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Abstract

We propose a dimensionality reduction method for structured signals and its application in classification. The
training phase implements a learning process that forms a parts-based representation of signals. Signals are jointly
represented in a common subspace extracted from a redundantdictionary of basis functions, using greedy pursuit
algorithms for simultaneous sparse approximations. A small set of basis functions is generally sufficient to characterize
a particular signal, and distinguish it from its peers in classification tasks. The dimensionality reduction method is
further extended into a supervised algorithm, which enforces the separability between classes, and provides improved
classification performances. Interestingly, the proposedalgorithms are generic in terms of target signals, and dictionary
functions. The design of the dictionary stays particularlyflexible, which allows for a direct control on the characteristics
of the basis functions that can incorporate a priori and application-driven knowledge into the basis vectors during the
learning process. We compare our dimensionality reductionmethod with Non-negative Matrix Factorization (NMF)
and its variants, in the context of handwritten digit image recognition and face recognition. The experimental results
suggest that the proposed dimensionality reduction methodis competitive with NMF in terms of classification error
rate, but advantageously provides meaningful features with high discriminant value.

Index Terms

Dimensionality Reduction, Redundant Dictionaries, Simultaneous Sparse Approximation.

I. I NTRODUCTION

Recent years have witnessed a large volume of high dimensional multimedia data. It becomes increasingly
important to design effective algorithms for pattern analysis and knowledge discovery from the data, in order to
respond to the various information requests from diverse users and applications. A pattern of interest is usually
observed in a high dimensional ambient space but it is typically of much lower intrinsic dimension. For instance,
all the possible appearances of a facial image span only a small part of the high dimensional image space. The
purpose of dimensionality reduction techniques is exactlyto discover the intrinsic dimension of the data and to
extract the low dimensional meaningful features that can accurately characterize the useful information.

Subspace analysis helps to reveal the latent low dimensional structures from the observed high dimensional data.
It simply consists in computing the subspace of reduced dimension, which best characterize the relevant information
contained in the data of interest. Non-negative Matrix Factorization (NMF) [1] and Principal Component Analysis
(PCA) [2] are certainly among the most popular subspace methods for dimensionality reduction. NMF methods has
been proposed for learning a parts-based representation, and advantageously provides sparser, spatially localized
and therefore more interpretable basis vectors than those computed by PCA-based algorithms, which are holistic
and of global support. Recently, a lot of variants of NMF (seee.g., [3], [4] and references therein) have been
proposed in order to provide more control over the properties of the basis vectors and/or coefficients vectors, by
introducing additional (possibly non convex) constraintsinto the NMF optimization problem. However, in some
cases, this results in sophisticated non-convex optimization problems that are hard to solve in practice.

In this paper, we propose a subspace method which formulatesthe dimensionality reduction problem as a matrix
factorization problem, where the basis vectors are extracted from a redundant dictionary of localized basis functions.
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The flexibility in the design of the dictionary provides direct control on the shape and the properties of the basis
functions, such as spatial locality and sparse support. Moreover, it provides naturally the potential to incorporate a
priori and application-driven knowledge into the learningprocess, without resorting to sophisticated constraints.Our
dimensionality reduction method attempts to solve the factorization problem using the Simultaneous Orthogonal
Matching Pursuit (SOMP) [5] algorithm, which has been previously proposed in a different context for simultaneous
sparse approximation of signals. SOMP is a greedy suboptimal algorithm which selects in each step that basis
function from the dictionary that will provide the largest reduction of the approximation error.

We further extend the proposed method to classification problems, and we propose a supervised dimensionality
reduction that exploits the available class labels information. We present a variant of the SOMP algorithm that
encourages the separability between classes. In particular, the selection of the basis function from the dictionary
is now driven by a trade-off between the approximation errorand class separability. We use the ratio of inter-
class over the intra-class variance as a class separabilitycost function. This modification of the basis function
selection step, results into features with more discriminating value than the unsupervised dimensionality reduction
algorithm. We analyze the properties of the supervised greedy decomposition algorithm, whose convergence rate
is obviously penalized by the class separability constraint. Experimental results in the context of face and digit
recognition demonstrate the efficiency of the supervised dimensionality reduction algorithm, which is competitive
with the NMF-based methods. When the size of the subspaces increases, SOMP algorithms even outperform NMF
solutions, and advantageously provide meaningful features with high discriminant value.

The rest of the paper is organized as follows. In Section II wereview the related work and discuss briefly the
standard NMF algorithm and the local NMF, which is one of its most popular variants. In Section III, we introduce
our subspace method for dimensionality reduction using redundant dictionaries, and in Section IV we discuss the
supervised method and establish its convergence properties. Finally, Section V provides experimental results that
demonstrate the properties of the proposed schemes, and compare them with NMF and its variants in the context
of face and digit recognition.

