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A WEIGHTED REDUCED BASIS METHOD FOR ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS WITH RANDOM INPUT
DATA

PENG CHEN *, ALFIO QUARTERONI * T, AND GIANLUIGI ROZZA

Abstract. In this work we propose and analyze a weighted reduced basis method to solve ellip-
tic partial differential equations (PDEs) with random input data. The PDEs are first transformed
into a weighted parametric elliptic problem depending on a finite number of parameters. Distinc-
tive importance at different values of the parameters are taken into account by assigning different
weight to the samples in the greedy sampling procedure. A priori convergence analysis is carried
out by constructive approximation of the exact solution with respect to the weighted parameters.
Numerical examples are provided for the assessment of the advantages of the proposed method over
the reduced basis method and stochastic collocation method in both univariate and multivariate
stochastic problems.

Key words. weighted reduced basis method, stochastic partial differential equation, uncertainty
quantification, stochastic collocation method, Kolmogorov N-width, exponential convergence
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1. Introduction. When modelling complex physical system, uncertainties in-
evitably arise from various sources, e.g. computational geometries, physical param-
eters, external forces, initial or boundary conditions, and may significantly impact
on the computational results. When these uncertainties are incorporated into the
underlying physical system, we are facing stochastic problems or uncertainty quan-
tification. Various computational methods have been developed depending on the
structure of the stochastic problem, including perturbation, Monte Carlo, stochas-
tic Galerkin, stochastic collocation, reduced basis, generalized spectral decomposition
methods [211 [40, [T, B3] [7].

The perturbation method [25] based on Taylor expansion was developed for the
random functions with only small fluctuation around a deterministic expectation.
This method is only applicable when dealing with small uncertainties and suffer from
inevitable errors and extremely complicated structure for high order expansions. The
most commonly used “brute-force” Monte-Carlo method [20] as well as its multiple
versions, e.g. quasi Monte Carlo [30], multi-level Monte Carlo [23], converge very
slowly and become prohibitive for achieving accurate results.

Stochastic Galerkin method, originated from spectral expansion of the random
functions on some polynomial chaos, for instance Hermite polynomials of independent
random variables, applies the Galerkin approaches to approximate the solution in both
stochastic and deterministic space [21], 2]. It enjoys fast convergence provided the
solution is regular [14] 13]. However, it yields a very large algebraic system, leading
to the challenge of designing efficient solvers with appropriate preconditioners [19].

Stochastic collocation method was developed from the non-intrusive deterministic
collocation method [36] 89, [1]. In principle, it employs multivariate polynomial inter-
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polations for the integral in the variational formulation of the stochastic system with
respect to probability space rather than the Galerkin approximation in the spectral
polynomial space. Due to the heavy computation of a deterministic system at each
collocation point in high dimensional space, isotropic or anisotropic sparse grids with
suitable cubature rules [31], B2] were analyzed and applied to reduce the computation
load. This method is preferred for more practical applications because it features the
advantages of both direct computation as Monte Carlo method and fast convergence
as stochastic Galerkin method [3].

In principle, to solve a stochastic problem we need to solve one deterministic
problem at many different realizations of the random inputs in order to evaluate the
quantity of interest depending on the stochastic solutions. However, the solutions are
“not far from” each other in practice. Therefore, instead of projecting the solutions
on some prescribed bases, such as polynomial chaos for stochastic Galerkin method
[40], we can project the solution on some space generated by a few precomputed so-
lutions, which leads to the development of reduced basis method. The reduced basis
method has been proposed to solve primarily parametric systems [37, 34] and applied
to stochastic problems lately [7), [6, [10]. In the later context, it regards the random
variables as parameters and select the most representative points in the parameter
space by greedy sampling based on a posteriori error estimation. The essential idea for
deterministic and stochastic reduced basis method is to separate the whole procedure
into an offline stage and an online stage. During the former, the large computational
ingredients are computed and stored once and for all, including sampling parameters,
assembling matrices and vectors, solving and collecting snapshots of solutions, etc. In
the online stage, only the parameter related elements are left to be computed and a
small Galerkin approximation problem needs to be solved [34]. Both reduced basis
method and stochastic collocation method use precomputed solutions as approxima-
tion/construction bases. However the former employs a posteriori error estimation for
the construction, and thus is more efficient provided that a posteriori error estimation
is easy to compute. Comparison of convergence property as well as computational
cost for offline construction and online evaluation between the reduced basis method
and stochastic collocation method was investigated in [10].

At our best knowledge, the reduced basis method is currently only used for
stochastic problems with uniformly distributed random inputs or parameter space
with Lebesgue measure [0, [10]. In order to deal with more general stochastic prob-
lems with other distributed random inputs, we propose and analyze a new version of
reduced basis method and name it “weighted reduced basis method”. The basic idea
is to suitably assign a larger weight to samples that are more important or have a
higher probability to occur than the others according to either the probability dis-
tribution function or some other available weight function depending on the specific
application at hand. The benefit is to lighten the reduced space construction using a
smaller number of bases without lowering the numerical accuracy.

A priori convergence analysis for reduced basis method by greedy algorithm has
been carried out in previous works [28] 8, B 26] under various assumptions. More
specifically, exponential convergence rate for a single-parameter elliptic PDE was ob-
tained in [28] by exploring an eigenvalue problem; algebraic or exponential conver-
gence rate for greedy algorithm in multidimensional problem was achieved implicitly
depending on the convergence rate of Kolmogorov N-width in [8] and improved in
[5]; exponential convergence rate was also recently obtained in [26] through direct
expansion of the solution on a series of invertible elliptic operators. In this work, we
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carry out a priori convergence analysis of our weighted reduced basis method based
on constructive spectral approximation for analytic functions, which is different from
[28, 8 5L [26].

The paper is organized as follows: an elliptic PDE with random input data is
set up with appropriate assumptions on both the random coefficient and forcing term
in section 2] Section [3]is devoted to the development of the weighted reduced basis
method consisting of greedy algorithm, a posteriori error estimate as well as offline-
online computational decomposition, which is followed by regularity analysis and a
priori convergence analysis in section [l Numerical examples for both one dimen-
sional problem and multiple dimensional problem are presented as verification of the
efficiency and convergence properties in section [} Some brief concluding remarks are
drawn in the last section [0l

2. Problem setting. Let (2, F, P) be a complete probability space, where € is
a set of outcomes w € 2, F is o-algebra of events and P : F — [0, 1] with P(Q) =1
assigns probability to the events. Let D be a convex, open and bounded physical
domain in RY (d = 1,2, 3) with Lipschitz continuous boundary dD. We consider the
following stochastic elliptic problem: find u : D x  — R such that it holds almost
surely

=V (a(,w)Vu(,w)) = f(,w) inD,

u(,w)=0 on dD, 2.1)

where f : D x 2 — R is a random force term and a : D x 2 — R is a random
coefficient; a homogeneous Dirichlet boundary condition is prescribed on the whole
boundary 0D for simplicity. We consider the following assumptions for the random
functions f(-,w) and a(-,w):

Assumption 1. The random forcing term f(-,w) is square integrable with respect
to P, 1.e.

