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Abstract In this paper, the differential geometry of the novel hierarchical Tucker
format for tensors is derived. The set {7 x of tensors with fixed tree T" and hierar-
chical rank k is shown to be a smooth quotient manifold, namely the set of orbits
of a Lie group action corresponding to the non-unique basis representation of these
hierarchical tensors. Explicit characterizations of the quotient manifold, its tangent
space and the tangent space of J{r x are derived, suitable for high-dimensional
problems. The usefulness of a complete geometric description is demonstrated by
two typical applications. First, new convergence results for the nonlinear Gauss—
Seidel method on J{7 x are given. Notably and in contrast to earlier works on this
subject, the task of minimizing the Rayleigh quotient is also addressed. Second,
evolution equations for dynamic tensor approximation are formulated in terms of
an explicit projection operator onto the tangent space of J{r k. In addition, a
numerical comparison is made between this dynamical approach and the standard
one based on truncated singular value decompositions.

Keywords High-dimensional tensors - low-rank approximation - hierarchical
Tucker - differential geometry - Lie groups - nonlinear Gauss—Seidel - eigenvalue
problems - time-varying tensors
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1 Introduction

The development and analysis of efficient numerical methods for high-dimensional
problems is a highly active area of research in numerical analysis. High dimen-
sionality can occur in several scientific disciplines, the most prominent case being
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when the computational domain of a mathematical model is embedded in a high-
dimensional space, say R? with d > 3. A prototypical example is the Schrodinger
equation in quantum dynamics [6], but there is an abundance of other high-
dimensional problems coming from radiative transport [55], option pricing in com-
putational finance [32], and solving the master and Fokker—Planck equations [19].
High dimensionality may also be caused by parameters and uncertainties in the
model [65].

In an abstract setting, all these examples involve a function u governed by
an underlying continuous mathematical model on a domain 2 C R? with d > 3.
For all but the simplest models, the approximation of u requires discretization.
However, any straightforward approach to discretization inevitably leads to what
is known as the curse of dimensionality [7]. For example, the approximation in a
finite-dimensional basis with N degrees of freedom in each dimension leads to a
total of N coefficients representing u. Already for moderate values of N and d, the
storage of these coefficients becomes unmanageable, let alone their computation.
Fortunately, and in contrast to low-dimensional models, high-dimensional models
typically feature rather simple geometries, and sometimes admit highly regular
solutions; see, e.g., [121[73].

Existing approaches to the solution of high-dimensional problems exploit these
structures to circumvent the curse of dimensionality by approximating the solution
in a much lower dimensional space. Sparse grid techniques are well-suited and
well-established for this purpose [I1]. The setting in this paper stems from an
alternative technique: the approximation of u by low-rank tensors [44]. In contrast
to sparse grids, low-rank tensor techniques usually consider the full discretization
from the start and face the challenges of high dimensionality at a later stage with
linear algebra tools. In particular, we focus on tensors that can be expressed in
the hierarchical Tucker format.

1.1 Rank-structured tensors

The Hierarchical Tucker (HT) format was introduced in [24] to overcome the
disadvantages of earlier proposed low-rank tensor formats. Of these, the Cande-
comp/Parafac (CP) decomposition is the most classical one: assuming that u can
be approximated by a short sum of separable functions,

k
u(@n, w2, wa) & Y ul (@)ul (@2) - uld (za),

u=1
its discretization u satisfies

k
A Zuf})@ul(f)@...@ugd), (1.1)
pn=1

where ® denotes the Kronecker product and ufp is the discretization of u,(f)(ml).
Hence, instead of the N? entries of u, a CP decomposition of rank k only requires
dkN entries.
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Although a CP decomposition with small rank k has a favorable scaling with
respect to the dimension and despite its initial success in high-dimensional applica-
tions (see, e.g., [8l]), the approximation by CP tensors is notoriously ill-behaved.
In particular, the set of tensors of bounded CP rank is not closed and the exis-
tence of a best approximation may fail to exist [15], which necessitates the use of
regularization due to the ill-posedness of the approximation problem; see [441[3][17]
for recent discussions. In fact, many basic concepts from linear algebra generalized
to CP, like rank or best approximations, are NP hard, even to approximate [26].

On the other hand, the so-called Tucker format (see for a definition)
forms a mathematically more appealing set in the sense that it allows for the
existence of best approximations. While the computation of a global solution for a
best approximation is still an open problem, the fact that it always exists, makes
the approximation problem well-posed and the Tucker format can be regarded
as stable. Furthermore, it does admit quasi-optimal approximations by means of
standard singular value decompositions (SVDs) [I4], which for many applications
is sufficient. However, its memory requirements still grow exponentially with the
dimension d.

This disparity in properties has spurred the numerical analysis community to
develop new tensor formats that aim at combining the advantages of CP (linear
scaling in d) and Tucker (stable format for approximation): besides the HT format
of [24] and its numerical treatment in [22], related decompositions termed the
(Q)TT format, loosely abbreviating (quantized) tensor train or tree tensor, were
proposed in [58[611593760].

Although developed independently at first, these formats are closely related to
the notions of tensor networks (TNs) and matrix-product states (MPS) used in the
density matrix renormalization group (DMRG) technique; see, e.g., [721[641[7T}[30].
While TNs and MPS have proven to be very effective in the computational physics
community for many years, in this paper we focus only on networks that can be
associated with a tree, that is, a graph without cycles. In particular, we restrict
ourselves to general binary trees, but we conjecture that much of our derivations
are readily extendible for arbitrary trees. The reason for restricting to trees is quite
important: the loss of a tree structure in a tensor network not only significantly
complicates their numerical treatment [71], it also makes them unattractive from
a theoretical point of view. For example, the contraction of 2D tensor networks is
known to be NP hard [5], while it was recently shown in [49] that a TN that is
not a tree can fail to be Zariski closed, implying that the computation of a best
approximation is ill-posed.

1.2 The differential geometry of rank-structured tensors

Besides their longstanding tradition in the computational physics community (see
[T11[31] for recent overviews), the (Q)TT and HT formats have more recently been
used, amongst others, in [36]43946l45.[40,38.27] for solving a variety of high-
dimensional problems ranging from the many-particle Schrédinger equation to
parametric and stochastic PDEs. Notwithstanding the efficacy of all these meth-
ods, their theoretical understanding from a numerical analysis point of view is,
however, rather limited.
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For example, many of the existing algorithms rely on a so-called low-rank arith-
metic that reformulates classic iterative algorithms to work with rank-structured
tensors. Since the rank of the tensors will grow during the iterations, one needs
to truncate the iterates back to low rank in order to keep the methods scalable
and efficient. However, the impact of this low-rank truncation on the convergence
and final accuracy has not been sufficiently analyzed for the majority of these
algorithms. In theory, the success of such a strategy can only be guaranteed if
the truncation error is kept negligible—in other words, on the level of roundoff
error—but this is rarely feasible for practical problems due to memory and time
constraints.

In the present paper, we want to make the case that treating the set of rank-
structured tensors as a smooth manifold allows for theoretical and algorithmic
improvements of these tensor-based algorithms.

First, there already exist geometry-inspired results in the literature for tensor-
based methods. For example, [51] analyzes the multi-configuration time-dependent
Hartree (MCTDH) method for many-particle quantum dynamics by relating this
method to a flow problem on the manifold of fixed-rank Tucker tensors (in an
infinite-dimensional setting). This allows to bound the error of this MCDTH
method in terms of the best approximation error on the manifold. In [I3] this
analysis is refined to an investigation of the influence of certain singular values in-
volved in the low-rank truncation and conditions for the convergence for MCTDH
are formulated. A smooth manifold structure underlies this analysis; see also [52]
for related methods. In a completely different context, [68] proves convergence of
the popular alternating least-squares (ALS) algorithm applied to CP tensors by
considering orbits of equivalent tensor representations in a geometric way. In the
extension to the TT format [62] this approach is followed even more consequently.

Even if many of the existing tensor-based methods do not use the smooth
structure explicitly, in some cases, they do so by the very nature of the algorithm.
For example, [42[43] present a geometric approach to the problem of tracking a
low-rank approximation to a time-varying matrix and tensor, respectively. After
imposing a Galerkin condition for the update on the tangent space, a set of dif-
ferential equations for the approximation on the manifold of fixed-rank matrices
or Tucker tensors can be established. In addition to theoretical bounds on the
approximation quality, the authors show in the numerical experiments that this
continuous-time updating compares favorably to point-wise approximations like
ALS; see also [564[33] for applications.

In addition, low-rank matrix nearness problems are a prototypical example
for our geometric purpose since they can be solved by a direct optimization of
a certain cost function on a suitable manifold of low-rank matrices. This allows
the application of the framework of optimization on manifolds (see, e.g., [2] for
an overview), which generalizes standard optimization techniques to manifolds.
A number of large-scale applications [34}[70l[66L53L69] show that exploiting the
smooth structure of the manifold indeed accelerates the algorithms compared to
other, more ad-hoc ways of dealing with low-rank constraints. Moreover, there is
no need for a heuristic truncation operator since the algorithm is constrained to a
certain rank by construction. In all these cases it is important to establish a global
smoothness on the manifold since one employs methods from smooth integration
and optimization. A similar, but slightly different approach is taken in [27] where
a modified ALS is adopted to exploit the tangent space of the TT manifold.
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1.3 Contributions

The main contribution of this work is establishing a globally smooth differential
structure for the set of tensors with fixed HT rank (which will be precisely defined
in Section. The used tools from differential geometry are quite standard and not
specifically related to hierarchical tensors. In fact, the whole theory could be per-
fectly explained with the special case of rank-one matrices in R?*2. But its appli-
cation to HT tensors requires reasonably sophisticated matrix calculations, which
in turn lead to important explicit formulas for the involved geometric objects. The
theoretical and practical value of our geometric description is substantiated by
two applications. First, local convergence results for the non-linear Gauss—Seidel
method, which is popular in the context of optimization with tensors, are given.
In particular we go further than the analogous results for TT tensors [62] by an-
alyzing the computation of the minimal eigenvalue by a non-convex, self-adjoint
Rayleigh quotient minimization, as proposed in [47]. Second, a dynamical tensor
updating algorithm that integrates a flow on the manifold is derived.

In [27] it was conjectured that many of the there given derivations for the ge-
ometry of TT can be extended to HT. While this is in principle true, our derivation
differs at crucial parts since the present analysis applies to the more challenging
case of a generic HT decomposition (where the tree is no longer restricted to be lin-
ear or degenerate). In contrast to [27], we also establish a global smooth structure
by employing the standard construction of a smooth Lie group action. Further-
more, we consider the resulting quotient manifold as a full-fledged manifold on its
own and show how a horizontal space can be used to represent tangent vectors of
this abstract manifold.

Since the applications mentioned in the introduction exploit low-rank struc-
tures to reduce the dimensionality, it is clear that the implementation of all the
necessary geometric objects, like tangent vectors and projectors, needs to be scal-
able, that is, have a linear scaling in the order d and mode dimension N. In this
paper, we shall make some effort to ensure that the implementation of our geome-
try can be done efficiently, although the actual treatment of numerical algorithms
is not our main focus here and will be reported elsewhere.

2 Preliminaries

We briefly recall some necessary definitions and properties of tensors. A more
comprehensive introduction can be found in the survey paper [44].

By a tensor X € R™*"2X"" X" we mean a d-dimensional array with entries
Xy ioy...ia € R. We call d the order of the tensor. Tensors of higher-order coincide
with d > 2 and will always be denoted by boldface letter, e.g., X. A mode-k fiber
is defined as the vector by varying the k-th index of a tensor and fixing all the
other ones. Slices are two-dimensional sections of a tensor, defined by fixing all
but two indices.

