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Abstract. A standard numerical method in order to approach the solution of a time dependent
convection-diffusion equation in ¢ transported with velocity u, consists to multiply the full equation
by a space dependent test function v, to integrate it on the computational domain €2, and to discretize
it in space with a finite element method and in time with a finite difference scheme. The diffusion term
is integrated by part on €2 but not the advected term u.V. In the convection dominated regime,
a streamline upwind method SUPG is used in order to stabilize the numerical scheme. In principle,
when the flow is incompressible and confined in 2, i.e. when div(u) = 0 in Q and w.n = 0 on the
boundary 0f2, the integral of ¢ on the domain {2 remains constant in time when the source term is
vanishing (conservation of the mass balance) and when Neumann boundary conditions are applied
on the boundary. Moreover, when Robin’s boundary conditions are applied on the boundary 052, as
for example in a convection-diffusion thermal problem, an energy mass balance can be established
by taking into account the energy crossing through 0€2. However, on a practical point of view, the
velocity u is often computed with a Navier-Stokes solver which leads to an approximation w, which
is not exactly with divergence free. As an unwelcome numerical effect, the mass balance or the energy
balance are not conserved when the time goes up. Especially these defects can be important when
the equation is integrated on a long time. In this paper, we propose an original modification of the
standard numerical scheme in order to eliminate this defect which appears when Neumann or Robin’s
boundary conditions for ¢ are imposed on 9. Moreover we show that this scheme is L?—stable and
allows to obtain a constant stationary solution when the source term is vanishing. We also establish
some error estimates produced by this new scheme.

1991 Mathematics Subject Classification. 65M60, 35K20, 80A20.

1. SITUATION OF THE PROBLEM

Let us assume that in a cavity Q C R3, in which flows an incompressible fluid with velocity u depending on
t € (0,00) and x € Q, a chemical product with concentration or a temperature field ¢ is convected and diffused.
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If 00 is the boundary of 2 supposed bounded and Lipschitzian, and if n is its external unit normal, we will
assume that
div (u) =0 in  and uw.n = 0 on 99, (1)

where w.n is the Euclidian scalar product of u with n.
The convection-diffusion equation for ¢ is given by:
OOt —eAp +u.Vo=f in (0,+00) x Q, (2)
with Robin’s boundary condition:

€dp/On = a (p, — @) on 09, (3)

and initial condition

o =" at time t = 0, (4)
where @, is a given constant number and « is a non negative parameter. In Equation (2), f is a source term
which is a priori depending on ¢ € (0,4+00) and @ € 2, and € > 0 is the diffusion coefficient.

Let us remark that it is not restrictive to assume that ¢, = 0 since it suffices to change the unknown ¢ onto
(¢ — @r). In all the sequel we will assume that ¢, = 0.

On a mathematical point of view we assume that T is the final time and that f € L2((0,7) x Q) and
Y € L?(Q). Using the standard notations for Sobolev spaces H' (Q), H2(Q), H*((0,T); L? (Q)), C*([0,T];
L2 (9Q))...(see [3] , [10]), we suppose that u € H? (Q) is given and not depending on ¢ (in fact it is not difficult
to adapt the following to the case where u is depending on t).

A classical week formulation of (2)-(3) with ¢, = 0 (see [3], [8])consists to look for ¢ € L2((0,T); H! (£2)) N
C°(([0,T); L? (Q2)) satisfying for every 1 € H* (Q) :

/Qaafq/;d;z:+e/QV<p.V@/}dz+a/89 st+/ﬂ(u.v¢)¢dx:/ﬂf Wda. (5)

Since we have assumed that div (u) = 0, then .V = div (up) and (u.V)p = 3 div (up?) . Moreover with
u.n = 0 on 0f), we obtain by using the divergence theorem:

Property 1: If » =1 in (5), we have:

4 godx—i—a/ gpds:/fdx. (6)
dt Jo o0 Q

Property 2: If v = ¢ in (5), we have:

1d
—— <p2da:+e/ |V<,0|2 dac—l—a/ chds:/fgpda:. (7)
2dt Jo Q Ere) Q

Property 3:
ifa=0and f =0, then tlim © = const. (8)
— 00

Property 1 is important since it is describing the conservation of the thermal energy if ¢ is a temperature
variable or the conservation of the mass of material if ¢ is a density variable. For example if the source term is
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vanishing and if the physical system is isolated (f = 0 and o = 0), the integral of ¢ on ) remains constant in
time (conservation of total energy or conservation of total mass in €, i.e. fQ pdx = fQ @Vdx for every t > 0)

