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Abstract

With the joint development of networking and digital coding technologies multimedia and more

particularly video services are clearly becoming one of the major consumers of the new information

networks. The rapid growth of the Internet and computer industry however results in a very

heterogeneous infrastructure commonly overloaded. Video service providers have nevertheless

to o�er to their clients the best possible quality according to their respective capabilities and

communication channel status. The Quality of Service is not only in�uenced by the compression

artifacts, but also by unavoidable packet losses. Hence, the packet video stream has clearly to

ful�ll possibly contradictory requirements, that are coding e�ciency and robustness to data loss.

The �rst contribution of this thesis is the complete modeling of the video Quality of Service

(QoS) in standard and more particularly MPEG-2 applications. The performance of Forward Error

Control (FEC) algorithms is �rst analyzed in terms of the Packet Loss Ratio and Average Burst

Length of video data after error recovery. This study leads to a mapping of the network packet

loss into video degradation. Along with the analysis of the source rate-distortion characteristic of

the video coder, it results in a set of equations that completely model the video quality of service

as a function of the scene content and the transmission conditions. An optimal rate distribution

between source and channel coding is �nally issued from this complete QoS model.

Even with an optimal channel rate, remaining losses may still generate severe damage to

the decoded video. All current video standards are based on motion estimation techniques and

di�erential coding which make them really vulnerable to data loss. To avoid error propagation

within the displayed sequence, a new adaptive structuring and protection algorithm is applied to

MPEG-2 video coding. This scheme basically triggers the insertion of syntactical redundancy (i.e.,

Intra-coded macroblocks and slice headers) to stop the spreading of data loss within the hierarchical

video stream. Redundancy is thus inserted where most needed trading-o� compression e�ciency

against error resilience. The most important video packets are additionally protected by FEC

packets to avoid the loss of critical data. This complete error resilient coding scheme is shown to

outperform other standard-based robust algorithms.

Although video standards are necessary to the deployment of video applications, they do not

provide su�cient robustness to unavoidable packet losses. Moreover, they truly lack a charac-

teristic considered as mandatory in nowadays heterogeneous framework, that is an e�cient and

�ne granularity multi-resolution coding. To cope with these limitations, a new way of coding

video based on Matching Pursuit is proposed in the second part of this work. The sequence is

decomposed into a series of spatio-temporal functions from a redundant structured dictionary. A

new formulation of the structural redundancy is proposed to evaluate the performance of non-

orthogonal bases in signal decompositions. Several new spatio-temporal dictionaries are then

proposed and compared in terms of compression e�ciency and decoding complexity which is an

important issue for heterogeneous decoding devices. A tentative comparison with wavelets and

video standard coding shows that Matching Pursuit coding is at least as e�cient in terms of

compression e�ciency and even more in low rates. Additionally Matching Pursuit o�ers intrinsic

robustness and multi-resolution properties.

The properties of Matching Pursuit streams are then used in the design of a speci�c a posteriori

quantization scheme. This novel algorithm only depends on the dictionary characteristics and
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o�ers signi�cant improvements over classical coe�cient quantization methods. It is shown also

that index quantization should be preferably avoided, hence emphasizing the need for a careful

design of the dictionary as a compromise between compression e�ciency and coding rate. Finally,

the lossy and heterogeneous Matching Pursuit streams delivery is studied from the viewpoint of

transcoding and error control. A new transcoding scheme is proposed as a simple algorithm to

adapt structured Matching Pursuit streams to the resolution of the receivers. An optimal Unequal

Error Protection scheme is lastly proposed to �ght against packet losses. The end-to-end error

control may however become relatively complex in very disparate environments, so that a novel

Equivalent Error Packetization is designed to ease the video distribution management. All these

di�erent building blocks show that video Matching Pursuit coding constitutes a very promising

alternative to classical schemes in lossy and heterogeneous environments.



Version Abrégée

Avec le développement conjoint des technologies réseaux et de codage numérique, le multimédia et

plus particulièrement les services vidéo deviennent clairement un des principaux utilisateurs des

nouveaux réseaux de l'information. La croissance rapide de l'Internet et de l'industrie informa-

tique a abouti à une infrastructure très hétérogène et souvent surchargée. Dans ce contexte les

fournisseurs de services vidéo doivent o�rir à leurs clients la meilleure qualité possible en fonc-

tion de leurs caractéristiques respectives et de l'état des canaux de communication. La Qualité

de Service est non seulement in�uencée par les artefacts due à la compression de la vidéo, mais

aussi par les inévitables pertes de paquets. Le �ux vidéo doit donc répondre à des contraintes

éventuellement contradictoires que sont la compression et la robustesse aux pertes de paquets.

La première contribution de cette thèse est une modélisation complète de la qualité de service

vidéo dans les applications basées sur le standard MPEG-2. Les performances d'algorithmes de

correction d'erreur (FEC) sont tout d'abord analysées du point de vue du taux et de la longueur

moyenne des pertes. Cette étude mène à une transcription des pertes réseau en termes de dégra-

dation vidéo. Avec l'analyse des caractéristiques de débit-distorsion du codeur vidéo, ceci conduit

à un ensemble d'équations qui modélisent complètement la qualité de service vidéo en fonction du

contenu des scènes et des conditions de transmission. Un algorithme optimal de partage de débit

entre le débit de source et le débit de canal est �nalement proposé à l'aide du modèle de la qualité

vidéo.

Même avec un débit de canal optimal, les pertes restantes peuvent générer d'importants dom-

mages à la vidéo décodée. Tous les standards de compression vidéo sont basés sur des techniques

d'estimation de mouvement et de codage di�érentiel qui les rendent très vulnérables aux pertes.

Pour éviter que les erreurs ne se propagent dans les séquences, un nouvel algorithme de struc-

turation et protection adaptative du �ux vidéo est appliqué au codage MPEG-2. Cette méthode

module l'insertion de redondance syntaxique (par exemple des blocs codés indépendamment ou des

entêtes de slices) pour arrêter la di�usion des pertes à l'intérieur du �ux vidéo. De la redondance

est donc introduite là où elle est le plus nécessaire pour atteindre un compromis entre e�cacité de

compression et robustesse aux pertes. Les paquets les plus importants sont en plus protégés par

des paquets de correction d'erreur pour éviter la perte de données critiques. Ce schéma complet de

codage robuste aux pertes se montre beaucoup plus performant que les autres algorithmes basés

sur les standards de compression.

Bien que les standards soient nécessaires au déploiement des applications vidéo, ils n'o�rent

pas su�samment de robustesse contre les inévitables pertes de paquets. De plus, ils manquent

clairement d'une caractéristique considérée comme essentielle dans le contexte hétérogène actuel,

c'est-à-dire un codage à plusieurs résolutions qui soit e�cace et de granularité �ne. Pour lutter

contre ces limitations, une nouvelle façon de coder la vidéo basée sur un algorithme de Match-

ing Pursuit est proposée dans la seconde partie de ce travail. La séquence vidéo y est décom-

posée en une série de fonctions spatio-temporelles issues d'un dictionnaire structuré et redondant.

Une nouvelle formulation de la redondance structurelle est établie pour évaluer les performances

des bases non-orthogonales dans la décomposition de signaux. Plusieurs nouveaux dictionnaires

spatio-temporels sont ensuite proposés et comparés en terme d'e�cacité de codage, mais aussi de
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complexité de décodage. Ce dernier critère devient d'ailleurs particulièrement important dans un

contexte complètement hétérogène. Une comparaison est proposée entre des représentations basées

sur le Matching Pursuit et sur les wavelets et les standards vidéo. Elle montre que le Matching

Pursuit est tout aussi e�cace, voire même meilleur à bas débit du point de vue de la compres-

sion. En même temps, le Matching Pursuit o�rent des propriétés intrinsèques supplémentaires de

robustesse et de généralité.

Les propriétés des �ux Matching Pursuit sont ensuite utilisées pour la construction d'un algo-

rithme spéci�que de quanti�cation à posteriori. Ce nouvel algorithme ne dépend que des carac-

téristiques du dictionnaire et o�re des améliorations signi�catives par rapport aux méthodes de

quanti�cation classiques. La quanti�cation des indexes doit par contre être de préférence évitée,

ce qui étaie la nécessité d'une construction soignée du dictionnaire de codage en respectant un

compromis entre e�cacité de compression et taille des descriptions. Finalement, la distribution

du �ux Matching Pursuit dans un environnement générique et à pertes est étudiée du point de

vue du transcodage et du contrôle d'erreur. Une nouvelle méthode de transcodage est présen-

tée comme une façon simple d'adapter les �ux structurés à la résolution dont dispose les clients.

Un algorithme de protection inégale contre les erreurs est ensuite proposé pour lutter contre les

pertes. Par contre, le contrôle d'erreur de bout en bout de la connexion peut dans ce cas de-

venir relativement complexe dans un environnement très disparate. C'est pourquoi un nouvel

algorithme de paquetisation équivalente de l'énergie est �nalement étudié pour faciliter le contrôle

de la connexion vidéo. Tous les blocs de base proposés montrent que le codage vidéo basé sur le

Matching Pursuit constitue une alternative très prometteuse aux algorithmes standards dans des

environnements hétérogènes et à pertes.
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Chapter 1

Introduction

1.1 Motivations

1.1.1 General framework

Telecommunications are clearly becoming one of today's driving forces. Market deregulation and

the strategical need for information have fueled the development of communication services and

applications. Among these, multimedia applications are gaining momentum fostered by web tech-

nology and reach now various markets. The development of corporate intranets opens the door

to video conferencing, distributed cooperative work and other multimedia-based services such as

distant training and repairing. Residential access via technologies such as xDSL and cable TV

is being pushed by the entertainment and the personal computer industries. The perspective of

broadband access to the internet and a large spectrum of on-demand services lets foresee mass

markets still to be exploited. Meanwhile, wireless communications market is growing tremen-

dously, opening new perspectives to service providers. This new market clearly responds to the

need for mobility even at the price of lower QoS. The creation of large companies resulting from

the merging of communications and entertainment enterprises illustrates the strategic importance

of business, residential and mobile customers.

Audiovisual applications (e.g., video conferencing, video on demand, teleteaching, WebTV,

etc.) are foreseen as one of the major consumers of these new information networks. At the

heart of this revolution is the digital compression of audio and video signals. The purpose of

compression is data rate reduction and thus lower transmission costs. Since common networking

technologies are packet-oriented, packet video streaming is becoming the main issue in these

multimedia applications. However, today's Internet is not naturally suitable for this type of tra�c.

Delays and network congestion can indeed induce information losses and hence severe damage on

user perception.

Video
encoder

Lossy
Network

Decoder
+ e.c.

Channel
coding

Channel
decoding

End-to-end QoS

Figure 1.1: End-to-end video transmission system.

