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Abstract

We propose a dimensionality reduction method for structgignals and its application in classification. The
training phase implements a learning process that formsrta-pased representation of signals. Signals are jointly
represented in a common subspace extracted from a redudittionary of basis functions, using greedy pursuit
algorithms for simultaneous sparse approximations. A lssealof basis functions is generally sufficient to charazeer
a particular signal, and distinguish it from its peers insslfication tasks. The dimensionality reduction method is
further extended into a supervised algorithm, which erderthe separability between classes, and provides improved
classification performances. Interestingly, the propadgdrithms are generic in terms of target signals, andatietiy
functions. The design of the dictionary stays particuléigyible, which allows for a direct control on the charactéds
of the basis functions that can incorporate a priori andieatbn-driven knowledge into the basis vectors during the
learning process. We compare our dimensionality reduatiethod with Non-negative Matrix Factorization (NMF)
and its variants, in the context of handwritten digit imageagnition and face recognition. The experimental results
suggest that the proposed dimensionality reduction meithadmpetitive with NMF in terms of classification error
rate, but advantageously provides meaningful featurels gh discriminant value.

Index Terms

Dimensionality Reduction, Redundant Dictionaries, Stamubous Sparse Approximation.

I. INTRODUCTION

Recent years have witnessed a large volume of high dimesisionltimedia data. It becomes increasingly
important to design effective algorithms for pattern asmsyand knowledge discovery from the data, in order to
respond to the various information requests from diversgsuand applications. A pattern of interest is usually
observed in a high dimensional ambient space but it is tylgicd much lower intrinsic dimension. For instance,
all the possible appearances of a facial image span only # para of the high dimensional image space. The
purpose of dimensionality reduction techniques is exaittlyliscover the intrinsic dimension of the data and to
extract the low dimensional meaningful features that canuiately characterize the useful information.

Subspace analysis helps to reveal the latent low dimensstmatures from the observed high dimensional data.
It simply consists in computing the subspace of reduced i@, which best characterize the relevant information
contained in the data of interest. Non-negative Matrix &azation (NMF) [1] and Principal Component Analysis
(PCA) [2] are certainly among the most popular subspace odstfor dimensionality reduction. NMF methods has
been proposed for learning a parts-based representatidnadvantageously provides sparser, spatially localized
and therefore more interpretable basis vectors than thosguted by PCA-based algorithms, which are holistic
and of global support. Recently, a lot of variants of NMF (geg., [3], [4] and references therein) have been
proposed in order to provide more control over the propemiethe basis vectors and/or coefficients vectors, by
introducing additional (possibly non convex) constraiimt® the NMF optimization problem. However, in some
cases, this results in sophisticated non-convex optiiizgiroblems that are hard to solve in practice.

In this paper, we propose a subspace method which formutagedimensionality reduction problem as a matrix
factorization problem, where the basis vectors are exdaitom a redundant dictionary of localized basis functions
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The flexibility in the design of the dictionary provides ditecontrol on the shape and the properties of the basis
functions, such as spatial locality and sparse supportebiar, it provides naturally the potential to incorporate a
priori and application-driven knowledge into the learnprgcess, without resorting to sophisticated constradts.
dimensionality reduction method attempts to solve theofé@ation problem using the Simultaneous Orthogonal
Matching Pursuit (SOMP) [5] algorithm, which has been poergly proposed in a different context for simultaneous
sparse approximation of signals. SOMP is a greedy suboptigarithm which selects in each step that basis
function from the dictionary that will provide the largestduction of the approximation error.

We further extend the proposed method to classificationlpnafy, and we propose a supervised dimensionality
reduction that exploits the available class labels infdioma We present a variant of the SOMP algorithm that
encourages the separability between classes. In pani¢co&aselection of the basis function from the dictionary
is now driven by a trade-off between the approximation emod class separability. We use the ratio of inter-
class over the intra-class variance as a class separadi#ly function. This modification of the basis function
selection step, results into features with more discritimgavalue than the unsupervised dimensionality reduction
algorithm. We analyze the properties of the superviseddyrelecomposition algorithm, whose convergence rate
is obviously penalized by the class separability constrdixperimental results in the context of face and digit
recognition demonstrate the efficiency of the supervisetedsionality reduction algorithm, which is competitive
with the NMF-based methods. When the size of the subspacesaises, SOMP algorithms even outperform NMF
solutions, and advantageously provide meaningful featwiéh high discriminant value.

