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A SURVEY AND COMPARISON OF CONTEMPORARY ALGORITHMS FOR
COMPUTING THE MATRIX GEOMETRIC MEAN

BEN JEURIS, RAF VANDEBRIL*, AND BART VANDEREYCKENT

Abstract. In this paper, we present a survey of various existing algms for computing the matrix geometric
mean and derive new second-order optimization algorittnesinpute the Karcher mean. These new algorithms are
constructed using the standard definition of the RiemanHi@ssian. The survey includes the ALM-list of desired
properties for a geometric mean, the analytical expredsiothe mean of two matrices, algorithms based on cen-
troid computation in Euclidean (flat) space, and Riemanpjatimization techniques to compute the Karcher mean
(preceded by a short introduction into differential geay)etA change of metric is considered in the optimization
techniques to reduce the complexity of the structures ustitbse algorithms. Numerical experiments are presented
to compare the existing and the newly developed algoritiivesconclude that currently the first-order optimization
algorithms are best suited for this optimization problenthassize and/or number of the matrices increases.
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1. Introduction. A meanis, in general, simply a center size subjected toicegeneric
properties such as idempotency (the meafAf. .., A) equalsA), invariance under a per-
mutation of the elements and homogeneity (the meandf (..., AA;) equals) times the
mean of @,,..., Ax) ). However, these generic properties alone do not unigdefine a
mean, so there can be many different types of means. In therpee discuss thgeometric
mean which for positive real numbers{, ..., a;) is defined as

e

(1.1) Glay,...,ax) = (a1 ---ak)

When conveying this definition to the set of symmetric pusitiefinite matriceS'; , we see
that the formula above can not be readily extended to matdue to their non-commutativity.
However, a list of desired properties for the general gedmetean can be derived from this
scalar expression.

These properties (listed in secti@h have proven to be useful in various applications,
e.g., radar technologyl], medical imaging 14], mechanics20] and image processing@f).

All these areas display situations in which the informatidrout the current system is be-
ing represented in a collection of positive definite masida order to perform calculations
on these matrices, such as averaging and interpolationee® agorithms that preserve the
structure of the data, being positive definiteness, whiamnis of the useful properties of the
geometric mean. Another property of this mean providestdgges in the area of elasticity
calculations of structure()]. In these calculations, both a positive definite elastimiatrix
and its inverse, the compliance matrix, are used. Hencengivcollection of these elastic-
ity matrices and a collection consisting of the correspngaiompliance matrices, then the
geometric means of both matrix collections will again beheathers inverse (as stated in
property8 in section2).

Thanks to the wide range of practical and theoretical apfiios, matrix means have
recieved a lot of attention from present-day scientists.nMizity, for example, is a prop-
erty only recently proven for the Karcher medh 17, 20], which is a specific instance of a
geometric mean for positive definite matrices. A conseqe@fthe diversity of application
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2 2. THE GEOMETRIC MEAN OF TWO MATRICES

areas is the wide variety of approaches to defining and camptite mean. Some construc-
tions are based on intuitive interpretations of the geoimetean (sectior8), while others
prefer to think of it as an optimization problem (sect#®nn this last approach, Riemannian
optimization, which generalizes classical optimizatiechniques, is a popular concept.

The main contribution of this paper is to present a surveygairithms for computing the
matrix geometric mean. We recall the theoretical foundefioo the analytically known mean
of two matrices, the interpretations of the algorithms baseintuitive approaches and a basic
framework needed to understand the methods based on Rie@marptimization. We also
introduce an unprecedented, explicit expression for teef@nnian Hessian and consider the
use of a different inner product on the manifold of positiedinite matrice$” , which leads
to simpler optimization algorithms. Finally, a first-timpication of the Riemannian BFGS
method to the optimization problem is presented. Numesggpkeriments are performed to
compare all these techniques.

The organization of this paper is as follows: we start byifgtthe desired properties
of the geometric mean and the resulting unique definitioraseaf two matrices in section
2. Next, in sectior3, we discuss some intuitively appealing algorithms baseglanar ap-
proaches: the ALM, NBMP and the CHEAP mean. However, thepeaimg interpretations
will not lead to very efficient numerical algorithms. Finalln section4, we examine Rie-
mannian optimization algorithms for the Karcher mean, Whecdefined as the minimizer
over all positive definite matrices of the sum of squarediisic) distances to all matrices
in the mean. The algorithms are adapted versions of theesgedpscent, conjugate gradient,
trust region and BFGS methods, generalized towards masiforhroughout the paper we
compare the performance of the algorithms discussed.

2. The geometric mean of two matrices.The scalar geometric meah.{) can not be
readily extended to positive definite matrices because titexproduct is not commutative.
Indeed, (A4, .- A)Y* is not invariant under permutation, which is one of the mastit
properties of means. Recall that this expression, with. .., A; € S}, is well-defined by
using the convention that a matrix functigrof a symmetric matrix4 is determined by

fF(A) =V DV,

whereA = VDV is an eigenvalue decomposition afilD) denotes the elementwise ap-
plication of f to the diagonal oD [16]. Hence a list of desired properties has been composed
instead, often referred to as the ALM-lis}, [7]. Because of the importance of these proper-
ties, we summarize them here, using the partial orderingmwisetric matrices: a positive
semidefinite matrixA is denoted byA > 0. Similarly, B > C'is a simplified notation for
B — C > 0. The same approach is used for positive definiteness witkttfet inequality.
The ALM-list, using positive definite matrice$,, ..., Ax, where we denote thgeometric
meanby G(A4, ..., Ag), is

1. Consistency: ifdy, ..., A commute, thelG (A4, ..., Ay) = (41 ...Ak)%.

2. Joint homogeneity:

G(OzlAl,...,OékAk) = (Oél ...Ozk)%G(Al,...,Ak), at,. ..o > 0.

3. Invariance under permutatios(A,(yy, ..., Axx)) = G(A1,..., Ax) with 7 a
permutation of (, ..., k).

4. Monotonicity: if A; > B;, for all i, thenG(A4;, ..., Ax) > G(By,..., By).

5. Continuity from above: if for all fixed, Al(.j) is amonotonously decreasing sequence
of matrices converging tol} for j — oo, then G(Agj), .. .,A,(j)) converges to
G(A7, ..., A;).



6. Congruence invariance: for all invertible matrices R™*",
G(STA,S,...,58TAS) = STG(Ay, ..., Ap)S.
7. Joint concavity:

GAA; + (1= N)By,..., My + (1 — \)By)
> AG(A1,...,Ar) + (1= NG(By,...,By), 0<A<L.