II. RELATED WORK

Dimensionality reduction is a very broad concept which encompasses numerous methods proposed in the literature.
One may distinguish though three main families of methods (a) linear methods (e.g., LPP [6], ONPP [7] etc), (b)
nonlinear methods (e.g., LLE [8], Laplacian Eigenmaps [9],Isomap [10] etc) and (c) low rank approximation
methods (e.g., PCA [2], NMF [1], [11] etc). The first two categories employ a mapping from the high dimensional
space to a low dimensional space, which is linear in the former case and nonlinear in the latter case. The third
family includes those methods that use a low rank approximation of the data matrix. In other words, they use only
a small number of basis vectors to approximate the high dimensional data of interest. The dimensionality reduction
method that is proposed in this paper typically belongs to the third category. We now discuss in more details the
most popular methods for low rank approximation.

The most popular subspace method for dimensionality reduction is Principal Component Analysis [2]. In PCA,
a subspace is constructed from the eigenvectors of the sample covariance matrix and dimensionality reduction is
accomplished by discarding the eigenvectors corresponding to its smallest eigenvalues. The obtained basis vectors
from PCA are holistic and of global support. However, they generally fail to identify features that are spatially
localized. This represents a clear drawback for applications that rely on parts-based representations of data objects,
or where the most relevant information is contained in localized features.

Non-negative Matrix Factorization (NMF), introduced in [1], [11], is another popular dimensionality reduction
method with empirical success in real life data sets. It has been proposed as a subspace method for a parts-based
representation of objects by imposing non-negativity constraints, typical to digital imaging applications. Given a
data matrixS ∈ R

m×n with non-negative entries, NMF seeks two non-negative factorsW ∈ Rm×r andH ∈ Rr×n

such that

S ≈ WH. (1)

The columns of the matrixW contain the basis vectors and the matrixH contains the corresponding coefficients
(or encoding) vectors for the approximation of the columns of S. Consider the generalized Kullback-Leibler (KL)
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divergence betweenX andY

D(X ||Y ) =
n∑

i=1

m∑

j=1

[xij log
xij

yij

− xij + yij ]. (2)

The KL divergence is the most popular objective function used in NMF algorithms. In what follows, we describe
briefly the standard NMF algorithm and one of its variants, which will be used in our experimental evaluation.

Standard NMFThe NMF can be formulated as the following optimization problem

Optimization problem:NMF
minW,H D(S||WH),
subject to

W, H ≥ 0,∑
i=1 wij = 1, ∀j.

A local minimum solution to the above problem can be obtainedby iterating the multiplicative rules introduced in
[1].

Local NMF Local NMF (LNMF) [3] is a variant of NMF, which tries to enforce the spatial locality of the basis
vectors. In particular it differs from the standard NMF by imposing three additional constraints expressed by the
following rules: (a) the number of basis components should be minimized, (b) different basis vectors should be
as orthogonal as possible and (c) only the most important components are retained. In particular, LNMF can be
formulated as the following optimization problem.

Optimization problem:LNMF
minW,H D(S||WH) + α

∑
i,j uij − β

∑
i zii,

subject to
W, H ≥ 0,
α, β > 0,
U = W⊤W ,
Z = HH⊤.

In the objective function we have introduced the scalarsα andβ, which are the Lagrange multipliers corresponding
to the additional constraints on spatial locality of features. A local minimum solution to the above problem can be
obtained by iterating the three multiplicative rules introduced in [3].

Other variants of NMF have also been proposed recently. For example, a sparsity controlled NMF algorithm
based on a measure of sparsity that is a combination of the L1 and L2 norm, has been proposed in [4]. Along
the same ideas of controlling sparsity of the reduced subspaces, NMF variants using convex programming have
been proposed in [12], [13]. Yet another variant of NMF has been presented in [14], where the authors describe an
extension of standard NMF by imposing smoothness constraints on the non-negative factors. In particular, they apply
their algorithm for the analysis of non-negative spectral data generated from astronomical spectrometers. Finally,
in [15], the NMF model is modified by introducing a smoothing symmetric matrix which controls the sparsity of
both non-negative factors.

Although the NMF optimization problem is convex with respect to W or H individually, it is however non-convex
with respect to both of them. Thus, all algorithms that have been proposed in the literature are not guaranteed to
converge to the global minimum and they are prone to local minima. Moreover, it has been observed that they are
also sensitive to the initializations of the two non-negative factors. If the initialization is not good it may happen
that the algorithm gets trapped in a bad local minimum, whichleads to clearly suboptimal performances.