The rest of the paper is organized as follows. In Section lIrexgew the related work and discuss briefly the
standard NMF algorithm and the local NMF, which is one of itsstnpopular variants. In Section Ill, we introduce
our subspace method for dimensionality reduction usingimdelnt dictionaries, and in Section IV we discuss the
supervised method and establish its convergence propeFieally, Section V provides experimental results that
demonstrate the properties of the proposed schemes, anghoerthem with NMF and its variants in the context
of face and digit recognition.

II. RELATED WORK

Dimensionality reduction is a very broad concept which emgasses numerous methods proposed in the literature.
One may distinguish though three main families of methodldii@ar methods (e.g., LPP [6], ONPP [7] etc), (b)
nonlinear methods (e.g., LLE [8], Laplacian Eigenmaps [8hmap [10] etc) and (c) low rank approximation
methods (e.g., PCA [2], NMF [1], [11] etc). The first two cadeigs employ a mapping from the high dimensional
space to a low dimensional space, which is linear in the forcase and nonlinear in the latter case. The third
family includes those methods that use a low rank approximadf the data matrix. In other words, they use only
a small number of basis vectors to approximate the high déimeal data of interest. The dimensionality reduction
method that is proposed in this paper typically belongs otttird category. We now discuss in more details the
most popular methods for low rank approximation.

The most popular subspace method for dimensionality réstués Principal Component Analysis [2]. In PCA,

a subspace is constructed from the eigenvectors of the samophriance matrix and dimensionality reduction is
accomplished by discarding the eigenvectors correspgrdirts smallest eigenvalues. The obtained basis vectors
from PCA are holistic and of global support. However, theyerally fail to identify features that are spatially
localized. This represents a clear drawback for applioatihat rely on parts-based representations of data opjects
or where the most relevant information is contained in lzeal features.

Non-negative Matrix Factorization (NMF), introduced in[,[{11], is another popular dimensionality reduction
method with empirical success in real life data sets. It leenlproposed as a subspace method for a parts-based
representation of objects by imposing non-negativity tamsts, typical to digital imaging applications. Given a
data matrixS € R™*" with non-negative entries, NMF seeks two non-negativeofadl” € R™*" andH € R™*"
such that

S~ WH. 1)

The columns of the matriX¥ contain the basis vectors and the matfixcontains the corresponding coefficients
(or encoding) vectors for the approximation of the columhsoConsider the generalized Kullback-Leibler (KL)
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The KL divergence is the most popular objective functionduseNMF algorithms. In what follows, we describe

briefly the standard NMF algorithm and one of its variantsjolhwill be used in our experimental evaluation.
Standard NMFThe NMF can be formulated as the following optimization peai

Optimization problemNMF
minwﬂ D(SHWH),
subject to

W,H >0,

Dim wij =1, Vj.

A local minimum solution to the above problem can be obtaibgdterating the multiplicative rules introduced in
[1].

Local NMF Local NMF (LNMF) [3] is a variant of NMF, which tries to enfoecthe spatial locality of the basis
vectors. In particular it differs from the standard NMF bypiasing three additional constraints expressed by the
following rules: (a) the number of basis components shoddiinimized, (b) different basis vectors should be
as orthogonal as possible and (c) only the most importantpooients are retained. In particular, LNMF can be
formulated as the following optimization problem.

Optimization problemLNMF
minw, g D(S||WH) + « Z” wij — B, Ziis
subject to

W,H >0,

a, B3>0,

U=W"W,

Z=HHT.

In the objective function we have introduced the scataend 3, which are the Lagrange multipliers corresponding
to the additional constraints on spatial locality of featurA local minimum solution to the above problem can be
obtained by iterating the three multiplicative rules imtwaed in [3].

Other variants of NMF have also been proposed recently. kample, a sparsity controlled NMF algorithm
based on a measure of sparsity that is a combination of thend1L& norm, has been proposed in [4]. Along
the same ideas of controlling sparsity of the reduced sulespadNMF variants using convex programming have
been proposed in [12], [13]. Yet another variant of NMF hasrbpresented in [14], where the authors describe an
extension of standard NMF by imposing smoothness constrainthe non-negative factors. In particular, they apply
their algorithm for the analysis of non-negative spectratiadgenerated from astronomical spectrometers. Finally,
in [15], the NMF model is modified by introducing a smoothingrenetric matrix which controls the sparsity of
both non-negative factors.

