the preconditioners is not included in the
graph and takes 0.125 s, 0.250 s, and 0.984 s, respectively.

Figure 2.3 summarizes a numerical experiment with the sign function precondi-
tioner for ℓ = 1. For the example under consideration, the performance is worse than
for the ADI-based preconditioner, see Figure 2.3, due to slower convergence of the pre-
conditioned CG method. To test whether we could gain advantage from using ℓ > 1,
we have implemented Algorithm 3 in the hierarchical matrix format using the HLib

library [21]. The iterates Z̄(j) are stored in the low-rank format (2.6) and repeatedly
truncated, see [5]. For the sake of simplicity, we have only tested n = 11 036 and set
M = In. Algorithm 1 with this preconditioner for ℓ = 2 takes 375 s and another 318 s
are needed for setting up the matrix A(1). This compares poorly with ℓ = 1, which
leads to a total execution time of 68 s.

3. One parameter. In this section, we extend the preconditioned CG method
discussed above to a Lyapunov equation depending on one parameter:

A(α)X(α)M(α)T +M(α)X(α)A(α)T = B(α)B(α)T , α ∈ R. (3.1)

More specifically, we consider the solution of (3.1) form parameter samples α1, . . . , αm

with αmin ≡ α1 < . . . < αm ≡ αmax.
For each sample αl, we consider the corresponding linear system

(
M(αl)⊗A(αl) +A(αl)⊗M(αl)

)
vec
(
X(αl)

)
= vec

(
B(αl)B(αl)

T
)
. (3.2)

Similar to the approach in [29], we collect these m linear systems into one huge
mn2 ×mn2 block diagonal system

Ax = b (3.3)

with

A = diag
(
(M(α1)⊗A(α1) +A(α1)⊗M(α1)), . . . ,

(M(αm)⊗A(αm) +A(αm)⊗M(αm))
)
.

and

x =




vec
(
X(α1)

)

...
vec
(
X(αm)

)


 , b =




vec
(
B(α1)B(α1)

T
)

...
vec
(
B(αm)B(αm)T

)


 .
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We now rewrite (3.3) in terms of tensors in the sense of multidimensional arrays.
For this purpose, we collect the entries of the solution and the right-hand side into
two tensors X ,B ∈ R

n×n×m with the entries

Xi,j,l =
(
X(αl)

)
i,j

, Bi,j,l =
(
B(αl)B(αl)

T
)
i,j

.

Then the matrix A can be reinterpreted as a linear operator on R
n×n×m and (3.3)

becomes

A(X ) = B. (3.4)

3.1. The Tucker format. To develop an efficient algorithm for solving (3.4),
the low-rank matrix format (2.6) needs to be replaced by a low-rank format for third-
order tensors. For our purposes, a suitable low-rank format is given by the Tucker
format [27], which we will briefly introduce.

The Tucker format of a third-order tensor S ∈ R
n1×n2×n3 takes the form

vec(S) =
(
U3 ⊗ U2 ⊗ U1

)
vec(C), (3.5)

where Ui ∈ R
ni×ri for i = 1, 2, 3 are the basis matrices and C ∈ R

r1×r2×r3 is the core
tensor. If all Uk have full column rank then the triple (r1, r2, r3) corresponds to the
multilinear rank of S.

The Tucker format (3.5) is closely linked to the three different matricizations of S.
The mode-1 matricization S(1) ∈ R

n1×n2n3 is obtained by arranging the 1-mode fibers
S(:, i2, i3) ∈ R

n1 for i2 = 1, . . . , n2, i3 = 1, . . . , n3 into the columns of S(1). Similarly,
S(2) ∈ R

n2×n1n3 and S(3) ∈ R
n3×n1n2 are obtained from the 2-mode fibers S(i1, :, i3)

and the 3-mode fibers S(i1, i2, :), respectively. Then the multilinear rank satisfies

r = (r1, r2, r3) =
(
rank(S(1)), rank(S(2)), rank(S(3))

)
.