A mode-k unfolding or matricization, denoted by X ), is the result of arrang-
ing the mode-k fibers of X to be the columns of a matrix X ) while the other
modes are assigned to be rows. The ordering of these rows is taken to be lexico-
graphically, that is, the index for n; with the largest physical dimension i varies
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ﬁrsiﬂ Using multi-indices (that are also assumed to be enumerated lexicographi-
cally), the unfolding can be defined as

X g graxmemicaninna) gy x () ) = Xirsiz,oia-

Ty (D15 esTh— 15Tkt 150 s%d)

The vectorization of a tensor X, denoted by vec(X), is the rearrangement of all
the fibers into the column vector

vec(X) € R™™™  with  (vec(X)) (4 ,is,....i0) = XKiryizs...ria-

Observe that when X is a matrix, vec(X) corresponds to collecting all the rows
of X into one vector.

Let X = AQ® B, defined with multi-indices as X(h,iz),(jhjz) = A’il,jl BiQ,jQ,
denote the Kronecker product of A and B. Then, given a tensor X € R™1X"2X " X"d
and matrices Ay € R™ *™ for k = 1,...,d, the multilinear multiplication

(A1, As, ..., Ag) o X =Y € R™ XX xma

is defined by

MN1,MN2,..,Nd

Yiinia = O (AD)i i (A2)is s -+ (Ad)isju Xjrgorous

J1:J25--,Ja=1

which is equivalent to,
Y = 4, XA @ @ Ap_1 @ Apy1 @+ ®@ Ag)' for k=1,2,...,d. (2.1)

Our notation for the multilinear product adheres to the convention used in [I5]
and expresses that o is a left action of R™*™ x R"2%"2 x ... x R™4X™d gnto
R7Xm2X X7 Denoting by I, the n x n identity matriz, the following shorthand
notation for the mode-k product will be convenient:

Ak o X = (Inlﬂ"'aInk—nAk‘:InkJrl?'"7Ind)OX'

We remark that the notation X x Ag used in [44] coincides with A o X in our
convention.
The multilinear rank of a tensor X is defined as the the tuple

k(X) =k = (kl,kg,...,kd) with k; :rank(X(z))

Let X € R™*™2%"X"d haye multilinear rank k. Then X admits a Tucker decom-
position of the form
X = (U1,U2,---,Uq) 0 C, (2.2)

with C € RF1>*k2xX-xka and [7; € R™ % Tt is well known (see, e.g. [I5, (2.18)])
that the multilinear rank is invariant under a change of bases:

k(X) =k((A1,A2,...,Aq)oX) when Ay e GL,, forallk=1,2,...,4d,
(2.3)

R™*™, called the general linear

where GL,, denotes the set of full-rank matrices in
group.

1 In [44] a reverse lexicographical ordering is used.
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{1,2,3,4,5} = t,

TN

{1,2,3} {4,5}

NN

{1} {23t =t {4} {5}

)

{2} =t1 {3} =t2

Fig. 3.1 A dimension tree of {1,2,3,4,5}.

3 The hierarchical Tucker decomposition

In this section, we define the set of HT tensors of fixed rank using the HT de-
composition and the hierarchical rank. Much of this and related concepts were
already introduced in [24122123] but we establish in addition some new relations
on the parametrization of this set. In order to better facilitate the derivation of the
smooth manifold structure in the next section, we have adopted a slightly different
presentation compared to [24122].

3.1 The hierarchical Tucker format

Definition 3.1 Given the order d, a dimension tree T is a non-trivial, rooted
binary tree whose nodes t can be labeled (and hence identified) by elements of the
power set P({1,2,...,d}) such that

(i) the root has the label t. = {1,2,...,d}; and,
(ii) every node ¢t € T, which is not a leaf, has two sons ¢1 and ¢z that form an
ordered partition of ¢, that is,

tiUta =t and pw<v forall u€ti,véets. (3.1)

The set of leafs is denoted by L. An example of a dimension tree for t, =
{1,2,3,4,5} is depicted in Figure

The idea of the HT format is to recursively factorize subspaces of R™* ™2
into tensor products of lower-dimensional spaces according to the index splittings
in the tree T. If X is contained in such subspaces that allow for preferably low-
dimensional factorizations, then X can be efficiently stored based on the next
definition. Given dimensions ni,ns,...,n4, called spatial dimensions, and a node
t C{1,2,...,d}, we define the dimension of t as n; =[]

Xng

pet N

Definition 3.2 Let T' be a dimension tree and k = (k¢)ter a set of positive
integers with k¢, = 1. The hierarchical Tucker (HT) format for tensors X €
R7™1:"20"d g defined as follows.

(i) To each node t € T, we associate a matrix Uy € R™*Ft,
(ii) For the root t., we define Uz, = vec(X).
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(iii) For each node ¢ not a leaf with sons ¢1 and t2, there is a transfer tensor
B, € RFFu >k guch that

U = (Utl ® Utz)(Bil))T7 (32)

where we recall that Bt(l) is the unfolding of B; in the first mode.

When X admits such an HT decomposition in, we call X a (T, k)-decomposable
tensor.

Remark 3.3 The restriction to ordered splittings in the dimension tree guar-
antees that the recursive formula produces matrices U; whose rows are or-
dered lexicographically with respect to the indices of the spatial dimensions in-
volved. The restriction to such splittings has been made for notational simplicity
and is conceptually no loss in generality since relabeling nodes corresponds to
permuting the modes (spatial dimensions) of X.

It is instructive to regard (3.2)) as a multilinear product operating on third-
order tensors. Given Uz € R™ "t in a node that is not a leaf, define the third-order
tensor

U, € RF*™ X" guch that UM = U,

Then, from (3.2) and property (2.1 for the multilinear product, we get
0 = Ul = B (U, ® Un)",

that is,
ﬁt = (Ikt;UtlvUtz) OBt.

We now explain the meaning of the matrices U;. For t € T, we denote by
t°={1,2,...,d}\ ¢

the set complimentary to t. A mode-t unfolding of a tensor X € R™ X2 X4 jg
the result of reshaping X into a matrix by merging the indices belonging to t =
{p1,p2, ..., 1p} into row indices, and those belonging to t¢ = {v1,v2,...,vq—p}
into column indices:

X® ¢ R™X™e  guch that (X(t))(i =Xy, ig-

.“'1’i/J'Z""’i/"P)’(i”l’7;”2""’i"d—p)
For the root ¢, the unfolding X () is set to be vec(X). The ordering of the
multi-indices, both for the rows and columns of X(t), is again taken to be lexico-
graphically.

By virtue of property in Definition the subspaces spanned by the
columns of the U; are nested along the tree. Since in the root U, is fixed to be

Xt = vec(X), this implies a relation between U; and X® for the other nodes
too.

Proposition 3.4 For allt € T it holds span(X®)) C span(Uy).
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Proof Assume that this holds at least for some node ¢t € T'\ L with sons ¢; and
to. Then there exists a matrix P; € RF+X™t guch that

xX® = U,P, = (Uy, ® Uy, (BT P,. (3.3)
First, define the third-order tensor Y as the result of reshaping X:
Y, € RM“ X" XM guch that Y = (XO)T = (x(1VE)T,

Observe that by definition of a mode-k unfolding, the indices for the columns of
Yt(l) are ordered lexicographically, which means that the multi-indices of t2 belong
to the third mode of Y:. Hence, Yt(B) = X*) and similarly, Yt(z) = X®). Now
we obtain from that

v\Y = PIBM (U, @ U,)T,

or, equivalently,
Yt = (PtTv UtnUtz) © Bt'

Unfolding Y: in the second or third mode, we get, respectively,

v =x" =v, BP (P o U,)", v =x" =, B (P oU,)".
(3.4)

Hence, we have shown span(X ")) C span(Us,) and span(X(2)) C span(U,).
Since the root vector Uy, equals X (") = vec(X), the assertion follows by induction.
O

Remark 3.5 In contrast to our definition (and the one in [24]), the hierarchical
decomposition of [22] is defined to satisfy span(X ) = span(U;). From a practi-
cal point of view, this condition is not restrictive since one can always choose a
(T, k)-decomposition such that span(X*)) = span(Uy;) is also satisfied; see Propo-
sition [3:6] below. Hence, the set of tensors allowing such decompositions is the same
in both cases, but Definition [3.2] is more suitable for our purposes.

By virtue of relation 7 it is not necessary to know the U; in all the nodes
to reconstruct the full tensor X. Instead, it is sufficient to store only the transfer
tensors B¢ in the nodes ¢ € T\ L and the matrices Uy in the leafs t € L. This
is immediately obvious from the recursive definition but it is still instructive to
inspect how the actual reconstruction is carried out. Let us examine this for the
dimension tree of Figure

The transfer tensors and matrices that need to be stored are visible in Fig-
ure Let Bi2s be a shorthand notation for By; s 3y and Iss for Iy, .,, and
likewise for other indices. Then X can be reconstructed as follows:

(U123 ® U45)(B$?345)T

=@ U23)(B§23) ® (Ui U5)(B‘(1?)T](Bg?345)T

=h® w®%wﬁw®M®ww%®$%U%m>

=01 U2 ---@Us)(1 ® Béé) ® Is5) (B£23 & Bfé)) (Bg)345)T. (35)

vec(X) =
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ke, =1

r

By1,2,3,4,51

k{l’zm’s}

B(1,2,3} Biasy

k{l}/\c{z’g} k{4}/\c{5}

Uty Byz2,3) Uty Utsy

k{2}/Nc{3}

U2y Usy

Fig. 3.2 The parameters of the HT format for the dimension tree of Figure

Generalizing the example, we can parametrize all (7T, k)-decomposable tensors by
elements
z = (U, Bt) = (Ut)ter, Be)rer\r) € Mrx
where
MT,k — >< Rntht % X Rkth”Xk‘?.
teL teT\L
The hierarchical reconstruction of X, given such an € Mr k, constitutes a map-
ping
f3 MT,k _y RMXn2X e Xng

For the tree of Figure f is given by . Due to notational inconvenience,
we refrain from giving an explicit definition of this reconstruction but the general
pattern should be clear. Since the reconstruction involves only matrix multiplica-
tions and reshapings, it is smooth (C°°). By definition, the image f(Mr k) consists
of all (7, k)-decomposable tensors.

3.2 The hierarchical Tucker rank

A natural question arises in which cases the parametrization of X by My x is
minimal: given a dimension tree T', what are the nested subspaces with minimal
dimension—in other words, what is the x € Mr k of smallest dimension such that
X = f(x)? The key concept turns out to be the hierarchical Tucker rank or T-rank
of X, denoted by ranky(X), which is the tuple k = (kt)ter with

ki = rank(X(t)).
Observe that by the dimensions of X this choice of k; implies
ke < min{ng, nge}. (3.6)

In order to be able to write a tensor X in the (7', k)-format, it is by Propo-
sition necessary that rankp(X) < k, where this inequality is understood
component-wise. As the next proposition shows, this condition is also sufficient.
This is well known and can, for example, be found as Algorithm 1 in [22].
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Proposition 3.6 Every tensor X € R™*™2X X" of T rank bounded by k =
(k¢)ter can be written in the (T,k)-format. In particular, one can choose any set
of matrices Uy € R™**t satisfying

span(Uy) = span(X(t))

for all t € T. These can, for instance, be obtained as the left singular vectors of
XY appended by ki — rank(X(t)) zero colummns.

Proof If one chooses the U; accordingly, the existence of transfer tensors B; for a
(T, k)-decomposition follows from the property

Span(X<t)) - span(X(tl) ® X(t2)),
which is shown in [21I, Lemma 17] or [48, Lemma 2.1]. O

From now on we will mostly focus on the set of hierarchical Tucker tensors of
fized T-rank k, denoted by

U'CT,k _ {X c R Xn2XXng I‘aIlkT(X) = k}_

This set is not empty only when is satisfied. We emphasize that our definition
again slightly differs from the definition of HT tensors of bounded T-rank k as used
n [22], which is the union of all sets Hr , with r < k.