8. Invariance under inversio®(A;, ..., Ay) = (G(4; ', ... ,A,:l))*1 :

9. Determinant equalitydet G(A1, ..., Ax) = (det A; ... det Ak)% .
10. Arithmetic-Geometric-Harmonic inequality:

k k -1
1 1 1
E;Zl A’L > G(Alv"'vAk) > <E ;:1 Al ) :

Unfortunately, these properties do not result in a unigdiaiien for the geometric mean
of a general number of matrices. For the case of two matric®sever, the geometric mean
is uniquely defined from propertiésto 10 and given by the following expressiord [

(2.1) G(A,B) = A(AT'B)Y/2 = AYV2(AY2BATY/2)1/2 41/2,

Considering the manifold of positive definite matric&s, we can find another intuitively
attractive interpretation for this result. First we notattthe intrinsic distance between B €
S (see sectiod.1) is given by

(2.2) 6(A,B) = ||log(A™Y2BA™Y?)||p,

with || - || » the Frobenius norm. Using this distance measure, we camdetethe geodesic
betweend and B [5], i. e., the curve of shortest distance on the manifold betw& and B,
as

’y(t) _ A(A—IB)t _ AI/Q(A—I/QBA—I/Q)IEAI/Q
2.3) — A#B, te0,1].

This shows that the geometric mean is exactly the midpoirthergeodesic (the notation in
the last term will be used further in the text):

G(A, B) =7(1/2) = A#1/2B.

The subscript in the last term is often dropped when1/2.

3. Geometric means based on planar approache&Vhile the properties in the ALM-
list result in an explicit, unique definition for calculagithe geometric mean of two matrices,
this is not the case when dealing with more matrices. Corisiglthe simplified case of a
space with planar Euclidean geometry, the geometric meémreé matrices is the centroid
of the triangle they form. There are various intuitively apfing techniques to determine
this centroid that have been generalized to the non-plammar-Euclidean) geometry 6F}
[3,7,9, 21, 24]. This generalization causes the need for the exact forsfatahe centroid (in
case of the NBMP and CHEAP mean) to be iterated. Througheuitferent algorithms, we
consistently notice a trade-off between the speed of cgevie and the number of properties
in the ALM-list the algorithms satisfy.
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A

(1)
A3
(a) The ALM mean. (b) The NBMP mean.

FIGURE 3.1. Simplified representations of the algorithms for three igaf in a flat geometric space.

In this section, we discuss the geometric interpretatiothefALM [3], NBMP [7, 21]
and CHEAP §] mean and end with a comparison of these algorithms. 2, [the con-
struction of new geometric means by combining existing asdésmndled. Since it has been
shown that there can be no comparable improvement for mareftiur matrices, we omit
this approach in this survey.

3.1. ALM mean. The ALM mean B] is a geometric mean which, as the name implies,
satisfies the desired properties enumerated in the ALM\i&ten taking the ALM mean of
k matrices, recursion is used to define the iterations in Mvietneplace(/lgj), ceny A,(Cj)) by

(Aﬁj“), ---vA;(CjH)) = (GALM((AEj))i#), ---7GALM((AEJI))1';£k)) ;

whereG 41, ), denotes the recursively defined ALM meankof 1 matrices with the known
geometric mean of two matrice&.() as its base. InJ], all terms in these iterations are
proven to converge towards the same limit and in figdifeg a planar simplification of this
algorithm for three matrices is depicted.

3.2. NBMP mean. The NBMP meanT, 21], just as the ALM mean, satisfies all prop-
erties in the ALM-list. To compute the NBMP mean/ofmatrices, we use recursion to define
the iterations in which we replac(eélgj), . Agj)) by (Agjﬂ), - A,(fﬂ)), which equals

(Agj)#% Grour(A7)iz1), o, A;(Cj)#k_gl GNBMP((AZ(-j))i#k)) ,

whereG gy p denotes the recursively defined NBMP meankof 1 matrices, with the
geometric mean of two matrice®.() as its base. The notation fror.8) was used to denote
the point on the geodesic representing the weigthed mearedetms involved. In7], all
terms in these iterations are again proven to converge tsathe same limit and in figure
3.1bwe show a simplified representation of the algorithms foe¢hmatrices.

3.3. General class.We have encountered two means, both satisfying all pragzeirti
the ALM-list, but yielding different results, as shown irethext example.
ExamMpPLE 3.1. If we consider the matrices

25 4 20 1 1 1
4 10’1 1}’(1 20|’
the results for the ALM and NBMP algorithm are respectively

7.6943 0.9919 and 7.7139 0.9719
0.9919 2.0528 0.9719 2.0425|°



3.4 CHEAP mean 5

which clearly shows that the results differ.

In fact, in [7], it is showed that the ALM and NBMP mean are two instancesrof a
entire class of means, all satisfying the required propetiut with possible different results.
For k matrices thisgeneral mearGs,, .. 5., depends ork — 1 parametergsi, ..., s,—1)

.

and again recursion is used to define the iterations, in V\W'E;Meplace<A§j), ceny A,(Cj)) by

(Agj“), AEj*”), defined as

(Agj)#51G52-,---75k71 ((Az(’j))i?él)v [ Aéj)#51G527---75k71 ((AZ(J))GHC)) .

For the ALM and NBMP mean, these parameters become reseldtivl, ..., 1,1/2)
and((k—1)/k,(k—2)/(k—1),...,1/2). This class illustrates that for a general number of
matrices the geometric mean is not uniquely defined, not stating from the ten desired
properties. In sectiod, we investigate the Karcher mean, which also satisfies afjqaties
but has a more appealing analogy with the arithmetic mean.

3.4. CHEAP mean. The CHEAP meand], unlike the previous algorithms, is no longer
recursively defined. It also no longer satisfies all propsrtiresent in the ALM-list, but as
we will notice later, this will be compensated by its very ahecomputational cost. The
underlying idea is again computing the centroid of a triar(glith verticesA, B, andC, see
figure3.2) by the formula

A+%((B—A)+(C—A)).

The expression above can be interpreted as a step in a Earclipace from verteA, in the
direction of ((B — A) + (C — A)), which is the arithmetic mean of the directions of vertex
A to the three verticed, B, andC' (where directiord — A is trivially omitted). Generalizing
the notions of a path (and consequently the direction) batvt@o points and of taking a step
in a certain direction to the manifold of positive definitetn@es, we obtain the expression

(see B])
Aexp (% (log(A™'B) + 1og(AlC))) .