Finally, extension to classification problems have been proposed with supervised variants of NMF, which takes into
account class labels information. The authors in [16] and [17] independently propose a supervised NMF algorithm
by incorporating the Fisher constraints into the objectivefunction of NMF and they propose multiplicative update
rules. Class separability criterion for basis function selection has also been proposed in [18], in the context of face
identification.
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Algorithm: SOMP
Input: Signal matrixS ∈ Rm×n andtol: approximation
error tolerance.
Output: Set of selected atomsΨ, approximationA
and residual matrixR.
1. Initialize the residualR0 = S, Ψ = [], t = 1.
2. Find indexγt which solves the optimization problem

maxγ∈Γ ‖R⊤
t φγ‖1

3. AugmentΨ = [Ψ, φγt
]

4. Compute an orthonormal basisV = [v1, . . . , vt]
of the span{Ψ}.

5. Compute the orthogonal projectorPt = VtV
⊤
t on

the span{Ψ}.
6. Compute the new approximation and residual

At = PtS
Rt = (I − Pt)S

7. If ‖R‖F ≤ tol, then stop. Otherwise, increment
iteration t = t + 1, and go to step (2).

TABLE I

THE SOMPALGORITHM .

III. D IMENSIONALITY REDUCTION USING SOMP

We assume the existence of a redundant dictionaryD that spans the Hilbert spaceH of the signals of interest.
Redundancy offers flexibility in the construction of the dictionary, and in general improves the approximation rate,
especially for multidimensional signals. A redundant dictionary is an overcomplete basis in the sense that it includes
a number of vectors that is larger than the dimension of the subspace. The elements of the dictionary, which are
indexed byγ ∈ Γ i.e.,

D = {φγ , γ ∈ Γ}, (3)

are usually calledatoms. The atoms have unity norm i.e.,‖φγ‖2 = 1, ∀γ ∈ Γ, where‖ · ‖2 denotes the L2 norm.
It is important to note that we do not set any particular assumption on the dictionary design, and that the following
analysis holds for any redundant dictionary (i.e., overcomplete basis). The only assumption that we make is that
the dictionary spans the signal spaceH.

Then, we consider a signalsi as an element ofH ⊆ Rm. The training data forms a signal matrix

S = [s1, s2, . . . , sn] ∈ R
m×n, (4)

wheresi denotes thei-th column ofS. For dimensionality reduction, our goal is to decomposeS in the following
form

S = ΨC, Ψ ∈ R
m×r, C ∈ R

r×n, (5)

whereΨ are the basis vectors drawn from the dictionary andC are the corresponding coefficients. In other words,
every column ofS is represented in the same set of basis functionsΨ using different coefficients. This is a
dimensionality reduction step where each signal (column ofS) is represented in the subspace spanned by the
columns ofΨ, using onlyr ≪ m coefficients.

If the columns ofΨ are spatially localized basis functions then the decomposition given in Eq. (5) results in a
parts-based representation. Note that the design of the dictionary determines the properties ofΨ. Therefore, one
has direct control on the shape and the properties of the basis functions due to the flexible design of the dictionary.
Recall that in NMF and its variants, one has however only implicit control on the properties of the basis functions,
which is accomplished via additional constraints that are introduced in the optimization problem.

If we denote by‖ · ‖F the Frobenius norm, then we formulate the above problem as the following optimization
problem.
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Optimization problem:OPT1
minΨ,C ‖S − ΨC‖2

F

subject to
Ψ ⊆ D.

In order to solve OPT1 one may employ suboptimal algorithms that have been proposed in the context of
simultaneous sparse signal approximations [5], [19], [20], [21]. We have chosen to use the Simultaneous Orthogonal
Matching Pursuit (SOMP) algorithm [5], since it lends itself as an efficient algorithm for solving OPT1 in practice.
Interestingly, an algorithm called M-OMP, which is identical to SOMP, has been independently proposed in [21].
However, for notational convenience we will keep using the term SOMP while referring to any of these two
algorithms.

SOMP is a greedy algorithm that extracts a subsetΨ of the dictionary, such that all the columns ofS are
simultaneously approximated. SOMP is a generalization of Matching Pursuit [22] to the case of simultaneous
approximation of several signals. In each step, SOMP greedily selects the atom from the dictionary, which best
matches all the residual signals at each iteration. Initially, SOMP sets the residual matrixR = S. Once the best
matching atomφγ has been selected, the algorithm updates the residual matrix by projection on its orthogonal
complement, i.e.,

R = (I − φγφ⊤
γ )S,

where I − φγφ⊤
γ is the projector on the orthogonal complement of span{φγ}. The above step will remove the

components ofφγ from R.
In the next steps, the algorithm applies the same procedure on the updated residual matrix. Thus, it greedily

selects in stept, the best matching atomφγt
by solving the simple optimization problem

γt = max argγ∈Γ ‖R⊤φγ‖1, (6)

and includes the selectedφγt
in Ψ. The residual matrix is updated byR = (I − P )S, whereP is the orthogonal

projector on thespan{Ψ}. The main steps of the SOMP algorithm are summarized in TableI.
Note that the Orthogonal Matching Pursuit (OMP) converges in a finite number of iterations [23, Sec.9.5.3] since

the norm of the residual is decreasing strictly monotonically in each step. This can be generalized to the case of
SOMP, as stated in the following proposition.