Property 2 is also important since it is a stability relation. In fact if we denote by ||v|| the L?(Q) norm of
v e L*(Q) and ||v|; =qer (€ [, Vv |? dz + o [5q [v|>ds)? for v € H' (), it is well known that if @ > 0 then
|-ll; is a norm equivalent to the standard H' — norm and consequently we obtain from Property 2:

d
— <
el + A llell < 171 )

vy
lloll

where A1 = inf,c g1 (q)

In particular if f = 0 and o > 0, the L?—norm of the variable ¢ is exponentially decreasing when the time
goes up (|||l = e M? HapoH). In the case @ = 0 we obtain the same behavior for ¢ — @ where P is the mean
value of ¢ in Q.

Finally Property 3 is also important because when f = 0 and o = 0 (isolated system without source), the
stationary solution ¢ = const is solution of (5).

In the next section, given an approximation w, of u, we would like to define a semi-discretization in space
of (5) which will allow to compute an approximation @y, of ¢ by keeping the above properties, i.e.

Property 1h: conservation of energy or mass:

i/gohdx—i-oz/ gphds:/fdx. (10)
dt Jo 0 Q

Property 2h: stability of the scheme:

1d
f—/gpidx—i-e/ |V<ph|2dac+a/ cp,QLdSZ/fgohdx. (11)
2dt Jq Q o9 Q

Property 3h: stationary constant solution:

if « =0 and f =0, then pp = const is a solution of (5) when w is replaced by wy. (12)
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2. SEMI-DISCRETIZATION IN SPACE.

In order to consider a semi-discretization in space of Equation (5), we assume for the sake of simplicity, that
Q) is a polygonal domain. If I'}, is a conforming mesh of €2 in tetrahedra K € I'j, with diameter hg smaller than
h, we define the standard finite element space V}, of piecewise polynomial functions P; (K) of degree 1 on K by

Vi={9: Q2 — R: g continuous and g/x € P, (K), V K € T',,}. (13)

When h is small with respect to €/ ||[unl|p, k) for every K € I'y, a standard finite element approximation

scheme in space for computing an approximation ¢; of ¢ is to looking for a function ¢; € H((0,7T);V3)
satisfying:

“hindote [ VonVindo+a [ pnonds+ | Llunsonunds = [ finds, o€V, ()
Q o0 Q Q

Q

where uj, € V,f’ is obtained from a computation approximating u (for example from a finite element Navier-
Stokes code) and [, L(wn, ¢n, ¥ )dx is a discretization of [, (u.V)idr. The most popular approximation of

Jo(uw.Vo)dz is obtained by setting L(wn, ©n, ¥n) = (wh-Vop)tn.

In (14) we assume that the initial condition ¢° is given in V}, and if it is not the case, we take a projection
09 €V, of ¢ as initial condition ¢y, (0).

Of course if hy is greater than €/ ||up ||, () for some K € I', (convection dominated regime in a neighborhood
of K), an additional artificial term of type SUPG (see [4]) which is on the form

w Z TKhK /K(uh.Vgph)(uh.Vw)dx (15)

Kery, h||L2(K

must be added to Equation (14) in order to eliminate some spurious numerical oscillations. In (15), w is
an appropriate constant and 7k = max(0, 1 — 2¢/hx [|un| 1, ) Another possibility is to add to (14) an edge
stabilization (see []) in order to eliminate spurious numerical oscillations. In the following we neglect the
addition of these artificial terms which have no influence on our conclusions.