Moreover, the truncation of an explicitly given tensor to a given lower multilinear
rank r̄ = (r̄1, r̄2, r̄3) can be performed by means of singular value decompositions of
S(1), S(2), S(3), the so called higher-order singular value decomposition (HOSVD) [15].
The obtained quasi-best approximation S̄ satisfies the error bound

‖S − S̄‖2 := ‖vec(S)− vec(S̄)‖22 ≤
3∑

i=1

ni∑

j=r̄i+1

σ2
j

(
S(i)

)
. (3.6)

This shows that the neglected singular values determine the error, just as in the matrix
case.

The right-hand side and solution tensors for the parameter-dependent Lyapunov
equation (3.1) are symmetric in the first two indices. This property,

Si1,i2,i3 = Si2,i1,i3 for all i1, i2, i3,

is equivalent to S(1) = S(2). It can be easily seen that the HOSVD can be modified
to preserve this symmetry in the sense that U1 = U2 holds for the basis matrices and
C(1) = C(2) holds for the core tensor. The corresponding symmetric variant of the
Tucker format takes the form

vec(S) =
(
U3 ⊗ U1 ⊗ U1

)
vec(C), with C(1) = C(2). (3.7)
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3.2. Approximability of X in the Tucker format. In this section, we show
that the solution tensor X of (3.1) can be well approximated in the Tucker format,
provided that t≪ n and the parameter dependence is sufficiently smooth. According
to the error bound (3.6), this can be shown by bounding the singular values of the
matricizations

X(1) = X(2) = [X(α1), . . . , X(αm)], X(3) = [vec(X(α1)), . . . , vec(X(αm))]T .

For theoretical purposes, we may assume M(α) ≡ In without loss of generality, by a
suitable transformation of the Lyapunov equation. Moreover, by a suitable parameter
transformation, we may also assume that α ∈ [−1, 1].

The error bound for X(3) can be immediately obtained by applying an existing
result [29, Thm 2.4] on parameter-dependent linear systems, as the columns ofX(3) are
solutions to the linear system (3.2) with the system matrix A(α) = A(α)⊗I+I⊗A(α).

Lemma 3.1. Let B(α) : [−1, 1] → R
n×t and A(α) : [−1, 1] → R

n×n both have
analytic extensions to the Bernstein ellipse Eρ0

for some ρ0 > 1, and assume that
A(α) is invertible for all α ∈ Eρ0

. Then

σk(X
(3)) ≤ 2ρ

√
m

1− ρ−1
max
η∈∂Eρ

‖A(η)−1‖2 CB ρ−k, (3.8)

for any 1 < ρ < ρ0, where CB := maxη∈∂Eρ
‖B(η)‖2F .

In the case that A(α) is symmetric positive definite for all α ∈ [−1, 1], the
bound (3.8) can be simplified. In particular, if A(α) = A0 + αA1, a perturbation
argument can be used to show that

max
η∈∂Eρ

‖A(η)−1‖2 .
1

µmin − (ρ− 1)2‖A1‖2

for ρ − 1 sufficiently small, where µmin is the minimal value of λmin(A0 + αA1) for
α ∈ [−1, 1].

The following theorem gives bounds for the singular values of X(1) = X(2). The
result is only shown for t = 1; bounds for general t can be obtained by superposition.

Theorem 3.2. Let B(α) : [−1, 1]→ R
n×1, A(α) : [−1, 1]→ R

n×n have analytic
extensions to Eρ0

for some ρ0 > 1. Moreover, we assume that A(α) is symmetric
positive definite on [−1, 1] and remains positive definite1 on Eρ0

. Then there exists a
constant C > 0 not depending on k and B such that

σk+1(X
(1)) ≤ C CB exp

(
−π

√
log(ρ)

log(8κ)

√
k

)
,

for any 1 < ρ < ρ0, where CB := maxη∈∂Eρ
‖B(η)‖22 and

µmin =
1

2
inf
α∈Eρ

λmin

(
A(α) +A(α)∗

)
, µmax = max

α∈[−1,1]
λmax

(
A(α)

)
, κ =

µmax

µmin
.