1118 ey ;:/Q Df2(x,w)dde(w) < . (2.2)
X

Assumption 2. The random coefficient a(-,w) is assumed to be uniformly
bounded from below and from above, i.e. there exist constants 0 < Amin < Umaz < 0O
such that

Pw € Q: amin < a(r,w) < amaz Vo € D) =1. (2.3)

We introduce the Hilbert space V := L%(Q) ® H}(D) and equip it with the following
norm

1/2
lolly = ol oo = ([ 1VoPaear) <o @)
QxD
The weak formulation of problem (2.1)) is stated as: find u € V' such that

/ aVu - VudzxdP = fvdxdP Yv e V. (2.5)
QxD QxD

The existence of a unique solution to problem (2.5 is guaranteed by Lax-Milgram
theorem [36] under Assumption 1 and Assumption 2 and the stability inequality holds
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for the solution straightforwardly

Cp
lJully <
a

min

2@ er2(D)s (2.6)

where the constant C'p comes from the Poincaré inequality ||v||r2(py < Cp||Vv||L2(p),
Vv € HY(D).

The uncertainty of the random functions a(-,w) and f(-,w), in many practical
applications, can be approximately projected to a series of finite dimensional random
variables via statistical techniques. For instance, finite linear regression models are
widely used to approximate various random fields [I5]; under the assumption that
the second moment of a(-,w) exists, we can apply Karhunen-Loéve expansion [38] to
the covariance kernel and truncate it up to a finite number of linear terms, etc. For
this consideration, we make further assumption to the random functions a(-,w) and
f(-,w) as follows:

Assumption 3. The random coefficient a(-,w) and forcing term f(-,w) are linear

combinations of a number of random variables Y (w) = (Y1(w),...,Yrx(w)) : @ — RE
as follows
a(z,Y) = ao(x) + Zak (w) and f(z,Y) )+ Z ()Y (w) (2.7)
n=1 n=1

where a, € L*(D) and fr € L*(D) for 0 < k < K. More specifically, {Yi}<
are real valued random wvariables with joint probability density function p(y), being
y = Y(w) € R. By denoting 'y, = Y;,(Q),k =1,...,K and T = I} T\, we can
also view y as a weighted parameter in the parametric domain I' endowed with the
measure p(y)dy. In particular, we assume that the random variables y are bounded in
a continuous domain ' for the sake of convergence analysis.

Remark 2.1. When the random variables Y,*,1 < k < K, for a and ka, 1<
k < Ky for f are not the same, we collect them as Y = (Y%,.. .J”'I‘}a,}/’lf7 . ,Y;;f)
and reorder them as (Y1,--- ,Yk) with K = K, + K.

Remark 2.2. In the more general case that the random function a(xz,Y’) does
not depend on'Y linearly, for instance

K
a(z,Y) = ao(z) + exp (Z ak(x)Yk(W)> ) (2.8)

one can employ the empirical interpolation method [{], [I2] to approrimate (@ with
finite affine terms in the form

a(e,Y) ~ ag(x +Zak, )0 (Y (w)), (2.9)

where O (+),1 < k' < K' are functions of Y and can be transformed to random
variables Zy = Op/(Y(w)),1 < k' < K, resulting in a new random vector Z =
(Z1,...,ZKk+) and a(x, Z) still satisfies Assumption 3.

Under the above assumptions, the weighted parametric weak formulation of the
stochastic elliptic problem reads: find u(y) € H}(D) such that the following equation
holds for all y € T’

A(u,v;y) = F(v;y) Vv € Hy(D), (2.10)
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where A(+,+;y) and F(-;y) are parametrized bilinear and linear forms featuring the
following expansion

K K

Alu,v39) = Ao, 0)+ > Ax(w,v)ge  and  F(usy) = (fo,v)+>(Frs )y (211)
k=1 k=1

with the deterministic bilinear forms Ay (u,v) given by Ag(u,v) := (axVu, Vv),k =
0,1,..., K. Because of assumption the bilinear form is coercive and continuous,
thus the existence of a unique parametric solution u(y) € H} (D) for Vy € T to problem
is guaranteed by Lax-Milgram theorem [36]. More often, we are interested in a
linear functional s(u;y) as output, e.g. s(u;y) = F(u;y), as well as its statistics, e.g.
the expectation E[s], which is defined as

E[s] = / () (y)dy. (2.12)

Given any approximation space XNC H}(D) (e.g. finite element space) of di-
mension A/, we approximate the solution of (2.10) by solving the following problem:
given any y € T, find vV € XV such that

A(u,v;y) = F(v;y) Yo e XV, (2.13)

Consequently, the quantity of interest s(u;y) and its statistics, e.g. [E[s], can be
approximated by s(u;y) ~ sV (y) := s(u;y) and E[s] ~ E[sV], respectively.

3. Weighted reduced basis method. The basic idea behind weighted reduced
basis method is to assign different weight in the construction of reduced basis space
at different values of parameter y € I" according to a prescribed weight function w(y).
The objective is that when the parameter y has distinctive weight w(y) at different
values y € I', e.g. stochastic problems with random inputs obeying probability distri-
bution far from uniform type, the weighted approach can considerably attenuate the
computational effort for large scale computational problems. The general paradigm
of weighted reduced basis method is formulated by following closely the reduced basis
method in [34], 37, [10]:

Given a training set of parameter samples Zqq;n, C ' as well as a prescribed
maximum dimension N,,, < N, we build the N dimensional (Lagrange) reduced
basis space Xﬁ c XN for N = 1,..., Ny in a hierarchical way by taking into
account the weight of parameter at different values until satisfying certain tolerance
requirement. The reduced basis space Xﬁ is spanned by the “snapshots” (solutions
uN e XN of problem ) based on suitably chosen samples Sy = {y%,...,y"}
from the training set Z;pqin