Remark 1. Let us suppose that uy, is an approzimation of w with the following property: there exists a constant
C such that
et = unll + b |V (u— wp)|| < Ch2, (16)

Even if div(uy,) is not vanishing but only of order h in the L?-norm, we would like that the trilinear functional

L: (u,0,7) € HY(Q)? x HY () x HY(Q) — L(u,p,1) € R satisfies the following properties, for consistency
reasons and in order to verify (10), (11), (12):

1) fQ L(u, p,¢p)dz = fQ(u'VQ)wdma Vo, € H'(Q),
2) [o L(un,¥p,1)de =0 Vi, € Vy,
3) Jo L(uny ¥, p)de =0 Vipy € Vi,

4) Jo L(un,1,hp)dz =0 Voo, € V.
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Clearly speaking, in order to satisfy the consistency relation 1), the standard versions of L for the discretiza-
tion of [o,(w.V)pdx by [, L(wn, ¢n,¥n)dx are the following:

a) L(u,p,¢) = (u.V)i,

b) L(u,p,¢) = —(u.Vi)p,

c) L(u,p,¥) = div(pu)y or L(u, ¢,9) = — div(¢u)p
d) L(u,p,v) = 5(w.Vo)t — (w.V)p).

Unfortunately, no above choice is able to satisfy the three above relations 2), 3), 4) and consequently properties
1h), 2h) and 3h) cannot be simultaneously satisfied when div(uy) is not exactly vanishing.

In this paper we propose the expression

e) L(u, 0,%) = 5 [(w.Vo)(¢ —9) — (w.V¥) (0 — 7))

where the notation w = ﬁ fQ wdz denotes the mean value of a function w on 2. It is easy to verify that the

above relations 1), 2), 3), and 4) are simultaneously satisfied with this choice and consequently the properties
1h), 2h) and 3h) are simultaneously true with choice (e).

Replacing the above expression for L(u, ®, ) in Scheme (14) , we propose the following space approximation
of (5): we are looking for o, € H(0,T;V},) satisfying:

9en
q Ot
1
- = /Q(uh.Vz/J)@ph — P, )dx = /Qf Ydzx, Yy € V.

¢dw—|—6/QV<ph.V1/1dx+a/a gohz/st—F%/Q(uh.Vgoh)(w—E)dx

! (17)

2

Remark 2. As said before, if we want to eliminate some spurious numerical oscillations in dominated convec-
tion problem, we add a SUPG term (15) in the numerical scheme (17). We can see that above properties are
unchanged with this term.

On a practical point of view, it is not easy to work with Scheme (17) and we can rewrite it on another form.
If W is a space of integrable functions defined on 2, we will denote by W = {g € W : fQ gdr = 0}, and if
w € W, we will define & = w —w € W. Let us consider @), € H'(0,T;V},) and @, € H'(0,T;R) solution of both
equations:

o0 " . 1 ~
A %wdx + e/Q Vo . Vipdr + a/m@h + op)ds + 3 /Q(uh.Vgoh)zbd:c
1 _ -
—5/9(uh.Vz/J)<phdx = /Qf Wdx, Vi) € Vi, (18)

and

d -
d / Pude + a / (@ + Bn)ds = / f dr, (19)
dt Jq 20 Q

with initial condition ¢ (0) = ¢ — B, where ¢Y is an approximation of ¢° and @) = 3, (0) = ﬁ Jo ) dz.
We easily verify that by setting ¢, = @ + @, Problem (17) and Problem (18) — (19) are equivalent.



6 TITLE WILL BE SET BY THE PUBLISHER

In (18) the mean value of the test function ¢ is vanishing and it is not standard in the finite element method.
It is the reason for which this constrain is taken into account by a Lagrange multiplier \. On the other side
we add an equation in order to impose fQ @ndz = 0. Consequently we are looking for @5, € H'(0,T; V), @), €
H'(0,T;R) and A € H'(0,T;R) satisfying:

o0p - ~ 1 ~
Q%wdx—i-e/QV@h.dex—i—a/{m(@l + op)hds + §/Q(uh.V<ph)z/)dx
1 ~
- /Q (V) Bnd + A /Q wd = /Q fude, Y€ Vi, (20)

d .
—/@hdx-i-a/ (@h—&-tph)ds:/fdx, (21)
dt Jo o0 Q

/Q Gndx = 0. (22)

If the dimension of V}, is N, then (20), (21) and (22) is an ordinary differential system in time with (N + 2)
equations where the unknown @, @ and A are coupled. In the case where a = 0 (Neumann boundary conditions)
the unknown @, is not coupled to the other variables ¢y, and A.

3. ERROR ESTIMATES

Now we want to establish error bounds between ¢ and ¢y, in various norms, when ¢y, is solution of (17). To
do this, we follow [2] and we assume the realistic hypotheses (16) on the velocity field u and its approximation
Up,.