1A general matrix B ∈ Cn×n is called positive definite if its Hermitian part (B∗+B)/2 is positive
definite.
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Proof. We start by recalling existing results [20, 28, 37] on the singular value
decay of X(α) for fixed α ∈ [−1, 1]. Based on the approximation of 1/x on the interval
x ∈ [2µmin, 2µmax] by sums of exponentials, one obtains a low-rank approximation

X(α) ≈ X̃(α) =

k̃∑

j=1

gj(α)gj(α)
T , gj(α) :=

√
γj exp

(
−ωjA(α)

)
B(α),

for certain parameters γj > 0 and ωj > 0 independent of α. The approximation error
satisfies

‖X(α)− X̃(α)‖F ≤
8 ‖B(α)‖22

µmin
exp

(
− π2

log(8κ)
k̃

)
.

For the 1-mode matricization of the corresponding tensor X̃ , this directly implies the
error bound

‖X(1) − X̃(1)‖F ≤
8
√
m

µmin
CB exp

(
− π2

log(8κ)
k̃

)
. (3.9)

By rearranging the terms contributing to each X̃(αl), we can write

X̃(1) = Ũ1Ṽ
T
1 + · · ·+ Ũ

k̃
Ṽ T

k̃

with

Ũj =
[
‖gj(α1)‖2 · gj(α1), . . . , ‖gj(αm)‖2 · gj(αm)

]
∈ R

n×m

Ṽj = diag
(

1
‖gj(α1)‖2

gj(α1), . . . , 1
‖gj(αm)‖2

gj(αm)
)
∈ R

nm×m

for j = 1, . . . , k̃.
Note that the columns of Ũj are evaluations of the vector-valued function

‖gj(α)‖2 · gj(α),

which has an analytic extension to Eρ0
. By [29, Corollary 2.3], there is, for every

k̂ ≤ min{m,n}, a matrix Ûj ∈ R
n×m of rank k̂ such that

‖Ũj − Ûj‖F ≤
2ρ
√
m

1− ρ−1
max
η∈∂Eρ

‖gj(η)‖22 ρ−k̂.

A classical result by Dahlquist [14] implies

‖gj(η)‖2 ≤
√
γj
∥∥ exp

(
−ωjA(η)

)∥∥
2

∥∥B(η)
∥∥
2
≤ √γj exp(−ωjµmin)CB

for all η ∈ Eρ. Then the approximation X̂(1) =
∑k̂

j=1 Ûj Ṽ
T
j has rank k̃ · k̂ and satisfies

‖X̃(1) − X̂(1)‖F ≤
k̃∑

j=1

‖Ũj − Ûj‖F ≤
2ρ
√
m

1− ρ−1
CB




k̃∑

j=1

γj exp(−2ωjµmin)


 ρ−k̂.

The remaining exponential sum turns out to be the approximation of 1/x at x = 2µmin

from [13] and can be bounded by

k̃∑

j=1

γj exp(−2ωjµmin) ≤
1

2µmin
+

8

µmin
exp

(
− π2

log(8κ)
k̃

)
≤ 8.5

µmin
.



12 D. KRESSNER, M. PLEŠINGER, C. TOBLER

Hence, with Ĉ = 17ρ
√
m

µmin(1−ρ−1) we obtain

‖X̃(1) − X̂(1)‖F ≤ ĈCBρ
−k̂. (3.10)

Combining (3.9) with (3.10) yields

‖X(1) − X̂(1)‖F ≤ ‖X(1) − X̃(1)‖F + ‖X̃(1) − X̂(1)‖F

≤ C1 CB

(
exp

(
− π2k̃

log(8κ)

)
+ ρ−k̂

)

= C1 CB

(
exp

(
− τ1k̃

)
+ exp

(
− τ2k̂

))
, (3.11)

where C1 = max{8√m/µmin, Ĉ} and τ1 = π2/(log(8κ)), τ2 = log(ρ). Recall that

X̂(1) has rank k̄ := k̃ · k̂.
For a given integer k, we now balance the influence of the two terms in (3.11) by

choosing

k̃ :=

⌊√
k
τ2
τ1

⌋
, k̂ :=

⌊√
k
τ1
τ2

⌋
.