Before proving the next theorem, we state two basic properties involving rank.
Let A € R™*™ with rank(A) = n, then for all B € R"*?:

rank(AB) = rank(B). (3.7)
In addition, for arbitrary matrices A, B it holds ([29, Theorem 4.2.15])
rank(A ® B) = rank(A) rank(B). (3.8)

Recall that f : My — R™*™2X X" denotes the hierarchical construction
of a tensor.

Theorem 3.7 A tensor X is in Hr x if and only if for every x = (U, By) € Mr
with f(z) = X the following holds:

(i) the matrices Uz have full column rank k¢ (implying kt < ny) fort € L, and
(ii) the tensors By have full multilinear rank (k, ke, , ke,) for allt € T'\ L.

In fact, in that case the matrices Uy have full column rank k¢ for allt € T.
Interestingly, (i) and (ii) hence already guarantee k; < ny, for all t € T

Proof Assume that X has full T-rank k. Then Proposition [3.4] gives that the
matrices Uy € R™*** have rank k; < n¢ for all t € T. So, by (3.8), all Uy, ® Uy,

have full column rank and, using (3.7)), we obtain from ([3.2) that rank(Bt(l)) = k¢
for all t € T'\ L. Additionally, the matrix P; in (3.3]) has to be of rank k; (implying
ki < nge) for all ¢t € T. From (3.4), we get the identities

P, =BP(P,@UL) and P, =B P aU). (3.9)

Hence, using ([3.8]) again, rank(BiQ)) = k¢, and rank(ng’)) =k, forallt € T\ L.
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Conversely, if the full rank conditions are satisfied for the leafs and the transfer
tensors, it again follows, but this time from , that the Uy have full column
rank (implying k: < m¢) for all ¢t € T. Trivially, for the root node, relation (3.3) is
satisfied for the full rank matrix P;, = 1 as scalar. Hence, by induction on,
all P, are of full column rank. Now, implies rank(X ") = k; for all ¢t € T.
O

Combining Theorem [3.7] with Proposition [3.4] one gets immediately the fol-
lowing result.

Corollary 3.8 For every (T, k)-decomposition of X € Hrx, it holds
span(X(t)) =span(U¢) for allt €T.

Let k¢ < ny for all t € T. We denote by R7*** the matrices in R™*** of full
column rank k; and by REF7F the tensors of full multilinear rank (kt, ke, kty).

We define

k ki Xky Xk
Mrac= X RIH X RE ke,
terL teT\L

By the preceding theorem, f(Mr k) = Hrx and f_l(f}CTyk) = My k. Therefore,
we call Mr k the parameter space of Hr k. One can regard Mr k as an open and
dense subset of RP with

D = dim(MT,k) = Z nike + Z ktktlktz- (310)
teL teT\L

The restriction f|nt,, will be denoted by
¢ My — RMZm2XXM gy f(x). (3.11)

Since Mk is open (and dense) in M and f is smooth on M, ¢ is smooth on
Mr k.

Let X be a (T,k)-decomposable tensor with K = max{k¢:t € T} and N =
max{ni,na,...,nq}. Then, because of the binary tree structure, the dimension of
the parameter space is bounded by

dim(Mrp ) = dim(Mrpy) < ANK + (d — 2)K® + K. (3.12)

Compared to the full tensor X with N¢ entries, this is indeed a significant reduction
in the number of parameters to store when d is large and K < N.

In order not to overload notation in the rest of the paper, we will drop the
explicit dependence on (7T,k) in the notation of Mpx, My x, and Hpx where
appropriate, and simply use M, M, and I, respectively. It will be clear from
notation that the corresponding (7, k) is silently assumed to be compatible.
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3.3 The non-uniqueness of the decomposition

We now show that the HT decomposition is unique up to a change of bases.
Although this seems to be well known (see, e.g., [2I] Lemma 34]), we could not
find a rigorous proof that this is the only kind of non-uniqueness in a full-rank
decomposition.

Proposition 3.9 Let v = (U,By) € M and y = (V;,Cy) € M. Then ¢(x) =
#(y) if and only if there exist (unique) invertible matrices A: € RE** for every
t € T\tr and As, =1 such that

Vi =UtAy  forallt € L,

T o1 (3.13)
Ci= (A, A, A, )oBy forallte T\ L.

Proof Obviously, by (3.2)), we have ¢(z) = ¢(y) if y satisfies (3.13). Conversely, as-
sume ¢(x) = ¢(y) = X, then by Theorem 3.7, X € H and rank(U;) = rank(V;) =

k: for all ¢ € T. Additionally, Corollary |3.8| gives span(Us) span(X(t)) =
span(V;) for all ¢ € T. This implies

Vi=UiAy forallteT (3.14)
with unique invertible matrices A: of appropriate sizes. Clearly, A;. = 1 since

Vi, = U, = vec(X). By definition of the (T, k)-format, it holds
_ (T
Vi= (W, @ Vi, )(C,7) forallt e T\ L.
Inserting (3.14)) into the above relation shows
Us = (Un, ® Us,)(Ar, ® A2)(CF)T AT

Applying (3.8) with the full column rank matrices Uy, we have that Ui, ® Uy, is
also of full column rank. Hence, due to (3.2)),

BV = A7TC (A @ An)' (3.15)

which together with (3.14)) is (3.13). O

4 The smooth manifold of fixed rank

Our main goal is to show that the set H = ¢(M) of tensors of fixed T-rank k is
an embedded submanifold of R™**"2%""*™d and describe its geometric structure.

Since the parametrization by M is not unique, the map ¢ is not injective. For-
tunately, Proposition allows us to identify the equivalence class of all possible
(T, k)-decompositions of a tensor in I as the orbit of a Lie group action on M.
Using standard tools from differential geometry, we will see that the corresponding
quotient space (the set of orbits) possesses itself a smooth manifold structure. It
then remains to show that it is diffeomorphic to J.
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4.1 Orbits of equivalent representations
Let G be the Lie group

S ={A=(A)ter: Ar € GLg,, A¢, =1} (4.1)
with the component-wise action of GLy, as group action. Let

0: MxG — M, (z,A) := (U, Br), (Ar)) = 0 (A) := (U Ay, (A], A;Y, Ay )oBy)
(4.2)
be a smooth, right action on M. Observe that by property , (A7, A;ll, A;l) o
B; is of full multilinear rank. Hence, 6 indeed maps to M. In addition, the group
G acts freely on M, which means that the identity on G is the only element that
leaves the action unchanged.
By virtue of Proposition [3.9] it is clear that the orbit of x,

Sz ={0,(A): Ae G} C M,

contains all elements in M that map to the same tensor ¢(x). This defines an
equivalence relation on the parameterization as

x ~ y if and only if y € Gz.

The equivalence class of x is denoted by &. Taking the quotient of ~, we obtain
the quotient space

M/G ={2: 2z e M}
and the quotient map

™M= M/G, z— i

Finally, pushing ¢ down via m we obtain the injection
G: MG — RMXM2XXNa 4y (), (4.3)

whose image is J.

Remark 4.1 As far as theory is concerned, the specific choice of parameterization
y € Gz will be irrelevant as long as it is in the orbit. However, for numerical
reasons, one usually chooses parametrizations such that

UlUs = Iy, forallteT\t,. (4.4)

This is called the orthogonalized HT decomposition and is advantageous for numer-
ical stability [221[48] when truncating tensors or forming inner products (and more
general contractions) between tensors, for example. On the other hand, the HT
decomposition is inherently defined with subspaces which is clearly emphasized by
our Lie group action.



The geometry of hierarchical tensors 15

4.2 Smooth quotient manifold

We now establish that the quotient space M /S has a smooth manifold structure.
By well-known results from differential geometry, we only need to establish that 6
is a proper action; see, e.g., [16, Theorem 16.10.3] or [50, Theorem 9.16].

To show the properness of 6, we first observe that for x = (U, B¢) the inverse
6:': Gz = G, y=(Vi,By) = 05 (y) = (Ad)eer (4.5)
is given by

Ay =U]V; foralltelL,

(4.6)
Ar = (BT (Ar, @ A)(C)T forallt € T\ L,

where X1 denotes the Moore-Penrose pseudo-inverse [20, Section 5.5.4] of X. In

deriving (4.6)), we have used the identities (3.14)) and (3.15)) and the fact that the
1

unfolding B, ) has full row rank, since B; has full multilinear rank.

Lemma 4.2 Let (xn) be a convergent sequence in M and (An) a sequence in G
such that (0z, (Arn)) converges in M. Then (Ay) converges in G.

Proof Since Uy and B,gl) have full rank, the pseudo-inverses in (4.6)) are continuous.
Hence, it is easy to see from (4.6) that 6, '(y) is continuous with respect to =
(U, By) and y = (Vi, C¢). Hence (An) = (05! (0z, (An))) converges in §. O

Theorem 4.3 The space M /G possesses a unique smooth manifold structure such
that the quotient map w: M — M/G is a smooth submersion. Its dimension is

dmM/G =dimM —dimG =Y neke + > ke knki— Y ki

teL teT\L teT\{t.}

In addition, every orbit Gx is an embedded submanifold in M.

Proof From Lemma we get that 6 is a proper action [50, Proposition 9.13].
Since G acts properly, freely and smoothly on M, it is well known that M/G has
a unique smooth structure with 7 a submersion; see, e.g., [50, Theorem 9.16]. The
dimension of M/§ follows directly from counting the dimensions of M and §.
The assertion that 7= (z) = Gz is an embedded submanifold is direct from the
property that 7 is a submersion [16] 16.8.8]. O

By our construction of M/SG as the quotient of a free right action, we have
obtained a so-called principal fiber bundle over M /G with group G and total space
M, see |54, Lemma 18.3]. Although fiber bundles are an important topic in differ-
ential geometry, we shall only use certain properties of them, like the existence of
a principal connection in the next section and the gauge map in Section
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M/S

Fig. 4.1 A tangent vector EA:@ and its unique horizontal lift 52

4.3 The horizontal space

Later on, we need the tangent space of M/SG. Since M /G is an abstract quotient of
the concrete matrix manifold M, we want use the tangent space of M to represent
tangent vectors in M/SG. Obviously, such a representation is not one-to-one since
dim(M) > dim(M/G). Fortunately, using the concept of horizontal lifts, this can
be done rigorously as follows.

Since M is a dense and open subset of M, its tangent space is isomorphic to M,

TIM ~ M = >< Rkaz « X szszlxhz’
teL teT\L
and dim(7,M) = D, with D defined in . Tangent vectors in T, M will be
denoted by &;. The vertical space, denoted by Vi, is the subspace of T M con-
sisting of the vectors tangent to the orbit Gx through x. Since Gz is an embedded
submanifold of M, this becomes

Ve = {di'y(s)\s:o: v(s) smooth curve in Gz with v(0) = x} .
s

See also Figure which we adapted from Figure 3.8 in [2].

Let © = (U, B:) € M. Then, taking the derivative in for parameter-
dependent matrices A¢(s) = Iy, + sDy with arbitrary D; € RF*** and using the
identity

d

d _ _ _
S ()T = =X T (X)X

we get that the vertical vectors,
&= (U7 e R™F) e, (BY e RM*FXbe), 0y ) = (UF, BY) € VaM,

have to be of the following form:

forte L: Ul =U,Dy, D, e RF*F
fort ¢ LU{t,}: By =D{ o1 By — Dy, 02 By — Dy, 03 By, Dy € RM™F,
for t =t, : B} = —Dy, 02 By — Dy, 03 B;.

(4.7)
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Counting the degrees of freedom in the above expression, we obtain

dim(V,M) = > ki =dim(9),
teT\{t,}

which shows that (4.7]) indeed parametrizes the whole vertical space.
Next, the horizontal space, denoted by H;M, is any subspace of T M comple-
mentary to VyM. Horizontal vectors will be denoted by

& = (UM eer, B )rerz) = (U, B}) € HaM.