Let us remark that estimate (16) holds in a lot of standard finite element methods when uw € H? (£2) . In this
case u is continuous on ). By using the inverse inequality when T'j, is quasi-regular [1], it follows that there
exists a constant C such that

lu — wp| o ) < OBV, (23)

and consequently ||| Lo (Q) is bounded independently of k. In order to simplify the presentation, we assume

in the following that up.n = 0 on the boundary 99 of 0, but div (uy) is not necessary vanishing. A consequence
of (1) and (16) is that

div (wn)|| < Ch. (24)

Robin’s boundary conditions

If & > 0, then as said above (p,w); =gef € fQ Vu.Vwdr+a f{m pwds is a scalar product on H* (Q) equivalent

to the standard scalar product on H! (). In this case we can define the projector Ry, : p € H* (Q) — Rpu € Vi,
by:

(1 — Rpp,w), =0, Yw € V,,Yu € H' (), (25)

and it is well known that if the meshing is regular in the sense of [1], there exists a constant C' satisfying
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= Ryl + h [V (1 = Rap) | < Ch? (|l oy Vo € H? (). (26)

In order to prove convergence results, we introduce like in [2] the following notations:

0 = pn — Rrp and p = Ryp — ¢, (27)

and we have 6 + p = @5, — .

In order to establish some error estimates, we assume that the initial conditions ¢° and ¢ satisfy

¢ € H*(Q) and ¢)) = Rp¢°. (28)

Lemma 1. We assume that o € C1([0,T]; H*(2)) and that there exists a constant C independent of h such that
[onll o) < C, Yt € (0,T) (L*-stability). Then under Hypothesis (16) there exists a constant C' independent
of h and € which satisfies:

t
6 @) < e 6 (0)| +/0 pe(s)|| e E=)ds + Cht, 0<t<T, (29)

where py = %p.

Proof. By taking ¢ = 6 in (5) and (17) we obtain:

0
| 5 o= enods+ (o= en.o),

1 _
+ 3 / (0 — N [u.Vo—up.Vop] + (on —@p)un.Vo — (¢ — 9)u.Vo)dz = 0.
Q

In order to evaluate the first term above we write:
S = / g (¢ — ¢n) Odx
1 = o Ot ¥ — Phn

0 0
= /Qa(@*Rh@)odIJF/Qa(Rh@*SDh)@dI

1d 2
= —/glptedﬂd“—i%HeH :

In order to evaluate the second term we use (25) and we write:

Sy = (¢ —wn,b)
= (p— Bup,0); + (Rnp — on,0),
= —(0.0), <M |0]°.

It remains to evaluate the third term. Integrating by parts and using (1) with up.n = 0 on 992, we obtain:
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Sy = %/ (0 = 0)[u.Vo—un.Vop| + (on — @p)un. V0 — (¢ — 9)u.Vo)dx
Q

= %/ (20 — O)u. Vi —2(0 — 0)up.Vor, — (on — 7,)(0 — 0) divuy,)dz
Q

_1 / (200 — B)u.V (o — Rig) +2(0 — 0)u.V (Rnp — o)

2
+2(0 — 0)(u —up). Vo — (0 — 0)(pn, — pp) divuy)dz
= % /Q(f2(0 = 0)u.Vp — u.V6> +2(6 — 0)(u — up). Vo,
— (0 —0)(pn — By,) divuy)da
= % /Q(_2(9 — 0)u.Vp+2(0 — 0)(u—up).Vou — (0 —0)(pn — p,) divuy)da,
and consequently:

1 _ . =
93] < |:||u||L°°(Q) IV ol + e = wnl 20y IVl e ) + 5 190 = Brlloe o Idivunll| |6 8]

Taking into account the inverse inequality ||Vn || ) < Ch™1 [onll oo () (see [1]), the inequality 16]] < 16|l
and the fact that [|¢n| g, is assumed bounded, we obtain with (16) (24):

1S3] < C([IVpl + 1) [|0]]

where here C' is a generic constant independent of h and ¢ € (0,T).

Since we assumed that ¢ € C([0,7];H?(Q)), then by (26), |[Vp| is bounded with respect to h and
consequently:

|Ss| < Ch 6] .