The Quality of Service (QoS) o�ered to the end-users therefore depends not only on distortion

possibly caused by video compression but also on transmission losses and delay. A generic end-
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to-end video transmission system is represented in Fig. 1.1. The video is �rst compressed to meet

bandwidth constraints of the transmission channel. The video stream is then channel encoded to

�ght against transmission losses. This operation aims at recovering erasures or at least limiting

loss impact in the reconstructed video. After transmission, the video stream is submitted to the

inverse operations, which are channel decoding and source decoding. Error concealment can �nally

be performed to hide remaining losses before display.

Obviously, customers always ask for the best possible QoS at the lowest price. However,

providers have to spare this expensive resource that is bandwidth and therefore highly compress

video sequences to serve as many clients as possible. However, the higher the compression, the

lower the quality and, in the same time, the larger the vulnerability to errors occurring during

the video transmission. Some redundancy shall therefore be left intentionally in the bit stream, so

that losses can be recovered or hidden to o�er the end-user a reasonable QoS. The total bit rate

should judiciously be split between source coding (i.e., video compression) and channel coding

(i.e., protection against transmission errors) to provide the customer with the best possible QoS.

Video services

Error Resilience

Bit Rate

Video Quality

Complexity

Delay

Scalability

Figure 1.2: Contradictory system design requirements of video services.

Therefore, end-to-end system design has clearly to ful�ll several possibly contradictory re-

quirements (see Fig. 1.2). First, video compression reduces not only the source rate but generally

also video quality and resilience to packet losses. Second, the most e�cient but often complex

coding schemes may induce coding delays or too expensive decoding operations depending on the

receiver's capabilities. Finally, the most important issue in today's heterogeneous framework is

certainly scalability. The same video stream has to serve di�erent clients, which have their own

characteristics in term of available rate, display resolution or device computing power. The need

for scalability often deserves compression e�ciency since the same stream may not be optimal

simultaneously for all heterogeneous clients. A lot of work remains therefore to be done in or-

der to optimize video end-to-end QoS for each particular user in a highly disparate and lossy

infrastructure.

1.1.2 Digital compression

Since the available rates are truly limited, the source description has to be kept close to minimal.

Many compression schemes have been studied, but standards are clearly necessary for widespread

video communications. The choice of the compression algorithm mostly depends on the available

bandwidth or storage capacity and the features required by the application. For broadband digital

video, attention is now being focused on the MPEG-2 standard. The MPEG-21 standard [1, 2]

is capable of compressing NTSC or PAL video into an average bit rate of 3 to 6 Mbits/s with

1MPEG stands for Moving Picture Experts Group
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a quality comparable to analog CATV2 [3]. MPEG-2 is destined to diverse applications such as

television broadcast over satellite, cable and other broadcast channels (DVB), and digital storage

media (DVD). For lower rate applications, new standards have been recently de�ned, like H.263+

and MPEG-4. These standards propose additional features to limit packet loss degradation which

was not really addressed in the design of MPEG-2. However, even with robust coding modes,

video standards are vulnerable to packet losses due to their hierarchical structure.

Also, current coding standards clearly lack a feature that is becoming increasingly important

in the emerging world of heterogeneous packet networks and wireless communications, which is

�ne scalability. They do not allow for an e�cient multiresolution coding in terms of both rate

and �exibility. Furthermore, they are all based on orthogonal transforms like DCT or wavelets

which have shown their limitations in low rate compression and decoding complexity. Clearly the

compression issue is not optimally solved in terms of generic scalability and error resilience. The

source coding problem remains thus completely open.

1.1.3 Digital transmission and packet losses

The Internet and the IP protocol are becoming the main support for packet video communications.

The current networking structure is however loosely de�ned and completely heterogeneous in terms

of bandwidth and reliability. Intranets o�er high transmission rates while at the opposite only

very small rates may be expected on wireless networks. Nevertheless, both networks can be led to

provide the same video content at however possibly di�erent quality. Meanwhile, today's Internet

is working in a best-e�ort policy. The freedom in Internet accessibility is quite laudable but it does

not go without introducing management problems. Video streaming on the Internet can therefore

encounter severe losses due mainly to overload in the network nodes.

The IP network can a priori drop any packet because of its best-e�ort policy. At the Inter-

net beginning, the error control used to be performed by the transport layer. Communication

link design mainly targeted error-free but possibly delayed data transmission and were clearly

ill-designed for video applications. They did not take into account properties speci�c to video

communications, like unequal bit importance, delay requirements or a certain tolerance to channel

loss due to redundancy left in the compressed signal. New protocols like RTP have been proposed

to enhance existing network capability to support multimedia applications. They provide timing

and synchronization mechanisms but generally leave the error control to the application level.

The video applications have therefore to be carefully designed to cope with the existing network

infrastructure. Error control has to be incorporated in the upper-layers of the end-to-end system

design, while timing control may be left to the transport or RTP protocols.

1.2 Problem formulation

In video streaming applications the problem is basically to provide the user with the best possible

video quality for a given available bit rate. These applications have however to face two major

problems on today's network and computers infrastructure. First, video streams encounter un-

avoidable packet loss during transmission. Second, it has to deal with a very heterogeneous set

of decoding devices, which can make use of di�erent e�ective bandwidth. The video applications

has thus to meet possibly contradictory constraints to provide the client with the best possible

quality.

1.2.1 The need for joint source/channel coding

The only way to apprehend the video transmission problem is to consider the end-to-end process as

a whole, from encoding to display at destination [4, 5, 6]. The Quality of Service optimization has

to be achieved by a judicious joint source and channel coding. Indeed, the separation theorem of

Shannon [7, 8, 9] is justi�able only in the limit of an arbitrary encoding complexity and arbitrary

2Cable television
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long code block lengths. However, these requirements are obviously not met in video communi-

cations. The latter indeed require timing constraints and low decoding complexity, especially in

mobile applications. The source and channel encoders become therefore dependent on each other

in practical cases.

Practical video coders indeed produce bits which are more important than others for the video

reconstruction. This is mainly due to the non-stationary nature of video sequences and to the

coding scheme properties. The unequal meaning of video data has obviously to be considered

in the design of both the source and channel coding. Hence, a smart coder allocates most of the

coding rate to the most signi�cant video information. Similarly, an optimal error protection scheme

tries to avoid the loss of the most important bits. A joint source/channel encoding scheme can

bene�t from the knowledge of the relative data importance to weight their protection. Similarly,

it has to be aware of the channel status to e�ciently distribute the overhead where most needed.

Under �xed bit budget constraint, increasing the protection indeed imposes a decrease of the

bit rate allocated to pure video information. Hence, there is a clear tradeo� between the video

source rate and the amount of protection redundancy. Note that channel redundancy can also

be incorporated within the video stream to increase its robustness to losses. Hence, optimal

rate distribution necessitates the knowledge of the video content and the channel status. A joint

source/channel coding scheme is clearly the only way to ensure the best possible quality for a

given video sequence under delay and bandwidth constraints.

1.2.2 The need for scalable video delivery

The diversity of receivers capabilities and e�ective bit rates is surely one of the major problem in

today's network infrastructure. This disparity is due to both the evolution of devices and network

links and to the arrival of new services like wireless communications in addition to well-established

applications. In this heterogeneous context the video service providers are facing the problem of

guaranteeing the best possible QoS to each receiver, does it make use of a PDA or a workstation

(see Fig. 1.3). Meanwhile they cannot a�ord to build a speci�c video stream for each customer

under penalty of bandwidth explosion.

IP Network

Figure 1.3: Multiresolution approach.

Scalability has to be o�ered at di�erent levels in video applications. First, video services have

to be proposed at di�erent rates, adapting to the e�ective bandwidth available to the customer.

The video coder should indeed adapt to the network state in terms of bit rate and loss process

to guarantee the end-user the best possible video quality. Second, the end devices can also have

completely di�erent processing power or spatio-temporal display resolutions. The coder should

thus take into account both the decoding device features (size of display, frame rate, etc.) and the

video content.

In the same time, scalable coding alone is not su�cient to optimally serve all the customers.
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Scalable coding has to be paired with a multi-resolution video distribution scheme capable to

adapt the scalable video stream to the receivers requirements. This leads to a new approach

in multimedia delivery that can be assimilated to proxy-based signal processing. Intermediate

network nodes or gateways are asked to play an active role in the video delivery by performing

basic transcoding or �ltering operations. Gateways can also perform error control depending on

the actual channel status. As the network processing is done locally and close to the end-user, it

allows for an e�cient utilization of resources in an heterogeneous framework.

1.3 Contribution of the thesis

This thesis mainly targets the joint source and channel coding parts of the end-to-end system

presented in Fig. 1.1. In this framework the contributions of this work are manifolds. First, the

MPEG-2 video coding process is adapted to the channel status and the video content. Under given

rate constraints, bits are optimally distributed between source coding and channel redundancy

which comprises MPEG-2 syntactic information and error control overhead. To this aim, this

work proposes :

� a new formulation of the FEC performance for video packets recovery,

� a novel complete end-to-end model of the MPEG-2 quality of service, which allows to select

the best pair source/channel rate,

� a new error resilient MPEG-2 compliant encoding technique which adapts to the video

content and channel conditions to provide a robust video stream.

This joint source and channel coding of MPEG-2 video streams allows to adaptively spend bits

where most needed, thus ensuring an optimal bandwidth utilization. The schemes can be easily

adapted to other coding standards thanks to the general validity of their design principles.

New ways of coding video are then investigated even though coding standards are clearly

mandatory for the development of the video industry. Block-based motion-compensation and

DCT coding leads most video standards to a reasonable e�ciency, but they lack a true scalability

functionality now regarded as essential for emerging multimedia applications. In particular, res-

olution and �delity or rate scalability are necessary to upcoming video services. The capability

of progressive transmission by increasing resolution and �delity is indeed considered as essential

in the evolution of video applications. Moreover, due to its hierarchical structures, standard cod-

ing introduces memory in the coding process and is thus not truly robust to transmission losses.

Hence, this work addresses in a second part the design of a new robust and multi-resolution video

coder based on Matching Pursuit for lossy and heterogeneous video delivery. This work does how-

ever not provide a complete implementation of this new scheme, but mainly focuses on the joint

source and channel coding part. To this aim, this second part proposes :

� a new formulation of the structural redundancy in non-orthogonal bases as used by Matching

Pursuit. The structural redundancy then allows to quantify the coding e�ciency of particular

representations,

� a new way of decomposing video signals into a set of spatio-temporal functions through

Matching Pursuit based on a Genetic Algorithm. New dictionaries are also proposed that

outperform commonly used dictionaries in Matching Pursuit coding,

� a novel quantization scheme taking bene�ts of the Matching Pursuit stream properties to

reach an optimal bit distribution between successive coe�cients. A study of the atom selec-

tion error shows moreover that the index quantization should be avoided, thus emphasizing

the need for a careful dictionary design,

� a new transcoding scheme based on the properties of the structured dictionaries used in

coding process. This scheme permits an easy adaptation of the video stream to any spatio-

temporal decoding resolution,
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� an optimal error control by Unequal Error Protection of the Matching Pursuit stream,

� a novel Equivalent Energy Packetization scheme which permits to adapt the stream to the

inherent structure of the Internet transmission and enables a very easy error control man-

agement.