Hence, in the general caselomatrices, we replace in each iteration the matrilen;{s (., A-,i)
by (A7t ..., ALy in which

k
AL — A oxp (% )3 1og((A-g)-1Agg)).

0=1,0%i

We iterate until convergence, although convergence is m@ys guaranteed for this algo-
rithm, i. e., when the matrices are not sufficiently closedoteother (see theorem 2.1 i [
for an exact bound).

For the ALM and NBMP algorithms, the mean of two matrices isdefinition known
to be the analytical geometric mean, since they are re@lysiefined, starting with this ana-
lytical expression. For the CHEAP mean this consistenogss bbvious but it is nonetheless
still present. If we examine the CHEAP mean of two matricegpplying one iteration of
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B

C A+ (B—A)+ (C—-A4A)
A+ 3((B—A)+(C—4))

FIGURE 3.2. Simplified representations of the CHEAP mean for three cestri

the algorithm, we get:

[N

AP 4D = A exp (B (491 49) ) = 4 (40149},

AL > ) = AP exp (1o ((47) 1) ) = P (@) al)

which are two equivalent expressions for the geometric muéa&io) andAgo).

3.5. Comparison. In figure 3.33 we show the speed of all the above algorithms as the
number of30 x 30 well-conditioned matrices in the mean increases. The nanahatrices
throughout the paper are constructed inTMAB as follows:

[Q,"]=qr(rand(n)); D=diag([[rand(1,n-1)+1],10°(-N)]) ;

A=Q:DxQ;
wheren is the size of the matrix anflthe order of magnitude of the condition number. The
stopping criterium for all three algorithms is when the elifince between two consecutive
iteration points becomes less than a specific tolerance.

While the ALM mean is proven to converge linearls] and the NBMP mean super-
linearly of order3 [7], both have rapidly increasing computational time as thelner of
matrices increases. The number of operations for both ighgas equals) (n3k! Hf:3 i),
in which n denotes the size of the matricdsthe number of matrices ang the average
amount of iterations required to compute the ALM and NBMP me&; matrices. The ad-
vantage of the superlinear convergence of the NBMP algurifkier the linear convergence
of the ALM algorithm is found in the, factors, since these will be much smaller for the first.
The problem for both, however, lies in the significahtffactor, which grows tremendously
fast ask increases. Despite the lesser performance, it was s#lfésting to examine these
means since they were the first algorithms devised to contpatmatrix geometric mean of
a general number of matrices.

For the CHEAP mean, however, the number of iterations eq&ls k%py,), in which
k2 is a vast improvement ovét. Of course, this increased speed of the CHEAP mean comes
at a price. It no longer satisfies all properties in the ALBLland can therefore no longer be
considered to be an actual geometric mean. We thereforeareripe results of the different
algorithms by taking the means of thrgdeé x 30 matrices of which we vary the condition
number. In figure3.3h the intrinsic distance(2) between the results are shown and it is
clear that the ALM and NBMP mean are more similar to each dtier to the CHEAP mean,
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FIGURE 3.3. Comparison of the different planar algorithms.

especially as the condition of the matrices increases. Mexwthe CHEAP mean can still be
found in the vicinity of the other means when the conditioth&f matrices is acceptable.

A similar figure could be obtained by displaying the cladsiagclidean distance between
the results, but the distances can be seen to be consisgendier than for the intrinsic
distance 2.2). This difference is explained by the fact that the first isasweed on a curved
manifold, while the second measures the distance on alstiaig in the envelopping vector
spaceS™, the set of symmetric matrices.

The accuracy of the methods is harder to verify since we ne@@ seference solution to
compare the results of the algorithms with. Constructirgtiatrices in the mean as described
above, but with the same matrix for all, we obtain a set of simultaniously diagonalizable,
and hence commutating matrices. Of these we know the exachefeic mean using the
first property in the ALM-list, so we can use this as our refieesolution. However, the
CHEAP mean is showr®] to converge in one iteration to the exact solution when tagites
commute. Hence, this test is only of any meaning for the ALM ABMP mean, of which
we show the results in figu@3c The relative intrinsic distance

[|log(A~2GA™2)[|p
G| r 7

with A the result of one of the algorithms adédithe exact solution, is used to display the
deviation between both for different conditions of the riz&ts. Remember that the numerator
is the intrinsic distance2(2) betweenA andG. We note that when using classical Euclidean
distance, the deviations are almost at machine precisiaaifoonditions, and this difference
can again be explained by the curvature of the manifold.

(3.1)
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4. The Karcher mean. As mentioned in the previous section, the properties in the
ALM:-list fail to specify a unique definition for the geometrnean. The ALM and NBMP are
only two examples of a general class of means satisfyindnafie properties. Another mean
that satisfies all the necessary properties is the Karchanneis defined as the minimizer

K
K(A1,...Ax) = arg min Z&Q(Ai,X),
Xesy £

whereS"! represents the set of symmetric positive definite matrigies, X) is the intrinsic
distance on this manifold as given iB.®) and A; are the matrices of which we want to find
the Karcher mean. In terms of an optimization problem tlaisgtates to a cost functigh

K
(4.2) FX) =" [[log(A;2X A7) 12
=1

It is well-known thatS'} is a convex set and since our cost function is convex as Wkl [
classical optimization theory assures the existance ofguer(global) minimizer.

This mean satisfies all properties in the ALM-list, of whi¢te tmonotonicity has only
very recently been proven (se, [L7, 20]). Moreover, the Karcher mean is found to be
appealing because of its analogy with the arithmetic medmigiwcan be seen as a similar
minimizer by using the standard Euclidean distance.

Since the Karcher mean will be computed iteratively as thetism of an optimization
problem, we need a good starting guess. We will use in all iaxgats the CHEAP mean,
since it possesses good computational speed and reasanabtacy, as discussed before.

4.1. Differential geometry. Calculating the Karcher mean involves solving an opti-
mization problem on a manifold, which requires a more gdregsproach than in the tra-
ditional case of vector spaces. We need to introduce somecnaaepts to perform this
generalization, but we only briefly discuss these matters;Her a more thorough discus-
sion of the subject we refer to any introductory book on défdial geometry11, 18] and
to [1] for the optimization perspective. After the introductjave will use these generalized
concepts to implement a number of optimization techniquese specifically, the steepest
descent, conjugate gradient, trust region and BFGS altgosit The type of generalized opti-
mization used here is often referred to as retraction-bapgahization [L, 2], indicating that
the concept of retractions (sectidri.3 lies at the foundation of these techniques.