Since HyM C 1M ~ M, the operation x + dj with 59’} € H,M is well-defined
as a partitioned addition of matrices. Then, the geometrical meaning of the affine
space  + H;M is that, for fixed x, it intersects every orbit in a neighborhood of «
exactly once, see again Figure[{.I} Thus it can be interpreted as a local realization
of the orbit manifold M/§.

Proposition 4.4 Letxz € M. Then |+ m,wm is a local diffeomorphism in a neigh-
borhood of & = w(x) in M/S.

Proof Observe that  + H;M and M/G have the same dimension. Since 7 is a
submersion (Theorem [4.3), its rank is dim(M/G). Being constant on G implies
Dn(z)|v,m = 0. Hence, the map 7|y4+m,m has rank dim(M/G) = dim(H,M)
and is therefore a submersion (also an immersion). The claim is then clear from
the inverse function theorem, see [50, Corollary 7.11]. O

In light of the forthcoming derivations, we choose the following particular hor-
izontal space:

RAT

HOM = (Uth,B?): (U)'Ug =0 fortel, .

(BHD(ULU, @ ULUL)(BM)T =0 fort ¢ LU {t,}

(4.8)

Observe that there is no condition on BJ' (which is actually a matrix). Since

all U,I Ui, ® Ug; Ui, are symmetric and positive definite, it is obvious that the

parametrization above defines a linear subspace of T,M. To determine its di-

mension, observe that the orthogonality constraints for Ul and B} take away k2

degrees of freedom for all the nodes t except the root (due to the full ranks of the

U and Bt(l)). Hence, we have

dim(H, M) = " (neke — ki) + S (knkoke — kD) + ke, ke,

teL teT\(LU{t, })
Sk Y hukokio YK
teL teT\L teT\{t,}

= dim(T, M) — dim(V, M),

from which we can conclude that VoM @ Hy,M = T, M. (We omit the proof that
the sum is direct, for it will follow from Lemma and D¢(z)|v,m =0.)

Our choice of horizontal space has the following interesting property, which we
will need for the main result of this section.
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Proposition 4.5 The horizontal space HyM defined in (4.8) is invariant under
the right action 6 in (4.2)), that is,

DO(x, A)[H: M, 0] = Hg (a)M  for any x € M and A € G.

Proof Let . = (U,B:) € M, &8 € H.M, A€ G and y = (Vi, Ct) = 0.(A). Since
0 depends linearly on x it holds

n=(V",C]) =DO(xz,A)[62,0] = O (A) = (U A, (A, Ay 1 ALY 0 BY).
Verifying

ViV = AlUMUM A =0
CHD VIV, @ VeV, (eI = AT (B P (Ul U, © ULU,)(BM)T A =0,

we see from applied to y that n € HyM. Thus DO(x, A)[H,M,0] C HyM.
Since H;M and H,M have the same dimension, the assertion follows from the
injectivity of the map & — Df(x, A)[€, 0] = 6¢(A), which is readily established from
the full rank properties of A. O

Remark 4.6 For ¢ not the root, the tensors B} in the horizontal vectors in
satisfy a certain orthogonality condition with respect to a Euclidean inner product
weighted by Ut—c Uy, (X)UtT2 Uy, . In case the representatives are normalized in the sense
of , this inner product becomes the standard Euclidean one.

The horizontal space we just introduced is in fact a principal connection on the
principal G-bundle. The set of all horizontal subspaces constitutes a distribution
in M. Its usefulness in the current setting lies in the following theorem, which is
again visualized in Figure

Theorem 4.7 Leté be a smooth vector field on M/G. Then there exists a unique
smooth vector field €" on M, called the horizontal lift of £, such that

Dr(x)[&s] =& and & € HoM, (4.9)
for every x € M. In particular, for any smooth function h: M/G — R, it holds
Dh(#)[¢:] = Dh()[z], (4.10)

with h =hon: M — R a smooth function that is constant on the orbits Gx.

Proof Observe that H,M varies smoothly in x since the orthogonality conditions
in involve full-rank matrices. In that case the existence of unique smooth
horizontal lifts is a standard result for fiber bundles where the connection (that
is, our choice of horizontal space HzM) is right-invariant (as shown in Proposi-
tion ; see, e.g, [41,AProposition I1.1.2]. Relation is trivial after applying
the chain rule to h = h o w and using (4.9). O
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4.4 The embedding

In this section, we finally prove that H = ¢(G/M) is an embedded submanifold
in R™X72%Xn4 by showing that ¢ defined in is an embedding, that is, an
injective homeomorphism onto its image with injective differential. Since (E = ¢om,
we will perform our derivation via ¢.

Recall from Section that the smooth mapping ¢: M — R™1XM2X X4
represents the hierarchical construction of a tensor in H. Let z = (U, Bt) € M,
then Uy, = vec(¢(x)) can be computed recursively from

Ur = (U, ® U, )(BI)T forallt e T\ L. (4.11)
First, we show that the derivative of ¢(x),
Do(z): TeM — R™ X220 e Do (a)[€],

can be computed using a similar recursion. Namely, differentiating (4.11]) with
respect to (Uy,, Us,, Bt) gives

0Us = (6U, ®U, ) (B{) T+ (U, ®0U,)(B{Y) +(Ur, ®U,)(6B{V)T for t € T\ L,

(4.12)
where the dU; denotes a standard differential (an infinitesimal variation) of Us.
Since this relation holds at all inner nodes, the derivative vec(D¢(z)[€z]) = dUs,
can be recursively calculated from the variations of the leafs and of the transfer
tensors, which will be collected in the tangent vector

e = (5Ut,5Bt) € T M.

Next, we state three lemmas in preparation for the main theorem. The first
two deal with D¢ when its argument is restricted to the horizontal space HzM
in (4.8)), while the third states that ¢ is an immersion.

Lemma 4.8 Let © = (U, B:) € M and £ = (U, B} € H. M. Apply recur-
sion [#12) for evaluating Dé(x)[€R] and denote for t € T \ L the intermediate
matrices 60Uy by Ul'. Then it holds

UMUP = 0, xn, forallteT\ {t.}. (4.13)

Proof By definition of HyM, this holds for the leafs ¢t € L. Now take any ¢t &
LU {t,} for which (4.13) is satisfied for the sons ¢1 and ¢2. Then by (4.11) and

(4.12)), we have
U= (Utl & Utz)(Bgl))Tv

Ul = (U @ U)(BE) + (U, @ UL)(BM) + (U, ® Us,) (BT

Together with the definition of B} in ([#.§), it is immediately clear that U] U* = 0.
The assertion follows by induction. 0O

Lemma 4.9 Let x = (U, By) € M. Then Do(z)|p, o is injective.



20 André Uschmajew, Bart Vandereycken

Proof Let ¢& = (U], BY) € H, M with D¢(x)[€2] = 0. Applying (#.12) to the root
node, we have

vee(Dp(@)[€8]) = (Ulh,), @ Uge,),)(BI)T + (Uge, ), @ Ul ), ) (BT
+ (Ugen, ® Ut (BE)M)T, - (4.14)
where we again used the notation U} instead of 6U; for the inner nodes. According
to Lemma matrix U(htr)1 is perpendicular to U, ),, and similar for (tr)2.

Hence, the Kronecker product matrices in the above relation span mutually linearly
independent subspaces, so that the condition D¢(x)[¢"] = 0 is equivalent to

(U, @ U, (BT =0 (4.15)
(U, ® Ule,,)(BE)T =0 (4.16)
(Uttyy, ® U, (BE)M)T =0 (4.17)

Since U,), and Uy, ), both have full column rank (see Theorem , we get
immediately from (&17) that (BJ')™) and hence B} = 0 need to vanish. Next,
we can rewrite (4.15)) as

(Ikt,» ’ U(h;fr)l ’ U(tr)Q) o Bt'r‘ =0,

or,

(U(h‘l"r')l)Bt(f)(Iktr ® U(tv-)2)T =0.

Since Bt(f) has full rank, one gets U{,@T)] = 0. In the same way one shows that (4.16)
reduces to U(};T)z = 0. Applying induction, one obtains U;* = 0 for all ¢+ € T' and
B: =0 for all t € T'\ L. In particular, ¢h=0. O

Lemma 4.10 The map $ : M/G — R™M XXX g defined in ([4.3) is an
injective 1mmersion.

Proof Smoothness of QAS follows by pushing down the smooth map ¢ through the
quotient, see [50, Prop. 7.17]. Injectivity is trivial by construction. Fix x € M.

To show the injectivity of De(2) let €3 € T3G/M such that Dp(£)[€;] = 0. We
can assume [50, Lemma 4.5] that &; is part of a smooth vector field on M/G. By
Theorem [4.7] there exists a unique horizontal 1ift 5;} € H;M which satisfies

Dé(z)[€z] = Do(#)[6s] = 0.
According to Lemma this implies £ = 0, which by (#.9) means & =0. O
We are now ready to prove the embedding of J{ as a submanifold.

Theorem 4.11 The set H is a smooth, embedded submanifold of R™ *"2>"X"d
Its dimension s

dim(Hra) = dim(M/G) =Y neke + ke kenke— Y ki

teL teT\L teT\{t,}

In particular, the map &5: M/G — I is a diffeomorphism.
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Proof Due to Lemma we only need to establish that (Z is a homeomorphism
onto its image J{rk in the subspace topology. The theorem then follows from
standard results; see, e.g., [50, Theorem 8.3]. The dimension has been determined
in Theorem [4.3]

__ The continuity of 5 is immediate since it is smooth. We have to show that
¢! H — M/G is continuous. Let (X,,) C J( be a sequence that converges to
X* € H. This means that every unfolding also converges,

X,(f) — X,Et) forallteT.

By definition of the T-rank, every sequence (X,(Lt)) and its limit are of rank k;.
Hence it holds

span(XV) — span(XY) forallteT (4.18)

in the sense of subspaces [20, Section 2.6.3]. In particular, we can interpret the
previous sequence as a converging sequence in Gr(ng, ki), the Grassmann manifold
of ki-dimensional linear subspaces in R™. It is well known [I6] that Gr(n, ki) can
be seen as the quotient of R7***t by GLg,. Therefore, we can alternatively take
matrices

U e R™¥F  with  span(U;) = span(X{?) for t € T\ {t,.}
as representatives of the limits, while for ¢, we choose
U = X = vee(X¥). (4.19)
Now, it can be shown [I, Eq. (7)] that the map
St: Gr(ne, ke) — REV™ span(V) — V[(UF) V] (U7 UT,

where V' € R7***t ig any matrix representation of span(V'), is a local diffeomor-
phism onto its range. Thus, by (4.18)), it holds for all t € T'\ {¢,} that

Ul = Si(span(XP)) — Si(span(X ")) = S, (span(U;)) = U;. (4.20)
Also observe from the definition of S; that we have
span(U7") = span(XY) foralln € Nand t € T\ {t,}.
We again treat the root separately by setting
Ul = X8 = vee(Xa). (4.21)
If we now choose transfer tensors By and By as
(BT =W UL UP and  ((B)™) = U, @ UL)TU;

for all ¢ € T\ L, then the nestedness property (3.2) will be satisfied. More-
over, (I20) and (A.21) imply

By - B; foralteT)\L. (4.22)
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Taking (4.19) and (4.21) into account, we see that xz, = (U{",BY) and z* =
(U, By) are (T, k)-decompositions of X,, and X*, respectively. According to The-

orem all z,, and z* belong to M. Hence, using (4.19)—(4.22)) and the continuity
of m (Theorem , we have proven

67 (Xn) = m(an) = m(za) = 671 (Xa),
that is, (}571 is continuous. 0O

The embedding of H via (Z, although global, is somewhat too abstract. From
Theorem we immediately see that ¢ = ¢ o, when regarded as a map onto I,
is a submersion. From Proposition [£.4] we obtain the following result.