From these building blocks, Matching Pursuit already shows to o�er very promising perspec-

tives in adaptive and robust multi-resolution coding.

1.4 Thesis structure

This thesis is organized as follows. Chapter 2 presents the state of the art in video communication

technologies. A survey of common video coding schemes is proposed, emphasizing both video

standards like MPEG-2 and non-standard schemes like wavelets-based coders. Major networking

technologies (i.e., ATM and IP networks) are then overviewed, and the factors which in�uence the

video quality of service are identi�ed. Error resilient and multiresolution coding schemes are �nally

described, for standard and wavelets-based codecs. Finally current video coders implementations

are brie�y presented focusing on their limitations.

Chapter 3 studies the performance of Forward Error Correction (FEC), the preferred error

control scheme to �ght against losses in multicast or interactive applications. Performance is

de�ned in terms of both packet loss ratio and average burst length after recovery. These parameters

are very useful to correctly design video services and allow to draw a mapping between the Quality

of Service at the network and video layers. In particular, along with models of the video quality

as a function of the source rate, it allows to optimally distribute the available bandwidth between

source and FEC rate, as shown in Chap. 4. We derive the global set of equations that leads to

an optimal dynamic rate allocation dependent on the video information and the channel status.

The optimal distribution is shown to outperform classical FEC schemes, thanks to its adaptivity

features.

A new scene-complexity adaptive error resilient MPEG-2 encoding scheme is presented in

Chap. 5, namely Adaptive MPEG-2 Information Structuring (AMIS). AMIS modulates the num-

ber of resynchronization points (i.e., slice headers and intra-coded macroblocks) in order to maxi-

mize the perceived video quality. It constantly determines the best compromise between the rate

allocated to encode pure video information and the rate aiming at reducing the sensitivity to

packet loss. Experimental results show that AMIS dramatically outperforms existing structuring

techniques thanks to its e�cient adaptivity. We then extend AMIS with a Forward Error Cor-

rection (FEC) based Protection algorithm to become AMISP. AMISP additionally triggers the

insertion of FEC packets in the MPEG-2 video packet stream. The performances of the AMISP

scheme in an MPEG-2 over RTP/UDP/IP scenario are also evaluated.

Due the lack of video standards in providing true robustness and �ne granularity scalability,

a new coding scheme based on Matching Pursuit is introduced in Chap. 6. Matching Pursuit

is overviewed and complexity issues are discussed. Non-orthogonal decompositions as proposed

by MP are then analyzed and a new formulation of the structural redundancy of dictionaries is

proposed. Chap. 7 then presents a novel three-dimensional Matching Pursuit coding scheme as

an alternative to classical motion estimation based coders. Several structured dictionaries are

proposed and performance of the Matching Pursuit decomposition is studied. In Chap. 8, the

properties of Matching Pursuit streams are used to design a speci�c quantization scheme, driven

by the redundancy of the coding dictionary. This scheme is shown to outperform uniform quan-

tization. The atom selection error is also analyzed, and indexes are shown to be highly sensitive

to quantization error. The importance of an optimal dictionary design is thus emphasized and

presented as a clear trade-o� between compression e�ciency and index transmission cost. Then

Chap. 9 focuses on the heterogeneous video stream delivery. More particularly, a transcoding

scheme is proposed to easily adapt the spatio-temporal video resolution to the receiver character-

istics. Error control by Unequal Error Protection is also analyzed to cope with transmission losses.

A new packetization scheme is also presented which builds equivalent energy packets to provide
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more �exibility in the error control management. The robustness of Matching Pursuit stream in

error-prone environment is also demonstrated in this context. Finally, concluding remarks are

given in Chap. 10. Future works are also discussed with focus on the complete end-to-end design

of Matching Pursuit based coding scheme.
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Chapter 2

Video Communications Technologies

2.1 Introduction

Since this work targets the end-to-end video quality of service optimization many topics are

addressed within the thesis. Multimedia and more particularly video applications can be placed in

the intersection of traditionally separated domains as depicted in Fig. 2.1. Each of these domains

has its proper state of the art. For the sake of clarity, this chapter only presents the main parts

of complete video transmission systems. More speci�c topics are further presented within the

following chapters.

Signal processing, compression

Computer hardware
and applications

Telecommunications
LANs, Wireless, Internet

Figure 2.1: Convergence of multimedia enabling sectors.

This chapter �rst presents the major video coding methods, focusing on both standard com-

pression algorithms and more recently de�ned schemes. IP and ATM networking technologies

are then presented as the basis infrastructure of packet video transmission. The e�ects of un-

avoidable packet losses onto the video stream are further described. The most common error

resilience schemes are then brie�y presented as a way to �ght against packet erasures. Finally, the

major commercial video streaming applications are overviewed, showing the limitations of these

implementations to o�er robust and multiresolution video stream.

Parts of this work appeared in [10, 11].

9
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2.2 Major video compression schemes

Video sequences naturally consist in very redundant information and the size of digital video signal

representation is originally very large. For example, the data rate of an uncompressed NTSC1

TV-resolution video stream is close to 170 MBits/s, which corresponds to less than 30 seconds of

recording time on a regular compact disk (CD). Clearly, the video signal has thus to be compressed

to reduce the needs for storage or bandwidth capacity. The compression basically consists in

removing the inherent video redundancy and e�ciently coding the remaining information.

The video compression schemes are generally composed of several building blocks as shown in

Figure 2.2. First, the digital signal is transformed and represented as a sum of basis functions.

In other words, the series of pixels values output from the recording camera are represented in a

compact form to enable information compression. The transformed signal is then quantized [12] to

limit the number of allowable values and thus the size of the description. Note that quantization

is the only irreversible and lossy task in common compression schemes. The quantized signal is

�nally entropy-coded [7] to minimize the size of the description.

10010001111010

Image sequence

Transform Entropy 
codingQuantization

Video bit stream

Figure 2.2: Building blocks of generic compression schemes.

The remaining of this section presents the video compression standards and focuses particularly

on MPEG-2. All common video standards indeed proceeds similarly to MPEG-2 in their main

principles. Other video compression technologies, and mainly wavelets coders are then presented

as an alternative to DCT-based video coding standards.

2.2.1 Video compression standards

The choice of a compression standard mostly depends on the available transmission or storage ca-

pacity as well as the features required by the application. The most cited algorithms are the H.261,

H.263, H.263+, MPEG-1, MPEG-2 and MPEG-4 2 [13] video standards. All these standards are

based on discrete cosine transform (DCT) and motion prediction (see Fig. 2.3). The DCT allows

for a more compact representation of the naturally redundant spatial information, while the motion

compensation aims at reducing the temporal redundancy between successive images. The above

standards however target di�erent type of video applications (i.e. encoding rates and qualities).

These applications range from desktop video-conferencing to TV channels broadcast over satellite,

cable, and other channels [14]. The former typically uses H.261 or H.263 while MPEG-2 is the

most appropriate compression standard for video broadcast applications [15]. The recent MPEG-

4 standard proposes moreover additional features [16] which allows for object-oriented coding of

video scenes.

As an example, the MPEG-2 standard is now described more in details. MPEG-2 is an audio-

visual standard developed by the International Organization for Standards (ISO) together with

the International Electrotechnical Commission (IEC) [1, 2, 17, 18]. The video part of MPEG-2

permits data rates up to 100 Mbps and proposes a number of advanced features, including those

supporting HDTV3 coding. MPEG-2 is capable of compressing NTSC or PAL TV-resolution video

into an average bit rate of 3 to 7 Mbps with a quality comparable to analog broadcast TV [19, 3].

1NTSC stands for National Television Systems Committee
2MPEG stands for Moving Picture Experts Group
3HDTV stands for High-De�nition TeleVision
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Figure 2.3: Block diagram of an encoder.

2.2.2 MPEG-2 video standard

An MPEG-2 video stream is hierarchically structured as illustrated in Fig. 2.4. The smallest entity

de�ned by the standard is the block, which is an area of 8� 8 pixels of luminance or chrominance.

A macroblock (16 � 16 pixels) contains four blocks of luminance samples and two, four or eight

blocks of chrominance samples, depending on the chrominance format. A variable number of

macroblocks is encapsulated in an entity called a slice. A new slice always starts on each new line

of macroblocks. Slices occur in the bitstream in the order in which they are encountered. Thus,

each picture is composed of a variable number of slices.

Figure 2.4: MPEG-2 video structure.

As represented in Fig. 2.4, the MPEG-2 video syntax de�nes three di�erent types of pictures:

1. Intra-coded (or I-) pictures are coded without reference to preceding or upcoming pictures

in the sequence. A picture is divided into 8 � 8 blocks of pixels and a two-dimensional

discrete cosine transform (DCT) is applied to each block. The resulting DCT coe�cients

are quantized and variable-length coded. The quantization is performed by dividing each

DCT coe�cient by a quantizer and by rounding the result to an integer. The quantizer

applied to a DCT coe�cient comes from the multiplication of a quantizer scale, the so-

called MQUANT, and the corresponding quantizer matrix entry. A di�erent MQUANT

value may be used for each macroblock. As the MQUANT increases, the quality decreases

in favor of the increased compression factor (see Sec. 5.2). Intra-coding provides a moderate

compression rate while allowing random access into the compressed video data.

2. Predicted (or P-) pictures are coded with respect to the nearest previous I- or P-picture. The

predictions of the best-matching macroblocks are indicated by motion vectors that describe
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the displacement between them and the target macroblocks. The di�erence between the

best-matching and the target macroblocks, called the prediction error, is encoded using

the DCT-based intraframe technique summarized above. The motion vectors, as well as

the quantized DCT coe�cients, are variable-length coded. It is noteworthy that individual

macroblocks may still be intra-coded in P-pictures (i.e. do not use motion estimation).

3. Bidirectional (or B-) pictures use both past and future I or P pictures as reference. Motion

compensation is also applied here. However, both forward and backward motion vectors may

be used for each macroblock since B-pictures are coded in relation to two reference pictures.

Like in P-pictures, macroblocks in B-pictures may be intra-coded, and furthermore, some

of the motion-estimated macroblocks might use only one motion vector (i.e. forward or

backward motion vector). Bidirectional encoding provides the highest compression rate

while introducing some delay.

The use of these three picture types allows MPEG-2 to be robust to packet loss (I-pictures

provide stop points for the error propagation) and e�cient in representing the video information

(B- and P-pictures allow good compression). Furthermore, the MPEG-2 standard does not specify

how I-, P- and B-pictures are mixed together. As mentioned, all coding modes can even be chosen

per macroblock, which allows �nely tuned tradeo� between robustness and e�ciency.