The general concepts discussed here were fourid,iafid many of these structures were
already derived fof’; endowed with its natural metrid B, 23, 27]. We added an explicit
expression for the Levi—Civita connection (sectibf.4 on this manifold (and consequently
for the Riemannian Hessian) and a derivation of all thesesires for the manifold endowed
with the inner product inherited fro81" (see sectiod.1.2).

4.1.1. Manifold and tangent space.So far we have been calling the space of positive
definite matrice$’; a manifold, without specifying what this means exactly. idey not to
get too caught up in details, we give a more intuitive defimitia manifoldis a set which
can locally be mapped one-to-oneR6 (whered is the dimension of the manifold). In order
to get a smooth(>>) manifold, we also require these mappings to transitionathig onto
each other in case their domain overlaps. The sfdcis well-known as a smooth manifold
[19 29].

Another important concept is thiangent spacéo a manifold in a certain point, which is
basically a first-order (vector space) approximation ofrttemifold at this point. Fo§'} , the
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tangent space at each poiXit denoted byl'x S”, can be identified with the vector space of
symmetric matrice§™

Txgz’lgn.

Applying a tangent vectofx € Tx S} at a pointX < S’} to a differentiable function
f: S} — Ris defined to be

Exf =D f(X)[¢x]

wherex in the right-hand side is simply seen as a symmetric matriklarf denotes the
classical Fréchet derivative ¢gf For the cost functiorf in (4.1), this differential is given by

[5]
K

(4.2) D f(X)[éx] =2 tr (X 'log(XA; Méx),
=1

with A; the matrices in the mean and(-) the matrix trace.

A vector fieldis a construction that associates with each point on thefoldra tangent
vector in its tangent space. Suppdsis a vector field on a manifold anflis a real-valued
function on this manifold, thegf is again a real-valued function on the manifold defined by

&f ST - R: X = &xf.

We also apply a more general version of differentiation ia ffaper, namely of functions
between manifolds. Thidifferentialgives the change of the tangent vectors throughout the
function.

4.1.2. Inner product and gradient. Gradient-based optimization requires the notions
of a gradient and inner product, which will be introducedehfar S’} . In fact, we consider
two inner products. The firstis the inner product most ofsoaiated witl’, : for {x,nx €
Tx S, we have

(4.3) (Ex,mx) 8 = tr(ex X Inx XY,

which leads to the intrinsic distance measureX®)and geodesics of the form dt.@). An-
other benefit of this inner product is that the correspondeagdesics are complete, meaning
that any geodesic segment can be extended indefinitelyhB@eicond inner product we take
the same as the envelopping sp&tesuppose agaifix,nx € Tx S'}, then

(4.4) (¢x, 77X>(;S<y) = tr({xnx).

As a consequence, the intrinsic distance and expressitie gfdodesics become the same as
inS™:

(4.5) 0(A, B) =|B — Al|r,

(4.6) YN(t) = A+ (B — A),

with A, B € S'!. These geodesics are no longer infinitely extendable strisgossible for
someA, B, t that the matrixy®Y)(t) in (4.6) is no longer positive definite and thus not an
element ofS’}. However, for sufficiently small, () is in S’ and it could prove to be
computationally more efficient than the more involved espieny?? (2.3).
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Further, the gradient of a cost function gives the directibsteepes ascent. It can be
defined in each poink as the tangent vectgrad f(X) € Tx M such that

(grad f(X),&x)x =D f(X)[€x], Véx € TxM.

Using @.2) we find for our current setting

K K
47)  grad® f(X) =2 X?log(X7A;'X?)X? =2 Xlog(4; ' X),
=1

=1

when using the inner product id.(3) and

=

K
(4.8)  grad®™ f(X) =2 X 7 log(XTA ' X?)X~

=1

K
=2 log(A; ' X)X ",
=1

when using4.4). Note the slight difference between both in the sign of thveer of the outer
X-factors.

4.1.3. Retraction and vector transport. Our optimization algorithms require a map,
Ry : TxS" — S, calledretraction that locally mapg’x S’} onto the manifold’} itself,
while preserving the first-order information of the tanggweice in this point (see figudelg.
This means that a step of size zero stays at the same fFoemd the differential of the
retraction in this origin is the identity mapping . An integpation of these retractions is
taking a unit step along a geodesic, or an approximatioredieion the manifold in the
direction specified by the argument. We consider threeators:

(4.9) RY(6) = X +¢,
(4.10) RE(€) = X exp(X 36X 3) X5,
(4.11) ROD@) =X ¢+ %gX*lg.

Note that we omitted the subscript of the tangent veétar T'x S’} for clarity. The first

of these is a unit step along the geodesgi@)and can thus be considered to be a natural
retraction with respect to inner produet.4). When the manifold is endowed with inner
product ¢.3), R(;y) is a first-order retraction. As mentioned there, precautimmto be taken

to assure that the result of the retraction is still positiedinite. We do this by reducing
our step size when necessary. The second one is the retréfwtionaturally arises when the
manifold is endowed with the inner produdt. Recall that the geodesic betwednB €

S is given by

’Y(t) _ Al/Z(A—l/QBA—l/Q)tAl/Q

— AY2 exp (tlog(A’l/QBA’l/Q)) AY2 e o, 1].

Now, we obtain 4.10 as~(t) evaluated at = 1 with £x = A'/?log(A~Y/2BA~1/2)Al/?
and A = X. The last retraction is the second-order approximatiomi® third retraction,
which can easily be seen by using the identity

1
exp(X) =T+ X + 5X2 +0(X%), X —o.
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Tx S
N = A
= (§x)
St
(a) Retraction. (b) Vector transport.

FIGURE4.1.Simplified representations of a retraction and a vector $@ort.

Next, in order to perform, among others, the conjugate gradilgorithm we need to
somehow relate a tangent vector at some paing S’} to anotherY” € S'. This leads to
the concept of aector transporf 1] (figure 4.18. We consider two vector transports: for
X e S, &x,nx € Tx ST,

(4.12) T(x) = ¢x,

Xfl Xfl Xfl Xfl
(4.13) TE(ex) = X exp (”+> X" 3¢x X % exp <n+ X3,

whereﬁ,()'() (¢x) denotes the vector transport©f overnx. The definition of a vector trans-
port (Definition 8.1.1, section 8.11]) states that it needs to be lineardr and ifnx is the
zero element, the vector transport must be the identicapimgp Both these conditions are
easily checked for the expressions above. The definitiam silstes that a vector transport
has an associated retraction, meaning that the tangem%@(gx) should be an element
of the tangent space &ty (1x ), for some retractio. Vector transport4.12) is associated
with retractionR(;y) (4.9, since these structures arise naturally arise whéf} iss endowed
with the inner product4.4) of the envelopping vector spaS&. Such a natural vector trans-
port is often refered to as parallel transport. The strgctdivector transpor(13 suggests
that it is associated tB()?d) (4.10, which is stated in13]. Note that it is also possible to find
a vector transport associated]ﬁﬁ?d') (4.17), but we decided to restrict our attention to the
two more interesting vector transports mentioned above.