Although the NMF optimization problem is convex with resptecii or H individually, it is however non-convex
with respect to both of them. Thus, all algorithms that hagerbproposed in the literature are not guaranteed to
converge to the global minimum and they are prone to locaimanMoreover, it has been observed that they are
also sensitive to the initializations of the two non-negmfiactors. If the initialization is not good it may happen
that the algorithm gets trapped in a bad local minimum, whéztds to clearly suboptimal performances.

Finally, extension to classification problems have beep@sed with supervised variants of NMF, which takes into
account class labels information. The authors in [16] ar [Adependently propose a supervised NMF algorithm
by incorporating the Fisher constraints into the objectiugction of NMF and they propose multiplicative update
rules. Class separability criterion for basis functioresébn has also been proposed in [18], in the context of face
identification.



Algorithm: SOMP
Input: Signal matrixS € R™>*"™ andt ol : approximation
error tolerance.
Output: Set of selected atom$, approximationA
and residual matrix?.
1. Initialize the residuaRg =S, ¥ =[], ¢t = 1.
2. Find indexy; which solves the optimization problem
maxscr [|R] ¢+ 1
3. Augment¥ = [, ¢n,]
4. Compute an orthonormal basis = [v1, ..., v¢]
of the spag¥}.
5. Compute the orthogonal projectét = V,th—r on
the spaq¥}.
6. Compute the new approximation and residual
Ay = PSS
Ri=({I—-P)S
7. 1f ||R||r < tol, then stop. Otherwise, increment
iterationt = ¢t + 1, and go to step (2).

TABLE |
THE SOMPALGORITHM.

IIl. DIMENSIONALITY REDUCTION USING SOMP

We assume the existence of a redundant dictiodamhat spans the Hilbert spa@é of the signals of interest.
Redundancy offers flexibility in the construction of thet@ioary, and in general improves the approximation rate,
especially for multidimensional signals. A redundantidicary is an overcomplete basis in the sense that it includes
a number of vectors that is larger than the dimension of thesgace. The elements of the dictionary, which are
indexed byy € T" i.e.,

D ={¢y, veT}, ®)

are usually callecitoms The atoms have unity norm i.€l¢, |2 = 1, Vv € I, where|| - || denotes the L2 norm.
It is important to note that we do not set any particular agstion on the dictionary design, and that the following
analysis holds for any redundant dictionary (i.e., overplate basis). The only assumption that we make is that
the dictionary spans the signal spade

Then, we consider a signa) as an element off C R™. The training data forms a signal matrix

S = [513827" '7577.] € Rmxn? (4)

wheres; denotes thé-th column ofS. For dimensionality reduction, our goal is to decompSsia the following
form

S — \I/C, \IJ c RmXT" C c RT‘X’IL, (5)

whereW are the basis vectors drawn from the dictionary ahdre the corresponding coefficients. In other words,
every column ofS is represented in the same set of basis functi@nssing different coefficients. This is a
dimensionality reduction step where each signal (columrspfis represented in the subspace spanned by the
columns of¥, using onlyr < m coefficients.

If the columns of¥ are spatially localized basis functions then the decontipasgiven in Eq. (5) results in a
parts-based representation. Note that the design of thimmbry determines the properties &f Therefore, one
has direct control on the shape and the properties of the hasitions due to the flexible design of the dictionary.
Recall that in NMF and its variants, one has however only icitptontrol on the properties of the basis functions,
which is accomplished via additional constraints that ateoduced in the optimization problem.

If we denote by]| - || the Frobenius norm, then we formulate the above problemesottowing optimization
problem.



Optimization problemOPT1
min\p_’c ||S - \I/CH%‘
subject to

v CD.

In order to solve OPT1 one may employ suboptimal algorithinvst thave been proposed in the context of
simultaneous sparse signal approximations [5], [19],,[EZ]. We have chosen to use the Simultaneous Orthogonal
Matching Pursuit (SOMP) algorithm [5], since it lends ifs&$ an efficient algorithm for solving OPTL1 in practice.
Interestingly, an algorithm called M-OMP, which is idemtico SOMP, has been independently proposed in [21].
However, for notational convenience we will keep using teemt SOMP while referring to any of these two
algorithms.

SOMP is a greedy algorithm that extracts a subBebf the dictionary, such that all the columns §f are
simultaneously approximated. SOMP is a generalization efdiing Pursuit [22] to the case of simultaneous
approximation of several signals. In each step, SOMP diesdiects the atom from the dictionary, which best
matches all the residual signals at each iteration. IhitidOMP sets the residual matriX = S. Once the best
matching atomy, has been selected, the algorithm updates the residualxnimtrprojection on its orthogonal
complement, i.e.,

R=(I-¢,0])S,

where I — (b.y(bI is the projector on the orthogonal complement of jggar}. The above step will remove the
components of, from R.