Before being transmitted, a video stream goes through the MPEG-2 Transport Stream (TS)

layer. Basically, the stream is �rst segmented into variable-length Packetized Elementary Stream

(PES) packets and then subdivided into �xed-length TS packets. These packets are �nally passed

to the underlying layers for transmission. It is worth noting that a uncompressed header (i.e.,

syntactic information) is inserted before each of the following information elements: PES, TS,

sequence, picture, and slice. In general, when a header is damaged, the underlying information is

lost.

2.2.3 Other video coding schemes

The video coding standards are all block-based. DCT and motion estimation are indeed performed

on a block of pixels basis. This type of coding can introduce blocking artifacts in the reconstructed

video where block boundaries become visible at low rates. Other transform methods have been

proposed to compact the spatial information without blocks limitations. Wavelets [20] and more

generally subband coding [21, 22] constitutes certainly the major alternative to DCT coding [23].

Transform coding and subband coding are very similar, however subband decomposition provides

additionally a multiresolution decomposition of images. In contrary to DCT for example, the

wavelet representation provides a multiresolution and multifrequency expression of a signal with

localization in both time and frequency. This property is particularly useful in image and video

coding applications where the signal is nonstationary by nature. Wavelet-based coding decom-

poses, by �ltering and subsampling, the nonstationary signal into a set of multiscaled wavelets

where each component becomes relatively more stationary and thus easy to code. Another advan-

tage of subband coding is the critical sampling of the input data. The transform signal has indeed

the same size as the original, at the price however of constraints on the �lter design, relatively

poor low-pass approximation and the well-known edge-problem [24].

Several data organization and representation methods have been proposed to compact the

wavelets data, exploiting the statistical properties of the wavelets coe�cients [25]. Besides simple

entropy coding schemes, more complex methods have been proposed in the literature: VQ [26],

tree encoding like EZW [27] or SPIHT [28] algorithms, signi�cance-linked connected components

(SLCCA) [29, 30, 31] and morphological representation of wavelet data (MWRD) [32]. Arith-

metic [33] or Hu�man coding [34], as well as run-length coding [35, 36, 37] can then be performed

to still improve the compression and reduce the coding rate of the wavelet representation.

To reduce temporal redundancy, the video coding standards generally use motion estimation

methods. Motion estimation can also be used in video wavelet coding where the di�erence frame is

coded by subband decomposition [38, 39, 40, 41, 42, 43, 44]. However, even if motion compensation

has shown its e�ciency [45], one can think about a temporal transform operation similar to the
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spatial one. Instead of computing frame di�erences a �ltering is performed along successive frames

to reduce the temporal redundancy. This o�ers the advantage to eliminate the frame-to-frame

dependency, thus simplifying the complexity for coding optimization. Temporal transform is

generally performed through DCT [46, 47, 48, 49, 50] or wavelets [51, 52, 53, 54, 55, 56, 57], which

are however di�erent than the spatial wavelets. 3D transform compares favorably to standard

coding [58, 59, 60, 49, 61, 62], but temporal �ltering may introduce coding delays due to bu�ering

at the encoder [63, 64]. This limitation restrain the temporal �ltering e�ciency for high motion

scenes. A combined motion compensation and 3D wavelet transform along movement trajectories

has been proposed to encompass this limitation [65, 66, 67, 68]. Lastly, the representation of

tri-dimensional wavelets transform coe�cients is mainly based on modi�cations of tree encoding

schemes, like 3D SPIHT [60, 62, 69] or 3D EZW [70].

Finally, DCT or wavelet decompositions are based on general assumptions on the statistics

of the input signal. They have been designed to o�er a good compression e�ciency for a large

class of input signal. The transform design is �xed for any type of video sequence or scene

while the signal characteristics can be however highly variable. To cope with this limitation,

signal adaptive decompositions have recently been proposed to capture the real characteristics

of the input signal, thus enable a more e�cient compression. The signal is decomposed over

a library of spatially and frequency localized basis elements, possibly redundant. The signal is

expressed as a sum of basis function which are adaptively chosen accordingly to the signal features.

The main adaptive compression algorithms group wavelets packets decomposition [71, 70, 72],

quadtree [73, 74, 75, 76, 77], or double tree [78, 79] segmentation, JASF representation [80, 81], best

basis pursuit [82, 83] and Matching Pursuit [84, 85, 86, 87, 88]. Matching Pursuit coding will be

further developed in further chapters and presented as an interesting method for multi-resolution

video coding.

2.3 Major networking technologies

The transmission of multimedia streams requires a network capable of handling di�erent types of

data, thus di�erent types of constraints. For several years, the solution has been considered to be

the asynchronous transfer mode (ATM) [89]. ATM is the network technology for the broadband

integrated services digital network (B-ISDN). Now the role of ATM is being challenged by the

success of the Internet and other IP-based networks due to the ongoing developments of integrated

and di�erentiated services.

The asynchronous transfer mode combines the circuit-switched routing of telephony networks

with the asynchronous time-division multiplexing of traditional packet switching. This is accom-

plished by establishing a virtual channel through the network before accepting any tra�c. In

ATM, data are sent in �xed size cells of 53 bytes. The network guarantees that all the cells of a

call follow the same route and are delivered in the same order as sent.

The internet protocol di�ers in two major aspects from ATM. First, IP does not synchronize

between the establishment of a route and the start of a session. Also, IP packets are of variable

length (up to 65,535 octets). These packets may consequently arrive out of order if the routing

decision has changed during the session.

In both ATM and IP networks transmission losses as well as delays are inevitable. The delay

is chie�y caused by propagation and queuing. The queuing delay depends on the load of the links.

Loss of information is mainly caused by a multiplexing overload of such magnitude and duration

that the bu�ers in the nodes over�ow. Loss may also be caused by misrouting due to bit-errors in

the addresses, but this is less probable.

2.3.1 ATM networks

There are two types of ATM service classes suitable for transmission of audio/video streams:

constant bit rate (CBR) service and variable bit rate (VBR) service (called deterministic bit rate

and statistical bit rate transfer capabilities in the ITU Recommendations). CBR service means
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that virtual channels are allocated portions of capacity that are at least equal to their declared

peak rates. Note that CBR service only upper-bounds the bit rate which may vary within that

bound. The ITU Recommendation does not state the associated quality of service but loss-free

service with low maximum delay is possible. The VBR service means that a rate smaller than

the declared peak rate is allocated for the connection [90]. Its speci�c value depends on the

peak and sustainable rates, the maximum burst size that the connection initiator declares, and

the quality level that the operator maintains for the service class. It is not clear what quality

levels will be o�ered by network providers. The ATM Forum has separated the variable bit rate

service into real-time VBR (rt-VBR) and non-realtime VBR (nrt-VBR). Delay limits are only

guaranteed for rt-VBR. The ITU does not make this distinction. Among nrt-VBR services, one

can further distinguish between ABR4 and UBR5. The ABR service class is de�ned for best-e�ort

type applications and uses a feedback-based approach to control possible congestion. Finally, UBR

does not o�er any guarantee and are the lower priority services among all the de�ned classes.

ATM Adaptation Layer

ATM Layer

Physical Layer

Application (MPEG-2)

Network Adaptation
MPEG-2 Specific

Application (H.261)

Network Adaptation
H.261 Specific

Other Application

Network Adaptation
Other Specific

Figure 2.5: Multimedia services over ATM protocol stack.

The transport of compressed video over ATM [91, 92] can be done over two ATM adaptation

layers (AAL) depending on the service required. If constant-rate video is to be transmitted, AAL1

may be used [93]. It provides a CBR service and features speci�c to real-time applications such as

clock recovery and forward-error correction. Since an equivalent adaptation layer able to transport

VBR data does not exist, AAL5 is considered as the second alternative for video transmission [94].

Even if AAL5 does not provide such real-time speci�c functions, it is generally accepted because

it is simple and able to handle both CBR and VBR tra�c [95].

Several functions required by multimedia applications are however not provided by the ATM

adaptation layers. Multimedia applications involve the transmission of synchronized audio, video

and data �ows. Recommendation H.222.1 [96] speci�es a network adaptation layer (NAL) that

provides multiplexing and synchronization functions (see Figure 2.5 for the MPEG-2 example) .

In particular, the NAL provides multiplexing, timebase recovery, error reporting and priorities on

a packet basis. It also describes the mapping of access data units from the applications to the

AALs. The NAL is not totally generic. It provides functions speci�c to MPEG-2 and embeds its

systems layer as shown in Fig. 2.6.

The encapsulation of MPEG-2 TS packets into AAL5-SDUs is de�ned in the ATM Forum's

Video on Demand Speci�cation 1.1. The proposed scheme encapsulates two single program trans-

port stream (SPTS) packets, regardless of their information content (i.e. audio, video or timing

data) into a single AAL5-SDU. The addition of the AAL5 8 byte trailer results in a AAL5-PDU

that is segmented into exactly 8 ATM cells. For further readings on MPEG-2 over ATM, please

refer to [97, 98, 99].

2.3.2 IP-based networks

The Internet is evolving to meet the needs of realtime tra�c, but currently the requirements of

realtime tra�c are not truly supported. The Internet is not a new kind of physical network, but

rather the technology that interconnects existing subnetworks. The Internetwork protocol (IP)

4Available Bit Rate
5Unspeci�ed Bit Rate
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H.222.0
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Figure 2.6: H.222.1 overview.

resides in the OSI6 model network layer and is responsible for routing IP datagrams (see Fig. 2.7)

through the Internet. It provides a connectionless datagram delivery service, where each datagram

contains the full IP destination address.

0 31241 91 684

VERS LEN SERVICE TYPE TOTAL LENGTH

IDENT FLAGS FRAGMENT OFFSET

TIME PROTO HEADER CHECKSUM

SOURCE IP ADDRESS

DESTINATION IP ADDRESS

OPTIONS PADDING

DATA

...

Figure 2.7: IP datagram format.

IP is generally used jointly with an OSI transport layer protocol. The transport protocols

employ the infrastructure provided by the network layer to establish an end-to-end service. On

one hand, the user datagram protocol (UDP) extends the unreliable datagram service to the user.

Each packet is treated as an independent unit, and error recovery is left to the application running

on top of UDP. On the other hand, the transport control protocol TCP enhances the unreliable

datagram service provided by the IP in order to produce a reliable end-to-end stream delivery

of packets. TCP opens a connection between two devices by using a technique referred to as

positive acknowledgment with retransmission to recover lost packets. With TCP the data stream

is delivered lossless and in sequence to the receiver but with possibly high delays.