4.1.4. Levi-Civita connection and Riemannian HessianSome of our optimization
methods require second-order information about the systéinch is provided by the Hessian
operator. Th&Riemannian Hessiaaof a real-valued functiorf at a pointX on the manifold
is a linear, symmetric mapping from the tangent space is#dfjtgiven by

(4.14) Hess f(X) : Tx S|} = Tx S} : £&x +— Hess f(X)[x] = Ve, grad f,

whereV is the so-called.evi-Civita connectionwhich depends on the inner product, hence
the Hessian will also depend on the inner product.

When endowed with inner product.@), the manifold is a dense Riemannian submani-
fold of S™, which is a vectorspace. Hence the Levi—Civita connecsagivien by

Ve = D(&)(X)[¢x],



12 4. THE KARCHER MEAN

which is simply the derivative as in the vector space.
For the inner product4(3), however, this connection is more complicated. It can be
shown that

V8% = DEO()[Gx] — 5 (GeX Hex +ExX 1 x)

satisfies all properties of the Levi—Civita connection. faightforward way to do this, is by
checking that it satisfies the Koszul formuld, [which at a pointX € S} is given by

2(Vexn €x)x =Cx(n,€) +nx (&0 — Ex(C,m)
—(Cx, [, €l x ) x + (nx, 6, Cx ) x + (Ex, 6 mlx) x-

The actual computation of the Hessian will be discussed fatecach second order method
separately.

4.2. First-Order Implementations. We are ready to use all the building blocks of the
previous section to assemble a number of optimization nasthbhese will range from sim-
ple first-order techniques such as steepest descent to meaeced second-order methods
such as trust region algorithms. In this section, we stardibgussing the first-order algo-
rithms while the second-order techniques are examined next

The basic methods in this section have already been denivedrious papersg] 13,

23, 27], both in their standard form as in some approximated wayadgxample of these
approximated approaches, we found a Richardson-liketiberan [8], which is derived as
the linearization of the standard steepest descent mettibdnmer product4.3) and retrac-
tion (4.10. But this approximation is exactly the steepest desceguirethm using retraction
(4.9, hence the technique discussed in the paper can still epiated as a steepest descent
technique on the manifold.

4.2.1. Steepest descent methodn a first attempt, we combine the elements of the
previous section into the steepest descent algorithm,hatlaices in each iteration a step in
the direction of— grad f(z), the direction of steepest descent. The step size is detedmi
using Armijo line searchl]], which is a standard backtracking technique, startingifetep
sizel and iteratively multiplying it with a factoé— until an acceptable decrease of the cost
function, relative to the step size, is obtained. Algorithrh contains the steepest descent
method wherg = 0. The convergence conditions checked in this algorithm dretier the
Armijo step size or the absolute or relative difference leswtwo consecutive iterations are
smaller than their respective tolerances. We considehedketretractions4(9), (4.10 and

(4.19).

4.2.2. Conjugate gradient method.In figure4.23 we show the typical zigzag-pattern
that arises for the steepest descent method. AlgoritHnshows the conjugate gradient al-
gorithm which helps us deal with this problem, as can be seéigure4.2h The amount of
influence of the previous search direction in the conjugeaeignt algorithm is determined
by the 5 factor, for which we consider three different formulas,agivin [22] and denoted
by 8™ (Fletcher—Reevesi®) (Polak—Ribiere) ang®s) (Hestenes—Stiefel). As mentioned,
this previous search direction is transported betweenmdifft tangent spaces by vector trans-
ports. To get the best affinity between the vector transgortisthe retractions, we work with
the natural retractionB®Y) (with corresponding vector transpart®)) and R (with 7(PD)
here.

4.2.3. Comparison. When comparing the overall performance of the steepesedéesc
and conjugate gradient algorithms, we notice that the infleeof choosing inner product
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Algorithm 4.1 The Karcher mean using the conjugate gradient method

Input: matricesA, ..., Ax, K > 2, initial guessXy, retraction and vector transport tyjRe
and7 (R and7® or RPD and7®d), 5 type s (3™, 3P0 or g0S) or 0)

Output: Karcher mearK (Ay, ..., Ak)

k+0
grady < grad f(Xy) { f is our cost functior}
& — —grad {¢ is the search directign
while not convergedio
Xpq1 < R, (%) { with ¢4 the Armijo step size]]}
gradii1 < grad f(Xp41)
ota < Tiag, (&k) {vector transport of the old search directjon

Determines according to the given type
Epr1 < —gradiy1 + Boua
if £,.41 not a descent directiathen
€kt — —gradyp41
end if
k+k+1
end while

0.1 0.037 01 0.037

(a) Using steepest descent. (b) Using conjugate gradient.

FIGURE 4.2. Evolution of the eigenvalues of the consecutive iteratioints in calculating the Karcher mean
of five3 x 3 matrices for which the zigzag-pattern appears for steegestent.

(4.3 or (4.4) is far greater than the impact of the chosen retractiomarase of the conjugate
gradient algorithm, thg type. In fact, when only varying the retraction atitiype, the results
are all very similar. The speed-up of the conjugate gradesfinique over steepest descent
is also hardly noticeable in general, which is explainedigygresence of a sufficiently good
initial guess, the CHEAP mean. When this initial point isfgigntly close to the solution of
the problem, the cost function will behave nicely in thisgigourhood and the zigzag-pattern
mentioned before is less likely to occur.

In figure 4.33 the relative intrinsic distance3 (1) between the results of the algorithms
and the exact solution is given as function of the conditifiihe matrices. The exact solution
is again determined by choosing the thB®ex 30 matrices in the mean to be simultaniously
diagonalizable, causing the exact solution to be knownygically (the matrices are again
constructed as discussed in sectioB). For lower condition numbers, the algorithms using
the natural inner producti(3) display better results in general than those usihg) ( As the
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FIGURE4.3.Comparison of the accuracy and computational speed of @lgord. 1using the steepest descent
and conjugate gradient algorithm. In the legends, we firdidate whether the Steepest Descent (SD) or Conjugate
Gradient (CG) technique is used, next, which of the innedpats(4.3) (SPD) or(4.4) (SYMM) is used and finally
whether retractionR(;y) (SYMM) orR()‘gd) (SPD) was taken. In case of CG, we also indicate whidipe is used.

condition number grows, the results start deterioratingadly, which as in sectioB.5can be
explained by the increased curvature of the manifold tos/éscboundary.