In the next steps, the algorithm applies the same procedurthe updated residual matrix. Thus, it greedily
selects in step, the best matching atom,, by solving the simple optimization problem

v = maxarg. cp | R 4|1, (6)

and includes the selectegl, in ¥. The residual matrix is updated by = (I — P)S, whereP is the orthogonal
projector on thespan{¥}. The main steps of the SOMP algorithm are summarized in Table

Note that the Orthogonal Matching Pursuit (OMP) converges finite number of iterations [23, Sec.9.5.3] since
the norm of the residual is decreasing strictly monotohidal each step. This can be generalized to the case of
SOMP, as stated in the following proposition.

Proposition 1: [21] In each step of SOMP, the norm of the residual decredsietiysmonotonically and SOMP
converges in a finite number of steps.
Therefore, a greedy solution based on SOMP is not prone todmppdd in local minima, and not sensitive to
initializations, contrarily to the NMF algorithms.

IV. SUPERVISED DIMENSIONALITY REDUCTION
A. Supervised SOMP

We now propose to extend the previous algorithm to clastificaand we propose a supervised learning solution
when class labels are available. In order to develop a sigsehdimensionality reduction method, we modify the
objective function in OPT1 by including an additional terhmt encourages the separability between different
classes. First, let us denote the number of classesdnd assume without loss of generality that

S=[sM ... 5] erm™ 7)

whereS() ¢ R™*": denotes the data samples that belong toittieclass of cardinality:;. Then we formulate a
supervised dimensionality reduction problem by modifyihg optimization problem OPT1 as follows.

Optimization problemOPT2
subject to
v CD.

In the above optimization probleni(¥) denotes the cost function that captures the separabilitgtifterent
classes. The scalax drives the trade-off between the approximation error areddlass separability. In order to



Algorithm: SSSOMP
Input: Signal matrixS € R™>*"™ andt ol : approximation
error tolerance.
Output: Set of selected atom$, approximationA
and residual matrix?.
1. Initialize the residuaRo =S, ¥ =[], ¢t = 1.
2. Find indexy; which solves the optimization problem
Yt = maxarger ||R Syl + MGy 6411 = G 6 111)
3. Augment¥ = [, ¢
4. Compute an orthonormal basis = [v1,...,v¢]
of the spag¥}.
5. Compute the orthogonal projectét = V;V,T
the spaq¥}.
6. Compute the new approximation and residual
Ay = PSS
Ri=({I—-P)S
7. If |R||r < tol, then stop. Otherwise, increment
iterationt = ¢t + 1, and go to step (2).

TABLE Il
THE SUPERVISEDSOMP (S-SOMPRLGORITHM.

solve OPT2, we propose to modify the atom selection step dfiB®y including the class separability term. The
intuition is that in each step, the algorithm selects thenatawhich best explains all signals and at the same time
it discriminates between signals of different classes. Alethe modified supervised algorithm S-SOMP.

The separability cost function is chosen to capture thedifice between the projected within-class variance and
the projected between-class variance. By the projectess slariance, we mean the restrictions of the within-class
scatter matrixS,, and the between-class scatter maffix on the candidate atow. They are respectively given as
¢ " S,¢ ando ' Sye. In order to reflect the differences between the projectenees, we define the cost function
as

J(8) = |Gydlli — IGy ¢ll1, (8)

whereG,, andG, respectively represents the transposes of the squareabtits scatter matriceS,, and S,. The
scatter matrices are defined as

1 o , ,
Sw o= =3 > (s—p)s— )T ©)
i—lses(‘)
Sy = —Zn (D — ) (D — )T, (10)

where

1 ng
= g (11)

denotes the centroid of theth class (the notat|0l ) denotes the-th sample of the-th class), and

1 n
==Y s (12)
n 4
Jj=1
represents the global centroid. Then, if we defiffé = [1,...,1]T € R**! ande = [1,...,1]T € R"*!, we can
write the matricesy,, € R™*" and G} € R™*¢ as
Gw = _[5(1) _ u(l)(e(l))—r7 B 475(6) _ M(C) (6(0))7]

Gy = War(u® = ), ..., Vae(u® = ],

sl-3l-



where we observe thaf,, = GwGUTJ and .S, = GbGl;r. It implies that both scatter matrices are symmetric and
positive semi-definite. Note that the L1 norm has been chasehe cost function in order to be in accordance
with the non-supervised algorithm as given in Eq. (6). Hinalle can rewrite the optimization problem that we

solve in each step of the supervised S-SOMP as,

e = maxarg, cr [|RT ¢yl + MGy ¢yll1 = G iy ]11)- (13)

Table Il summarizes the main steps of the S-SOMP algorithm.