Basically, IP only o�ers a best-e�ort service. Therefore a number of changes are needed to

make the Internet suitable for realtime tra�c. It is necessary to provide a realtime tra�c stream

with a guaranteed quality of service (QoS) in the form of bandwidth, packet loss and end-to-end

delay guarantees. To minimize the impact of such modi�cations, it is proposed to enhance rather

than replace the basic service model that is currently in place. To this aim two service classes,

referred to as guaranteed and controlled-load services [100, 101, 102] are de�ned in addition to

the existing best e�ort service class. These two classes can be loosely compared to the CBR and

VBR service classes of ATM :

6Open Systems Interconnection



16 CHAPTER 2. VIDEO COMMUNICATIONS TECHNOLOGIES

1. Guaranteed service (GS) gives a lossless transfer with tight delay bounds.

2. Controlled load service (CLS) is supposed to yield a quality corresponding to a lightly loaded

IP network at best e�ort; it is not expressed quantitatively. The admission control is based

on the peak rate declared by a session initiator and on measurements of the load in the

network. This could lead to higher network e�ciency when compared to admission control

based only on declared source descriptors.

Both GS and CLS connections can be established by RSVP7 [103] signaling. More recently,

IPv6, the latest IP version, has been designed to convey a �ow speci�cation (�owspec) which is a

description of the characteristics of the data in order to reserve resources and therefore guarantee

QoS by interoperating with RSVP [104, 105]. RSVP is however not implemented in all today's

routers which makes the usage of guaranteed services almost marginal.

In parallel the IETF has developed the real-time transport protocol (RTP) [106, 107, 108] for

transmitting real-time data such as audio and video over multicast or unicast networks. RTP does

however not address resource reservation for providing quality of service for real-time services.

It provides payload-type identi�cation, sequence numbers, time stamps and delivery reports (see

Fig. 2.8). RTP relies on lower layers for multicast, timely data delivery and quality of service in

general.

Content Source Identifiers (CSRC)

Synchronization Source Identifiers (SSRC)
Timestamp

Sequence NumberPayload TypeMCSRC ctXPV=2

4 Octets
V: RTP protocol version
P: Padding indication
X: Header extension indication
CSRCct: counter of CSRC indentifiers
M: Marker bit (profile dependent)

Figure 2.8: RTP packet format.

RTP is intended to be tailored to any particular application. To achieve the needed �exibility,

the speci�cation is deliberately incomplete. It de�nes a set of core functions but allows for exten-

sions and customization depending on the target application. Companion documents or pro�les

have been written to specify the extensions needed for given applications. RFC 2250 de�nes the

packet format for MPEG-1 and MPEG-2 audio and video [109]. It speci�es payload identi�er and

encapsulation schemes for the di�erent packet formats (i.e. TS or program stream).

Finally, the real-time control protocol (RTCP), part of the RTP speci�cation, monitors the

QoS and conveys information about the participants in a multicast session. RTCP is not intended

to support all the requirements of applications control signaling. A higher level session control

protocol as RTSP (Real-Time Streaming Protocol [110]) can ful�ll these needs. RTCP is based on a

periodic transmission of control packets to all participants in a session, using the same distribution

mechanism as for data packets. The underlying protocol must provide multiplexing of the data

and control packets.

2.3.3 Access technologies

Access to the Internet is nowadays highly heterogeneous. The best connections o�ers 10 Mbps

in high-speed switched Ethernet, and even more with new technologies like Gigabit Ethernet.

In parallel, residential access o�ers much smaller bandwidth to the end-user. Residential access

7Resource Reservation Protocol
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includes 28 Kbps modem connections, 64 Kbps ISDN connections, xDSL connections [111, 112]

with downstream rates between 100 Kbps and 6 Mbps and cable modems at 128 Kbps to 30

Mbps [113, 114, 115]. These rates are however only guaranteed on the last mile of the connection.

Due to the load of the Internet, the available end-to-end rate is hardly predictable, and can be

even lower than the values o�ered on the last mile.

The transmission rates are even smaller for wireless services [116]. The bandwidth on wireless

connections is equivalent to 9.6 Kbps, values which further embraces a large amount of error

protection. Even with the emerging wireless standards like UMTS [117] or the third generation

wireless networks [118, 119], the rate o�ered to the users of wireless services lies around 2 Mbps,

moreover shared between di�erent users.

Clearly, the rates o�ered to the end-users make the task of video compression really challenging.

The video services have to guarantee a good quality of service at very low e�ective bit rates.

Moreover, the same application may be o�ered on possibly very di�erent connections emphasizing

the need for scalable video streams.

2.4 User-oriented QoS in video communications

2.4.1 What may a�ect the QoS ?

In digital video delivery, the video information �ows through several subsystems (e.g. coder,

network, decoder). Each of these subsystems may degrade the video quality, either by data loss

or by introducing some delay. The video quality as perceived by the end-user [4] results thus from

both the encoding artifacts and delays, as well as from the packet losses, delays and delay jitters

caused by transmission.

On the one hand, all lossy compression schemes both distort and delay the signal. Degradation

comes from the quantization which is the only irreversible process in common coding schemes.

In general, the higher the quantization step, the smaller the source rate, but also the higher

the degradation [120, 121]. Other coding decisions (e.g., coding modes) also in�uence the rate-

distortion characteristic of video standard coders. Several studies have thus been proposed in

this context to improve the quality for a given source rate. They propose to reduce the source

coding distortion, either by adapting the coding mode [122, 123, 5, 124, 125, 126, 127] or the

macroblock-based quantization process [128, 129, 130, 131, 132, 133, 134, 135].

The amount of delay introduced by the video coder is related to the size of the encoding bu�er.

This bu�er is intended to limit the variations of the video rate output before transmission. The

bigger the bu�er, the smoother the bit rate may become, but it is at the expense of a higher delay.

In Variable Bit Rate (VBR) encoding [136], a trade-o� exists between the smoothing delay and bit

rate variations in the output stream. Moreover, the regulation of the encoder to avoid over�ow of

the smoothing bu�er causes quality variations in the decoded video stream. Video scenes are indeed

variable by nature and thus not well adapted to Constant Bit Rate (CBR) encoding or to limitation

of the rate variations. Therefore, adapting the source rate to the network constraints [137] by rate

shaping for example [11, 138, 139, 140], is always a compromise between bu�ering delay and video

quality.

On the other hand, data loss during the transmission may drastically reduce the user-QoS. The

packet loss process has been widely studied on today's networks [141, 142, 143, 144, 145, 146] where

actual loss traces are approximated with simple statistical models. The loss process is generally

represented by the well-accepted Gilbert model [147] which can capture the bursty nature of packet

losses [148, 149, 150, 151]. Such loss models are however not su�cient to quantify the loss of video

information. The level of packet loss degradation on the video stream is indeed highly dependent

on the importance of the lost information type, particularly in hierarchical coding schemes [152,

153, 154, 155]. In MPEG-2 video streams, for example, losses in headers result in more important

degradation than losses of DCT coe�cients and motion vectors. The transmission impairments

depend also on the picture type of the lost video data because of the motion prediction used in

MPEG-2. Figure 2.9 shows how network losses map into video information losses in di�erent
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types of pictures. Data loss spreads within a single picture up to the next resynchronization point

(e.g. picture or slice headers) due to the variable-length [156] and di�erential coding. This is

referred to as spatial propagation. When loss occurs in a reference picture (I- or P- picture), the

lost macroblocks will a�ect the predicted macroblocks in subsequent frame(s). This is known as

temporal propagation.

Cell Losses

I Picture

P or B Picture

P or B Picture

Time

Temporal Loss
Propagation

Spatial Loss
Propagation

Spatial Loss
Propagation

Video
Sequence

Temporal Loss
Propagation

1

2

3

Figure 2.9: Data loss propagation in MPEG-2 video streams.

Finally, the impact of the loss of syntactic data is in general more important and more di�cult

to recover than the loss of semantic information. For instance when a frame header is lost, the

entire frame is skipped since the decoder is not able to detect its beginning. If the skipped frame

is a reference picture, the temporal error propagation may greatly reduce the perceptual quality.

When a header is lost the whole underlying information is generally skipped. A classi�cation of

syntactic data can thus be operated. Similarly the semantic information can also be classi�ed

according to its importance to the end-user.

2.4.2 How to measure the video quality ?

Quality assessment of digitally coded pictures and image sequences nowadays becomes a very

important issue and has received recently a large attention from the signal processing community.

Indeed, in order to appreciate performances of new devices and algorithms, it is important to be

able to quantize the quality of displayed images. Two classes of methods are available to measure

the video quality: subjective tests, where subjects are asked to note the quality of images [157], and

the objective ones, where a quality measure is generally computed by comparison of the original

and distorted sequences. Objective methods consist in purely mathematical methods (i.e. Mean

Squared Error, MSE) or more sophisticated methods which includes at some level the human

visual system characteristics [158]. These last methods give naturally the most relevant results,

since the visual information is �nally destined to human user.

One if the simplest perceptual distortion metrics is the mean luminance di�erence between the

original image and its reconstructed version. This elementary metric has the advantage to consider

the human visual system most relevant information, that is the luminance. Hence, it gives results

correlated with subjective testing under the assumption that the observer is far from the display

device [159]. Distortion can also be measured in terms of contrast functions [160] or by spatio-

temporal similarity metrics [161, 162, 163, 164]. More sophisticated metrics take into account, to

some �delity degree, the features of the human visual system [165, 166, 167, 168, 169]. One of the

metric that provides the best correlation with human perception is certainly the Moving Picture

Quality Metric (MPQM) [170, 171, 172, 173, 174]. The methods based on a human visual system

model are however limited to degradations which are below a given level of distortion called the

suprathreshold. If the degradations are too important, they generally behave similarly to pure

mathematical metrics like PSNR. They are therefore generally not adapted to the evaluation of
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sequences impaired by important packet losses. The notion of glitches has therefore been de�ned

to measure the impact of losses on a video sequence [175, 176]. A glitch represents the impact of

one loss on the video stream, characterized by a duration.

Finally, to be complete, two metrics will be used in this work: the HVS-based MPQM metric

and the widespread purely mathematical Peak Signal-to-Noise Ratio (PSNR). The latter is simply

de�ned by the ratio of the maximum pixel value to the mean squared distortion :

PSNR = 10 log10
2552

MSE
:

2.5 Error resilience in video communications

Most coding algorithms are by nature not robust to transmission losses which may have dramatical

e�ects onto the video quality. To improve the quality of service, error resilience algorithms [177,

178] can be implemented at both the application layer (encoder and decoder) and the network

protocol stack. On one hand, the coding can be modi�ed to generate a video stream robust to

error by limiting the impact of packet losses. In parallel, lost areas can be hidden at decoder

by means of concealment algorithms. These algorithms use remaining redundancy in correctly

received information to approximate the missing data [179]. On the other hand, error control can

also be deployed by the transmission protocols to recover lost packets. The most promising error

resilience techniques are however built on the joint optimization of the mechanisms of each level.