Using Estimates S7, So, S3 we finally obtain:

—— |0 A 9|7 < h) |0
5 7z 1917+ A 617 < (lloell + Ch) 101,

which implies
d
7 1011+ A0 < (llpell + CR).

Setting v (t) = [|0 (t)|| e*t, we have Lv (t) = (< [|0]| + A1 [|0])et < (||pe]| + Ch)e*t and finally:

! Ch
01 < 0O+ [l e as+ T (1= ).
U

Theorem 1. We assume that ¢ € C1([0,T]; H*>(Q2)) and that there exists a constant C independent of h such
that [|on|| e (o) < €, VE € (0,T) (L* — stability). Then under Hypotheses (16) and (28) there exists a constant
C1 independent of h which satisfies:
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H‘p - @h”LW(OJT;[ﬁ(Q)) < Cih.

Proof. From (26), (28) and Hypothesis ¢ € C1([0,T]; H*(Q)), we have:

o)l
16 ()]

IN

t
Ch? and (/ ||pt(5)||2ds)% < COh? for every t € (0,T),
0

llen (0) = ¢ ()] < CR?,

where C is a generic constant. Using Lemma 1 and the equality ¢, — ¢ = 8 + p, we easily prove inequality

(30).
In order to estimate ||V (p — SDh)HLoc(o Ti2()) We start by proving

Lemma 2. We assume the hypothesis of Lemma 1. Then there exists a constant C' which satisfies
2 1d 2
1011 + 5 = W81 < 8l lllpell + C (R + 1161],)]-

where 0, = %9, Py = %p.

Proof. By taking ¢ = 6, in (5) and (17) we obtain:
0
a1 (= on) Ordz + (¢ — o1, 01),
q Ot
1

In order to evaluate the first term above we write:

0
S1 = /S)E(W—Wh)etdﬂﬁ

0 0
[ 5 o= Rue e+ [ 2 (Rup — o) O

—/ pubedz — |04
Q

In order to evaluate the second term we write:

Sy = (¢ —pn ),
1d s
(Rrp — on,0:); — Sd 017 -

t3 / (0r — 0)[u. Vo — up.Vu] + (on — @p)un-Vo — (p — p)u. Vo, )dx = 0.
Q

O

(31)



10 TITLE WILL BE SET BY THE PUBLISHER

The third term is evaluated like in Lemma 1:

1 _
S3 = 5 / ((0: — 0)[u. Vo —up.Vor| + (on, — @ )un. VO — (¢ — )u. Vo )dx
Q
1 n n n .
= 5 / (2(0t - at)U.V(,O — 2(975 — Gt)uh.Vgoh — ((ph — Eh)(et — 075) div 'Ufh)dx
Q
1 _ _
= 3 / (—2(0; — 0)u.Vp—2(0; — 0,)u. VO
Q

+2(60; — gt)(u —up). Vo, — (on — @) (0 — ?t) divup)dz.

It follows with [|[Vp|| < Ch (see (26)) and || VO]* < L [|0]|? that:
1, .. _ —
55| < [Iulmm Clh+1011) + llw = wnll IV enll Lo ) + 5 Idivenll(en = Zp)ll o @) | [[(6: = 00)]]

and with (16), (23), and the inverse inequality [[Vonll ) < Ch™ l@nll L), We obtain [S3| < C(h +
16]],) [|6¢|| and finally the announced result of Lemma 2. O

Theorem 2. We assume that ¢ € C1([0,T]; H*(Q2)) and that there exists a constant C independent of h such
that |l¢nllpe gy < €, Vt € (0,T) (L> — stability). Then under Hypotheses (16) and (28) there exists a constant
Cs independent of h which satisfies:

||<P - whHLOO(O,T;Hl(Q)) < Cgh (32)

Proof. We have

1 1
16:0 Ulpell + C (R4 11011)] - < 5\\9t||2+§[IIPtH+C(h+|\9||1)]2

IN

1
5 101 + loel* + 20 (02 + 0117).

The inequality of Lemma 2 implies if C' is a generic constant:
1 o 1d oo 2 2 2
— |6 ——0]|7 < C(h 0 .
S 100+ 5 2 1613 < COn® + [61) + 1l
From this above relation we obtain [|0(t)||7 < C(|0(0)|]} + h% + [ [lp(s)]|” ds).
Since ¢ € C1([0,T]; H?(2)), there exists a constant C such that:

10(t)[[7 < C(18(0)[1F + h?) for every t € (0,T).