Then

σk+1(X
(1)) ≤ σk̄+1(X

(1)) ≤ ‖X(1) − X̂(1)‖F
≤ C1 CB

(
exp

(
− τ1k̃

)
+ exp

(
− τ2k̂

))

≤ C1 CB

(
exp

(
− τ1

(√
kτ2/τ1 − 1)

)
+ exp

(
− τ2

(√
kτ1/τ2 − 1)

))

= C1 CB

(
exp(τ1) + exp(τ2)

)
exp

(
−
√
τ1τ2k

)
,

which completes the proof by setting C := C1

(
exp(τ1) + exp(τ2)

)
.

The bounds of Lemma 3.1 and Theorem 3.2 predict a pronounced difference be-
tween the singular value decays of X(3) and of X(1), X(2). Such a significantly slower
decay for X(1), X(2) does not appear to be an artifact of the proof, but it also shows
up numerically, see Figure 3.1 below.

3.3. The CG method with low-rank truncation in Tucker format. The
basic idea from Section 2 carries over in a relatively straightforward manner to the
solution of the parameter-dependent Lyapunov equation (3.1). Formally, we apply
the CG method to the mn2 ×mn2 linear system (3.3) and apply repeated low-rank
truncation to keep the computational cost low. For this purpose, we view all iterates
as tensors Xk,Rk,Pk,Wk,Zk ∈ R

n×n×m and store them in the Tucker format (3.7).
Although the formal algorithmic description of this CG method is virtually identical
with Algorithm 1, the efficient implementation of the required operations demands a
more detailed discussion.

3.3.1. Matrix multiplication. Lines 4, 6, 15, and 17 of the tensorized variant
of Algorithm 1 require the multiplication of a tensor S ∈ R

n×n×m with L−1
M in modes

1 and 2. In the Tucker format (3.7), this can be easily performed; the resulting tensor
S̄ takes the form

vec(S̄) =
(
U3 ⊗ L−1

M U1 ⊗ L−1
M U1

)
vec(C).
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The ADI(1) preconditioner (2.9) from Section 2.3.1 can be applied in a similar
fashion, by multiplying modes 1 and 2 with the matrix (A(ᾱ)−ϕ1In)

−1, and the core
tensor with the scalar −2ϕ1. Here, ᾱ corresponds to an average of the parameter

samples and ϕ1 = −
√

λmax

(
A(ᾱ)

)
λmin

(
A(ᾱ)

)
.

3.3.2. Addition of tensors. Given two tensors in the Tucker format,

vec(S) =
(
U3 ⊗ U1 ⊗ U1

)
vec(CS), vec(T ) =

(
V3 ⊗ V1 ⊗ V1

)
vec(CT ), (3.12)

the sum S̄ = S + T can be represented by concatenating the factors:

vec(S̄) =
(
[U3, V3]⊗ [U1, V1]⊗ [U1, V1]

)
vec(CS̄),

with

CS̄ = diag3D(CS , CT ) =

✟

✟

✟

✟

✟
✟

✟

✟

✟

✟

✟
✟

✟

✟

✟

✟

✟
✟

✟

✟

✟

✟

✟
✟

✟

✟

✟

✟

✟

✟CS
CT

(3.13)

3.3.3. Application of the linear operator A. To discuss the efficient applica-
tion of A, we first assume that A(α) = A0+αA1 is affine linear in α, and M(α) ≡M
is constant. In this case, the matrix representation of A takes the form

A = I ⊗M ⊗A0 + I ⊗A0 ⊗M +D ⊗M ⊗A1 +D ⊗A1 ⊗M,

where D = diag(α1, . . . , αm) ∈ R
m×m. Applied to a tensor S, the operator A is

a combination of matrix multiplication and addition. For S given in the Tucker
format (3.7), the tensor S̄ = A(S) takes the form

vec(S̄) =
(
I ⊗M ⊗A0 + I ⊗A0 ⊗M +D ⊗M ⊗A1 +D ⊗A1 ⊗M

)
· · ·

(
U3 ⊗ U1 ⊗ U1

)
vec(CS)

=
(
[U3, DU3]⊗ [A0U1, A1U1,MU1]⊗ [A0U1, A1U1,MU1]

)
vec(CS̄),

with

CS̄ = .