Notice that we do not deal with delay in this section which rather focuses on the analysis of

data loss. Delay jitter can mainly be solved via bu�ering techniques and the delay requirements

can be translated into rate constraints [180]. However some delayed packets may fail to meet their

respective decoding schedule and are therefore considered as lost.

2.5.1 Robust video encoding

In robust video coding redundancy is left in the source stream to limit the degradations due to

losses. Several possibilities are o�ered to �ght against propagation of losses in video standards

[181, 182] where sensitivity to loss may be dramatically reduced by properly structuring video data

and headers. For instance, slice headers [183, 184, 185] and intra-coded macroblocks [186] act as

resynchronization points for spatial and temporal propagation of errors. Complete frame coding

types can also be modi�ed to limit the propagation of errors [187, 188]. Several error resilience

coding modes have moreover been de�ned in the emerging coding standards like H.263+ [189, 190]

and MPEG-4 [191, 192]. They basically consist in de�ning independently decodable video entities

to avoid loss propagation within the reconstructed sequence.

Data partitioning or layered coding may also help to build more resilient video stream. Data

is in this case at least partially available at decoder [193]. In wavelet-based coding scheme layered

coding can help to reduce loss degradations [194, 195]. Additionally, in tree representation of

wavelets coe�cients (e.g., EZW), the division of the initial tree into independent subtrees may help

to reduce loss impact onto this very vulnerable information structure [196, 197]. More generally,

Variable Length Coding (VLC) and di�erential coding are very vulnerable to losses. Memory

has to be kept minimal in coding operations to avoid loss propagation within the video stream.

Resynchronization points should therefore be left in the stream to limit the impact of unavoidable

errors. Hence, compression e�ciency is reduced in comparison to encoding destined to error-free

environments.

2.5.2 Video error concealment techniques

Error concealment is used at decoder to reduce the impact of data loss on the visual informa-

tion. These algorithms include for example spatial interpolation, temporal interpolation and

early resynchronization [198, 199] (see Fig. 2.10). Spatial methods generally uses features of the
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surrounding macroblock to recover the missing data, by interpolation [200, 201, 202], MAP esti-

mation [203, 204, 205] or projection [206, 207]. Temporal methods generally try to recover motion

information from the surrounding blocks [208, 209, 210, 211, 212]. Hybrid concealment schemes

are able to switch between spatial, temporal and even frequential concealment schemes [213]. Most

of these methods are quite sophisticated in often too complex to be performed without in�uence on

the decoding delay. The MPEG-2 standard proposes an elementary error concealment algorithm

based on motion compensation, which will be used within the following chapters. Basically, it

estimates the vectors of lost macroblocks by using the motion vectors of neighboring macroblocks

in the same picture (provided these have not also been lost). This allows an e�cient concealment

of moving picture areas. There is however an obvious problem with lost macroblocks whose neigh-

bors are intra-coded, because there have ordinarily no associated motion vectors. To get around

this problem, the encoding can include motion vectors also for intra-coded macroblocks8.
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Figure 2.10: Error concealment techniques.

Error concealment may, in general, e�ciently decrease the visibility of data loss. These methods

alone are however not su�cient to provide a good quality of service when losses are important. No-

tice that most of these concealment algorithms are valid for block-based and motion compensated

coding in general. In wavelet coding e�cient data representations are generally quite di�erent

from block-based representation. In this context error concealment mainly consists in recovering

the speci�c data structure [214]. Numerous post-processing methods can �nally be used to smooth

or attenuate the remaining artifacts before display.

2.5.3 Channel coding

From the transmission standpoint, video delivery can mainly be improved by providing error

correction mechanisms [215, 216]. Two major techniques are proposed to recover from packet

erasures: retransmission (ARQ) and forward error correction (FEC) [217, 218, 219, 220], or hybrid

combination of both [221, 222]. Retransmission requires the receiver to inform the sender about

the data that must be repeated. It has the advantage of guaranteeing error-free delivery, but at the

price of a possibly large unpredictable delay [223]. FEC means that redundancy is added to the

data so that the receiver can recover from losses or errors without any further intervention from

the sender. Considering the delay requirements for interactive video and real-time applications

in general, FEC is more appropriate than retransmission because it allows to respect the timing

constraints. The Internet community is moreover considering the use of FEC for video transport

over RTP [224]. However, FEC protection does not guarantee an error-free packet delivery.

8Some MPEG-2 encoder chips automatically produce concealment motion vectors for all macroblocks.
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One of the cause of error propagation within video streams is the mismatch between video

and network entities. Video coding de�nes entities like slices which are independently decodable.

However, it may happen that such entities are segmented in di�erent transmission packets, result-

ing in loss propagation if one of these packets is lost. Packetization algorithms can help to limit

the e�ect of losses by providing means to encapsulate by nature varying length video entities into

�xed-size packets [225, 226]. The packetization can even judiciously build independent packets,

or packets which are decodable independently of the receipt of other packets [227, 228, 229]. The

packetization process can also be modi�ed by including resynchronization information to limit the

degradation in case of loss [230].

Finally, for a network that supports separate service classes, it is possible to transfer di�erent

data layers with a service level commensurate with their importance [231, 232, 233]. Vital layers

may thus be transferred in a class with guaranteed quality, while a signal layer destined to further

enhance the quality of service could be sent in best e�ort mode.

2.5.4 Joint source channel coding

The most e�cient error resilient schemes consider the entire system as a whole and target the

global optimization of the communication channel, instead of optimizing individual components

in isolation [234]. Since the separation principle of Shannon is not valid in practical systems, joint

source and channel coding clearly allows to build the most e�cient video stream [235].

In joint source and channel coding, the error protection presented in the previous section can

be adapted to the encoded data. Knowledge of the video data is used to e�ciently protect the

most important information. Video packets can indeed have di�erent importance considering

their usefulness in the video decoding process. Therefore it is wasteful in terms of transmission

bandwidth to apply a uniform protection for all packets. Unequal Error Protection (UEP) consists

in varying the level of FEC protection to meet the user QoS requirements [236, 237, 238] while

limiting the necessary bit rate. In the case of layered coding, for example, the FEC protection may

be adapted to the relative importance of the di�erent layers in standard-based [239, 240, 241, 242]

as well as in wavelet-based coding schemes [243, 53, 56]. Error protection and quality provisioning

could be selected individually for each layer rather than for the entire bitstream in once. The error

control schemes can also be adapted either to the encoded sequence [244, 245], to the syntactic

content of the packets [246, 247, 248, 10] or to the visual importance of the video content [249].

Finally unequal error protection is very helpful in the case of progressive video transmission, where

the level of channel redundancy varies along the transmission [250, 251, 252].

Similarly, the video encoding can also be adapted to the transmission conditions [253, 254],

taking bene�ts of information about the channel status. The amount of syntactic redundancy

like Intra macroblocks [255, 256] or slice headers [257] can be adapted to the loss process. If the

probability of loss becomes important, the syntactic overhead is increased to ensure an accept-

able quality of service. The source or video coding rate can also be constrained to respect the

appropriate balance between source and channel rate for a total bit rate [258, 259], in standard-

based [260, 261, 262] as well as in wavelet-based coding schemes [263, 264]. Finally, the most

complete joint source and channel coding schemes take into account hypothetical loss e�ects to

globally optimize end-to-end quality [265, 266, 267, 268]. They take into account the error con-

cealment performed at decoder to evaluate the visual importance of the data and thus protect in

priority data that will be poorly concealed in case of loss.

Finally, layered or multiresolution coding can be also considered as a form of joint source and

channel coding and are studied more in detail in the next chapters. The recently proposed Multiple

Description Coding methods also represent a form of joint source and channel coding and provide

a very promising alternative for error resilient video delivery.

2.5.5 Multiple Descriptions Coding

Multiple Descriptions Coding (see Fig. 2.11) is certainly one of the most promising coding approach

in error-prone environments. This generic concept consists basically in representing the input
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Figure 2.11: Multiple Description Coding. General representation with two descriptions.

signal by several descriptions simultaneously sent over the network. The best signal reconstruction

is obtained when all descriptions are correctly received, while the correct reception of a single

description should already provide a reasonable quality. The main problem lies in the construction

of the signal descriptions which should neither be completely independent to ensure the delivery of

the main content, nor completely redundant to limit the bit rate. Rate-distortions characteristics

of Multiple Descriptions Coding (MDC) have been widely studied [269, 270, 271, 272]. In most

implementations MDC uses di�erent vector or scalar quantization levels [273] to build several

coarsely quantized descriptions of the same signal. When taken together, all these descriptions

result in a �nely quantized source representation.

Due to the intrinsically redundant nature of video signals, MDC is particularly well suited

for resilient video application. Multiple descriptions can easily be formed either by considering

multiresolution structures like subband coding [274, 275] or the importance of video data [276].

Besides the methods based on classical orthogonal transforms [277], MDC schemes can also use

non-orthogonal transforms to generate redundant descriptions of the input data [278, 279, 280,

281, 282]. Video multiple description coding can also be performed by judicious quantization [283]

and/or packetization process [284]. All the above methods may obviously be combined in optimal

MDC schemes. They only represent the main schemes from the literature. However MDC is a very

generic concept which can be considered as a form of multiresolution coding, and also embrace

the UEP schemes [285] presented above.

2.6 Multiresolution coding and scalable video delivery

2.6.1 Multiresolution coding

Multiresolution video coding [286] and scalable applications become primordial in nowadays highly

heterogeneous framework. Indeed, service providers can obviously not a�ord to o�er each indi-

vidual client a di�erent video stream. Layered coding is particularly useful when a speci�c target

bit rate or quality level cannot be stated a priori for the transfer. By layering, the sender can

provide a range of bit rates and qualities and particular values in that range can be dynamically

chosen by the receiver. For instance, layered coding can be bene�cial for stored programs and for

multicast applications. The video sequence is in this case encoded once and decoded several times

in di�erent conditions. However, the number of allowable resolution is clearly limited to one of

the possible combination of the available video layers.

The current video compression standards propose several scalable coding modes. MPEG-2,

for example, de�nes temporal, spatial and SNR scalability and data partitioning pro�les. These

pro�les o�er the possibility to design scalable video applications [287, 288, 289] by judicious combi-

nation of the di�erent video layers. Layers may be formed either by appropriate quantization [290]

or by DCT coe�cients partitioning [291, 292, 293]. The recently de�ned MPEG-4 standard more-

over o�ers additional possibilities of scalable coding [294].

Multiresolution video decompositions go back to pyramid coding [295] and subband coding [296,

297]. In applied mathematics they are intimately related to wavelets coding [298, 299, 300] which
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thus inherently o�ers the possibility to build multiresolution video signals. Several studies propose

multiresolution video wavelet-based coding [56, 40, 301, 235, 41]. To provide di�erent temporal

resolutions the video coders either perform a hierarchical motion compensation [302, 303, 304,

305] or tri-dimensional wavelet decomposition [306]. Hybrid combination of MPEG and subband

coding [307] or perceptual decompositions [308] also result in interesting solutions for scalable

video coding.