The speed of the algorithms is tested both for an increasimgber of matrices (with
the size fixed tol0 x 10 matrices) and for varying sizes of the matrices in the medth (w
the amount fixed to five). Again we notice the advantage of thewires associated with
inner product4.3), as these result in algorithms requiring less iteratidme computational
cost of these structures, however, is usually higher thasethielated to inner product.d),
which causes the overall computational time to be very similn figure4.3h the number
of iterations is displayed for the algorithms as a functiéthe size of the matrices, which
clearly shows the distinction between the two inner prosluct

We can conclude that structures associated with inner pt@di8) are best suited for our
problem since the resulting algorithms require less itenat It therefore seems interesting
to consider the performance of a steepest descent algasitten the inner product

(4.15) (€x,mx) %) = tr (Ex X~ nx X7°)
and its related structures are used, which reduces to thimpsxcases when = 0 ora = 1.
In figure 4.4, we display the number of iterations such an algorithm or different

values ofc.. The figure displayed has been constructed using the rie!md@ﬁ‘;d , but a nearly
identical figure was obtained usin@‘?’), again indicating that the influence of the inner prod-
uct is far greater than that of the retraction. It is obviowsrf the figure that inner product
(4.3 is still most natural to the manifold, since this is the oneresponding tex = 1.

4.3. Second-Order Implementations.The goal of second-order optimization techni-
ques is to use (an approximation of) the Hessian of the castifan to obtain a quadratic (or
at least superlinear) convergent algorithm. In the follayyiwe discuss a number of attempts
to accomplish this and compare their performance. This idledsas, however, typically
a higher computational complexity, which means it is yet ¢éodetermined whether these
algorithms are more efficient than the first-order techrsqua the discussions of the trust
region method, we focus on the computation of the Hessiatewlé actual implementation
of the method is performed using algorithms 10 and 11 frim [

In existing literature, the Riemannian Hessian is compatedefined in section.3.2
[12, 27]. We derive the Hessian according to the classical defimidol14) (using the Levi—
Civita connection) in sectiod.3.1and an approximation in sectigh3.3 The Riemannian
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Number of iterations

-3 -2 -1 1 2 3

0
alpha

FIGURE 4.4. Number of iterations required for a steepest descent allgariwhen using structures related to
inner product(4.15 for different values ofv.

BFGS method in sectiof.3.4is the application t&'; of the existing generalized algorithm
[25, 28].

4.3.1. Trust region method: Exact Hessian.In section4.1.4 we derived all the com-
ponents needed to determine the Hessian of our cost funfteomd noticed that the result
again depends on the inner product. Hence using the defirgfithe Hessian for the inner
product ¢.4), with V), gives

Hess™) f(X)[6x] = D(grad™ f)(X)[€x].
Using (4.8 leads to

K
Hess™ f(X)[¢x] =2 D(log)(A; ' X)[A; "éx] X~

i=1

K
-2 Zlog(A;lX)X_lﬁxX_la
i1

where we used the product and chain rules of differentia®well as the differential of the
matrix inverse function. We also recognize the differdrafahe matrix logarithm function
at pointA;lX in the direction of tangent vectoﬁ;lgx, which can be calculated using
algorithm 11.12in16].

When using the inner product.Q) with V9, the Hessian becomes

Hess®? f(X)[¢x] =D(grad® f)(X)[¢x]

(4.16) - % (§XX*1 grad® f(X) + grad®® f(X)X*ng) :
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In this case using4(.7) leads to

K K
Hess® f(X)[6x] =2 €x log(4;7 1 X) +2) X D(log)(A; 1 X)[4; "¢x]
=1 i=1

K K
- <Z Ex log(A;7 1 X) + Zlog(XA;1)5X>

i=1

K K
(4.17) = &xlog(A;'X) = log(X A; ')éx
i=1 =1

K
+2 " X D(log)(A; ' X)[4; ¢x],

i=1
where again we need the differential of the matrix logaritidote that the first two terms
in (4.17 are each others transpose (except the minus sign), whitlheaxploited in its
computation. At first sight this can seem somewhat pecudiace this subtraction produces
a skew-symmetric matrix while the result of the Hessian g&sed to be symmetric. How-
ever, looking at4.16, we can see that the differential of the gradient is symimeind the
second part, as the sum of a matrix and its transpose, is syriorae well, proving that
Hess®Y f(X)[¢x] is an element 08",

4.3.2. Trust region method: Hessian by decompositionAnother way to compute the
Hessian of our cost function is described12], and more explicitly for the current cost func-
tion in [27]. The proposed procedure consists of determining the coes of a decom-
position and then combining these to form the actual Hesd\atlownside, however, is that
when determining the Karcher meanfgfrn. x n matrices, this sum consists &fn(n + 1) /2
terms, which grows rapidly as increases (ing7], only 3 x 3 matrices were considered).
Two other important remarks are that this technique is édrfer the manifold endowed with
the inner product4.3) and that the computation of the terms asa|[is only valid when we
take the Hessian at the identity matfk = I. This causes the need to translate the problem
in each iteration step to ensure this position for the cuiiteration point, which is done by
applying the mapping” — Xk_l/QYXk_l/Q, in which X}, is the newly found iteration point,
to all matrices in the mean and 16, itself. After convergence, we apply the inverse mapping
to translate the identity matrix to the actual Karcher mefahe original matrices. Theoreti-
cally, this need for a translation is not a downside, in faatan even simplify notations and
required structures. Computationally, however, it coddse problems when working, e. g.,
with ill-conditioned matrices.

The expression for the Hessian is given by

Hess® £(X)[6x] =2 (¢x, B xwi(1) By
=1

=2 " tr(Ex X T EX w(1)E,
=1

wherem = Kn(n+1)/2andE;, w; are defined as ir?[7]. Remember that the decomposition
is only valid atX = I, hence the expression can be further simplified to

(4.18) Hess®? £(X)[¢x] = 2 itr(éxEnwl(l)El.
=1
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When computing the Hessian, the rank one structurg;afan be exploited to limit the
required amount of operations. In fact, if we compare thé tmosompute the Hessiané.(L7)
and @.18, which give the same Hessian, we find the amount of opeafionthe first to
be O(Kn?) and that of the secon@(Kn*). This first amount, however, is accompanied by
a very large constant factor of well ové®00, which means: needs to be larger thai)00
before we can actually see a speed-uploi() over 4.18.