Proposition 4.12 Let x € M. Then
b HoM — 3, & ¢z +&5)

is a local diffeomorphism in a neighborhood of X = ¢(x) in H.

4.5 The tangent space and its unique representation by gauging.

The following is immediate from Proposition Lemma, and the definition
of the HT format. We state it here explicitly to emphasize how tangent vectors
can be constructed.

Corollary 4.13 Let ¢ = (Us,B) € M and X = ¢(z) € H, then the map
Do (z)|m, v is an isomorphism onto Tx H for any horizontal space Hy M. In par-
ticular, for H: M from ([&8), every 6X € Tx H C R™ "X X" qdmits a unique
minimal representation

vee(0X) = (60U, ), ® Ute,), + Ute,y, ® 60U, ) (BED)T + (Uge,y, ® Ue,),) (0BT

where the matrices Uy € R™**t and U, € RP*™ satisfy for t ¢ LU {t.} the
TeCursions

U = (Un, @ Us,)(B{V)T,
_ (1T (1T T _
6Ur = (60U, @ Up, + Ur, @ 6U, )(B; *) " + (U, ® U,)(0By )", Uy 6Ur =0,

such that £" = (U, BYY) = (6Us, 0By) is a horizontal vector.

This corollary shows that while 6X € TxJH is a tensor in R™ *"2X " X"d of
possibly very large dimension, it it structured in a specific way. In particular,
when a tensor X has low T-rank, X can be represented parsimoniously with very
few degrees of freedom, namely by a horizontal vector in H,M. In other words, if
X can be stored efficiently in (7, k)-format, so can its tangent vectors.

Additionally, despite the non-uniqueness when parameterizing X by z, the rep-
resentation by horizontal lifts obtained via (D¢(x)|g, 3 )" is unique. In contrary
to the abstract tangent space of M /G, a great benefit is that these horizontal lifts
are standard matrix-valued quantities, so we can perform standard (Euclidean)
arithmetics with them. We will show some applications of this in Section [6]
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Our choice of the horizontal space as is arguably arbitrary—yet it turned
out very useful when proving Theorem This freedom is known as gauging of
a principal fibre bundle.

More precisely, one introduces a gauge map vz defined for every x € M such
that v4: T M — TG is linear, and the extended tangent map,

I TeM = Ty H X TiG, &x = (Do(2)[Ex], V2 (€2))

is an isomorphism. So, after imposing a certain gauge condition, like v5(£z) = 0,
the tangent vector & € T, M can be uniquely determined from = and §X € Tx I,
where X = ¢(z).

Compared to the horizontal lifts of Section gauging is another possibility
to construct a unique representation of tangent vectors. We now apply it to our
setting. Recall from that

TS = X Rkthta
teT\{t,}

since there is no Lie group action associated to the root t,. The gauge map can
be taken as

Y ? TmM — ﬂgz
(001, 0B1) = (U7 00U ve, OB (U U, © ULUL) B Niervgo,s )

which is obviously linear. Furthermore, by the construction of V;M and H;M,
we have

vz (EF) =0 for all €8 € H,M  and  ~4,(€2) # 0 for all €2 € V.M \ {0},
which block-diagonalizes I'; in the following sense:
Iy (He M) = (Ty(0)H,0) and  I(VaM) = (0, vz (VaM)).

Using our previous derivations, one shows that [ is injective and hence, since
it is a mapping between spaces of equal dimension, bijective. Consequently, 7,
is a valid gauging and tangent vectors can be uniquely represented by the gauge
condition v (HoM) = 0. See also [51L28] for gauging in the context of the Tucker
and TT formats, respectively.

4.6 The closure of Hr x

Since Mrx = f_l(iHT,k) is not closed and f is continuous, the manifold Hr x
cannot be closed in R™*"2*"" X" This can be a problem when approximating
tensors in R *"2X X" Ly elements of Hr k. As one might expect, the closure
of Hrp x consists of all tensors with T-rank bounded by k, that is, of all (7', k)-
decomposable tensors. This is covered by a very general result in [I8] on the
closedness of minimal subspace representations in Banach tensor spaces. We shall
give a simple proof for the finite dimensional case.
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Theorem 4.14 The closure of Hr  in R XXX 45 given by

Hrx = f(Mrx)

= | Hore = {X € R™X™5X4 ke (X) < kb
r<k

Proof Since Mk is dense in My x, the continuity of f implies that f(Mr k) is
contained in the closure of f(Mr k) = ¢(Mr,x) = Hr k. It thus suffices to show
that f(Mr ) is closed in R™*™2* " *"4_ Now, since this set consists of tensors for
which each mode-t unfolding is at most of rank k¢, and since each such unfolding
is an isomorphism, the first part of the claim follows immediately from the lower
semicontinuity of the matrix rank function (level sets are closed). The second part
is immediate by definition of M7 x and enumerating all possible ranks. O

A consequence of the preceding theorem is that every tensor of R"™! X ™2 X4

possesses a best approximation in Hr k, that is, it has a best (7', k)-decomposable
approximant.

5 Tensors of fixed TT-rank

In this short section we show how the T'T format of [6T1[60] is obtained as a special
case of the HT format. Slightly extending the results in [28], an analysis similar to
that of the previous sections gives that the manifold of tensors of fixed TT-rank
(see below) is a globally embedded submanifold.

Let v = (ri,72,...,74-1) € N?=1 be given and r9 = rq = 1. The TT,-
decomposition of a tensor X € R™*"2%""X™d jg an HT decomposition with (T, k)
having the following properties:

(i) The tree T is degenerate (linear) in the sense that, at each level, the first of
the remaining spatial indices is split from the others to the left son and the
rest to the right son:

T= ({1, d} {1}, {2, d}, {2} {d = Ld} {d— 11 {d}) (5.1)
(ii) The rank vector k is given by
kyyy=mny forp=1,2,...,d-1, ki, ..ay =mp—1 for p=1,2,....d.
(iii) The matrices in the first d — 1 leafs are the identity:
Uy =1In, forp=1,2,...,d—1.

To simplify the notation, we abbreviate the inner transfer tensors By, .. 41 €
R7#=1X"uXTu by B,,. For notational convenience, we regard the last leaf matrix
Ugqy as the result of reshaping an additional transfer tensor By € R7d-1Xmax1
such that
T 1
Uy =BY.

An illustration is given in Figure[5.1
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tro=1
1

{17 2»374} - Bl

ni 1
Iny =Upy < {1} {2,3,4} —» B2
no o
In, = Ugay < {2} {3,4} —» B3
ns T3
Iny = Ugay = {3} {4y =B =],

Fig. 5.1 A TTy-decomposition as a constrained HT-tree.

By the nestedness relation (3.2) of a hierarchical (T),k)-decomposition, the

subspace belonging to an inner node t = {y,...,d} is spanned by the columns of
Ugpeenty = (I ® Ugin, ) (BT (5.2)

Denote by Bp[v] € R™=1*"» the v-th lateral slice of B, for any v = 1,2,...,n,.
We then have that Bftl) satisfies the partitioning

Bl(}) = (Bu[l] Bu[2] --- Bu[”u]) for p=1,2,...,d,

so that (5.2) an be written as

Bd[l]I U{M-&-l,,..,d}Bu[l]:
Ba[2] Ugu1,...,ay Bul2]

U{d} = : and U{u,.‘.,d} = . (5-3)
Balna)]" Ufpt1,....ay Bu [nu]"

for p = 1,2,...,d — 1. Recursively applying (5.3)) reveals that the (i, ...,iq)-th
row of Uy, .. 4} is given by

(Balia))" (Ba-1lia—1])" - (Bulin])"-
In particular, for Ugy 2. ay = vec(X) we obtain, after taking a transpose, that
Xiy,...,ig = Bi[i1] Baliz] - - - Bqlia].

This is the classical matrix product representation of the TT format.

We emphasize again that the TT format is not only specified by the linear
tree , but also by the requirement that the first d — 1 leafs contain identity
matrices. From a practical point of view, one does not need to store these leaf
matrices since they are known and always the same. Thus, all TTr—decomposable
tensors can be parametrized by a mapping f acting on tuples (recall ro = rq = 1)

d
xr = (BM) = (B1,B2,...,Bd) e My = >< R7u=1XMuXTu
n=1



26 André Uschmajew, Bart Vandereycken

On the other hand, while only tensor By has to be stored for the leafs, the
inner transfer tensors might be larger compared to those of an HT format with
the same linear tree, but minimal ranks in all leafs. In the TT format the rank
parameter r can be chosen only for the inner nodes and the last leaf. Therefore,
the TT-rank of a tensor X is defined as that r which satisfies

Ty = rank(X{l’“"”}) = rank(X{“+1""’d}).
Letting R = max{ri,r2, - ,r4—1} and N = max{ni,ns,...,nq}, we see that
dim(My) < (d —2)NR? + 2NR, (5.4)
which should be compared to (3.12)). Depending on the application (and primarily
the sizes of K and R), one might prefer storing a tensor in HT or in TT format.
Bounds on the TT-rank in terms of the hierarchical rank for a canonical binary
dimension tree, and vice versa, can be found in [23].

Similar to Proposition [3.6] it holds that a tensor can be represented as a T'Ty-
decomposition if and only if its TT-rank is bounded by r. Denoting

Tr = {X € R™*"2X X" TTrank(X) = r},
the analog of Theorem [3.7| reads as follows.
Theorem 5.1 [28, Theorem 1(a)] A tensor X is in Ty if and only if for every
x = (By) € My with f(z) = X the tensors B, satisfy
rank(B,Sl)) = rank(B,(ffl) =7u-1

foru=2,...,d.

Based on this theorem, one can describe the set T, as a quotient manifold
along similar lines as for the HT format. The parameter space is now given by

M, ={(B,) € M,: rank(Bftl)) = rank(Bf;:)l) =ryu—1 for p=2,...,d}.

Let again ¢ denote the restriction of f to M;. The non-uniqueness of the TTy-
decomposition is described in the following proposition which we state without
proof. See also [28, Theorem 1(b)] for the orthogonalized case.

Proposition 5.2 Let z = (B,) € Mr and y = (Cu) € M. Then ¢(x) = ¢(y)
if and only if there exist invertible matrices A1, A2, ..., Aq—1 of appropriate size
such that

Cilia] = Bi[i1]A5 T, Calia] = A3Balia),  Culin] = ALBulin] 4,1, (5.5)
holds for all multi-indices (i1,12,...,iq) and p=2,...,d— 1.
In terms of the Lie group action , relation can be written as
y=0z(A), A€G;

(slightly abusing notation by extending 6 to M), where Gy is the subgroup of G
that leaves the first d — 1 identity leafs unchanged, or formally,

Sr:{AE9:A{H}:In“for,uzl,...,d—l}.

One now could start the same machinery as in Section[d} After showing that G acts
properly on M, one would obtain that M, /G, is a smooth orbit manifold. Since
the approach should be clear, we skip further details of the proof that (Z: My /Sy —
R7Xm2X X745 an embedding and only formulate the main result.
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Theorem 5.3 The set Ty of tensors of TT-rank r is a globally embedded subman-
ifold of R™M>™2X X" yhich is diffeomorphic to My /SGr. Its dimension is

d d—1
dim(T%) = dim(M;) — dim(Gy) = Z Tu—1npry — Z ri.
pn=1 p=1

This extends Theorem 3 in [28], where it only has been shown that T is locally
embedded. We also refer the reader to this source for a characterization of the
tangent space of T, via a horizontal space obtained by orthogonality conditions
similar to .

In analogy to Theorem [£.14] it holds that the closure of T is the set of tensors
whose TT-rank is bounded by r, which actually are all TTr-decomposable tensors.