To avoid costly bitstream adaptation within the gateways, it may be particularly useful to

build progressive [309, 310, 311, 312] or embedded video streams. The video bit rate can thus

be easily truncated according to the available bandwidth. Wavelets decompositions may o�er

interesting properties for e�cient progressive transmission. 3D subband embedded video coding

either are based on EZW extensions [313, 70] or even more advantageously on modi�cations of

the SPIHT algorithm [60, 62, 69] to account for the temporal decomposition. They thus provide

a hierarchical video stream [314, 315] and allow to serve both low and high bit rates applications

with the same video stream.

While progressive coding o�ers a �ne rate granularity, the number of achievable spatio-temporal

resolutions is really limited in most scalable coding schemes. Standard video coding is highly

constrained by the hierarchical structure of the video stream and wavelet-based schemes only

provides with an octave-based granularity. Spatio-temporal subbands can however be combined

to achieve a reasonable number of spatio-temporal resolutions [316].

2.6.2 Multicast and error control

The distribution of the scalable video streams to the receivers is generally performed by multicast

applications. Their deployment on the Internet mainly lies on application-level protocols like RTP

on top of the IP Multicast protocol [317]. The video distribution is generally initiated by the

receiver. Receivers can subscribe to multicast groups and thus participate to the video session.

The multicast session reacts to receivers requests and adapts the video layers coding rates to their

requirements [318, 319]. The video is distributed along a multicast tree [320] and the stream

may be adapted within the network nodes [321, 322, 323] according to the requirements of the

receivers [324]. Besides layered coding, hierarchical or progressive streams can also greatly help to

the management of the distribution tree, o�ering even a �ner granularity for the stream adaptation.

Robust transmission in lossy multicast session can almost exclusively be obtained by FEC or

hybrid ARQ/FEC mechanisms [325, 326]. Indeed, retransmission of lost packet may conduct to

bandwidth explosion since all receivers may ask for a di�erent packet. The receivers can however

be divided into independent subgroups [327, 328] to limit the number of replicated packets. Finally,

in case of hierarchical video transmission coding, e�cient forward error correction has also to be

hierarchical [329] and driven by the receiver according to the channel status [330].

2.6.3 Transcoding and �ltering

Since receivers may be completely heterogeneous in terms of spatio-temporal resolutions or com-

putational power proxy-based signal processing approaches become particularly useful. Some

processing is thus asked to the network nodes or video gateways [331, 332] in order to adapt

the video stream to the receivers. This resolution adaptation process or transcoding adapts the

video stream to the resolution or the computational possibilities of the receivers [333]. Meanwhile,

�ltering operations adapt the rate to meet the bandwidth constraints of the slowest connections.

As discussed earlier hierarchical streams enable a very easy adaptation process within the

network nodes. They facilitate �ltering and �ne adaptation of the video bit rate. The spatio-

temporal resolution has however to be adapted through transcoding methods [334, 335] which

have to stay simple enough so that it does not overload the network nodes. To this aim, methods

that work in the transform domain [336, 337, 338, 339] are often preferred to the methods that

necessitate an expensive decoding/re-encoding process in the gateways [340, 341]. Transcoding can

also adapt the coding scheme to the capabilities of the receiver and even vary the resolution of the

video objects when used with MPEG-4 for example [342]. Proxies can also select the appropriate
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content to forward to the receiver [343] or even locally adapt the FEC protection to the channel

status [344].

2.7 Internet video: an overview

This section brie�y surveys related work in applications, systems and architectures for video

transmission over the Internet. One of the �rst applications for Internet video transmission was the

Network Video tool nv by Xerox PARC9. Its implementation used a Haar wavelet decomposition,

but does not have a layered representation. Moreover, it was based on the unrealistic assumption

that the network may provide the rate required by the user. Soon after the release of nv, INRIA

proposed a video application called Video Conferencing System or ivs [345]. This system was based

on H.261 and performed loss recovery by ARQ scheme for small sessions only. Cornell University

then proposed an application called CU-SeeMe [346], which combines low-quality grayscale video

coding scheme and a unicast-based transmission, which makes it very popular. In parallel, UCL

developed certainly one of the most elaborated tool called vic [347]. This implementation proposed

a compression based on H.261 on top of RTP, which conditionally replenishes Intra-MB to reach a

trade-o� between compression and error resilience. Finally, more recently, Microsoft released the

videoconferencing tool called NetMeeting. It uses mainly H.263 standard video compression on

top of the RTP/RTCP protocols and moreover o�ers the possibility to share documents during

the audio-visual conference.

All the above applications are designed for real-time, interactive human-to-human communica-

tions. Another important application of video on the Internet is the playback of pre-stored video

material, e.g., for video-on-demand applications. A number of companies provide streaming-video

technologies, but the major players are certainly Apple's QuickTime, Microsoft's Windows Media

and RealNetwork's Real Video. Users can access small-screen or low quality video from these

products with 56 Kbps or even slower modems. And the best quality the users may require re-

spectively 700 Kbps for QuickTime, 720 Kbps for Windows Media and 500 Kbps for RealVideo.

However, RealVideo [348] o�ers the additional advantage of layered video representation, so the

end-user may choose the best quality based on the available bandwidth, while in other applications

the set of pre-stored resolutions is much smaller.

Finally, the spatio-temporal resolutions de�ned by the products here-above is generally �xed.

The quality may be adapted to the available rate, but the resolution is �xed. Spatio-temporal

scalability is implemented in CMT from Berkeley10, where the coder build a multiresolution video

stream. Low-end devices like PDAs (e.g., 3Com PalmPilot, Compaq iPAQ, Yopy PDA) addition-

ally need very low complexity decoding methods to be able to play video stream corresponding

to their limited resolutions. The majors actors in video streaming on PDA or cellular phones are

PacketVideo11, whose product is based on the MPEG-4 standard, and ActiveSky12.

2.8 Conclusion

In this chapter, we have surveyed the miscellaneous technologies implied in video communications.

Compression schemes have been overviewed, with a special care on MPEG-2 as an example of

standard coding schemes. The network technologies, mainly based on IP networks, have been

shown to provide users with very di�erent rates and network QoS. Several error resilience methods

have then been presented to cope with packet loss inherent to IP networks. Joint source channel

coding methods have been presented as the most e�cient schemes to provide users with an optimal

Quality of Service. Since the �eld of video communications is very broad, it has however not been

possible to detail every addressed topic. Interested readers are referred to the cited publications

for detailed schemes descriptions. Additional information will however be given in the following

9ftp://ftp.parc.xerox.com/net-research
10http://www-video.eecs.berkeley.edu/ dtan/proj.html
11http://www.packetvideo.com
12http://www.activesky.com
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chapters. Finally, commercial implementations have been brie�y described. However, it has

been shown that none of the today's applications completely ful�ll the requirements of robust

multiresolution and scalable video services.
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Chapter 3

FEC Performance in Video

Streaming

3.1 Introduction

Forward Error Correction (FEC) techniques are the preferred error-control schemes for multicast

or interactive streaming applications, as discussed in the previous chapter. In this work a very

simple media-independent Forward Error Correction (FEC) mechanism is used. Due to the low bit

error rates associated with modern communication media, the assumption is made that decoding

is mainly impeded by packet loss. Either the packet is present and correct or it is lost. These losses

are mainly caused by network congestion and the resultant bu�er over�ow and queuing delay. In

this case, packet-level FEC schemes [351, 218, 352, 353] provide an e�cient way to �ght against

losses, although perfect recovery cannot be guaranteed. The details of the FEC algorithms are

outside the scope of this chapter but can be found in [354]. Recall however that common FEC

schemes based on Reed-Solomon codes or X-OR functions [355] can generally correct as many

losses as the number of redundancy packets.

The purpose of this section is to compute the video loss process parameters after FEC recovery.

These parameters are the packet loss ratio �v (i.e., the proportion of lost packets) and the average

burst length �v. They directly drive the �nal video quality. The packet loss ratio �v simply

represents the ratio between lost and sent video packets and the average burst length �v is the

average length of consecutively lost video packets.

Several studies have been performed to compute the FEC e�ciency or the probability for data

to be recovered in case of loss [356, 357, 358, 359, 360]. However this parameter do not bring enough

information about the loss process after FEC recovery. To correctly model the video quality, for

example, at least two parameters, namely the packet loss ratio �v and the average burst length

�v , shall be computed [361]. The aim of this chapter is to compute these two parameters in the

case of a renewal error process. The FEC e�ciency depends on both the network performance

and the media-independent FEC parameters k and n.

The chapter is organized as follows: Section 3.2 presents a brief overview of FEC error-control

and develops the set of equations needed to compute �v and �v . Both parameters are then

computed in Section 3.3 for a Gilbert-model loss process. The analytical values are validated

against experimental data. Finally, concluding remarks are given in Section 3.4.

Parts of this work appeared in [349, 350].
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3.2 Loss process after FEC recovery

Recall that common FEC schemes based on Reed-Solomon codes or X-OR functions can generally

correct as many losses as the number of redundancy packets.

Video packets FEC packets

n      - k

n

k FECFEC

FEC

FEC

Figure 3.1: Media-independent FEC scheme.

Assume every block of k video packets are protected by (n � k) FEC packets as represented

in Figure 3.1 to form an n-packet FEC block. Each packet represents a di�erent RTP packet,

where a header �eld indicates if the packet is a video or FEC packet. This is referred to as

media-independent FEC. If at least k out of n packets are correctly received, the underlying video

information can be correctly decoded [362]. Otherwise, none of the lost packets can be recovered

by the receiver. Hence the packet loss pattern experienced at the video level is quite di�erent from

the loss pattern observed on the global packet stream of the lossy channel.

Let us assume that the loss process can be modeled with a renewal error process. In other words,

the lengths of consecutive inter-error intervals (also called gaps) are assumed to be independently

and identically distributed. For the sake of clarity assume any packet is assigned a binary value 0

or 1 corresponding to correctly received and lost packets respectively.