4.3.3. Trust region method: Hessian by approximation.In the calculations of the
exact Hessian, determining the differential of the mawidrithm function appears to be the
main bottleneck in terms of computational efficiency. A @b less elegant, but sometimes
advantageous solution is to replace the matrix logarithntsbyaylor series, ak’ = I (with
1 the identity matrix) given by

s 1 \ym+1

m=1

which converges tiog(X) forall p(X —I) < 1, X # 0, wherep denotes the spectral radius.
Hence when the matrices in the mean lie close to each othétddhe current estimate), this
technique is expected to work well. Truncating this serféex ghe second term and entering
the resultinto the expressions for the gradiénf)(and @.8), corresponding to inner products
(4.3 and @.4), we obtain

K
1
grad?? F(X) =2 (2X A7 X — gX — 5 XAT'XA7IX), and
i=1
us 3 1
grad® f(X) =2 (24, - 5X - gATXATY

i
i=1

respectively as an approximation to the gradient. Notewleadnly use this approximation to
derive the approximated Hessian, while the actual grasi@iibe used in the final algorithm.
Applying the definition of the Hessian to these expressiesslts in

Hess(zpd)f(X)[ix] =D(grad,,, » f)(X)[Ex]
& Xt gradf? £(X) + gradP? £ (X)X ~1ex
2

K
=y <2XA;1§X +2xA7TX — %ixAZIXAi_lX
1=1

~XATexATIX — %XAﬁXAing) :
Hesss” f(X)[€x] = D(grad$” f)(X)[¢x]

(BXlex Xt - A7Nex AT

-

Il
-

K2

Since this is only an approximation to the Hessian, quadcativergence of the algorithm is
no longer guaranteed as will be shown in sectiahs

4.3.4. Riemannian BFGS method Finally, we test a Riemannian generalization of the
classical BFGS metho@§, 28], which updates an estimation of the Hessian throughout the
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algorithm, instead of solving systems with the Hessianstixal' he main point of interest is
how this update is performed. Suppose we know the estiffigia iteration stept, which

is assumed to be a linear operator fr@m, S’} onto itself and can thus be represented by
an(n(n +1)/2) x (n(n + 1)/2) matrix By. Then the linear operatd,, : Tx, , S} —
Tx, ., S is defined by

~ B, ~
(4.19)  Bji1p = Brp — M&sk + Myk, W¥p e Tx,,, S"
{5k, Brsk) X541 (Yk» Sk) Xi
(4.20) Bi = Tiay, 0 Bro (Tian,) "

in which,, is the current search directiort, is the Armijo step sizey;, is the vector transport
of search direction to the new iteration poipt,is a measure for the change of the gradient
over the iteration step (formal expressions can be fountyjiorizthm4.2), and7 is the vector
transport. Since an inner product and a vector transpoprasent in these expressions, there
are again different situations to investigate. We will testalgorithm for each of the two inner
products, combined with their natural retraction and vettnsport. Note that to evaluate
Br+1p using the matrix representatidsy, 1, we need am(n + 1)/2 vector representation
of p. This is done by the half-vectorization operaterh, which stacks the elements of the
upper triangular part gb columnwise. Using this representation, the matrix-veptoduct
Bi.+1 vech(p) returns an(n(n + 1)/2) vector which is the half-vectorization of the matrix

Bie+1p-
In the simpler case of inner produét{), expressions4.19 and @.20 become

~ ~ t R
By.41 vech(p) =By, vech(p) — By Vech(sk)r(ski?kp)
tI‘(SkBkSk)
tr(yxp) n
h — VpeT S
+ vec (yk) tr(yksk) Y p E Xk+1 +

By =B.

To removep from this expression, the matrix traces need to be splitqusiie property
tr(AB) = vec(A)T vec(B) with A and B symmetric matrices. For the expression above,
however, the second matrix should be half-vectorized, Wwiieeds to be compensated for
in the first vectorization. To this end, we also change theorexation of the first matrix to
half-vectorization, but with the adaptation that eachdiffgonal element is doubled and this
operation is denoted byech,. This yieldstr(AB) = vechy(A)T vech(B) and our update
formula becomes

1

— By vech hy(s,)! B
(o Brsr) 1 vech(sy) vecha(sy)" By

(4.21) Byt1 =By, —

——vech h T
+ e (gron) vech(yy ) vecha (y)

For inner product4.3), the calculation of3;, is no longer so straightforward. Entering
vector transporf ®9 (4.13 into equation4.20), we obtain

~ o L X5 A X 2\ s
Bip =QBr(Q'pQ )QT, Q= X7 exp (%) X ®.

To extract from this expression, we want to use the propeetyf ABC) = (CT® A) vec(B)
for general matricegl, B, andC, with ® the Kronecker product, but this property cannot be
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used when half-vectorization is applied. Therefore, lepregend for a moment thét, and
By, are represented by? x n? matrices and apply this rule to the above expression:

By vec(p) = vec(QBL(Q 1 pQ~1)QT)
=(Q ® Q)By vec(Q'pQ~T)
=(Q ® Q)Br(Q ' ® Q1) vec(p).

Changing back to half-vectorization can be accomplisheddiyg the so-called duplication
and elimination matrice®,, andE,,, which are simple matrices for transforming respectively
a half-vectorization into a normal vectorization and vieesa. Equation(.19 can be tackled

in the same fashion as before, where we only need to pay iattentthe extra factors in the
current inner product. The total update procedure now besom

By =E,(Q®Q)DyByE(Q' @ Q") Dy,
~ 1 ~ ~
(4.22) By, =B — — By, vech(sy) vecho (X, L 51 X, L)' B
e tr(Xk_J:ISka_J:IBkSk) * (o) 2 X1 seXea)” Be
1

tr(Xl:ﬂ}lka;ﬁ}lsk)

vech(yg) VechQ(X,:_&lka,:_&l)T.

Now that the techniques to update the estimate of the Hessespecified, we show the
entire Riemannian BFGS method in algoritdrd. The convergence criteria consist as before
of whether the Armijo step size or the absolute or relatifiecknce between two consecutive
iterations are smaller than their respective tolerances.