Proposition 1: [21] In each step of SOMP, the norm of the residual decreases strictly monotonically and SOMP
converges in a finite number of steps.
Therefore, a greedy solution based on SOMP is not prone to be trapped in local minima, and not sensitive to
initializations, contrarily to the NMF algorithms.

IV. SUPERVISED DIMENSIONALITY REDUCTION

A. Supervised SOMP

We now propose to extend the previous algorithm to classification, and we propose a supervised learning solution
when class labels are available. In order to develop a supervised dimensionality reduction method, we modify the
objective function in OPT1 by including an additional term that encourages the separability between different
classes. First, let us denote the number of classes byc and assume without loss of generality that

S = [S(1), . . . , S(c)] ∈ R
m×n, (7)

whereS(i) ∈ Rm×ni denotes the data samples that belong to thei-th class of cardinalityni. Then we formulate a
supervised dimensionality reduction problem by modifyingthe optimization problem OPT1 as follows.

Optimization problem:OPT2
minΨ,C ‖S − ΨC‖2

F + λJ(Ψ)
subject to

Ψ ⊆ D.

In the above optimization problemJ(Ψ) denotes the cost function that captures the separability ofdifferent
classes. The scalarλ drives the trade-off between the approximation error and the class separability. In order to
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Algorithm: S-SOMP
Input: Signal matrixS ∈ Rm×n andtol: approximation
error tolerance.
Output: Set of selected atomsΨ, approximationA
and residual matrixR.
1. Initialize the residualR0 = S, Ψ = [], t = 1.
2. Find indexγt which solves the optimization problem
γt = max argγ∈Γ ‖R⊤

t φγ‖1 + λ(‖G⊤
b

φγ‖1 − ‖G⊤
wφγ‖1)

3. AugmentΨ = [Ψ, φγt
]

4. Compute an orthonormal basisV = [v1, . . . , vt]
of the span{Ψ}.

5. Compute the orthogonal projectorPt = VtV
⊤
t on

the span{Ψ}.
6. Compute the new approximation and residual

At = PtS
Rt = (I − Pt)S

7. If ‖R‖F ≤ tol, then stop. Otherwise, increment
iteration t = t + 1, and go to step (2).

TABLE II

THE SUPERVISEDSOMP (S-SOMP)ALGORITHM .

solve OPT2, we propose to modify the atom selection step of SOMP by including the class separability term. The
intuition is that in each step, the algorithm selects the atom, which best explains all signals and at the same time
it discriminates between signals of different classes. We call the modified supervised algorithm S-SOMP.

The separability cost function is chosen to capture the difference between the projected within-class variance and
the projected between-class variance. By the projected class variance, we mean the restrictions of the within-class
scatter matrixSw and the between-class scatter matrixSb, on the candidate atomφ. They are respectively given as
φ⊤Swφ andφ⊤Sbφ. In order to reflect the differences between the projected variances, we define the cost function
as

J(φ) = ‖G⊤
wφ‖1 − ‖G⊤

b φ‖1, (8)

whereGw andGb respectively represents the transposes of the square rootsof the scatter matricesSw andSb. The
scatter matrices are defined as

Sw =
1

n

c∑

i=1

∑

s∈S(i)

(s − µ(i))(s − µ(i))⊤ (9)

Sb =
1

n

c∑

i=1

ni(µ
(i) − µ)(µ(i) − µ)⊤, (10)

where

µ(i) =
1

ni

ni∑

j=1

s
(i)
j (11)

denotes the centroid of thei-th class (the notations(i)
j denotes thej-th sample of thei-th class), and

µ =
1

n

n∑

j=1

sj (12)

represents the global centroid. Then, if we definee(i) = [1, . . . , 1]⊤ ∈ Rni×1 ande = [1, . . . , 1]⊤ ∈ Rn×1, we can
write the matricesGw ∈ R

m×n andGb ∈ R
m×c as

Gw =
1
√

n
[S(1)

− µ
(1)(e(1))⊤, . . . , S

(c)
− µ

(c)(e(c))⊤]

Gb =
1
√

n
[
√

n1(µ
(1)

− µ), . . . ,
√

nc(µ
(c)

− µ)],
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where we observe thatSw = GwG⊤
w and Sb = GbG

⊤
b . It implies that both scatter matrices are symmetric and

positive semi-definite. Note that the L1 norm has been chosenin the cost function in order to be in accordance
with the non-supervised algorithm as given in Eq. (6). Finally, we can rewrite the optimization problem that we
solve in each step of the supervised S-SOMP as,

γt = maxargγ∈Γ ‖R⊤φγ‖1 + λ(‖G⊤
b φγ‖1 − ‖G⊤

wφγ‖1). (13)

Table II summarizes the main steps of the S-SOMP algorithm.