6 Applications

After our theoretical investigations of the HT format in the previous sections, we
should not forget that it has been initially proposed as a promising tool for dealing
with problems of high dimensionality. As outlined in the introduction, the HT for-
mat is accompanied by a list of concrete problems with accompanying algorithms
to solve them. Besides the aesthetic satisfaction, our theory of the format’s geom-
etry also has practical value in understanding and improving these algorithms. We
hope to support this case with the following two examples: convergence theories for
local optimization methods and a dynamical updating algorithm for time-varying
tensors.

6.1 Alternating optimization in the hierarchical Tucker format

Consider a C?-function J: R™M*™2X"X" 5 D s R on an open domain D. The
task is to find a minimizer of J. Two important examples are the approximate
solution of linear equations with

J(X) = AX) = Y[ = min, (6.1)
and the approximate calculation of the smallest eigenvalue by

X AX))r _
J(X) = W = min, (62)
where in both cases A is a (tensor-structured) self-adjoint, positive linear operator
and (-, -)r is the Frobenius (Euclidian) inner product.

Let T be a dimension tree and k be a T-rank, such that the manifold H = Hr x
is not empty and contained in D. It is assumed that, on the one hand, H is a good
model to minimize J while, on the other hand, k is still small enough to make
the HT format efficient. We can then circumvent the high-dimensionality of the
domain D by restricting to the problem

J(X) = min, X € X,
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or to the handy, but redundant formulation
j(x) = J(¢(x)) = min, =€ M =Mz
More generally, we want to solve for X € JH such that
DJ(X)[6X] = 0 for all 6X € Tx . (6.3)
Alternatively, we consider
Dj(z) =0, z¢& M. (6.4)

Since D¢ (z) is a surjection onto Tx M by Corollary [4.13] problems and
are equivalent in the sense that X* = ¢(z*) solves (6.3) if and only if z* is a
solution of . In particular, in that case every £* € Gz™ solves . We hence
call §z* a solution orbit of . In the following, z* always denotes a solution
of and X* = ¢(z™).

The idea of nonlinear relaxation [63] or the Gauss—Seidel method [57] is to
solve only with respect to one node in the tree at a time while keeping the
others fixed. For the TT format this idea has been realized in [27], for the HT
format in [47].

To describe the method further, let ¢!, ¢2, ... ,tlT‘ be an enumeration of the
nodes of T'. For notational simplicity, we now partition z € M into block variables,
x = (x1,%2,...,%7|), where

k thixktg

B, €V,=R™

Uy € V; = R Xk if ¢* is a leaf,
T; = )
‘ if t* is an inner node.

Forx € M = Mpyx and i =1,2,...,|T| we define embeddings
Dzt Vi = M, n— (3717~~~7371'71,77;$i+1;'-';$\T\)

and denote by
Ea:,i == pz,z(‘/z)

their ranges. The elements in Eo; play a particular role and will be called block
coordinate vectors. Obviously, Ez ; = = + Eo ;.

Let D; j(z) = Dj(x) opo,i: Vi — R denote the partial derivative of j at = with
regard to the block variable x;. For x the current iterate, we define the result of
one micro-step of Gauss—Seidel for a node t* as

SZ(CL') S Eac,i N M,
with the property that

Di j(si(x)) = Dj(si(x)) © po,i = 0. (6.5)

2 In practice, one would prefer minimizing j over the closure M = My, that is, over all
(T, k)-decomposable tensors. For the theory, we would have to assume then that the solution
is in M, anyway, since otherwise there is little we can say about it. To give conditions under
which this is automatically true, that is, all disposable ranks exploited, seems far from trivial.
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In other words, n = pgi(sl(a@)) is a critical point of j o ps ;; the update equals
o,i = si(x)—x = po,i(n—=;). The nonlinear Gauss-Seidel iteration now informally
reads

2" = 52 ™) = (sy7y 0 sy7-1 0+ 0 51) (™). (6.6)

Our aim is to give conditions under which this sequence can be uniquely defined
in a neighborhood of a solution of and , respectively, and is convergent.
The convergence analysis does not differ much from recent results for the CP
and TT format [68[62], so our exposition will be brief yet dense. The results
of Section on the Rayleigh-quotient minimization, however, are new. For
numerical results we refer to [27], where the nonlinear Gauss-Seidel algorithm
has been studied for the TT format, and to [47], where the Rayleigh quotient
minimization has been applied in the HT format.

6.1.1 General existence and convergence criteria

In view of the non-uniqueness of the HT representation, it is reasonable to for-
mulate the convergence results in terms of the sequence X, = ¢(z(™). This will
be possible in certain neighborhoods of z* thanks to the next lemma. For fixed
A € G, let 6a denote the linear map x — 6,(A). This is an isomorphism on M
(extending the domain of @), the inverse being Ox-1.

Lemma 6.1 Let * € M be a solution of ‘ Partition the Hessian (matriz)
D?j(z*) according to the block variables x; into D*j(z*) = L + A + U, with L,
Aand U =L being the lower block triangular, block diagonal and upper block
triangular part, respectively.

(i) Assume that x* possesses neighborhoods Uy C Vi C M such that, for
i =1,2,...,|T|, continuously differentiable operators s;: U; — Vi satis-
fying can be uniquely defined. Then there exist possibly smaller neigh-
borhoods W; C 'V; with this property and an open neighborhood So C G of the
identity with the following property: For every A € Go and x € W; it holds
fory = QA($) that HA—l(Ey,i N 9(/\727 90)) - Em,i N '\7:‘

For all W;,V; and Go with this property the s; can be uniquely extended to
maps 0(Ui, Go) = 0(Vi, Go0) via the relation

Sl(eA({L‘)) = QA(SZ'(QS)), A€ 90, (67)

which then holds for all x € (U;, So) and appropriate A. For some possibly
smaller neighborhood U* C M of =™ the operator s given by can be
defined on U = 0(U™, So) and satisfies the same relation.

(ii) Notably, if all Vi can be chosen as M, then one can choose Go = G and
U =6(U*, G), which is a neighborhood of the whole solution orbit Ga*.

(iii) Furthermore we have

(L+ A)Ds(z*) = —U = (L + A) — D?j(z*). (6.8)

(iv) Assume that A is invertible, then the condition of (i) (existence of unique s;)
is fulfilled and we have

Ds(z*) = —(L+ A)"'U =1 — (L + A)"'D?%j(z"). (6.9)
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Remark 6.2 We did not succeed to dispose with the complicated condition in (i)
compared to the much simpler on in (ii). Before approaching the proof we highlight
an important special case in which one is in the favorable situation (ii) [62]. Namely,
when J is strictly convex and possesses a critical point in R™ *™2X""X"d then .J
is coercive and thus has a unique critical point on the range of the linear operator

Py it Vi = RMXM2XX04 s b(pa,i(). (6.10)

It can be easily verified that Py ; is injective for x € M (use , cf. |27)). Hence
N = §(pz,i(n)) = J(Pr,i(n)) is strictly convex and possesses a unique critical point
7™, so that s;(z) = ps,i(n*) can be uniquely defined for every z € M. It is of vital
importance that one can guarantee s;(z) € M only for z in a neighborhood U of
the orbit Gz* C M, which under the given conditions contains the fixed points of
Sie

Remark 6.3 One can show that the non-singularity of A in (iv) is in fact a condi-
tion on X* = ¢(z™), that is, it has to hold for all z € Gz™.

Proof of Lemma To show (i), let y = Oa(x) as described in the lemma and
2 € EyiNO(V;,G). Then Op-1(z) is in Ey; N'V;. It holds

D; j(2) = Dj(z) o po,i = Dj(0a-1(2)) 0 Oa-1 0 poi,

where we used j = jo60x-1 on M for the second equality. Since f5-1 is an isomor-
phism on Ejy;, we conclude from the assumption that D; j(z) = 0 if and only if
z = Oa(s;(x)). This proves the main assertion of (i). The existence of the neigh-
borhoods U;, V; and Go and the existence of a definition domain for s (using that
x”* is a fixed point of each s;) follows from continuity arguments. Conclusion (ii) is
direct. Formula can be found in [I0, Eq. (16)]. In the case (iv), the existence
of a unique continuously differentiable s;: U; — V; of ™ follows from the implicit
function theorem; see also [57, 10.3.5]. O

In the situation of the preceding lemma, the nonlinear Gauss-Seidel method,
although formally an algorithm on M, can be regarded as an algorithm on I too,
since equivalent representations are mapped onto equivalent ones. The counterpart
of the iteration s in is given in the following proposition.

Proposition 6.4 Under the conditions of Lemma O = ¢(U) is an open
neighborhood of X* = ¢(x*) in H. Furthermore, the operator

S: 0 = H, X =¢(z) — ¢(s(z))
is a well-defined C* map; X* being one of its fized points.

Proof We first have to note that ¢, when regarded as a map from M onto I, is a
submersion between manifolds and, as such, an open map. Hence, O is open [I16]
16.7.5] and we can pass smoothly to the quotient [50, Proposition 5.20]. O

In the end, one is interested in the sequence
X1 = S(Xn), (6.11)

but the computations are performed in M via s;. Fortunately, Lemma [6.1]| ensures
that moderately (or in (ii) even arbitrarily) changing representation along an orbit
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during the iteration process (say, to a norm-balanced or orthogonalized HT) is
allowed and will not affect the sequence . This is important for an efficient
implementation of the alternating optimization schemes as done in [27[47].

We now calculate the derivative of S. From So¢ = ¢os (on U) and s(z*) = =™
we obtain

DS(X*) o D¢(z*) = Dp(x™) o Ds(x™). (6.12)

The vertical space V- M, which is the tangent space to Gz at 2™ (see Section,
is the null space of D¢(x*) by Corollary [4.13] and hence, by the above relation,
has to be an invariant subspace of Ds(mlgﬁ Thus, if Hy<M is any horizontal
space and ¢ the projection onto Hz-M with regard to the splitting M = V=M @
H,-M, we may regard D¢ as isomorphism between Hg~M and Tx«J (similar
to Corollary but with another choice for Hz«M), and replace by the
equivalent equation

DS(X*) = Dé(z*) o g o Ds(z*) o (Dg(x*)) ", (6.13)

Let p denote the spectral radius. By the contraction principle, sequence (|6.11
will be locally linearly convergent to X* when p(DS(X*)) < 1. Since, by (6.13
p(DS(X™)) = p(goDs(z™)) and information on Ds(z™) is available through (6.8
we have the following result for the iteration S.

Proposition 6.5 Under the conditions of Lemmal6.1] assume that p(qoDs(z*)) <
1 for some horizontal space Hy=M. Then, the sequence (6.11) is locally linearly
convergent to X*.

Again, the condition does not depend on the specific choice of Hy~M as long as it
is complementary to VM. Also note that the convergence region might be much
smaller than O.

6.1.2 The case of an invertible block diagonal

Suppose we are in the situation of (iv) in Lemma Then, by , Ds(z™) is
the error iteration matrix of the linear block Gauss-Seidel iteration applied to the
Hessian D?j(z*). Since Vy+M is an invariant subspace of Ds(z*), we have

(goDs(z™))" = qo (Ds(z"))". (6.14)

If D?j(2*) is positive semidefinite (which is the case if z* is a local minimum
of ) and the block diagonal A is positive definite, then, for every £ € M the
sequence (Ds(x*))™[¢] will converge to an element in the null space of D?j(z*);
see [35], Theorem 2].

Theorem 6.6 Assume the Hessian D?j(z*) is positive semidefinite and its null
space equals Vi M (cf. footnote |9), or, equivalently, rank(D?j(z*)) = dim(F).
Then condition (iv) of Lemma that A should be positive definite is fulfilled and
the sequence 1s locally linearly convergent to X*.