Algorithm 4.2 The Karcher mean using the Riemannian BFGS method
Input: matricesAy, ..., Ax, K > 2, initial guessXy, initial Hessian approximatiofy,
retraction and vector transport typg and 7" (R and 7 or RPY) and7(P)
Output: Karcher meark (44, ..., Ax)
k<0
grady < grad f(Xy) {f is our cost functioh
while not convergedio
Obtaingy: Solve the systemBy, vech(n,) = — vech(grad)  {The search directign
if . not a descent directiaihen
Nk < —grady
end if
Xpq1 < R, (t%) {with ¢4 the Armijo step sizeq]}
grady+1 < grad f(Xk41)
sk 4 Tiap, (k)
Yk < gradgi1 — 7;2,% (grady,)
UpdateBy, to By using @.21) or (4.22), depending on the inner product
k+—k+1
end while

4.3.5. Comparison. We start again by applying the second-order techniquesréz th
simultaniously diagonalizabl&) x 30 matrices and compare the results with the exact so-
lution, which we display in figuré.5a The methods perform with accuracy similar to that
of the steepest descent and conjugate gradient methodes wkenotice again slightly bet-
ter results for the techniques corresponding to inner prb@u3). This lesser accuracy for
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FIGURE4.5.Comparison of the accuracy and computational speed of theh¢amean using the various trust
region methods and the Riemannian BFGS algorithm. In thenldsg, we first indicate whether the Trust Region (TR)
or Riemannian BFGS (RBFGS) technique is used, next, whitteahner productg4.3) (SPD) or(4.4) (SYMM) is
used and finally an extra term if a non-standard method wad (B&COMP for the technique in secti@n3.2and
APPROX for those in sectioh3.3.

inner product4.4) is most noticeable for the Riemannian BFGS method and tis¢ tegion
algorithms using the approximated Hessian, as shown inghefi

To test the speed of the algorithms, the size of the matricése mean is again varied
(when takings matrices) as well as the number of matrices (where we fix #heetsil0 x 10
matrices). We notice once more the lesser amount of iteratiequired by techniques based
on inner product4.3), although the corresponding structures will in generainoee expen-
sive to compute. In figuré.5h the number of iterations are shown for some of the methods as
the number of matrices in the mean varies, where the diféeréniterations for the RBFGS
methods displays our statement. We also noticed that asutinder of matrices increases,
the convergence of the trust region method with inner pro@ud) fails to be quadratic. This
instability is also noticed for the trust region method gsimner product4.3) and the same
phenomena occurs as the size of the matrices increasesigftes bomputational cost when
using inner product4.3) can clearly be seen when comparing the computational tinteeo
two resulting trust region methods (see figdréa TR-SPD and TR-SYMM).

Another remarkable result in figure6ais the performance of the Riemannian BFGS
method, which displays a lower computational time than teepest descent algorithm. We
do note that this test is performed for a varying numbet(ok 10 matrices, and as the size
of the matrices starts to increase, the Riemannian BFGSaue#is well as all second-order
techniques, are quickly outperformed by the steepest deseel conjugate gradient algo-
rithm (see figuret.6h). Figure4.6aalso shows that the Riemannian BFGS method based on
inner product 4.3 is faster than the one using inner produt), even though the corre-
sponding structures are more expensive. As figus®showed, the number of iterations is
significantly lower for the first, which makes up for this extomputational cost. However,
we note again that as the size of the matrices increases dtimcusing inner product (4)
becomes faster due to its less expensive update formula.

Further, we note that the technique in sectio®.2is an improvement over the classical
method using the standard definition of the Hessfahg) due to the amount of operations for
both Hessians we discussed in secdoB.3 As discussed there, the Hessidril() would be
cheaper to compute if the size of the matrices is at leasti®)g), but we only tested sizes up
to n = 200. Testing for larger matrices would not be useful since baihkttregion methods
are outperformed by the first-order techniques here. Asiomeed before, the method using
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FIGURE 4.6. Comparison of all the discussed algorithms. In the legetlds,abbreviations SD (Steepest
Descent), CG (Conjugate Gradient), TR (Trust Region) an&®8 (Riemannian BFGS) are used to denote the
applied technique and when necessary, the used inner préglirdicated with SPO4.3) or SYMM(4.4). For TR
the suffix DECOMP or APPROX is added to indicate the techsiguesection4.3.2and 4.3.3respectively. In the
first figure, the influence of the inner products is comparedthe second, we compare the algorithms which use
inner product(4.3). In the last figure, the evolution of the gradient is depidi@dall techniques using inner product

@.3.

(4.17 also has some problems concerning stability as well, stocwergence seems to fail
as the number of matrices or their sizes increase.

Figure4.6¢cshows the evolution of the gradient for all algorithms basadnner prod-
uct (4.3). The quadratic convergence of the trust region algorithicliéarly visible, as well
as a superlinear convergence for the Riemannian BFGS mefftuel steepest descent and
conjugate gradient algorithm display very similar (lineemnvergence since the problem is
well-behaved, eliminating the need for the conjugate gnaidiechnique to be activated. Fi-
nally, the trust region algorithm using the approximatedsien (sectiort.3.3 has lost all
quadratic convergence and displays an even slower comegghan the steepest descent
method. We note that the techniques that use the Armijo Baech technique to determine
the next iterations point stop when the norm of the gradeabbut the square root of the ma-
chine precision. This is caused by the use of the squared abtie gradient in the Armijo
condition.

5. Conclusions. This paper has demonstrated various techniques to compusdrix
geometric mean. The lack of uniqueness of the definition wastlpnovercome by the ap-
pealing analogy of the Karcher mean with the arithmetic me@he convergence of the
first-order optimization techniques for computing this &@@r mean can easily be verified
using corollary 4.3.2 and theorems 4.4.1 and 4.4.2Jmmhd exploiting the convexity of the
problem. The convergence of the second-order optimizatietnods, although predicted by
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the experiments, is theoretically not so easily guaranéeebwill be treated as future work
(indications are presentii,[15]).

We noticed that while the second-order techniques requessditerations, the computa-
tional cost associated with each of these iterations washigher than that of the first-order
algorithms, nullifying the advantage of quadratic conegrce. Hence we conclude that for
the current algorithms on the manifdid , it is more advantageous to work with first-order
optimization techniques when the size of the matrices as®s (already at = 10). Itis
possible to produce more efficient second-order optinomasilgorithms if we were to re-
duce our search space, so the manifold of interest, to aicertaset of which the structure
can be further exploited. For example, the geometry of theifola of larger matrices of
fixed, low rank has already been extensively research@®{], and can be used to apply the
optimization techniques in this paper. This will also be pi¢®f future research.

The MATLAB code used to produce the experiments in this paper will besragdilable
on the research page of Prof. Dr. Raf Vandébril
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