✟

✟

✟

✟

✟
✟

✟

✟

✟

✟

✟
✟

✟

✟

✟

✟

✟
✟

✟

✟

✟
✟

✟

✟

✟

✟

✟

✟

CS
CS

CS
CS

(3.14)

For general A(α),M(α) depending nonlinearly on α, it is often also possible to
apply A efficiently, in particular when A(α),M(α) are low-degree matrix polynomials
in α or can be reparametrized to take this form. A more detailed discussion can be
found in [29].
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3.3.4. Inner product. The inner product between two tensors S and T in the
Tucker format (3.12) can be written as

〈S, T 〉 := 〈vec(S), vec(T )〉
= 〈(U3 ⊗ U1 ⊗ U1)vec(CS), (V3 ⊗ V1 ⊗ V1)vec(CT )〉
= 〈vec(CS), (UT

3 V3 ⊗ UT
1 V1 ⊗ UT

1 V1)vec(CT )〉.

In other words, we only need to form the two small matrices UT
1 V1 and UT

3 V3, apply
them to one of the Tucker cores, and then compute the inner product between the
Tucker cores.

The computation simplifies for S = T . In particular, when the columns of U1

and U3 are orthonormal, we have ‖S‖2 = 〈S,S〉 = 〈CS , CS〉 = ‖CS‖2.
3.3.5. Low-rank truncation. Repeated addition and application of A lets the

multilinear ranks of the iterates of the CG method quickly grow. As in Section 2, this
rank growth can be limited by repeatedly truncating the iterates to lower multilinear
ranks.

Given vec(S) =
(
U3⊗U1⊗U1

)
vec(C) with C ∈ R

r1×r1×r3 , the first step of low-rank
truncation consists of computing QR decompositions U1 = Q1R1 and U3 = Q3R3,
where Qj ∈ R

nj×rj has orthonormal columns and Rj ∈ R
rj×rj is upper triangular.

Then

vec(S) =
(
Q3 ⊗Q1 ⊗Q1

)
vec(CQ), with vec(CQ) :=

(
R3 ⊗R1 ⊗R1

)
vec(C).

Forming CQ becomes expensive for larger (r1, r1, r3). This cost can be reduced by
exploiting the block structures (3.13) and (3.14) of the core tensor C.

Upon completion of the orthogonalization step, we compress the Tucker core

CQ by computing SVDs of its matricizations C
(1)
Q and C

(3)
Q . More specifically, for

r̄ = (r̄1, r̄1, r̄3) with r̄1 ≤ r1 and r̄3 ≤ r3, we compute the dominant left singular

vectors W1 ∈ R
r1×r̄1 and W3 ∈ R

r3×r̄3 of C
(1)
Q and C

(3)
Q , respectively. The truncated

tensor S̄ is then obtained by projection:

vec(S̄) =
(
Ū3 ⊗ Ū1 ⊗ Ū1

)
vec(C̄),

where

Ū1 := U1W1, Ū3 := U3W3, vec(C̄) :=
(
WT

3 ⊗WT
1 ⊗WT

1 )vec(CQ).
Using (3.6), the truncation error can be bounded by

‖S − S̄‖2 ≤
3∑

i=1

ri∑

j=r̄i+1

σ2
j

(
S(i)

)
.

The choice of r̄i is based on the singular values of S(i). For truncating the iterates
Xk of the CG method, we use a relative criterion of the form (2.7). For truncating
Rk,Pk,Wk, we use a mixed relative/absolute criterion of the form (2.8).

3.3.6. Summary of computational cost. Table 3.1 summarizes the complex-
ity of the operations discussed above. Note that the cost for the orthogonalization
step needed for low-rank truncation (see Section 3.3.5) is included in the cost for
addition and application of A. Moreover, it is assumed that A(α) = A0 + αA1 and
M(α) ≡ M . The cost for computing the Cholesky factorization A(ᾱ) = LLT needed
for the ADI(1) preconditioner depends on the sparsity pattern of A(ᾱ) and is not
included.
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Table 3.1

Computational cost of individual operations in low-rank tensor variant of the CG method applied
to the n×n parameter-dependent Lyapunov equation (3.1) with m parameter samples. It is assumed
that n ≫ r1 and m ≫ r3.