XN = span{u (y"),1 < n < N}. (3.1)

Note that X)¥ ¢ X3 ¢ --- C X]/\\,["M. In order to evaluate s(u;y) at any new
parameter y € I', we first seek the solution ujl\vf € X]/\\,/ c XN in the reduced basis
space X JQ,/ by solving a reduced system

A, vyy) = F(ujy) Yo e XA (3.2)

and then approximate s(u;y) by s(uf\vf ;y). Moreover, we can also compute the statis-
tics of the output, e.g. expectation ]E[sﬁ\\,/] , by numerical quadrature formula (Gauss
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or Clenshaw-Curtis quadrature [32])

M
E[sn] ~ D s(un;y™)w(y™), (3.3)
m=1
where y™ and w(y™),m =1,..., M are the K dimensional quadrature abscissas and

weights with respect to the probability density function, which can be chosen based
on different schemes, e.g. full tensor product quadrature or sparse grid quadrature
[32]. Note that the weights w(y™),m = 1,...,M may be distinct to each other
depending on both the quadrature formula (e.g. Clenshaw-Curtis or Gaussian type)
and the probability density function, so that the solution uf\vf (y™) is expected to be
more accurate where w(y™) is significantly larger than the other realization of the
parameter y € I'.

Accurate computation of the solution u“I\V/ and the output sf\vf depends crucially on
the construction of the reduced basis approximation space. More specifically, how to
take different weight of the solution into consideration, how to cheaply and accurately
select the most representative samples in order to hierarchically build the reduced
basis space as well as how to efficiently evaluate the solution and output based on the
way of construction of the approximation space play a key role in the weighted reduced
basis method. We address these issues in the following three aspects: the weighted
greedy algorithm, the a posteriori error estimate and the offline-online computational
decomposition.

3.1. Weighted greedy algorithm. Let X be a Hilbert space equipped with
the norm ||v||x = \/A(v,v; ), Vo(y) € H} (D) at some reference value 3 € I' and X,
a weighted Hilbert space with norm ||[v(y)||x, = w(y)||lv(y)||x,Yv € X and Vy € T,
being w : I' — R a weight function taking positive real values. Note that both X and
X, are equivalent to H}(D). The weighted greedy algorithm essentially deals with
the L>°(T"; X,,) optimization problem in a greedy way [37], seeking a new parameter
y~N €T such that

y" = arg sup [N (y) — Py ()], (3.4)
ye

where Py : XN — X]j\\[/ is the Galerkin projection operator (by solving the Galerkin
projection problem ) By solving the infinite dimensional problem we would
locate the least matching point y¥ € T in || - ||x, norm. A computable (finite
dimensional) greedy algorithm rely on twofolds: i), replace the parameter domain I"
by a finite training set Z¢q;, C I' with cardinality |Sirqin| = Ntrain < 00; ii), replace
the mismatching term |[u™ (y) — Pyu?N (y)||x, by a cheap weighted posteriori error
bound A% that should be as sharp as possible, i.e.

en AR () < [[vM () — Pnu(y)llx, < OnAK () (3.5)

where Cn/cn is close to 1. We leave the computation of a posteriori error bound to
the next section and present the weighted greedy algorithm in the following procedure,
see Algorithm 1.

We note that for the sake of efficient computation of Galerkin projection and
offline-online decomposition in practice, we normalize the snapshots by Gram-Schmidt
process to get the orthonormal basis of {¢V, ..., JQ,/} such that (&Y, M) x = 6mn, 1 <
m,n < N and construct XA = span{¢¥,..., & }.
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Algorithm 1 A weighted greedy algorithm for the construction of reduced basis
approximation space

1: procedure INITIALIZATION:

2: sample training set =4, C I' according to probability density function p;

3: specify a tolerance e, as stopping criteria of the algorithm;

4: define the maximum number of reduced bases Ny,qz;

5: choose the first sample y! € =44, and build the sample space S; = {y'};
6:  solve the problem at y*, construct XV = span{uV (y")};

7: end procedure

8: procedure CONSTRUCTION:

9: for N =2,..., Ny do

10: compute a weighted posteriori error bound A%, (y) for Yy € Eyrqin;
11: choose ¥V to maximize AY_,, i.e. yV = argmaxyez,,,,. A% (y);
12: if A% (yN) < &40 then

13: Npaz =N —1;

14: end if

15: solve problem at yN to obtain vV (yV);

16: augment the sample space Sy = Sy_1 U {yV};

17: augment the reduced basis space X& = X%_, @ span{u? (yV)};

18: end for

19: end procedure

Another algorithm that might be used for the sampling procedure is proper or-
thogonal decomposition, POD for short [37], which is rather expensive in dealing with
L? (Etrain; X) optimization and thus more suitable for low dimensional problems. We
remark that for both the greedy algorithm and the POD algorithm, an original train-
ing set Z¢rqin is needed. Two criteria ought be followed for its choice: 1, it should be
cheap without too many ineffectual samples in order to avoid too much computation
with little gain; 2, it should be sufficient to capture the most representative snapshots
so as to build an accurate reduced basis space.

Adaptive approaches for building the training set have also been well explored by
starting from a small number of samples to more samples in the space I' adaptively,
see [41] for details.

3.2. A posteriori error bound. The efficiency and reliability of the reduced
basis approximation by weighted greedy algorithm relies critically on the availability
of an inexpensive, sharp and weighted a posteriori error bound AY%;. For every y € T',
let R(v;y) € (X)) be the residual in the dual space of X, which is defined as

R(viy) := F(v;y) — A(uy (y),v;y) Vo€ XV (3.6)
By Riesz representation theorem [36], we have a unique function é(y) € X such that
(e(),v)xv = R(viy) Vo€ XN and [|e(y)l|xv = [|RG;9)llxny  (37)

where the XV -norm is specified as ||v||x»y = /A(v,v;7) at some reference value
y € I'. Define the error between the “truth” solution and the reduced basis solution

as e(y) = uN(y) — uf\vf(y), by (2.13)), (3.2) and (3.6) we have the equation
Ale(y),viy) = R(viy) Yo e XV, (3.8)
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For every y € T', we define the coercivity constant a(y) such that a(y)||v|[5x <
A(v,v;y),Yv € XN and denote by arp(y) its lower bound, i.e. arp(y) < a(y). By
choosing v = e(y) in (3.8]), and using Cauchy-Schwarz inequality, we have

arsW)lle@ix < Ale(y), e(y);y)
= R(e(y);v)
SHIRC w)llenylle() ] xar

= lle)llx~le()lxa

(3.9)

so that we can define a weighted posteriori error bound A% (y) for the solution
N@).yeT as

AR () = lle)llx.,/aLs(y) (3.10)

and obtain immediately the relation |[u? (y) —uN (v)||x, < A% (y) from (3.9). As for
output s(u),

|s(u™) = s(u)lw(y) < llslloeny [ () =l )l|x, < lslloeny A% (), (3.11)

where |[|s||(xy is a constant independent of y, the same error bound can also be used
in the greedy algorithm when considering the output sf\vf . The efficient computation
of a sharp and accurate a posteriori error bound thus relies on the computation of a
lower bound of the coercivity constant ayg(y) as well as the value ||é(y)||x,, for any
given y € I'. For the former, we apply the successive constraint linear optimization
method [24] to compute a lower bound ayzp(y) close to the “truth” value a(y). For
the latter, we turn to an offline-online computational decomposition procedure.