B. Analysis of S-SOMP

As shown before, the residual of SOMP converges to zero asuhgber of iteration increases. In S-SOMP,
the class separability is strengthened, which results iefattive algorithm for classification tasks. However, the
separability cost function introduces a penalty on the eagence rate of the S-SOMP algorithm. In the extreme
case where the penalty term is very large, it can even causporary stagnation of the residual energy, as is
explained in the following remark.

Remark 1:The residual of the S-SOMP algorithm decreases strictlyatmmically in each step, if the following
condition is satisfied,

IR ¢, 113 >0, V. (14)
Proof: Assume that in iteration, the condition (14) is violated and the selected atoym is orthogonal to
all columns of the residual matrix. In other words,

IR/ ¢+, 115 = 0. (15)
First, note that condition (15) implies that
R/ veg1ll5 = 0. (16)
Indeed, it holds that ,
Vg1 = Gy, — > G, 17)
=1
where (; = vﬁb% are the weights of the linear combination that make; orthogonal tovq,...,v;. Note

that they can be also computed using the Gram Schmidt ortfadigation process [24]. In the same time
R; 1 span{vy,...,v:}, due to the construction of the algorithm. Combined withatieh (17), it leads to the
condition given in Eq. (16).

Then, we callVi41 = [v1,...,v41] an orthogonal basis for the sgahlJ¢.,} obtained in the first + 1
iterations. The orthogonal projector on the span J ¢, } is

t+1

PtJrl = ‘/H*l‘/t——ﬁr-l = ZU{UZ-T = Pt + ’UtJrl’U;-l' (18)
=1
Using the above formula, we observe that
Riyn = S—P1S=(I~-P1)S
= (I—Pt —Ut+1v;1)s
= Rt — Ut+1UtT+15- (19)
However it holds that;tﬂvtTHS because
v S = veav (R + Ayr)

'Ut—Q—l'U;D_lRt + UH—IU;D_lAt
= 0, (20)
where the first term is zero because of (16) and the seconditem@ro due to the fact that, belongs in the

spa{V;} andv.y1 L span{V;} (see also equation (17)). In this case we therefore iaye = R; due to Eq. (19)
and (20). We conclude that if condition (14) is violated, thsidual stays unchanged. ]



The above remark suggests that one should be mindful wittsé¢textion of the Lagrange multiplier which
drives the trade-off between approximation and class sdjdy. It should be chosen carefully in order to make
sure that the condition (14) is never violated and to keepritite balance between the two objectives. Notice also
that during the course of the algorithm, the approximatiooredecreases, and keeping a constgnwill result in
shifting the emphasis from the approximation error to theasability criterion. In order to avoid this phenomenon
and to reduce the probability that condition (14) is viothtere use an adaptive rule for updating the paramkgter

Ai+1 = [[Regr, [l1, with Ao = 1.

In other words, we seh to be equal to the L1 norm of the residual of the previous stdys rule takes into
account the observation that from iteration to iteratiom tesidual drops. The adaptive strategy decreasasthe
same rate as the residual and keeps the right balance beappesximation and class separability.

Concerning the convergence properties of S-SOMP, we cdd huproposition analogous to Proposition 1 of
Section Ill. In other words, S-SOMP converges in a finite nenmdf steps. However, the decay of the residual may
not be monotonic, and the approximation rate is mostly dribg the weight of the separability constraints. As
was shown in Remark 1, the approximation rate is drivem\pgnd the signal representation becomes a judicious
compromise between good approximation, and effectiveidigtation between classes in supervised dimensionality
reduction problems.