Relations (26) and (28) imply that ||0 (0)||; < Ch. Finally by (26) : |¢ —¢unll; = |0 + p|l; < Ch for every
t €0,T]. O
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Neumann boundary conditions

If @ = 0 then (p,w); =ges € [, Vi.Vwdz is a scalar product on H! (). In this case we can define the
operator Ry, : € H' (Q) — Rpu € Vi, by:

(1 — Rpp,w), =0, Yo € Vi, Yu € H (), (33)

(1),
N [l = B ]
and @ = P}, + @n, then the equations for ¢ and @ are not coupled and analogously for ¢ and @;,. By defining

0 = o — Ry and p = Rp® — &, then Lemma 1 and 2 remains true (see [11]) for functions with zero meanvalue
and allow to obtain Theorem 1 and 2 even if o = 0.

and in this case A\; = infpeﬁll(ﬂ) . Moreover we have seen that if we decompose ¢ and ¢y by ¢ =+ ¢

4. DISCRETIZATION IN TIME WITH A CONSERVATIVE SCHEME

In this section we treat only the case o > 0. Let us consider a backward Euler scheme in order to discretize
(17) in time. If 0 = tp < t; <2 < ..... <tp < ... <ty =T is a discretization of the time interval [0,T] and if
we assume that we know the approximations ¢} ~ ¢y, (t,) at time t,, we are looking for @Z‘H € V}, satisfying

n+1 I )
/uwdx—i—e/ V@Z“.qudx—&-a/ e s
Q Q o0

tn+1 —tn
1 n — 1 n —n
+ 9 /Q('Ufh-VSDh-H) (w - 1/)) dx — 5 /Q(uth) (¢h+l - <Ph+1) dx (34)
_ / £(E4) ydz, Y€ Vi
Q
Remark 3. In practice, for solving Problem (34) with the finite element method we decompose 4,024'1 = @Z'H +

QZZH and we introduce a Lagrange multiplier in order to take into account that (w — @) s zero meanvalue as

in (20), (21), (22).
Remark 4. When we take ¢ = ¢} in (34) we obtain:

e R e ] o S/Qwﬁ“wﬁdﬁ(tm—tn>||f(t”“)|| sl

and it follows
(14 A1 (s — ) [|0n ] < g ll + (tngr — ) || £ (1)) - (35)

Properties (1h), (2h), (3h) mentioned in Section 1 are satisfied with the scheme (34).

In order to establish an error estimate we proceed again like in [2] . We limit us to the case a > 0 and we
set analogously to (27)

0" = @ — Rpp (tn) and p" = Rup (tn) — ¢ (tn) - (36)

In order to simplify the notations, we denote by
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Tn+1 = tn—i—l - tn and @n =@ (tn) 3 (37)

59n+1 — (9n+1 _ 9n) / (tn—i-l _ tn) (38)

T = max ry,. (39)
1<n<N

Theorem 3. We assume that p € C1([0,T]; H*(Q)) N C%([0,T]; L*(Q)) and that there exists a constant C
independent of h and n such that [[¢} | L) < C, (L> — stability). Then under Hypotheses (16) and (28),
there exists a constant Cs independent of h which satisfies:

lo(tn) — @hllp2q) < Cs(h+7) for every 0 <n < N. (40)

Proof. The proof of Theorem 3 is very similar to the proof of Theorem 1 via Lemma 1. By choosing @ = 1!
in (5) and in (34), we obtain with an integration by parts of the term % fﬂ(uh.Vw)goZde:

/59"+1.9”+1dx+ [om+H||2 = / (Wit Wyt e ds (41)
Q Q
with !
Wit = . VT — gy, Vit — 3 div (up) (o7 —7p )
and

9 _
Wit = a%f (tni1) — ORpe™ .

Error estimate of [, wi't'0"+1dz is made as S3 in Lemma 1 by replacing 6 by 0"*1, i.e.