3.3. Offline-online computational decomposition. The evaluation of the
expectation E[sf\vf ] and the weighted a posteriori error estimator A% requires to com-
pute the output sf\vf and the solution uf\\,/ many times. Similar situations can be
encountered for other applications in the context of many query (optimal design, con-
trol) and real time computational problems. One of the key ingredients that make
reduced basis method stand out in this ground is the offline-online computational
decomposition, which becomes possible due to the affine or linear assumption such as

that made in ([2.7). To start, we express the reduced basis solution in the form

N
= > uNm®)ns (3.12)
m=1

where we recall that C,j,\l/ ,1 < m < N are the orthonormal bases of the reduced
basis space X4/ ~. Upon replacing the reduced basis solution in (3.2) and choosing
v—(N1<n<N we obtain forn =1,..., N

N K K
z(Ao<cﬁ,<y>+zymk<<mv>>u%m<> o€ 43U . (313)
k=1

m=1 k=1

From we can see that the quantities Ag(CY,¢V),0 < k < K,1 < myn <
Naz and (fk,C ),0 < k < K,1 <n < Ny, are independent of y, we may thus
precompute and store them in the offline procedure. In the online procedure, we only
need to assemble the stiffness matrix in and solve the resulting N x N stiffness
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system with much less computational effort compared to solve a full N’ x N stiffness
system. As for the computation of the error bound Ay (y), we need to evaluate
[lé(y)||x~ at y chosen in the course of sampling procedure. We expand the residual

o
K
R(v;y) = F(v;y) — A(uj, v;y) Z frrv yk_ZU'Nn (ZAk v ) , (3.14)

where yo = 1. Set (Cp,v)x~ = (fr,v) and (LE v)xn = —AR(Y,v)Vv € X1 <
n < N,0 < k < K, where C;, and £ are the representatives in XN of fr and
Cﬁf , respectively, whose existence is secured by the Riesz representation theorem. By
recalling (é(y),v) x~ = R(v;y), we obtain

K K N K
Y| 3 = Zyk (Z Y/ Ck,Ck')XN> +Zzykuzvn Y) (Z Y 2(Crr, L )XN>

k’=0 k=0n=1 k’=0

—|—ZZykuNn <Z Z yk/uNn Ek L ,)XN> )

k=0n=1 Oon'=1
(3.15)

Therefore, we can compute and store (Cy, Cir ) x, (Cir, £5) xar, (L5, L5 o, 1 < mym/ <
Ninaz,0 < k, k' < K in the offline procedure, and evaluate ||é(y)||x~ in the online
procedure by assembling with O((K + 1)2N?) scalar products, which is far
efficient provided that O((K + 1)2N?) < N.

4. Regularity and a priori convergence analysis. Without loss of generality,
we work in the space X rather than in the discretization space X for regularity and
a priori error estimates for the weighted reduced basis method; the regularity with
respect to random variables y € ' and convergence results of the weighted reduced
basis approximation hold the same in the discretization space XV

4.1. Regularity results. LEMMA 4.1. Under Assumption 1-3, the solution

to problem satisfies u € CO(T; HY(D)). Moreover, if u and U are two weak
i}

solutions of problem (2.10) associated with data a, f and a, f respectively, we have the
stability estimate

- Cp ~
|l —allcom;m )y < 7||f — flleom;z2(py)

C
+ 22 £ ||f|\c0 (r;z2(py)lla — al|co ;L (D))

(4.1)

Proof. We rewrite (2.10) explicitly as: Vy € T’
/ a(z,y)Vu(z,y) - Vo(z)dr = / f(z,y)v(z)dr Vv e Hy(D). (4.2)
D D
A similar problem holds for f and a. By subtraction we obtain the difference equation:

/DaV(u — 1) - Vodr = /D(f — fudz + / (@ —a)Vii - Vodz. (4.3)

D
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By taking v = u — @, applying Cauchy-Schwarz and Poincaré inequalities and using
Assumption 2 we have

ammHU*fLH?{é(D) < CP||f - f||L2(D)||U*ﬁHH3(D) (4 4)

+ @l g oyl v — @l g (pylla — all L ().

so that the following stability estimate holds for Vy € I' by the fact |[a|[g1p) <
(Cp/amm)HfHLZ(D) (due to Lax-Milgram theorem and Assumption [2| for a):

C _
luly) = a@)llaypy < - =1f ) = F@)lle2o)
CTP" ) (4.5)
+ 2 Wl llaly) = a)ll=p).

Setting a(y) = a(y + 0y) and f(y) = f(y + dy) such that y + 6y € T, we have
by Assumption [3 that a(y) — a(y) in L®(D) and f(y) — f(y) in L%(D) so that
(y) = u(y+9dy) — u(y) in H (D) when dy — 0. Therefore, the solution is continuous
with respect to the parameter y € I, i.e. u € CY(I'; H}(D)). O

A direct application of Lemma leads to the following lemma for the existence
of partial derivatives of the solution with respect to the parameter y € I' as well as
their bound in H{ (D).

LEMMA 4.2. For any y € I, there exists a unique 9yu(y) in H}(D) provided that
Assumption 1-8 are satisfied for any y € T and v = (vy,...,vk) € A, where A C NK
is a multiple index set. Moreover, we have the following estimate

v 1% C V—er
105u)l |2y < Bl + = > (0" I fellemy)  (4.6)

amzn
where

K
CP v v ||akHL°° D
] Hf(y)HL2(D)7‘V|!:(V1+"~—|—VK)!,77 = I |77kk777k:7()-
main k:1

B(y) =

a Amin

(4.7)

Proof. We use an induction argument for the proof in the following few steps.