V. APPLICATION TOIMAGE CLASSIFICATION

A. Dictionary design

We first discuss in detail how one may build structured diwides for dimensionality reduction in the context
of digital images. A structured dictiona® is built by applying geometric transformations to a geriagamother
function ¢. The parameters of the geometric transformations areufrefimpled such that the resulting dictionary
forms an overcomplete basis of the image space. A geomegnisformationy € I' is represented by a unitary
operatorU (y) and in the simplest case it may be one of the following threedy

« Translationby b = [b; by]T. U(b) moves the generating function across the image

-,

U®)g(z,y) = ¢p(z — b1,y — b2).
« Rotationby 6. U(6) rotates the generating function by anglee.,
U@)(z,y) = o,y).
x cos(0)x + sin(0)y

/

y = cos(f)y —sin(f)x

« Anisotropic scalingoy @ = [a; a2]". U(a@) scales the generating function anisotropically in the twedions
ie.,
- Tz Yy
U =¢(—, =).
@(w,y) = o)
Composing all the above transformations yields a transftion v = {177 a,d} € I. Finally, an atom in the
structured dictionary
D ={U(y)¢, yeT}

is built as

U)oz, y) = o', y),

S cos(0)(x — by) +sin(0)(y — b2)
y = cos(0)(y — b2) — sin()(z — bl)'
a2

In image classification applications, we consider threéedsht structured dictionaries generateddywhereo
is



« Gaussianfunction:

— i (2 2
P(x,y) = ﬁexp( (" +y7)) (21)
« Anisotropic refinemen{AR) function [25]. This generating function has an edde&lform and has been
successfully used for image coding. It is Gaussian in onection and the second derivative of Gaussian in
the orthogonal direction. It can be mathematically exprdsss,

2
z,y) = —— (422 — 2) exp(—(z? + 3?)). 22
o(z,y) \/ﬁ( )exp(—(z” +y)) (22)
« Gaborfunction. This generating function is very popular in faeeagnition. It consists of a Gaussian envelope
modulated by a complex exponential. We have used the rebbparsimplified version of the Gabor function,

¢, y) = cos(2mz) exp(—(2* +1?)). (23)

Note that one of advantages of structured dictionaries ilieshe fact that they enable a fast FFT-based
implementation of the SOMP algorithms. Recall that in eatep ©f the SOMP algorithm, we need to compute
the inner product of the candidate atom with the residualasy In practice we construct the atoms only in their
centered position. The inner product of a residual signafth all translated versions of an atogn is computed
via 2D convolution which can be effectively computed usiigy 2FT. Using this computational trick the algorithm
becomes computationally attractive, even in the contextighi dimensional signals, like digital images.

B. Experimental Setup

In both SOMP algorithms described earlier, the construaticthe atoms in each dictionary proceeds by sampling
uniformly 10 orientation angles if0, 7] and 5 logarithmically equi-distributed scales[in N/6] horizontally and
[1, N/4] vertically, whereN is the image size. For our experimental comparisons, we heséntplementations of
NMF and LNMF provided innnf pack [4] which is a MATLAB software package developed by P. Hoydote
that the codes do not come with a stopping criterion. Thusrumethe NMF methods up to maximum number of
iterations, which was set to 1000 for both NMF algorithms.

In the learning stage of both SOMP algorithms, which prodube matrix¥ of basis vectors, we use 4 samples
per class. For classification, each training sigsnais projected using the basis vectdps where@ denotes¥ for
the SOMP methods and’ for the NMF methods. In particular, we project the samplethanreduced space using
the transpose of) i.e.,

T .
vu=Q's;, i=1,...,n.

Note that we have chosen to use the transposé€ dfistead of its pseudo-inverse in order to avoid numerical
problems. Then classification is accomplished in the redigpace by simple nearest neighbor (NN) classification.
In other words, the test signal is also projected by; = Q"s, and then classified by assigning it the label of
its nearest neighbor, among all the training signals. Westnreaperformance in terms of classification error rate,
which is the percentage of the test samples that have beatassHied.

In our experiments, we use the following data sets:

a) Handwritten digit image collectionWe use the handwritten digit collection that is publicly iafale at S.
Roweis web pade This collection contains 2& 16 bit binary images of “0” through “9”, and each class comsai
39 samples. Hence the signal matrix is of sB2® x 390. We form the training set by a random subset of 10
samples per class and the remaining 29 samples are assigtieel test set.

b) ORL face databaseThe ORL (formerly Olivetti) database [26] contains 40 irdivals and 10 different
images for each individual including variation in faciapegssion (smiling/non smiling) and pose. Figure 1 illustsa
two sample subjects of the ORL database along with variatiorfacial expression and pose. The size of each
facial image is112 x 92. However, we downsampled each facial image2gox 23 for computational efficiency.
Hence the signal matrix is of siz@t4 x 400. We form the training set by a random subset of 5 differeniafac
expressions/poses per subject and use the remaining 5 assete