/ Wit gntldy
Q

where C, D are two constants independent of & and n. Error estimate of [, wittgr+1dy follows from (26):

< (v + o < Dr o (42)

+

/Wg+19n+1d$‘ <
Q

) _
[ G (ta) = T o1
Q

/ 5p”+1 0"t ldx
Q

and consequently, since we have assumed ¢ € C1([0,T]; H*(Q)) N C%([0,T]; L*(Q)):

/ wittgntlag
Q

From (41), (42) and (43) we obtain:

S C(Tn+1 + Tn+1h2) ||0n+1” S Dt ||0n+1” : (43)

[0 < 111" | + Crnga (7 + R)).
Taking into account that Z;’:l 7j = tn, we finally obtain:

6711 < [|6°]] + Ctn(r + h) < [|0°]| + CT(r + h).
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In order to complete the proof of Theorem 3, we use the same arguments that we gave in the proof of Theorem
1. O

By choosing 1 = 9"*! in (5) and in (34), like in Theorems 2 and 3, it is standard to prove the following
result (see [2]and [10]):

Theorem 4. We assume the hypotheses of Theorem 3. Then there exists a constant Cy such that

IV (e(tn) = i)l o) < Calh+ 1) for every 0 <n < N. (44)

5. NUMERICAL RESULTS

We now check numerically that the conservative scheme developped in this article has the desired properties,
even if we have stabilisation terms. Let Q be the domain [—1,1]? x [-0.1,0.1] and

37rx,37r7y

u(x,y,z) = (— COS(T) sin( 5

sy

5 ):0): (45)

), Sin(?ﬂTTx) cos(

It is easy to remark that w-n = 0 on 92 and that divu = 0. We also define the following exchange coefficient

(1 iflzl <01
10 if]z]=01

which means that the domain is isolated on its top and bottom and in this particular case, the phenomenon
are two-dimensional. Setting ¢ = 107>, we numerically solve the following problem : find ¢ : (0,7) x Q@ — R
such that

%—f—eAtp—quch:f in Q
ea—@ = —ap on Jf) (46)
on
©(0) = wo.

Let 75 be a uniform discretisation of the domain 2 with parameter h = 0.1, At = T/N, t, = nAt,

n=0,...,N and V} the space of piecewise linear finite elements. The space-time discretisation using backward

Euler method of (46) becomes : given ¢) = g, for n =0,..., N — 1, we are looking for ¢}'*! € V}, satisfying

n+1 _.n
/ %whdﬁ / eVt Viyda + / Lun, @} y)da
Q Q Q

hi .
+/a"+1¢d8+§ /55—u-vn+ wp, - Vo )da
on h P Ketp, /K ' K||uh||( ne V) (un Vi) (47)

+ 30  Bbichiclunl (Vi Gunyds = [ s
K Q

KeTh
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for all ¥, € V},, where B; is a stabilisation parameter, 8o an articial diffusion parameter, dx is a function of
local Péclet number Peg, i.e. §x = 1if Pex > 1 and 0 = Pe if not. In (47), L(up, @Z+17 ¥p,) is a discretisation
of the convective term, where uy, is an approximation of the velocity field (45). In our computation, wuy, is
obtained using a P; — Py stabilized stationnary Navier-Stokes solver in which the force term is such that (45) is
a solution of the Navier-Stokes equations with pressure p(z,y,z) = 1(cos(3mwz) + cos(3my)). The velocity field

uy, is computed only once, before solving (46), and then used for every computation of go”“.

n (47), we added a SUPG stabilization term and an artificial diffusion term, because hx > €/||ul[12(k)-
These stabilisation terms do not infuence energy conservation, because both terms vanish when the test function
Y, = 1 is taken. Nevertheless we have to take them into account for L? stability verification, because they do
not vanish when v, = @Z“ but both are positive and contribute to stabilize the scheme.

We just describe here the properties that we claim our scheme is numerically conserving. The first one is the
energy conservation, which states that

gpdx = | fdz+ / a(er — p)ds.
dt Q 0

In our numerical tests, ¢, = 0 and using backward Euler for time discretisation of (10), we obtain the discrete
energy conservation : forn=0,..., N —1

/ "+1da:—|—/ agp”“ds-/gpﬁ—&—At/f”de (48)
a0 Q Q

Proceeding the same manner as above, and taking into account the stablisation terms, we can deduce that
the discrete L? stability property is : forn =0,...,N —1

e ey + At ([ alert2ds+ [ 4UertiPae) + e (Sieh ™ o) + Salept o)

(49)
:/ ”+1gphdx—|—At/f”+1<pZ+ldz

where
1($ns n) = Z / 5151( (un - Vo) (un - Vipp,)dx
KeTy,
and
Solpn,tbn) = > / Babchi[unl|(Ven - Vi )dz
KeT
Remark that S;(¢n, on) and Se(¢n, pn) are positive and contribue to the L2-stability. Finally, the third one is
the conservation of constant solution.