Step 1: First of all, when |v| = 0, there exists a unique solution u € H}(D)
of problem for every y € T' thanks to Lax-Milgram theorem. Moreover, the
following estimate holds

Cp

Amin

Oy uW) oy = )l a2y < 1 Wlz2py = B(y), (4.8)
which verifies (4.6]) for |v| = 0.

Step 2: For |v| > 1, we are about to prove that there exists a unique function
dyu(y) satisfying the following general recursive equation (write a(y) in short for

a(z,y), etc.)

/Da(y)V(“)gu(y)-Vv:— Z Vk/Dakva;’_e’“u(y)-Vv—k Z /Dka Vv € Hy (D),

k:vip#0 k:v=ey
(4.9)
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where e}, is a K dimensional vector with the kth element as 1 and all the other elements
as 0. To see this, let us first show that for |v| =1,1ie. v =¢;,1 <k <K, thereNexists
a unique solution dyu(y) to . We take the perturbatlon aly) = a(ly—her), f(y) =

fly— hey) and a(y ) = u(y hek) in and set DFu = (u(y) — u(y — hey,))/h, then

becomes
/a(y)VD,’iu( YWo(y /fkv—/ apVu(y — hey) - Vv Yo € HY(D), (4.10)
D D

which results in a unique solution Dfu(y) € H{ (D) by Lax-Milgram theorem. Taking
the limit h — 0, we have by the continuity result in Lemmathat u(y—her) = u(y)
so that Dfu(y) — dyu(y) exists. Therefore, 9¥u(y) is a unique solution of (4.9) for
v =¢e;,1 <k < K. By induction we suppose that there exists a unique function
0, u(y) satisfying |j for 7| = |v|—1,1e. D =v—e,; forsome j =1,..., K, then we
claim that there exists a unique function 9y u(y) satisfying (4.9)) for each v such that
|v| > 1. By the same argument of perturbation and continuity property, we are able
to take the derivative of (4.9 . ) with respect to y;, where v is replaced by 7 = v —e¢; in

. yielding

/D a(y)Voyuly) - Vu+ / iVoy I u(y) - > w / apV oy~ u(y) - Vv

k#j:v,7#0

—(v; —1)/a]V8" “u(y) - Vo + Z /fkv

k:v=ey

(4.11)

which can be simplified by summing up the same terms to end up with the equation
(.9). By Lax-Milgram theorem, we have that there exists a unique solution 9y u(y) €
Hg(D) to (4.9).

Step 3: We are going to show that the estimate (4.6 holds for |v| > 1 in this
step. Upon replacing v by 9yu(y) in (4.9), we have by Assumption 2 as well as
Cauchy-Schwarz and Poincaré inequalities the following estimate

. Cp
N0y u@)lapy < D vankl |0} u@)llay o) + > fellezpy (412)

k:vp#0 Amin k:v=ey

Observe that when |v| =1, i.e. v =eg,1 < k < K, the estimate (4.12)) becomes

v Cp
Hayu(y)HHg(D) = Hayku(y)HHg(D) < B(y)m + a ||fk||L2(D)» (4.13)

min

which is the same as in (4.6)). If [v| > 1, the estimate (4.12]) becomes

Oy u(W)| 51Dy < Z vieni |10y~ u(y)|| g2 (D) (4.14)
k:v #0
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Suppose the estimate (4.6)) holds for any |7| < |v| with |v| > 1, then we have

0y uW)| 2Dy < Z vinil|0y ™ w(y)| a1 (o)

j:vj#0
v—e C v—e;j—eg
< Z 2N y)(lv] =D + ——(|v| = 1)! Z ("=~ fill2(py)
Jiv#0 @min k:vg, 0
o OP ! v—eg
= B(y) Z vi | (lvl =1 to— Z vi | (lv] = 1)! Z ("I fellL2(p))
j:vj#0 min j:vj#0 k:vp#0
=B+ ——l' > (0" *|fell2)) = Car)l¥l!
min kivg 0
(4.15)
where
frlloe
Cas(y) = Bly) + Cp > Noillzzoy (4.16)

kv #0,|[ak || Loo (0) #0 ||ak||L°°(D)
so that the estimate also holds for v with |v| > 1. O

An analytic extension of the solution u in a certain region ¥ such that I' C ¥ is
a consequence of the regularity result in Lemma [£:2] provided suitable conditions, as
stated in the following lemma.

LEMMA 4.3. Holding all the assumptions in Lemmal[{.2, and defining

K
Y= {z cCl:IyeT st |(n-|z—y|)| = Znﬂzk —yi| < 1}, (4.17)
k=1

we have the existence of an analytic extension of the stochastic solution u in the
complex region ¥ and we define X(I';7) := {z € ¥ : dist(z,T) < 7} C X for the
largest possible vector T = (11,...,TK).

Proof. By Taylor expansion of u(z) about y € I' in the complex domain we obtain

By (418

with v! = 14! vk!. Thanks to the regularity result in Lemma [1.2] we obtain

—y)”

|Z_y|l/ v
< Z TH%“(Z/)HH&(D)

Hy(D)

<Cosr) Y o

n>0:|v|=n

= Cas(y) Y (Zml%—ml)

n>0

Co,r(y)
— - ,
L= e Mel2r — yrl

(4.19)
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where the second inequality is due to Lemma [£.2] and the first equality comes from
the generalized Newton binomial formula. In the complex region defined in ,
we obtain that the function u(z) admits a Taylor expansion around y € I so that the
solution u can be analytically extended to the complex region . 0

4.2. A priori convergence analysis. To prove the exponential convergence
of the weighted reduced basis method for problem for the case of one random
variable, i.e. I' C R, we bound the error by another type of constructive spectral ap-
proximation, or more specifically, extension of Chebyshev polynomial approximation
for analytic functions (see [I7], Chapter 7). The idea has also been used in the proof
of exponential convergence property of stochastic collocation method [I]. Based on
this idea we also obtain the a priori error estimate of the reduced basis approximation
for multidimensional problems, e.g. I' ¢ RX | K > 1.

We define the weighted space C2 (T'; X) equipped with the following norm

[v]lco

o ) = max(w(y)lfu(y)llx) (4.20)
for any positive continuous bounded weight function w : I' — R,. Because of As-
sumption 3, the linear coefficient a and forcing term f satisfy a € C°(T'; L>°(D)) and
f € CO(T5 L3(D)).