Operation Computational cost

Addition O
(
nr21 +mr23 + r31r3 + r21r

2
3

)

Application of A(·) O
(
nnz(A0 +A1 +M)r1 + nr21 +mr23 + r31r3 + r21r

2
3

)

Truncation O
(
r31r3 + r21r

2
3 + r33

)

Inner product O
(
nr21 +mr23 + r31r3 + r21r

2
3

)

ADI(1) precond. O
(
nnz(L)r1

)

3.4. Numerical experiments. The described CG method with low-rank trun-
cation in Tucker format has been applied to the example from [29, Sec. 2.3.1], see also
Figure 2.1. Here, the parameter-dependence of the stiffness matrix A(α) = A0 +αA1

arises from a parametrization of the material coefficient in parts of the domain. The
right-hand side is a random rank-1 matrix independent of α.

We use the ADI(1) preconditioner with the optimal shift ϕ1 with respect to
ᾱ =

√
αminαmax. The initial guess X0 is set to (X0)i,j,l = (X(ᾱ))i,j , where X(ᾱ)

is the low-rank solution of (3.1) computed by Algorithm 1.
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Fig. 3.1. Solution of parameter-dependent Lyapunov equation (A0+αA1)X(α)MT +MX(A0+
αA1)T = BBT with n = 371. Left: Singular values for matricizations of X when using samples
αj = j, j = 1, 2, . . . , 100. Middle: Convergence of low-rank tensor CG measured by decay of
computed (and true) residuals, and its dependence on number of samples of α, and on interval
[αmin, αmax]. Right: Multilinear ranks (r1, r2, r3) of Xk. The upper graphs correspond to r1 = r2;
the lower graphs correspond to r3.

Figure 3.1 and Table 3.2 display the obtained results. Compared to the corre-
sponding results without parameter dependence (see Figure 2.2), it becomes evident
that the convergence is somewhat slower and the ranks grow significantly larger.
These effects become more pronounced as the parameter variation increases. This is
certainly due to the fact that the average-based ADI(1) preconditioner becomes less
effective.

4. Several parameters. This section introduces an extension of the low-rank
tensor CG method from one to several parameters. More specifically, we consider

A(α)X(α)M(α)T +M(α)X(α)A(α)T = B(α)B(α)T , α ∈ R
p, (4.1)

with the parameter vector α =
(
α(1), . . . , α(p)

)
∈ R

p. Suppose that we want to
solve (4.1) for the samples

αj1,...,jp := (α
(1)
j1

, . . . , α
(p)
jp

) with α
(ℓ)
1 < α

(ℓ)
2 < · · · < α(ℓ)

mℓ
, ℓ = 1, . . . , p.
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Table 3.2

Detailed results for low-rank tensor CG applied to parameter-dependent Lyapunov equation.
The individual columns contain: (i) parameter interval, (ii) number of samples m, (iii) number of
CG iterations kmax, (iv) multilinear rank of approximate solution after kmax iterations, (v) residual
norm res := 1√

m
‖B−A(Xkmax

)‖F , and (vi) total computational time.

[αmin, αmax] m kmax rank
(
Xkmax

)
res Computational time

[1, 10] 10 60 (24, 24, 10) 7.21 · 10−9 46 s (0.76 s/it)
[1, 10] 30 60 (22, 22, 9) 5.86 · 10−9 2min, 15 s (2.25 s/it)
[1, 10] 100 60 (22, 22, 7) 5.49 · 10−9 3min, 47 s (3.78 s/it)
[1, 10] 1 000 60 (21, 21, 6) 5.08 · 10−9 6min, 21 s (6.35 s/it)
[1, 10] 10 000 60 (22, 22, 6) 5.15 · 10−9 10min, 19 s (10.3 s/it)
[1, 30] 30 90 (34, 34, 18) 2.71 · 10−8 8min, 17 s (5.53 s/it)
[1, 100] 100 140 (42, 42, 27) 1.31 · 10−7 66min, 12 s (28.4 s/it)
[1, 100] 330 140 (38, 38, 24) 1.47 · 10−7 95min, 17 s (40.8 s/it)
[1, 100] 1 000 140 (33, 33, 19) 1.13 · 10−7 114min, 23 s (49 s/it)