B. Analysis of S-SOMP

As shown before, the residual of SOMP converges to zero as thenumber of iteration increases. In S-SOMP,
the class separability is strengthened, which results in aneffective algorithm for classification tasks. However, the
separability cost function introduces a penalty on the convergence rate of the S-SOMP algorithm. In the extreme
case where the penalty term is very large, it can even cause temporary stagnation of the residual energy, as is
explained in the following remark.

Remark 1:The residual of the S-SOMP algorithm decreases strictly monotonically in each stept, if the following
condition is satisfied,

‖R⊤
t φγt

‖2
2 > 0, ∀t. (14)

Proof: Assume that in iterationt, the condition (14) is violated and the selected atomφγt
is orthogonal to

all columns of the residual matrix. In other words,

‖R⊤
t φγt

‖2
2 = 0. (15)

First, note that condition (15) implies that
‖R⊤

t vt+1‖2
2 = 0. (16)

Indeed, it holds that

vt+1 = φγt
−

t∑

i=1

ζivi, (17)

where ζi = v⊤i φγt
are the weights of the linear combination that makevt+1 orthogonal tov1, . . . , vt. Note

that they can be also computed using the Gram Schmidt orthogonalization process [24]. In the same time
Rt ⊥ span{v1, . . . , vt}, due to the construction of the algorithm. Combined with relation (17), it leads to the
condition given in Eq. (16).

Then, we callVt+1 = [v1, . . . , vt+1] an orthogonal basis for the span{Ψ
⋃

φγt
} obtained in the firstt + 1

iterations. The orthogonal projector on the span{Ψ ⋃
φγt

} is

Pt+1 = Vt+1V
⊤
t+1 =

t+1∑

i=1

viv
⊤
i = Pt + vt+1v

⊤
t+1. (18)

Using the above formula, we observe that

Rt+1 = S − Pt+1S = (I − Pt+1)S

= (I − Pt − vt+1v
⊤
t+1)S

= Rt − vt+1v
⊤
t+1S. (19)

However it holds thatvt+1v
⊤
t+1S because

vt+1v
⊤
t+1S = vt+1v

⊤
t+1(Rt + At)

= vt+1v
⊤
t+1Rt + vt+1v

⊤
t+1At

= 0, (20)

where the first term is zero because of (16) and the second termis zero due to the fact thatAt belongs in the
span{Vt} andvt+1 ⊥ span{Vt} (see also equation (17)). In this case we therefore haveRt+1 = Rt due to Eq. (19)
and (20). We conclude that if condition (14) is violated, theresidual stays unchanged.
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The above remark suggests that one should be mindful with theselection of the Lagrange multiplierλ which
drives the trade-off between approximation and class separability. It should be chosen carefully in order to make
sure that the condition (14) is never violated and to keep theright balance between the two objectives. Notice also
that during the course of the algorithm, the approximation error decreases, and keeping a constantλ, will result in
shifting the emphasis from the approximation error to the separability criterion. In order to avoid this phenomenon
and to reduce the probability that condition (14) is violated, we use an adaptive rule for updating the parameterλ:

λt+1 = ‖Rtφγt
‖1, with λ0 = 1.

In other words, we setλ to be equal to the L1 norm of the residual of the previous step.This rule takes into
account the observation that from iteration to iteration the residual drops. The adaptive strategy decreasesλ in the
same rate as the residual and keeps the right balance betweenapproximation and class separability.

Concerning the convergence properties of S-SOMP, we can build a proposition analogous to Proposition 1 of
Section III. In other words, S-SOMP converges in a finite number of steps. However, the decay of the residual may
not be monotonic, and the approximation rate is mostly driven by the weight of the separability constraints. As
was shown in Remark 1, the approximation rate is driven byλ, and the signal representation becomes a judicious
compromise between good approximation, and effective discrimination between classes in supervised dimensionality
reduction problems.

V. A PPLICATION TO IMAGE CLASSIFICATION

A. Dictionary design

We first discuss in detail how one may build structured dictionaries for dimensionality reduction in the context
of digital images. A structured dictionaryD is built by applying geometric transformations to a generating mother
functionφ. The parameters of the geometric transformations are carefully sampled such that the resulting dictionary
forms an overcomplete basis of the image space. A geometric transformationγ ∈ Γ is represented by a unitary
operatorU(γ) and in the simplest case it may be one of the following three types.