THEOREM 4.4. Under the Assumption 1-3 with bounded I' C R, the error between
the reduced basis solution Pyu of problem (recall that Py : u — un represents
the Galerkin projection operator) and the true solution u of problem enjoys the
following exponential convergence

he = Prllog i) < O™ maxlu(z)x (4.21)

where the constant C* depends on the weight w, and the rate r is defined as
27 472
l<r=log| = +4/1+=5 ] (4.22)
<r| |r|2>

Remark 4.1. The convergence rate stated above does not depend on the specific
problem . In fact, as long as v = u(y) is an analytic function, the exponential
convergence rate holds for reduced basis approximation as demonstrated in the
proof of this theorem later, which provides the same a priori convergence property for
problems other than the elliptic problem under linear or affine assumptions
as studied in [28, [20].

Proof. First, we note that the results obtained in the above lemmas in H{ (D)
norm are still valid in the equivalent X— norm. Given bounded and continuous one
dimensional domain I' C R, we introduce the change of variables y(t) = § + %t with
t € [-1,1] and g the center of domain I', so that y : [-1,1] — T"is bijective. Let
the solution of problem be set as a(t) = u(y(t)) for ¢ € [-1,1], then we have
that @ : [-1,1] — X can be analytically extended to X([—1,1],27/|T'|) by Lemma
Consequently, their exists a spectral expansion of @ on the standard Chebyshev
polynomials ¢ : [-1,1] = R and |¢,| < 1,n=0,1,... in the form

at) = % + 3 nca(t). (4.23)
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The nth (n =0,1,...) Chebyshev coefficient satisfies [17]

1 T
a, = - / a(cos(t)) cos(nt)dt,  lim||x < 207" max [[a(2)]lx. (4.24)

L

where the elliptic disc D, is bounded by the ellipse E, with foci £1 and the sum of the

half-axes o = 27/|T'| + \/1 + (472/|T'|?). Define the Nth order Chebyshev polynomial
approximation of 4 as the truncation of (4.23)) up to N terms, written as

N
N U N
Myi = 50 + n§:1 T (t), (4.25)

then the truncation error is bounded by using |c,| < 1,n = N + 1,... and (4.24) as
follows

2
[t — Onal|go—1,1]x) < n;\;ﬂ [[in||x < Ee_log(gw max [la(2)]|x,  (4.26)

Therefore, by the identity 4(¢) = u(y(¢)),t € [-1,1], we have

N rIN

"™ e [fu)x,
(4.27)

where we define  := log(p), as given in . It’s left to prove that the reduced basis
approximation error can be bounded by the above truncation error. In fact, for any
function v € Py(I') ® X, a tensor product of polynomial space of polynomials with
total degree at most N and X, we have that Zyv = v [9, [I], being Zy the Lagrange
interpolation operator based on the interpolation points y™,n=1,..., N + 1, see [I].
We have the following estimate with the help of the Lagrange interpolation operator

677‘

—1II x) < i <
[lu = Txulleowx) < = max [la(2)][x <

lJu = Pysrullx < Co inf lu—vllx
VEXN41

< Collu — Inul|x
<Co _inf (llu—vllx +[lv—ZInullx)

vePNn (D)® (4.28)
=C inf — + || Znyv — Z,
Ovepff(lr)@x(”“ vllx + || Znv — Inu)llx)
<(Co+Ch) inf lu—vllx,
veEPN(T)RX

where the first inequality is due to Cea’s lemma [36] with constant Cy < oo and the
second due to the fact inf,ex,, ||u—v||x < ||u—Znu||x; as for the last inequality,
we have used the property that the Lagrange interpolation operator Zy is linear and
|| Znovl|x < Cil|v||x, Vv € CY(T, X) for a constant C; < oo, see [1]. Moreover, because
the Chebyshev polynomials ¢, € Pn([—1,1]),k=0,1,..., N, we have

inf ||’U’_UHX:A inf Ha_ﬁHXS”a_HNaHX:”U_HNUHX
vEPN(T)RX PEPN([—1,1)®X
(4.29)

A combination of (4.27)), (4.28) and (4.29)) leads to the following bound for the reduced
basis approximation error with C' = 2(Cy + Cy)e" /(0 — 1)

llu— Pyul|lx < Ce™™ max ||u(2)||x. (4.30)
zex(IyT)
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Since the reduced basis approximation Pyu satisfies the linear system ([3.13]), which
can be written in the compact form as

A(Pnu,v;y) = F(v;y) Vv e Xy, (4.31)

we obtain the same regularity for Pyu as for the solution u to system with
respect to the parameter y. In particular, Pyu € C2(T; X), so that u — Pyu €
CO(T; X). Multiplying both sides of by the weight function w and taking
the maximum value over the parameter domain I', we have obtain the exponential
convergence result with the constant C* = C'maxyer w(y).
0

Remark 4.2. The exponential convergence result holds for the case of
a single parameter in a bounded parameter domain |I'| < co. Extension to a single
parameter in unbounded domain, e.g. mormal distributed random wvariable, requires
that the data a and f feature a fast decrease at the parameter far away from the origin,
and the constructive approximation by spectral expansion on Chebyshev polynomials
is replaced by that on Hermite polynomials [1]. The proof follows the same
procedure as for Theorem[{.4) and we skip it for simplicity.

As for the reduced basis approximation in the multidimensional case, we have the
following a priori error estimate:

THEOREM 4.5. Under the Assumption 1-3 with T ¢ RX, K > 1, the approzima-
tion error of the reduced basis solution can be bounded by

K

cyrx) < max lu(z)llx Y Cire™™ (4.32)
’T k=1

[|lu — Pnul

where the constants Ci’,1 < k < K depend on the weight w and dimension k, N =
H,I::l Ny, and the rate ry is defined as

2

2Tk 4Tk
1<rp=log| =— +4/1+ 1<k <K. 4.33
L <|Fk| Fk2> (133

Proof. Let us choose the training set as all the nodes of a tensor product grid,
ie. Eprain = {1, .. U ), 1 < np < Ni, 1 < k < K}, for instance the Gauss
quadrature nodes corresponding to the probability density function of the random
vector y. We define the reduced basis space X ]’ﬁ,, 1 < k < K as a linear combination
of the snapshots u(y) at y = (v}, y;), ..., (yY,y;), where y? € T, 1 <n < N and y;
is any point in the rest K — 1 dimensional domain denoted as I'j. Correspondingly,
we define the Galerkin projection operator PF : X — X]’%, 1 < k < K, such that
P]’f,u is the solution of the reduced problem in X 113, whenever u is the solution
of the original problem in X at any y = (yk,y;) € I'x x I, Let Xn be the
reduced basis space spanned by the snapshots at all the N = Hszl N}, samples and
Py : X — Xy be the associated Galerkin projection operator, then we have for the
solution u € X of problem at any y = (y1,y7) € I'y x Iy,