Lhttp://www.cs.toronto.eds/roweis/data/binaryalphadigs.mat

10



Size of S Samples/class
Handwritten digits 320 x 390 39
ORL face data set 644 x 400 10
CBCL face data sef| 361 x 2429 -
TABLE Il

THE DATA SETS USED IN THE EXPERIMENTAL EVALUATION

c) CBCL face databaseThe CBCL face database [27] consists of 2,429 facial imafjeze 19x 19. Hence
the signal matrix is of siz861 x 2429. Note that for this data set, there are no class labels &laif@r the
individuals. All data sets that are used in the experimestaluation are summarized in Table Ill, along with their
main properties.

=%
;3
—

—

S 5 1SS
szizzizszzs=s®

Fig. 1. Sample face images from the ORL database. There aawdil@ble facial expressions and poses for each subject.

C. Classification performances

In the first experiment we investigate the impact of the diwdiry on the classification performance by comparing
the effectiveness of the three generating functions ptedesarlier. We run SOMP on both digit and ORL face
data sets and compare the classification performance wsghece to different dimensions = [10 : 10 : 50] (in
MATLAB notation) of the reduced space. Sub-figures 2(a) afi) depict the classification error rates obtained via
the different dictionaries, for the digits and the face degairespectively. Note that for each valuerofve report
the average classification error rate across 100 randorizagahs of the training/test set. Observe that for the
digits data set the dictionary built from Gaussian funditsthe best performer. However, for the face data set the
behavior is quite different and the AR dictionary seems tedmapetitive and even superior to the other dictionaries,
especially for large dimensions. This is likely due to thetfthat the AR atoms can represent the edge-like fine
details of facial characteristics like the eyes, the moutti so on. Therefore, in the following experiments and in
both SOMP algorithms, we have chosen to use the Gaussidandicy for the digit data set and the AR dictionary
for the face data set.

Then we analyze and compare the classification performateéned by the proposed algorithms, with several
variants of NMF methods. The basis functions obtained fradM®, NMF and LNMF algorithms are given in
Figures 3 and 4, for the digits and faces data set respectiVak basis functions in sub-figures 3(a) and 4(a)
are obtained from SOMP using the Gaussian dictionary. Sitgjithe basis function in panels 3(b) and 4(b) are
obtained from SOMP using the AR dictionary. The figures alspict the recovered basis functions from NMF
and LNMF. Note that the features obtained from NMF are notliaed and seem to be of global support. On the
contrary, the features of LNMF are spatially localized and the digits data set they seem quite similar to the
Gaussian atoms.

We now compare SOMP and S-SOMP with NMF and LNMF in terms o$sifecation performance. In both
data sets, we experiment with the dimension of the reducadesp= [10 : 10 : 50] and in the classification
experiments, for each value of we report the classification performance in terms of av@rgor rate across 50
random realizations of the training/test set.

Figure 5(a) first depicts the average classification err@ar fiar various values of the dimensierof the reduced
space, for the handwritten digit image recognition taske &terage is computed over 50 random realizations of the
training/test set. Recall that in both SOMP algorithms we the Gaussian dictionary. We observe that the SOMP
algorithms are superior to the NMF algorithms. Furthermtre supervised SOMP seems to be slightly better than
its unsupervised counterpart.
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Fig. 3. Recovered basis vectors from the handwritten digjiection.

Then, Figure 5(b) depicts the average classification eat& across 50 random realizations of the training/test
set for the face recognition task. Recall that for this datavwge use the AR dictionary, in both SOMP algorithms.
Observe that for small dimensiomsof the reduced space, the SOMP algorithms are slightly imféo the NMF
algorithms. However, asincreases the SOMP methods become superior to the NMF nwethbid can be explained
by the greedy nature of the SOMP methods. In the first stepsS@MP algorithms usually select atoms of large
scale in order to reduce quickly the approximation errot,that do not consist in highly discriminating functions.
The large scale atoms typically correspond to low frequenéyrmation which may not contribute a lot to the
classification task.

It has to be noted that NMF may be combined with subsequemrgiged methods such as Linear Discriminant
Analysis (LDA)[28, ch.4] and yield an effective hybrid methwhich is among the state-of-the-art in face recognition
and/or verification. In [17] the authors show competitiveules of hybrid NMF methods in the context of face
verification. Therefore we expect an analogous hybrid nietifdhe proposed dimensionality reduction scheme to
be competitive as well, with the state-of-the-art in thegpligations.