• Translationby ~b = [b1 b2]
⊤. U(~b) moves the generating function across the image

U(~b)φ(x, y) = φ(x − b1, y − b2).

• Rotationby θ. U(θ) rotates the generating function by angleθ i.e.,

U(θ)φ(x, y) = φ(x′, y′).

x′ = cos(θ)x + sin(θ)y

y′ = cos(θ)y − sin(θ)x

• Anisotropic scalingby ~a = [a1 a2]
⊤. U(~a) scales the generating function anisotropically in the two directions

i.e.,
U(~a)φ(x, y) = φ(

x

a1
,

y

a2
).

Composing all the above transformations yields a transformation γ = {~b,~a, θ} ∈ Γ. Finally, an atom in the
structured dictionary

D = {U(γ)φ, γ ∈ Γ}

is built as

U(γ)φ(x, y) = φ(x′, y′),

x′ =
cos(θ)(x − b1) + sin(θ)(y − b2)

a1

y′ =
cos(θ)(y − b2) − sin(θ)(x − b1)

a2
.

In image classification applications, we consider three different structured dictionaries generated byφ, whereφ
is
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• Gaussianfunction:

φ(x, y) =
1√
π

exp(−(x2 + y2)) (21)

• Anisotropic refinement(AR) function [25]. This generating function has an edge-like form and has been
successfully used for image coding. It is Gaussian in one direction and the second derivative of Gaussian in
the orthogonal direction. It can be mathematically expressed as,

φ(x, y) =
2√
3π

(4x2 − 2) exp(−(x2 + y2)). (22)

• Gabor function. This generating function is very popular in face recognition. It consists of a Gaussian envelope
modulated by a complex exponential. We have used the real part of a simplified version of the Gabor function,

φ(x, y) = cos(2πx) exp(−(x2 + y2)). (23)

Note that one of advantages of structured dictionaries liesin the fact that they enable a fast FFT-based
implementation of the SOMP algorithms. Recall that in each step of the SOMP algorithm, we need to compute
the inner product of the candidate atom with the residual signals. In practice we construct the atoms only in their
centered position. The inner product of a residual signalr with all translated versions of an atomg, is computed
via 2D convolution which can be effectively computed using 2D FFT. Using this computational trick the algorithm
becomes computationally attractive, even in the context ofhigh dimensional signals, like digital images.

B. Experimental Setup

In both SOMP algorithms described earlier, the construction of the atoms in each dictionary proceeds by sampling
uniformly 10 orientation angles in[0, π] and 5 logarithmically equi-distributed scales in[1, N/6] horizontally and
[1, N/4] vertically, whereN is the image size. For our experimental comparisons, we use the implementations of
NMF and LNMF provided innmfpack [4] which is a MATLAB software package developed by P. Hoyer.Note
that the codes do not come with a stopping criterion. Thus, werun the NMF methods up to maximum number of
iterations, which was set to 1000 for both NMF algorithms.

In the learning stage of both SOMP algorithms, which produces the matrixΨ of basis vectors, we use 4 samples
per class. For classification, each training signalsi is projected using the basis vectorsQ, whereQ denotesΨ for
the SOMP methods andW for the NMF methods. In particular, we project the samples inthe reduced space using
the transpose ofQ i.e.,

yi = Q⊤si, i = 1, . . . , n.

Note that we have chosen to use the transpose ofQ instead of its pseudo-inverse in order to avoid numerical
problems. Then classification is accomplished in the reduced space by simple nearest neighbor (NN) classification.
In other words, the test signalst is also projected byyt = Q⊤st and then classified by assigning it the label of
its nearest neighbor, among all the training signals. We measure performance in terms of classification error rate,
which is the percentage of the test samples that have been misclassified.

In our experiments, we use the following data sets:
a) Handwritten digit image collection:We use the handwritten digit collection that is publicly available at S.

Roweis web page1. This collection contains 20× 16 bit binary images of “0” through “9”, and each class contains
39 samples. Hence the signal matrix is of size320 × 390. We form the training set by a random subset of 10
samples per class and the remaining 29 samples are assigned in the test set.

b) ORL face database:The ORL (formerly Olivetti) database [26] contains 40 individuals and 10 different
images for each individual including variation in facial expression (smiling/non smiling) and pose. Figure 1 illustrates
two sample subjects of the ORL database along with variations in facial expression and pose. The size of each
facial image is112 × 92. However, we downsampled each facial image to28 × 23 for computational efficiency.
Hence the signal matrix is of size644 × 400. We form the training set by a random subset of 5 different facial
expressions/poses per subject and use the remaining 5 as a test set.