3 If A is invertible, it even follows from that Ds(z*) is the identity on V,« M. Namely,
since j is constant on Gz* and Dj(z*) = 0, V= M is in the null space of D2j(z*).
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Proof Combining the convergence of Ds(x™) with implies (goDs(z™))™ — 0,
which means p(q o Ds(z*)) < 1. To prove that Lemma [6.1](ii) indeed holds, one
has to verify that block coordinate vectors &o,; = po,i(n) are not in VM unless
they are zero. But since ¢(z* +&o,i) = X* + Py-5(n) (see (6:10)), Do (z*)[€0,:] = 0
implies Py~ ;(n) = 0 which is false unless n = 0 (see also Remark . O

Written out explicitly, the quadratic form D?j(z*) satisfies
D?j(z")[¢, €] = D*J(X*)[Dg(a")[¢], Dp(a™) [€]] + DJ(X*)(D?¢(z")[€, €]). (6.15)

Hence, to prevent misunderstandings, the condition formulated in Theorem [6.6]
is not that D?J(X*) has to be positive definite on Tx-J(. One also has to take
the second term in into account, which is related to the curvature of JH.
However, let Z be a critical point of J in R™X™2X" X" and D?J(Z) be positive
definite, then D?j(z*) will be positive definite too if X* = Z. In that case, the
manifold HH has been perfectly chosen for solving .

One now could ask whether the same conclusion holds when JH is “good
enough” by which we mean that a critical point X* on H is close to a critical
point Z on R™1*"2X X" or equivalently, DJ(X*) almost zero on R™ *"2X " X"d,
Deriving estimates using without further knowledge of J, however, is not
very helpful since one obtains that the distance one has to achieve between X*
and Z depends on X* itself, cf. [62, Theorem 4.1]. Fortunately, for the important
problem of approximately solving a linear equation, it is possible to formu-
late a condition on ||X* — Z||r in terms of Z (and .A) only, since for local minima
of it necessarily holds

IAX)E = 1Y [l = [AXT) = YE = [A@)]F - AX") - AZ)] 7

Quantitative conditions in that spirit (for A being the identity) have been obtained
for the TT format in [62, Theorem 4.2]. For the Tucker format something similar
has been previously done in [43].

6.1.3 Rayleigh quotient minimizatm?ﬁ

Theorem assumes that the function j satisfies a certain rank condition involv-
ing Vz+M, which cannot be relaxed under the given circumstances. While this
condition is likely reasonable for certain functions, it does not hold for the min-
imization of the Rayleigh quotient as in . The reason is that J in is
constant for any X € H on the subspace span(X) \ {0}. We therefore adapt the
previous convergence proof for such type of functions.

Let © € M. We define for ¢ = 1,2,...,|T|, the subspaces

WI,Z‘ = Span((o7 e ,O,CEi,O, ey 0)) g Eo’i

and
Wy = Wz,l b Wz,Q b---D Wx,|T|'

Then j is constant on Wy = Wy1 \ {0} @ Wa 2 \ {0} @ --- @ W 1) \ {0}, since,
by multilinearity,

$(Wz) = span(¢(z)) \ {0}. (6.16)

4 Some ideas in this section are inspired by similar ones in [74].
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Therefore, D?j(z) vanishes on W. Fix i and assume ¢’ is either a son or the father
of t". Then it is easy to deduce from (4.7)) that W5 ; C VoM @ W, ;. By traversing
through the tree, we see that this in fact holds for all j # i. Therefore,

VaM + Wa = VaM & Wi, (6.17)

which shows rank(D?j(z)) < dim(J() — 1, so Theorem [6.6|indeed is not applicable.
We want to establish a convergence result for the case rank(D?j(x)) = dim(F)—1.

At a lower level, we have the technical difficulty of not being able to define
the operators s; in a unique way. More precisely, let A = diag(A1, A2, ..., A7)
be an invertible diagonal matrix, such that Az = (A121, A2w2,..., \jp|z|7|). Then
j =joAon M, which gives

D;j(z) = Dj(z) o po,s = Dj(Azx) o Aopo,;

for all z € M. Since A is an isomorphism on Ey ;, we conclude from this equation
that (for s;(z) € M)

D;j(si(x)) =0 if and only if D;j(As;(x)) = 0. (6.18)

In particular, consider A = diag(1,...,1,A,1,...,1) with A # 0 at the i-th posi-
tion. Then A is an isomorphism on E; ;, which shows that we have infinitely many
possibilities to choose s;(z) according to (6.5)).

On the other hand, every reasonable application of nonlinear Gauss-Seidel to
problem would incorporate a normalization step of the iterates to remove the
above ambiguity (at least locally). Without loss of generalization, we may restrict
these normalized iterates to belong to the submanifold

N={zxeM: |zip=1fori=1,2,...,|T|}.

Define
g: M = N, = (z1/l|z1llr, z2/||z2|F) - - s 2171 /N2 7| [IP)

and
F:NxG =N, (z,A) = dalz) = g(0a(x)).

Then we can state the following analog to Lemma [6.1}

Lemma 6.7 Let 2™ € N be a solution of (6.4). Assume =™ possesses neighbor-
hoods W; C Vi C N such that, for i = 1,2,...,|T|, continuously differentiable

operators 3;: Wi — V; satisfying (6.5) can be uniquely defined. Then there hold
(

similar statements as in Lemma i) and (ii). In particular, there exists a neigh-
borhood W C N of * and a neighborhood Go C G of the identity, such that
5= 58| 05|p|—10---051 can be defined on 9(U, Go) and satisfies

5(0a(x)) = Ia(5(x))
for appropriate A.

Proof The proof is almost the same as of Lemma[6.1] One first has to replace 651
by the map A~ 00,1, where A is the diagonal matrix which satisfies y = 9a(z) =
Afa(z). One then will find D; j(A™ " 0a-1(2)) = 0, if D; j(2) = 0. By (6.18), this
then shows D; j(9a-1(2)) = 0, so one can deduce z = Ja(5i(x)). O
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Remark 6.8 As described in [47], the restriction of minimization task to Exi
(that is, to V;) is a generalized eigenvalue problem of certain auxiliary matrices
and can therefore be solved by algebraic methods. These auxiliary matrices are
obtained by contracting over the fixed directions in the scalar product of .
Such a contraction can be efficiently computed if the nodes of the tree are visited
in an adequate order (depth-first search) and if the HT representation is kept
orthogonalized.

Let us now define
§={XeXH: |X|r =1}
This is a (dim(9) — 1)-dimensional submanifold of . To see this, observe that

span(X) C Tx K for every X € H. Thus, G: H — R, X > [|X||% — 1 is of rank
one, and 8 = G~1(0).

Lemma 6.9 The map ¢: N = 8, x> ¢(x)/||¢(x)||r is a surjective submersion.

Proof The surjectivity follows from (6.16). Let = € N. Since D¢(x) vanishes on
VoM, but has rank one on every W ;, (6.17) shows that D¢(z) has rank one on

Wo. Thus, D¢ (z) is at least of of rank dim(7H)—1 = dim(8) on TN = W (simply
because rank(D¢(z)) = dim(H) on M). In particular, D¢(x)[TxN] contains a
(dim(3) — 1)-dimensional subspace complementary to span(¢(z)) = Dé(x)[We ],
and obviously no larger one with this property. The derivative of X — X/||X||r at
X = ¢(x) equals the orthogonal projection onto (span(X))® = Tx 8, which proves
rank(Dy(z)) = dim(8). O

Under the conditions of Lemma[6.7]
S: 0 =8, X=1(z) > (s(n)),

is a well-defined C'*-map on the neighborhood O = ¥(U) C 8 of its fixed-point
X* =(x*). We now reduce the local convergence proof of the sequence

XD = §(x (™) (6.19)

to the case of an invertible block diagonal as in Section [6.1.2] by replacing the role
of M with Tp«+N = Wj and I with 8. To do so, first note that g« = g|r,. is a
local diffeomorphism, so that, by Lemma 1« = 1 o g« is a local submersion.
Therefore, the relation

DS(X*) o Dep(z*) = Dap(z*) o D5(z™),
which we obtained from S o1 =1 0 5 and 5(z*) = z*, is equivalent to
DS(X") o Dps (™) = Dipu(z") 0 D(gx ' 050 gu)(a").

The key observation is now that, in virtue of , gy Lo5og. is a nonlinear Gauss-
Seidel operator on the linear space TN = W;i. We recall that the analogous
equation equation @D was the starting point of the general analysis. Therefore,
given that D?j(z*) w2 Is semidefinite, the local convergence of will follow

in the same way as Theorem if (i) the null space of D?j(z*)|yy-+ coincides with

the null space of Di(z*), and (ii) the block diagonal of D?j(z*)|,y + is positive
definite. It remains to show that both is the case, if rank(D?j(z*)) = dim(¥) — 1.
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Theorem 6.10 For every X € D, let J be constant on span(X) \ {0}. Under the
conditions of Lemma assume the Hessian D2j(:c*) is positive semidefinite and
its null space equals Wy~ + V= M, or, in other words, rank(D?j(z*)) = dim(H)—1
(cf. (6.17) ). Then, the sequence (6.19) is locally linearly convergent to X* = v(z*).

Proof Restrict j onto Tp+N = Wik. Since 9. is a local submersion, 15 }(X*) is a
submanifold of dimension dim(8) = dim(J) — 1, and its tangent space at x* is
the null space of Dy, (z*), see [16, 16.8.8]. Clearly, j is constant on t; '(X*) and
thus, since Dj(z*) = 0, D?j(z*) vanishes on this null space. This shows (i) of the
comment preceding the theorem, while (ii) holds by assumption, since, by ,
D?j(x*) is positive definite on the block coordinate spaces Wml” in W3 (which
are not in Vz-M). 0O

Remark 6.11 The condition in the theorem is reasonable for the Rayleigh quotient
minimization, if the eigenvalue one is looking for has multiplicity one. Namely, J
is constant on the whole eigenspace, so if its dimension is larger than one, the
Hessian of j likely will vanish on a space larger than Wg-.

6.2 Dynamical hierarchical Tucker rank approximation

Consider a time- or parameter-varying tensor Y(s) € R™*™2X"" X" where 0 <
s < S. Let (T,k) represent an HT format which is believed to be useful for
approximating Y (s) at each s. In other words, our aim would be solving the best
approximation problem

X(s) € H =Hrx suchthat ||Y(s)—X(s)||r =min. (6.20)

Unfortunately, problem is hard to compute (even for fixed values of s)
and, contrary to the matrix case, there is no explicit solution known. For most
approximation problems, however, one is usually content with a quasi-optimal
solution. For instance, the procedure in [22] based on several SVD approximations
of unfoldings of Y (s) delivers a tensor X(s) such that, for every s,

1Y (s) = X(s)llp < v2d =3[ Y (s) — X(s)|- (6.21)

On the other hand, computing all these SVDs for every value of s can be very
costly: O(dN?T1) operations with N = max{n1,na,...,nq}; see [22, Lemma 3.21].
Applied to TT, the bound can be tightened using a factor v/d — 1; see, e.g.,
[60].

An alternative to solving , is the so-called dynamical low-rank approrima-
tion proposed in [42/[43] for time-dependent matrices and Tucker tensors, respec-
tively. In this section, we will generalize this procedure to the HT tensors using
the geometry of the previous section.

6.2.1 A non-linear initial value problem on Hr x

Let X denote dX(s)/ds. The idea of dynamical low-rank approximation consists
of determining an approximation X(s) € H such that, for every s, the derivative
of X(s) is chosen as

X(s) € Tx(s)H such that [[Y(s) — X(s)||r = min. (6.22)
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Together with an initial condition like X(0) = Y (0) € K, is a flow problem
on the manifold H since X(s) € Tx(s)J for every s. Similarly as in [42}[43], we
show how this flow can be formulated as a set of non-linear ordinary differential
equations suitable for numerical integration.