Pyu = Pjo---oPKu, (4.34)

the symbol o being the composition of the projection operators. By triangular in-
equality, we have

llu = Pyullx < |lu— Pyullx +[[Py(u—P§ oo Piu)llx, (4.35)



16 PENG CHEN AND ALFIO QUARTERONI AND GIANLUIGI ROZZA

where we can bound the first term as in (4.30]) by

lu — Pyullx < Cre™ lu(z)llx < Cre™™ ™ max |Ju(2)]|x,

max
(z1,27)€eX(T1 xI'y57) zeX(IyT)
(4.36)

where the constant Cy has similar definition as C' in (4.30)) and ry, is defined in (4.33]).
As for the second term, thanks to the fact that ||Phov||x < ||v]|x we have

HP]{[(U—PJ%O”'OPJ{[(U)”X < ||u—PJ%,o-~~oP]{,(u||X. (4.37)

By iteration, we obtain the following error bound

K
—7x N
|lu — Pyul|x < x| [lu(z)||x ; Cke : (4.38)
which leads to the a priori error estimate by multiplying by the weight func-
tion w on both sides and noting that Pyu € CY(I'; X), being the constants C}’ :=
Crmaxyecrw(y),l1 <k < K. O

Remark 4.3. In practice, the training set Sirqin can be chosen in a more general
way, e.g. by sampling according to the probability densit% function, and the cardinality
of the reduced basis space Xy is much lower than [[,_, Ny given in the theorem.
In fact the error estimate obtained in this theorem is rather crude. An improved
convergence rate e~ NI has achieved in [3] provided that the Kolmogorov N-
width by the optimal N dimensional approzimation decays as =™’ in a more general
setting, e.g. if I' is not bounded. However, the Kolmogorov N-width is not available
in general. A direct consequence of Theorem and for the convergence of
quantity of interest and its statistical moments is as follows:

COROLLARY 4.6. Suppose that the assumptions in Theorem[].]] are satisfied, we
have

l[s(u) — s(Pyu)llco ) < |Is]|x|lu = Pyvullcg (r;x), (4.39)
and for the k-th order statistical moment, where k = 1,2,..., we have by
|E[s" (u)] — E[s"(Pyu)]|

M k—1
~ D w(y™)(s(usy™) — s(Pr;y™)) (Z s 1 u;y™) s (P ym))‘ (4.40)
m=1 =0

< M||s(u) — s(Pnu)||co r)CE,

where C* is a constant depending on the output s and the statistical moment k, with
Ccl=1.

5. Numerical examples. In this section, we present several numerical examples
to illustrate the efficiency of the weighted reduced basis method compared to the
reduced basis method and the stochastic collocation method. The output of interest
is defined as the integral of the solution over the physical domain D

s(y) = / u(z,y)dx. (5.1)
D
We define the following two errors as criteria of different numerical methods

l[s = snllco@ and [E[s] —E[sn]], (5.2)
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where sy is the approximated value of s obtained using N bases for (weighted) reduced
basis method or N collocation points for stochastic collocation method. In particular,
we use the weight function in one dimension as the probability density function of
the random variable obeying Beta(«, 8) distribution with shape parameter o and 3
providing distinctive property of the weight, defined as

Wiy, B) = = (L4 ) (1) ye[-11], (5.3)

~ 2Beta(a, )

where Beta(a, ) is a constant (beta function) chosen so that w(-; a, 8) is a probability
density function. In our numerical experiments, we use the Gauss-Jacobi quadrature
formula to compute the expectation with the solution at the abscissas evaluated
by the reduced basis methods. As for the stochastic collocation method, we use the
Gauss-Jacobi abscissas as the collocation points, which is more accurate than other
choices, especially when the weight function is more concentrated. We specify the
detailed setting of the weighted reduced basis method in the following subsections.
The physical domain is a square D = (—1,1)? and homogeneous Dirichlet boundary
conditions are prescribed on the entire boundary 9D.

5.1. One dimensional problem. We set the stochastic coefficient a(z,w),
x = (x1,22) € D in problem (2.1]) as
1
10

with random variable Y ~ Beta(a, §) with («, 8) = (1,1), (10,10) and (100, 100),
respectively. We remark that when (o, 8) = (1,1) the weighted reduced basis method
becomes a reduced basis method with uniformly distributed random variable, which
has been examined in [I0]. The left of Figure depicts the shape of weight at dif-
ferent locations. The forcing term is the deterministic value f =1 for simplicity. We
use a tolerance at the same value € = 1 x 10715 for three different weight functions to
stop the greedy algorithm. n.q:, = 1000 samples are uniformly selected to construct
the reduced basis space. Another 1000 samples are used to test the accuracy of differ-
ent methods. The exponential convergence of the error ||s — sy||co () and the error
bound in logarithmic scale for three different weight functions are displayed on
the right of Figure for weighted reduced basis method. The maximum number of
bases Nypqe = 16,11,6 built at the training samples with selection order are visual-
ized by the marker size on the left of Figure they are quite different for different
weight functions. From the location and selecting order of the samples on the left of
Figure [5.1] we can tell that the weight function plays an important role in choosing
the most representative bases.

In the comparison of the convergence property of the reduced basis method, the
weighted reduced basis method as well as the stochastic collocation method, we select
the weight function of Beta(10,10) and compute the two errors defined in with
the results shown in Figure It’s evident that the weighted reduced basis method
outperforms the reduced basis method in both norms, and these two methods are
more accurate than the stochastic collocation method in || - [[co () norm. As for
the expectation, the weighted reduced basis method is the best and the reduced basis
method does not beat the stochastic collocation method due to the fact that it doesn’t
take the weight into account.

However, as demonstrated in [I0], the computation of both reduced basis meth-
ods for the one-dimensional stochastic problem is more expensive than that of the

a(z,w) = —(1.1 4+ sin(27r21)Y (w)), (5.4)
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Fiac. 5.1. Left: Probability density function of Beta(c, ) distribution with different o, and
samples selected by weighted reduced basis approximation in order, the bigger the size the earlier it

has been selected; Right: convergence of the error log;, (Hs —snl|eo (F)) by weighted RBM.