1http://www.cs.toronto.edu/∼roweis/data/binaryalphadigs.mat
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Size ofS Samples/class
Handwritten digits 320 × 390 39
ORL face data set 644 × 400 10
CBCL face data set 361 × 2429 -

TABLE III

THE DATA SETS USED IN THE EXPERIMENTAL EVALUATION.

c) CBCL face database:The CBCL face database [27] consists of 2,429 facial images of size 19× 19. Hence
the signal matrix is of size361 × 2429. Note that for this data set, there are no class labels available for the
individuals. All data sets that are used in the experimentalevaluation are summarized in Table III, along with their
main properties.

Fig. 1. Sample face images from the ORL database. There are 10available facial expressions and poses for each subject.

C. Classification performances

In the first experiment we investigate the impact of the dictionary on the classification performance by comparing
the effectiveness of the three generating functions presented earlier. We run SOMP on both digit and ORL face
data sets and compare the classification performance with respect to different dimensionsr = [10 : 10 : 50] (in
MATLAB notation) of the reduced space. Sub-figures 2(a) and 2(b) depict the classification error rates obtained via
the different dictionaries, for the digits and the face dataset respectively. Note that for each value ofr we report
the average classification error rate across 100 random realizations of the training/test set. Observe that for the
digits data set the dictionary built from Gaussian functions is the best performer. However, for the face data set the
behavior is quite different and the AR dictionary seems to becompetitive and even superior to the other dictionaries,
especially for large dimensions. This is likely due to the fact that the AR atoms can represent the edge-like fine
details of facial characteristics like the eyes, the mouth and so on. Therefore, in the following experiments and in
both SOMP algorithms, we have chosen to use the Gaussian dictionary for the digit data set and the AR dictionary
for the face data set.

Then we analyze and compare the classification performance obtained by the proposed algorithms, with several
variants of NMF methods. The basis functions obtained from SOMP, NMF and LNMF algorithms are given in
Figures 3 and 4, for the digits and faces data set respectively. The basis functions in sub-figures 3(a) and 4(a)
are obtained from SOMP using the Gaussian dictionary. Similarly, the basis function in panels 3(b) and 4(b) are
obtained from SOMP using the AR dictionary. The figures also depict the recovered basis functions from NMF
and LNMF. Note that the features obtained from NMF are not localized and seem to be of global support. On the
contrary, the features of LNMF are spatially localized and for the digits data set they seem quite similar to the
Gaussian atoms.

We now compare SOMP and S-SOMP with NMF and LNMF in terms of classification performance. In both
data sets, we experiment with the dimension of the reduced space r = [10 : 10 : 50] and in the classification
experiments, for each value ofr, we report the classification performance in terms of average error rate across 50
random realizations of the training/test set.

Figure 5(a) first depicts the average classification error rate for various values of the dimensionr of the reduced
space, for the handwritten digit image recognition task. The average is computed over 50 random realizations of the
training/test set. Recall that in both SOMP algorithms we use the Gaussian dictionary. We observe that the SOMP
algorithms are superior to the NMF algorithms. Furthermore, the supervised SOMP seems to be slightly better than
its unsupervised counterpart.
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(a) Digits data set
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(b) ORL face data set

Fig. 2. Impact of different dictionaries on the classification performance.

(a) Gaussian atoms (b) AR atoms (c) NMF (d) LNMF

Fig. 3. Recovered basis vectors from the handwritten digit collection.

Then, Figure 5(b) depicts the average classification error rate across 50 random realizations of the training/test
set for the face recognition task. Recall that for this data set we use the AR dictionary, in both SOMP algorithms.
Observe that for small dimensionsr of the reduced space, the SOMP algorithms are slightly inferior to the NMF
algorithms. However, asr increases the SOMP methods become superior to the NMF methods. This can be explained
by the greedy nature of the SOMP methods. In the first steps, the SOMP algorithms usually select atoms of large
scale in order to reduce quickly the approximation error, but that do not consist in highly discriminating functions.
The large scale atoms typically correspond to low frequencyinformation which may not contribute a lot to the
classification task.

It has to be noted that NMF may be combined with subsequent supervised methods such as Linear Discriminant
Analysis (LDA)[28, ch.4] and yield an effective hybrid method which is among the state-of-the-art in face recognition
and/or verification. In [17] the authors show competitive results of hybrid NMF methods in the context of face
verification. Therefore we expect an analogous hybrid method of the proposed dimensionality reduction scheme to
be competitive as well, with the state-of-the-art in these applications.