Assembling the corresponding linear systems for all samples αj1,...,jp into one huge
linear system results in

A(X ) = B, (4.2)

with A : Rn×n×m1×···×mp → R
n×n×m1×···×mp and

Xi1,i2,j1,...,jp =
(
X(αj1,...,jp)

)
i1,i2

, Bi1,i2,j1,...,jp =
(
B(αj1,...,jp)B(αj1,...,jp)

T
)
i1,i2

.

For simplicity, we will assume affine linear parameter dependence for the rest of this
section, that is, A(α) = A0 +

∑p
ℓ=1 αℓAℓ, and constant M(α) ≡ M , B(α) ≡ B. The

matrix representation of A then takes the form

A = I ⊗ · · · ⊗ I ⊗ I ⊗M ⊗A0 + I ⊗ · · · ⊗ I ⊗ I ⊗A0 ⊗M

+ I ⊗ · · · ⊗ I ⊗D1 ⊗M ⊗A1 + I ⊗ · · · ⊗ I ⊗D1 ⊗A1 ⊗M

+ I ⊗ · · · ⊗D2 ⊗ I ⊗M ⊗A2 + I ⊗ · · · ⊗D2 ⊗ I ⊗A2 ⊗M

+ · · ·
+Dp ⊗ · · · ⊗ I ⊗ I ⊗M ⊗Ap +Dp ⊗ · · · ⊗ I ⊗ I ⊗Ap ⊗M.

with Dℓ = diag(α
(ℓ)
1 , . . . , α

(ℓ)
mℓ), for ℓ = 1, . . . , p.

The Tucker format, which was used for the one-parameter case, will be replaced
by the so called hierarchical Tucker format[18, 23] for the tensors of order d = p + 2
arising in the solution of (4.2). In the following, we will only describe some key
features of the hierarchical Tucker format and refer to [18, 23, 30] for more detailed
descriptions.

To understand the hierarchical Tucker format, it is necessary to extend the con-
cept ofmatricization of a tensor from Section 3.1. Consider a tensor X ∈ R

n1×n2×···×nd

with modes 1, . . . , d, and a splitting of these modes into two disjoint sets: {1, . . . , d} =
t∪ s with t = {t1, . . . , tk} and s = {s1, . . . , sd−k}. Then the corresponding matriciza-
tion of X is given by

X(t) ∈ R
(nt1

···ntk
)×(ns1

···nsd−k
) with

(
X(t)

)
(it1 ,...,itk ),(is1 ,...,isd−k

)
:= Xi1,...,id
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for any indices i1, . . . , id in the multi-index set {1, . . . , n1} × · · · × {1, . . . , nd}.
The splitting of the modes into subsets is done recursively, until each subset is a

singleton. This recursive splitting is represented by a binary tree T , where each node
t is a subset of {1, . . . , d}. The root node is given by {1, . . . , d} and each leaf node is
a singleton, that is, {1}, . . . , {d}. Each parent node in T is the disjoint union of its
two children.

Having prescribed a maximal rank kt for each node t ∈ T , the set of hierarchical
Tucker tensors of hierarchical rank at most (kt)t∈T is defined as

H-Tucker
(
(kt)t∈T

)
=
{
X ∈ R

n1×···×nd : rank
(
X(t)

)
≤ kt for all t ∈ T

}
.

These constraints on the rank of the matricizations X(t), t ∈ T , allow X to be stored
in the hierarchical Tucker format, with storage requirements of

O(dnr + dr3),

where r = max{rt : t ∈ T } and n = max{n1, . . . , nd}. This is a significant improve-
ment compared to the storage requirements of O(dnr + rd) for the Tucker format.