RBM
—+— wRBM
- - -8C™m

RBM
—+— wRBM
- - - sCcM

_8

log10(ls-slco )
i
log10([E[s}-Els,J)

F1G. 5.2. Left: convergence of the errorlogg (Hs —snllco (F)) by reduced basis method (RBM),

weighted reduced basis method (WRBM) and stochastic collocation method (SCM); Right: conver-
gence of the error logyo (|E[s] — E[sn]|) by RBM, wRBM and SCM, both with K = 1, Beta(10, 10).

stochastic collocation method because of the offline construction with a large number
of training samples, especially for the problem requiring low computational effort in
one deterministic solving. Similar numerical examples for some other weight functions
are presented in the appendix for expository convenience.

5.2. Multiple dimensional problem. For the test of multiple dimensional
problem, we specify the coefficient a(x,w),x = (21, 22) € D as

a(e,w) = o (44 (“;”)/ ()

) ) (5.5)
+ m Z vV An (sin(nrx )yon (W) + cos(nmxy)yant1(w)) |,
n=1
where yi,1 < k < 5 obeying Beta(100,100), L = 1/4 and A; = 0.3798, Ao = 0.2391.

A sufficient number of 144, = 10000 samples (in fact n4-q:n = 1000 provides almost
the same result in this example) obeying independent and identically distributed
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yr ~ Beta(100,100),1 < k < 5 are taken within the parameter domain T’ = [—1,1]°
to construct the reduced basis space and another 1000 samples following the same
distribution are taken independently to test different methods. We compare the per-
formance of the weighted reduced basis method, the reduced basis method and a
sparse grid collocation method, with results displayed in Figure[5.3] The two reduced
basis methods are obviously more efficient in both norms with the weighted
type providing faster convergence: the number of bases constructed for the weighted
reduced basis method (N4, = 15) is half that necessary to the reduced basis method
(Npaz = 30).

N RBM RBM

T —5— wRBM - —5— WRBM
\ el -~ - scM ~ Tl Som
- o ‘ J
-5} \ Tl 1 xq\
\ -~ .
\ -~ \\
I N \ e
t Ll ;= \
% \ & \
& ° \
| 8 4 @ -tor
b
g X 5 ",
B -or X 1 % \
g Q\ 8 &
-12
-10 &
\
&
-1 \Q
\@Q 14 \@
-12 O
o
.
0 e

-13 L L -16
o o

Fic. 5.3. Left: convergence of the error logg (||s —snllco (F))/ Right: convergence of the
error logyo (|E[s] — E[sn]|), computed by RBM, wRBM and SCM, both with K = 5, Beta(100, 100).

As for the computational effort, the stochastic collocation method with sparse
grid depends critically on the dimension [32] while the reduced basis methods are
near the best approximation in the sense that it considerably alleviate the “curse-of-
dimensionality” for analytic problem and save the computational effort significantly
for high dimensional problems, especially those with expensive cost for one determin-
istic solving. The weighted reduced basis method uses less bases than the conventional
reduced basis method in both offline construction and online evaluation and thus costs
less computational effort, particularly for high concentrated weight function as shown
in the above examples. For detailed comparison of computational cost for reduced
basis method and stochastic collocation method in various conditions, notably for
large scale and high dimensional problems, see [10].

6. Concluding remarks. We proposed a weighted reduced basis method to deal
with parametric elliptic problems with distinctive weight or importance at different
values of the parameters. This method is particularly useful in solving stochastic
problems with random variables obeying various probability distributions. Analytic
regularity of the stochastic solution with respect to random variables was obtained
under certain assumptions for the random input data, based on which an exponential
convergence property of this method was studied by constructive approximation of
general functions with analytic dependence on the parameters. The computational
efficiency of the proposed method in comparison with the reduced basis method as
well as the (sparse grid) stochastic collocation method was demonstrated numerically
for both univariate and multivariate stochastic elliptic problems.

There are a few potential limitations we would like to warn the reader on: firstly,
the performance of the weighted reduced basis method for low regularity problems is
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to be investigated, possibly improved by combination of “hp”-adaptive reduced ba-
sis method [I8]. Secondly, efficient empirical interpolation method [4, 2] needs to be
applied in order to use the weighted reduced basis method to solve non-linear stochas-
tic problems or linear stochastic problems with non-affine random inputs exhibiting
various probability structure. Finally, we would like to mention that application of
the weighted reduced basis method to more general problems, e.g. parabolic prob-
lems [22], fluid dynamics [35], multi-physical problems [27], stochastic optimization
problems [11], inverse problems [29], as well as more general stochastic problems with
various probability structures are ongoing research.
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7. Appendix. To illustrate more about the efficiency of the weighted reduced
basis method, we present the following numerical examples with some widely used
weight functions other than those considered in section 5:

1. weight function as truncated probability density function of normal distributed
random variable:

1
a(z,w) = E(&l +sin(2mz)Y (w)I(|Y] < 3)),
where
1 (y—m*Y.
Y ~ Normal(p, o), w(y) = 5 P (—%‘2 ;

2. weight function as truncated probability density function of gamma dis-
tributed random variable:

a(z,w) = 1—10(10.1 +sin(27z1)Y (w)I(Y < 10)),

where

1 Y
Y ~ Gamma(k,7), w(y) = <=5y exp(—2);
VT (k) g
3. weight function as truncated probability density function of Poisson dis-
tributed random variable:

a(z,w) = %(100.1 +sin(27z1)Y (w)I(Y < 100)),

where

NeA

Syl

The selected samples for different weight functions and error of log;(||s — sn||co ()
are displayed in Figure [7.1] [7.2] and [7-3] respectively, from which we can observe that
the samples are effectively chosen according to the weight functions. Consequently,

both the offline construction and the online evaluation become more efficient by the
weighted reduced basis method than the conventional one.

Y ~ Poisson(A), w(y) =
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Fi1G. 7.1. Left: Probability density function of Y ~ Normal(p, o) with different p, o and samples
selected by weighted reduced basis approximation in order, the bigger the size the earlier it has been

selected; Right: convergence of the error log <||s —snlleo (F)) by wetighted reduced basis method.
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Fi1G. 7.2. Left: Probability density function of Y ~ Gamma(k,~) with different v and samples
selected by weighted reduced basis approximation in order, the bigger the size the earlier it has been

selected; Right: convergence of the error log;g (||s —snllco (F)) by weighted reduced basis method.
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