D. Discussion

In this section, we finally discuss in more details the prtopsrof SOMP algorithms in terms of convergence.
Figure 6 first illustrates the behavior of both SOMP algamhin terms of approximation rate and class separability,
captured by (¥) = tr(¥ TS, W) — tr(¥ TS, ¥). We run both SOMP algorithms on the digits data set and in S-
SOMP, we use\,11 = 10||R:¢,|l1, with A\ = 10, for updating the parameteY. Note that, as expected, the
approximation rate is smaller for the supervised versiothef SOMP algorithm, as discussed previously. Indeed,
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Fig. 4. Recovered basis vectors from the ORL face data set.
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Fig. 5. Image recognition experiments.

the algorithm does not select any more the “best” atom widipeet to the approximation error, and is penalized by
the separability cost function. However, the S-SOMP atpariachieves higher discrimination among the different
classes and hence, it offers better classification perfoces as illustrated in Figure 5.

We finally illustrate the robustness of redundant exparsségainst errors in the signal representation. We compare
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Fig. 6. Residual error and class separability versus nurabierations in S-SOMP.
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Fig. 7. Quantization effects on facial images from the CB@tef data set, using SOMP.
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Fig. 8. Quantization effects on facial images from the CB@tef data set, using NMF.

the behavior of facial representations of both SOMP and NMéeun quantization noise. In particular, we test the
robustness of the representation quality of human facels meispect to uniform quantization of the coefficient
vectorsC. Denote byq the guantization step of the uniform quantizer denoted iatvfbllows asQ(-). We select

n = 32 facial images[si,...,s,] from the CBCL face database and run 50 steps of SOMP using umndedt
dictionary of Gaussian atoms, yielding a common bdsis R351*%°, Then, for each facial image, we perform
the following steps,
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1) Compute the coefficient vectors: = U's;, Vi,

2) Quantize the coefficientg; = Q(c;), Vi,

3) Reconstruct the facial images: = ¥¢;, Vi.
We repeat the above process for different stgpsthe quantizer. Figure 7(a) shows the facial images tha¢wsed
in the approximation and 7(b) represents the obtained appation with 50 Gaussian atoms, without quantization.
Next, sub-figures 7(c)-7(e) illustrate the quantizatiofe&s for step sizegs = 0.1,¢ = 0.2 andq = 0.3. Figure 8
shows the analogous facial representations obtained vith, Nsing 50 basis vectors. Notice that as the quantization
becomes cruder (i.g, increases) the reconstruction quality of SOMP facial repnéations degrades gracefully (in
terms of perceptual quality). Thus, SOMP representatieesnsto be quite robust against quantization noise and
the faces look remarkably natural. Even fpe= 0.3 they still look like faces.

0.351

Average magnitude of coefficients

0 10 20 30 40 50
basis vectors

Fig. 9. Average magnitude of coefficients for both SOMP andRM\&lgorithms.

On the other hand, the facial modelling from NMF seems to b gensitive to quantization noise. Notice that in

the majority of cases fay = 0.3, the NMF facial representations become identically zeapicted as black blocks

in the figure). This occurs due to the fact that the basis ve@oNMF representations are equally important, which
implies that the corresponding coefficients are of similedeo of magnitude. In SOMP representations however,
due to the greedy nature of the algorithm, the first atoms legartost important ones. Usually they are of large
scale and they capture the main geometric characteridtitge dacial shape. The magnitude of their corresponding
coefficients is quite higher than the magnitude of the cdefiits of the remaining atoms. This is illustrated also in
Figure 9, where we plot the magnitude of the coefficients eflthsis vectors for both algorithms, averaged over
the 32 facial images.

VI. CONCLUSIONS

We have proposed a method for dimensionality reductiongugdundant dictionaries. We use greedy algorithms
from simultaneous sparse signal approximation to extraznimgful features from overcomplete dictionaries. We
have extended the algorithm to classification problems,reviaee proposed a supervised dimensionality reduction
strategy. It includes a class separability penalty termhi@ objective function of the dimensionality reduction
problem, which improves on the classification performaridee experimental results presented in the context
of classification of handwritten digits, and face imagesndestrate the effectiveness of the proposed scheme.
They suggest that the extracted features are meaningfupemdde high discriminating value. This allows for
a dimensionality reduction solution that offers jointly aagl signal approximation, and interesting classification
performances.
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