We now focus on the discretisation of the convective term L(wp, @p, ¥p). We recall that they are mainly four
standard possiblities if we do not use the scheme proposed in this paper

L1. L(up, pn, ¥n) = (un - Vor)n,

L2. L(un, on,n) = —(un - Vbu)on,

L3. L(up, ¢n,¥n) = 1V(uh@h)¢h,

Ld. L(wn, on,%n) = 3w - Vor)n — 5 (un - Vibn)en,

and our scheme is to take
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L5, L(wp, on, ¥n) = 5(un - Vou) (Un — ¥3,) — 5(un - Vo) (on — 5)

Due to the fact that divuy is not equal to zero, each of the first four discretisation conserves in principle
and a priori only one of the three desired properties. Of course, scheme L5 is the only one which conserves the
three properties. The Table 1 summarize the properties of each L(up, on, ¥p).

L(upn, on, ) | Energy conservation | L? stability | Const. sol. conservation
L1 no no yes
L2 yes no no
L3 yes no no
L4 no yes no
L5 yes yes yes

TABLE 1. Properties conserved by different discretisations of convective term.

We could notice in Table 1 that only one property is conserved for each discretisation, except for the scheme
developped in this article.

To check the conservation of energy and L2-stability, we compute f in (46) in such a way the solution ¢ is
given by

cos(x) — cos(1) cos(y) — cos(1)

o(t,z,y,2) = (1 —e M) - + sin(l)] [ + sin(1)

with A = 0.005. Tt is with this right hand member f that we will compute ¢} solution of (47) with o and e
defined as before. For numerical approximation, we uses At = 1 and made 3000 iterations. At each time step
n, we compute the quantity

€

[ — Iy
AP1(n) Tl

where I, I are respectivly the left hand side and right hand side of (48). We can notice that if the energy
conservation proprety is satisfied, AP1(n) = 0 for n = 0,..., N — 1. Similary, for L? stability, we compute at
each time step the estimator

1 — Ja|

|J1]

where Jq, Jo are respectivly the left hand side and right hand side of (49). As above, AP2(n) = 0 if and only
if the discrete L? stability is achieved.

AP2(n) = (50)

Let . = 10, €, @ and u as before. To verify the conservation of constant solution, we solve the following
problem
dp

E—GAQ&—}-’U,'V@:O in
eg—;’; = a(pr —¢) on 9N (51)
30(0) = Pr,

and the solution is ¢ = ¢, for every t. Of course, we adapt numerical scheme (47) to problem (51) by adding
f 90 Prindr to the right hand side of (47). The estimator that we use to check the conservation of constant
solution at each time step n=0,...,N —1is

_n+l -

52
Torlim (52

Defining
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we

L5
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° H1 = maXp<n<N-1 APl(?’L),
(] H2 = maXp<n<N-1 APQ(?’L),
o H3 = Maxg<n<N-1 APS(?’L),

obtained the results shown in table 2.
L(un, n, ¥n) 1T, I, I3
L1 1.56 - 10~4 0.0015 1.50 - 1010
L2 4171071 0.0014 0.0035
L3 4.02-10711 0.0015 0.0035
L4 8.48-107° | 1.21-10712 0.0018
L5 1.14-107' | 3.38-10712 | 7.11- 10714

TABLE 2. Numerical verification of the properties 1 to 3.

The results of Table 2 exactly match what we claimed on Table 1. We can also notice that numerical scheme
is the only one which numerically satisfies the three conservation properties.

6. CONCLUSION

In order to conclude this presentation, we claim that only the numerical scheme corresponding to L5 is

efficient in the application when we numerically treat the coupling incompressible Navier-Stokes equations with
the convection-diffusion equation, as in [12] and [13]
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