D. Discussion

In this section, we finally discuss in more details the properties of SOMP algorithms in terms of convergence.
Figure 6 first illustrates the behavior of both SOMP algorithms in terms of approximation rate and class separability,
captured byĴ(Ψ) = tr(Ψ⊤SbΨ) − tr(Ψ⊤SwΨ). We run both SOMP algorithms on the digits data set and in S-
SOMP, we useλt+1 = 10‖Rtφγt

‖1, with λ0 = 10, for updating the parameterλ. Note that, as expected, the
approximation rate is smaller for the supervised version ofthe SOMP algorithm, as discussed previously. Indeed,
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(a) Gaussian atoms (b) AR atoms

(c) NMF (d) LNMF

Fig. 4. Recovered basis vectors from the ORL face data set.
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(a) Digits data set

10 15 20 25 30 35 40 45 50
6

8

10

12

14

16

18

20

22

24

Number of basis vectors

C
la

ss
ifi

ca
tio

n 
er

ro
r 

ra
te

 (
%

)

SOMP
S−SOMP
NMF
LNMF

(b) ORL face data set

Fig. 5. Image recognition experiments.

the algorithm does not select any more the “best” atom with respect to the approximation error, and is penalized by
the separability cost function. However, the S-SOMP algorithm achieves higher discrimination among the different
classes and hence, it offers better classification performances, as illustrated in Figure 5.

We finally illustrate the robustness of redundant expansions against errors in the signal representation. We compare
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Fig. 6. Residual error and class separability versus numberof iterations in S-SOMP.

(a) Original (b) No quantization (c) q = 0.1 (d) q = 0.2 (e) q = 0.3

Fig. 7. Quantization effects on facial images from the CBCL face data set, using SOMP.

(a) Original (b) No quantization (c) q = 0.1 (d) q = 0.2 (e) q = 0.3

Fig. 8. Quantization effects on facial images from the CBCL face data set, using NMF.

the behavior of facial representations of both SOMP and NMF under quantization noise. In particular, we test the
robustness of the representation quality of human faces with respect to uniform quantization of the coefficient
vectorsC. Denote byq the quantization step of the uniform quantizer denoted in what follows asQ(·). We select
n = 32 facial images[s1, . . . , sn] from the CBCL face database and run 50 steps of SOMP using a redundant
dictionary of Gaussian atoms, yielding a common basisΨ ∈ R361×50. Then, for each facial imagesi, we perform
the following steps,
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1) Compute the coefficient vectors:ci = Ψ†si, ∀i,
2) Quantize the coefficients:̂ci = Q(ci), ∀i,
3) Reconstruct the facial images:ŝi = Ψĉi, ∀i.

We repeat the above process for different stepsq of the quantizer. Figure 7(a) shows the facial images that were used
in the approximation and 7(b) represents the obtained approximation with 50 Gaussian atoms, without quantization.
Next, sub-figures 7(c)-7(e) illustrate the quantization effects for step sizesq = 0.1, q = 0.2 and q = 0.3. Figure 8
shows the analogous facial representations obtained with NMF, using 50 basis vectors. Notice that as the quantization
becomes cruder (i.e,q increases) the reconstruction quality of SOMP facial representations degrades gracefully (in
terms of perceptual quality). Thus, SOMP representations seem to be quite robust against quantization noise and
the faces look remarkably natural. Even forq = 0.3 they still look like faces.
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Fig. 9. Average magnitude of coefficients for both SOMP and NMF algorithms.

On the other hand, the facial modelling from NMF seems to be quite sensitive to quantization noise. Notice that in
the majority of cases forq = 0.3, the NMF facial representations become identically zero (depicted as black blocks
in the figure). This occurs due to the fact that the basis vectors in NMF representations are equally important, which
implies that the corresponding coefficients are of similar order of magnitude. In SOMP representations however,
due to the greedy nature of the algorithm, the first atoms are the most important ones. Usually they are of large
scale and they capture the main geometric characteristics of the facial shape. The magnitude of their corresponding
coefficients is quite higher than the magnitude of the coefficients of the remaining atoms. This is illustrated also in
Figure 9, where we plot the magnitude of the coefficients of the basis vectors for both algorithms, averaged over
the 32 facial images.

VI. CONCLUSIONS

We have proposed a method for dimensionality reduction using redundant dictionaries. We use greedy algorithms
from simultaneous sparse signal approximation to extract meaningful features from overcomplete dictionaries. We
have extended the algorithm to classification problems, where we proposed a supervised dimensionality reduction
strategy. It includes a class separability penalty term in the objective function of the dimensionality reduction
problem, which improves on the classification performance.The experimental results presented in the context
of classification of handwritten digits, and face images, demonstrate the effectiveness of the proposed scheme.
They suggest that the extracted features are meaningful andprovide high discriminating value. This allows for
a dimensionality reduction solution that offers jointly a good signal approximation, and interesting classification
performances.
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