Tt is readily seen that, at a particular value of s, the minimization in is
equivalent to the following Galerkin condition: find X(s) € T X (s) H such that

(X(s) —Y(s),6X)p for all 6X € Tx () H.
Define the orthogonal projection (with respect to the Frobenius inner product)
Px: RM XXX 7o 3 for any X € K,

then becomes ) .
X(s) = Px(s)Y (). (6.23)

This makes that, together with an initial condition X(0) € J, the flow could
be integrated by methods of geometric integration [25]. However, due to the size of
the tensors at hand, it is preferable avoiding unstructured tensors in R X2 %X "4
and instead exploiting that J is diffeomorphic to the quotient manifold M/G.

Since 5: M/G — H in Theorem is a diffeomorphism, induces a
flow on the quotient manifold M /S too, namely,

dic(s) 2 1, A 9 T/ A
g = &(8) = Do (@()[Pyi.)) Y(5)], (2(0)) = X(0),

with the property that ¢(&(s)) = X(s) for all s. To integrate this flow on M/, we
lift the vector field éz(s) to a unique horizontal vector field on M once an element
x(0) in the orbit 77! (&(0)) is chosen. To do this, introduce the shorthand notation
F, for the restriction of D¢ onto the horizontal spaces H;M in (which form
a bundle). Then we get another flow on M,

W) _ ehis) = By (Poep Y5)), - 0(2(0) = X(0),  (6:24)
with the property that ¢(z(s)) = X(s) for all s. Put differently, the isomorphisms
Fy give us a unique and well-defined horizontal vector field and smoothness is
guaranteed by Theorem [£.7]

From Corollary [£.13] we know how tangent vectors are structured. All that
remains now, is deriving how the result of the projection Px(s)Y(S) can be com-

puted directly as a horizontal vector, that is, the result of F;(l)(qu(m(s))Y(S))-
After that, a standard numerical integrator can be used to integrate since
M is a matrix manifold that is dense in the Euclidean space M. Contrary to
the geometries in [42[43/[28] that are based on U: being orthonormalized, we only
require Uy to be of full rank. This is much simpler to ensure during the integration.

Remark that in order to enhance the integrator’s efficiency, a special step size
control could be used like in [56, (9)]. We did not use such an estimator in our
numerical experiments, however; ode45 of MATLAB performed adequately enough.

So far, we did not mention why is a good alternative for . We
refer to [42)43] for theoretical results on specific approximation properties that
are based on bounds on the curvature of the manifold and information on the
singular values of unfoldings of Y (s) and X(s). This is generalized in [13] to an
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infinite dimensional setting suitable for MCDTH. We conjecture that most of these
theoretical results are also extensible to the present geometry but we leave this for
future work. Furthermore, in the numerical results later on, it will be clear that

(6.22) is indeed sensible.

6.2.2 The orthogonal projection onto Tx H

Given an (T, k)-decomposable tensor X = ¢(z) with x = (U¢, Bt) and an arbitrary
Z ¢ RxmexXna et Py7Z = §X € Tx I be the desired tangent vector. From
Corollary we know that

U = (6Us, ® U, + Us, ® 6Us,) (BT + (Us, @ Uy, )(6BM)T,

holds for ¢ = ¢, and 60U, = vec(6X). We will outline the principle behind comput-
ing the corresponding horizontal vector of §X, that is, (6U:,0B:) € HyM. Since
the tangent space is defined recursively, we immediately formulate it in full gener-
ality for an arbitrary node. This has the benefit that, while our derivation starts
at the root, it holds true for the children without change.

In order not to overload notation, we drop the explicit notation for the node ¢
and denote B by B. Then, in case of the root, 6U = vec(6X) has to be of the
form

6U = (6U1 @ Us + Uy @ 6U2) B' + (U1 ® U2) 6B, (6.25)

such that 6U; L U; and 06Uz L Us. In addition, 6B is required to be a horizon-
tal vector B". Recalling once again definition (4.8 for the horizontal space, an
equivalent requirement is that

6B" = MsC
such that
M= (UTUL @ U Us) Y (BN, sC e RFke=xk gy [ U, (6.26)
M = 1I,, 5C € RFrkax1 for t = t,.

In the above, we used X+ € fo(n_k) to denote a basis for the orthogonal com-
plement of the matrix X € RP*k,
Let Z € R™** be an arbitrary matrix. Then we have the unique decomposition

Z = (U @ Uz) 6C" + (Uy ® U3") 6C? + (U @ Uz) MSC?
+(U1 @ Ua) MH6C* + (U ® UsH) 6C°

where all ﬁveEI subspaces are mutually orthogonal. Observe that the first three
terms in this decomposition constitute the desired U from (6.25)). Hence, straight-
forward orthogonal projection onto these subspaces delivers U as the sum of

(Pi-®@ P) Z = (6U1 @ U2)B", (PL®Ps")Z = (U1 ®6U2)B, (6.27)
and

(U1 @ U2)M[M (U Uy @ Us Us)M]) "M (U, @ U2)" Z = (U1 @ U2)6BT, (6.28)

5 In the root ¢, there are only four subspaces since M=+ for M = I,, is void.
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where we have used the orthogonal projectors
PZ =U(U U 'U}Z, PZ=2—-P2Z.
We are now ready to obtain § B from . If t = t,., we get immediately that
SBT = (UTUL @ U3 Us) " (Uh @ Ua)T Z = [(UTUL) ™ UT @ (U3 Ua) U3 Z.

For nodes that are not the root, we first denote V = (B")® and introduce the
oblique projector onto span(Uy Uy @ Us Uz) ™'V along the span of V* = BT (see,
e.g., [67, Theorem 2.2]) as

Py = U{UL @ U Un) 'VIVT(UT UL @ Us Ua) V]~V T
After some straightforward manipulation on (6.28)), we obtain
BT = Py[(UTU) ' UT ® (U3 Us) U3 2.

One can avoid V = (B")* by using Pj;, the oblique projection onto the span of
BT along the span of (U] U1 @ U3 U2) ™'V as follows

Py=1-Py=1-B'[BU Ui ®U; Uz)B"| 'B(U{ Uy @ Uj Us).
In order to obtain 6U;, we first reshape Z € R™** into the third-order tensor

Z e RF*mXMe guch that 20 = 77,

Then using , we can write as a multilinear product (recall B = B§1>)7

(I, Pi", Pa) 0o Z = (I1,,6U1,Uz) o By,  (Iy,, P1, P5") 0 Z = (I}, Uy, 8Uz) o By,

and after unfolding in the second mode, we get
P21, @ Py) = sU1BP (I, @ Ua) .

So, isolating for §U;1 we obtain
UL = PZP(1 & Us (U3 U2) ") (BP)'

since Bt(z) has full rank. Similarly we have
§Us = Py 2P (1 @ U (U Uh) ) (BT

In the beginning of this derivation, we started with the root and Z = vec(Z).
It should be clear that the same procedure can now be done for the children by
setting Z = 6U(y,, and Z = 6U(y, ), to determine 0 B, ), and 6B, ),, respectively.
Continuing this recursion, we finally obtain all §B; and, in the leafs, the 6U;
representing dX.

We emphasize that the implementation of the procedure above does not form
Kronecker products explicitly. Instead, one can formulate most computations as
multilinear products. Our MATLAB implementation of the projection operator is
available at http://sma.epfl.ch/~vanderey/geom_ht. It uses the htucker tool-
box [48] to represent and operate with HT tensors and their tangent vectors.

We remark that the current implementation uses Z as a full tensor. Clearly,
this is not suitable for high-dimensional applications. When Z is available in HT
format, it is possible to exploit this structure. It is however beyond the scope of
the current paper to give the details and we leave this for future work.
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absolute error
absolute error

0 5 10 15
s

Fig. 6.1 Approximation error for dynamical low-rank (full line) and truncated SVD (circles)
with € € {1071,1074,10~7} from bottom to top. On the left ¢ = 0 and on the right ¢ =
log,(d) = 2.

6.2.3 Numerical example

Let (T, k) be an HT format for d-dimensional tensors in RY XN > XN with k, = K
for t € T\ tr. Consider the set z(s) = (U¢(s), Be(s)) of parametrizations in M
given by R R

Ui(s) = (2 +sin(s)) Uz, Bi(s) = exp(s) By,

where the l7t and fit are fixed. We will apply a dynamical low-rank approximation
to the parameter-dependent tensor

Y (s) = ¢p(x(s)) + we exp(cs) (s +sin(3s))1, 0 < s <15, (6.29)

with w a random perturbation of unit norm, ¢ and e constants and 1 the tensor
containing all ones. Observe that the norm of ¢(z(s)) grows like exp(slog, d) when
T is a balanced tree. A similar tensor was used in the context of Tucker tensors in
[43]. As initial value we take Y (0).

In order to compare our approach with point-wise approximation by SVDs,
we display the absolute approximation error in Figure [6.1] for N = 45, d = 4,
K = 3, and different values of ¢ € {107%,107%,107"}. The dynamical low-rank
approximations are the result of integrating with ode45 in MATLAB using a
relative tolerance of 1072, The SVD approximations are computed in every sample
point of s with explicit knowledge of the rank K.

First, observe in Figure[6.1]that the absolute errors for the SVD approach grow
in both cases. Since the norm of Y(s) grows too, this is normal and the relative
accuracy is in line with ‘ In both cases, we also observe that, as expected,
the approximation error decreases with smaller e.

For dynamical low-rank, the approximation errors are virtually the same as
for the SVD approach for most of the values of s. On the left panel, however, we
see that the error for dynamical low-rank stays more or less constant and even
goes to zero. This does not happen on the right. Hence, the dynamical low-rank
algorithm achieves very high relative accuracy when ¢ = 0. An explanation for this
difference is that the factor ¢ = 0 on the left ensures that ¢(z(s)) becomes bigger
in norm compared to the noise factor w. If s is large enough, Y (s) will have a
numerically exact (T, k)-decomposition. The dynamical low-rank algorithm seems
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dynamical SVD
N d K | total time scaled time steps | total time scaled time
25 4 3 9.62 0.050 193 7.22 0.72
35 4 3 19.1 0.10 187 28.4 0.28
45 4 3 39.8 0.21 187 79.2 0.80
25 4 6 10.4 0.056 187 7.13 0.71
35 4 6 23.8 0.13 187 30.9 0.31
45 4 6 49.4 0.26 193 82.8 0.83
25 4 9 11.3 0.062 181 7.73 0.78
35 4 9 24.3 0.12 205 29.3 0.30
45 4 9 50.5 0.25 205 80.2 0.81

Table 6.1 Computational results applied to (6.29) with ¢ = 0 and € = 10~%. Times are in
seconds.

to detect this and approximates Y (s) exactly. This happens at some point during
the integration when ¢ < 2. On the right, however, c is chosen such that both
tensors are equally large in norm. Now Y (s) fails to be an exact (7T, k) tensor and
dynamical low-rank is as accurate as the SVD approach.

In the next experiment, we investigate the computational time applied to the
problem from above with ¢ = 0 and ¢ = 10™%. In Table we see the results
for several sizes N and ranks K with d = 4. In addition to the total time, the
number of steps that the numerical integrator took is also visible. Observe that
this is fairly constant. The scaled time is the total time divided by the number of
function evaluations, that is, computing the horizontal vector 513}(8)

Next, since the dynamical rank approximation is able to form X(s) for every
s, we also computed 100 point-wise SVD-based approximations throughout the
interval 0 < s < 15 using htensor.truncate_ltr of [48]. The indicated scaled
time is the mean. Since the solution is smooth, one can probably reduce this
number somewhat, for example, by Chebyshev interpolation. Nevertheless, we can
see from the table that there is a significant gap between the computational times
of both approaches. It is also clear that dynamical approximation becomes faster
with increasing N compared to the SVD approach. In addition, the rank K does
not seem to have much influence.
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