The low-rank variants of the CG method described in the last sections can be di-
rectly extended to work with the hierarchical Tucker format. All necessary operations
can be computed efficiently in this format, e.g., the addition and inner product of two
tensors. In our implementation, we have used the htucker toolbox [30] for Matlab,
which provides this functionality. The symmetry of X , in the sense of

Xi1,i2,j1,...,jp = Xi2,i1,j1,...,jp ,

is not exploited in our implementation.

4.1. Numerical experiment. Our variant of the CG method with tensors in
the hierarchical Tucker format is applied to a parameter-dependent Lyapunov equa-
tion related to [29, Sec. 4]. The matrix A(α) ∈ R

n×n results from the finite element
discretization of the stationary heat equation on a domain [0, 4]2 containing four dis-
joint discs (see Figure 4.1). The heat conductivity coefficient in each of these discs
is governed by a parameter α(ℓ), thus A(α) depends on 4 parameters, and the tensor
X is of order 6. Each parameter is sampled from the interval [1, 10] in a uniform
way. We have chosen sizes n = 1580 and mℓ = 1000, ℓ = 1, . . . , 4, thus storing the
tensor X explicitly would require 2.4964 · 1018 floating point numbers. An ADI(1)
preconditioner based on A(ᾱ) for a parameter sample average ᾱ is used.

In the CG method, the following truncations are used: each iterate Xk is truncated
such that ‖Xk−X̃k‖ ≤ 10−5‖Xk‖, with an additional requirement that the ranks may

not exceed 200. The residuals Rk are truncated such that ‖Rk − R̃k‖ ≤ 10−5‖R0‖,
and the maximal rank is 170. The iterates Pk and Wk are truncated in an analogous
manner.

Figure 4.2 displays the obtained results. The norm of the final residual satisfies

1√
m1m2m3m4

‖B − A(Xk)‖ = 3.202 · 10−5.

The total computational time for all iterations was 3 h 56min, with 887MB memory
requirements.
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Fig. 4.1. Left: FE mesh used in the numerical experiment. The heat conductivity coefficient
in each disc depends on one of the parameters α(ℓ), ℓ = 1, . . . , 4. Right: Singular value decay for
different matricizations of the computed tensor X . The final ranks rank(X(1,2)) = rank(X(3,4,5,6)) =
55, rank(X(3,4)) = 24, rank(X(5,6)) = 25, rank(X(1)) = 49, rank(X(2)) = 48, rank(X(3)) = 9,
rank(X(4)) = 10, rank(X(5)) = 10, rank(X(6)) = 10.
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Fig. 4.2. Left: Convergence of residual norms. Right: Convergence behavior for hierarchical
ranks of Xk.

5. Conclusions and future work. We have presented methods for solving Lya-
punov matrix equations depending on no, one, or several parameters. Our methods
consist of applying the preconditioned CG method combined with low-rank matrix
or tensor truncation to a (huge) linear system formulation. While this point of view
was mainly taken to have enough flexibility for dealing with the parameter-dependent
case, the method appears to be quite competitive even for standard Lyapunov matrix
equations. A more detailed comparison to existing methods based on an optimized
implementation of our method remains to be done. In the parameter-dependent case,
the results are promising but also indicate that the rank growth in the transient
phase of the method may pose a bottleneck for more complex problems, which can
only be overcome by the development of more effective preconditioners, see [26] for
an example.

While this paper has focused on Lyapunov equations with symmetric coeffi-
cients, the algorithmic extension to the nonsymmetric case is relatively straightfor-
ward, by replacing the CG method with BiCGstab or restarted GMRES, as proposed
in [2, 7, 16, 29]. On the other hand, it is not clear how to extend the theoretical
results, in particular the bounds on the singular value decay from Theorem 3.2, to
the nonsymmetric case.

As mentioned in the introduction, the solution of parameter-dependent Lyapunov
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equations plays an important role in interpolatory approaches to model reduction of
parametrized linear control systems. The methods developed in this paper represent
a first step towards efficient algorithms for such model reduction techniques.

Acknowledgments. We thank Zdeněk Strakoš, the home mentor of the second
author in the SciEx project that led to this paper.
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