Following the development of [356], let p(i) denote the probability that a gap length is i� 1,

i.e., p(i) = Pr(0i�11j1), where 0i�1 is a shorthand for i�1 successive 0's. Similarly, let P (i) denote
the probability that at least i � 1 0's follow a given error, i.e., P (i) = Pr(0i�1j1). It has to be

noted that P (i) could be written as

P (i) =

1X
m=i

p(m): (3.2.1)

The probability of the sequence 1 0i�1 is thus given by

Pr(1 0i�1) = � P (i): (3.2.2)

Order is irrelevant because of the independence among gap lengths of a renewal process. The

events 1 0i�1 and 0i�11 are therefore equiprobable. From this property, the probability R(m;n)
that m � 1 errors occur in the next n � 1 bits following an error can be easily computed by

recurrence [356]. Thus,

R(m;n) =

8><>:
P (n); for m = 1 and n � 1
n�m+1X
i=1

p(i) R(m� 1; n� i); for 2 � m � n.
(3.2.3)

Similarly, we denote r(m;n) the probability that m� 1 errors occur in the n� 1 bits between

two errors. It can also be computed by recurrence as

r(m;n) =

8><>:
p(n); for m = 1 and n � 1
n�m+1X
i=1

p(i) r(m� 1; n� i); for 2 � m � n.
(3.2.4)

Finally, let �r(m;n) represent the probability that m� 1 errors occur in the n� 1 following an

error and preceding a 0:

�r(m;n) = R(m;n)� r(m;n): (3.2.5)
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Let moreover de�ne the probability q(i) that a burst is of length i � 1 and the probability

Q(i) that at least i� 1 1's follow a zero. These probabilities are given by the loss process or can

even be deduced from the above variables. The dual of R(m;n), namely S(m;n), represents the
probability to have m� 1 0's in the next n� 1 bits following a 0. This probability is obtained by

recurrence from

S(m;n) =

8><>:
Q(n); for m = 1 and n � 1
n�m+1X
i=1

q(i) S(m� 1; n� i); for 2 � m � n.
(3.2.6)

The video packet loss rate after FEC recovery is now easy to compute. Two cases are considered

with respect to the state of the last video packet of a FEC block. Its loss or its presence directly

drives the loss process into the next FEC block. By the renewal process properties, �v could thus

be computed as

�v =
�

k

kX
i=1

i R(i; k)

n�kX
j=bn�k+1�ic

R(j + 1; n� k + 1)

+
1� �

k

k�1X
i=1

(k � i) S(i; k)

k�1�iX
j=0

S(j + 1; n� k + 1);

(3.2.7)

where the notation bxc represents the positive part of x and � represents the global packet loss

ratio.

The average video burst length after FEC recovery, �v , can also be computed from the previous

development. Since bursts of errors do not have the same probability to start on any packet of

the FEC block, each position has �rst to be considered separately. The probability for a burst to

start on the jth packet of a FEC block (i.e., 1 � j � n) is given by

Pj = Pr(xj�1 = 0; xj = 1); (3.2.8)

where xi denotes the binary state of the packet i (i.e., either lost or not after FEC recovery). From

the previous development, Pj can be written as :

Pj =

8>>>><>>>>:
� (P (2) + p(1) Rn)

n�1X
i=n�k

R(i+ 1; n); if j = 1

�

n�jX
i=0

k�n+j+i�2X
x=0

P (2) S(x+ 1; j � 1) R(i+ 1; n� j + 1); if j > 1,

(3.2.9)

where Rn is the probability that all packets in a FEC block are recovered given that the �rst

packet is missing. It can be written as

Rn =

n�k�1X
i=0

R(i+ 1; n):

The average length of bursts of lost video packets, �v , excludes redundancy packets. Let �rst

T denote the number of FEC blocks transitions along the burst of length l :

T = �oor

�
l + j � 2

k

�
:

Let v denote the position in a FEC block of the �rst video packet following a burst of length l:

v =

�
k; if (l + j � 1) mod k = 0

(l + j � 1) mod k; otherwise.
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Moreover let rn�k and �rn�k denote the probability to loose all the video packets of a FEC

block and that the �rst video packet of the next FEC block is respectively erased or not (before

FEC recovery). These probabilities can be written as

rn�k =

n�kX
bn�2k+1c

r(i+ 1; n� k + 1);

and

�rn�k =

n�kX
bn�2k+1c

�r(i+ 1; n� k + 1):

Similarly rjn�k and �rjn�k denote the probability that the last video packet (i.e., the packet k) of
the �rst FEC block is lost and the �rst video packet of the second block is respectively erased or

not (before FEC recovery). It is assumed that all video packets between packets j and k are lost.

These probabilities are expressed as

rjn�k =

n�kX
i=0

r(i+ 1; n� k + 1)

2k�n+i�2X
x=0

S(x+ 1; j � 1);

and

�rjn�k =

n�kX
i=0

�r(i+ 1; n� k + 1)

2k�n+i�2X
x=0

S(x+ 1; j � 1):

Finally, the average length of a burst of lost video packets starting on the jth video packet of

a FEC block is given by :

Lj =

P
1

l=1 l Pr(xj�1 = 0; xj = 1; : : : ; xj+l�1 = 1; xj+l = 0)

Pj
; (3.2.10)

where only video packets are considered. Indeed FEC packets have to be skipped at the end of

each FEC block. They obviously do not participate to the video burst length. Equivalently, the

average length Lj can be written as :

Lj =

1X
l=0

l p(1)l�T�1 �j(l); (3.2.11)

where �j(l) is the probability to have a video packet burst of length l starting at j. The conditional
probability �1(l) for bursts starting with the �rst video packet of the FEC block (i.e., j = 1) can

be written as

�1(l) =

8><>:
� (P (2)+p(1) Rn)

P1
(rn�k Rn + �rn�k) rn�k

T ; if v = n

� (P (2)+p(1) Rn)
P1

P (2)

k�2X
i=0

S(i+ 1; n� v) rn�k
T ; otherwise.

For 2 � j � k, �j is expressed as

�j(l) =

8>>>>>>>>><>>>>>>>>>:

� p(1)
Pj

n�v�1X
i=0

k�3�iX
x=0

S(x+ 1; j � 1) p(1) S(i+ 1; n� v); if l + j � 1 < k

� p(1)
Pj

(rjn�k Rn + �rjn�k); if v = k and T = 0

� p(1)
Pj

(rn�k Rn + �rn�k) r
j
n�k rn�k

T ; if v = k and T 6= 0

� p(1)
Pj

p(1)

k�2X
i=0

S(i+ 1; n� v) rjn�k rn�k
bT�1c; otherwise.
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The video average burst length �v is �nally given by the following probability-weighted sum-

mation

�v =

Pk
j=1 Pj LjPk
j=1 Pj

; (3.2.12)

where Pj and Lj are given from Eqs (3.2.9) and (3.2.11).

3.3 FEC in a Gilbert-model loss process

Modeling end-to-end packet-loss behavior is a challenging problem for system designers. By mak-

ing the natural assumption that bu�er over�ow and network congestion cause correlated packet

loss, a two-state Markov chain may be employed to model packet-loss behavior for di�erent priority

classes. The Markov chain e�ectively captures the bu�er over�ow and under�ow characteristics

with minimal parameters [363]. Hence, assume now that the channel loss process can be charac-

terized by the Gilbert model [364, 365, 148, 147]. Notice that our goal here is not to validate the

Gilbert model, but rather to show how, given a channel model, the video loss pattern could be

computed. The Gilbert model is a two-state Markov model [366] with geometrically distributed

residence times (see Figure 3.2). States 0 and 1 correspond respectively to the correct reception

or the loss of a packet. The transition rates p and q between the states control the lengths of the

error bursts.

0
1-q

1

p

q

1-p

Figure 3.2: Two-state Markov chain: Gilbert model.

The global packet loss ratio � corresponds to the stationary probability to be in the loss state:

� =
p

p+q . The average error burst length � is given by the average residence time in the loss state:

� = 1
q
. These loss process parameters � and � can be sensed through control protocols (e.g.,

RTCP) or delay measurements [367]. From the previous development, the loss patterns �v and

�v can be computed in the case of a Gilbert-model loss process. They obviously depend on both

the model parameters p and q and the FEC parameters k and n.

For a Gilbert loss process the following relations hold

p(i) =

�
1� q; if i = 1

q (1� p)i�2 p; otherwise,

P (i) =

�
1; if i = 1

q (1� p)i�2; otherwise,

q(i) =

�
1� p; if i = 1

p (1� q)i�2 q; otherwise,

Q(i) =

�
1; if i = 1

p (1� q)i�2; otherwise.
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Figure 3.3: Evolution of �v versus the number of video packets k in a FEC block of length

n = 20 in a Gilbert-model loss process.
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Figure 3.4: Evolution of �v versus the number of video packets k in a FEC block of length

n = 20 in a Gilbert-model loss process.

The probabilities R(m;n), r(m;n), �r(m;n) and S(m;n) can be computed by recurrence from

Eqs. (3.2.3), (3.2.4), (3.2.5) and (3.2.6) respectively. The video packet loss ratio and average burst

length are then computed from Eq. (3.2.7) and Eq. (3.2.12) respectively.

Figures 3.3 and 3.4 represent the evolution of the video loss parameters �v and �v for di�erent
network loss patterns. The analytical values perfectly �t the experimental data. Moreover, �v
obviously increases with k as the amount of protection decreases for a given n. FEC protection

becomes also less e�cient for bursty loss tra�c (i.e., large � values) for a given �. Moreover the

average length of lost video packets clearly exhibits a maximum. This can be explained as follows.

When the amount of protection is very large �v stays close to k. When the amount of protection

decreases, the video loss pattern get closer to the channel loss pattern. In between there is a

maximum which is less pronounced for bursty process. These behaviors still hold for di�erent

FEC block lengths.
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3.4 Conclusions

In this chapter the performance of a media-independent FEC scheme for video streaming ap-

plications is analyzed. Both the packet loss ratio and average burst length as perceived by the

multimedia application are computed for a Gilbert-model loss process. Experimental simulations

validate the analytical results. Our main results can be used to compute the optimal FEC param-

eters k and n for a given packet loss process as seen by the network. Clearly, the results in this

chapter hold for any type of multimedia data for which FEC protection is suitable.
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Chapter 4

Joint MPEG-2/FEC Rate Selection

4.1 Introduction

In general, the distortion the end-user perceives results from compression artifacts, packet losses,

delays and delay jitters. All lossy compression schemes distort and delay the signal. Degradation

mainly comes from the quantization, which is the only irreversible process in a coding scheme.

Moreover, delays and packet losses are inevitable during transfers across today's networks. The

delay is generally due to propagation and queuing. Information loss is mainly caused by multi-

plexing overloads of high magnitude and duration that lead to bu�er over�ow in the nodes. Data

loss is particularly annoying in video streaming applications due to the predictive structure of

MPEG-2 compression, as described in the Sec. 2.4.1.

Interactive video delivery can signi�cantly be improved by providing sender-side mechanisms.

These include (i) structuring techniques [184, 371, 183] and scalable coding [372, 319] to reduce

data loss sensitivity, and (ii) forward error correction (FEC) mechanisms to lower the probability

of loss at the application layer. FEC means that redundancy is added to the data so that the

receiver can recover from losses or errors without any further intervention from the sender. As we

have seen in the previous chapter, k video packets are protected by n� k FEC packets to form an

n-packet FEC block.

Clearly, under a given channel rate, the addition of FEC packets reduces the available rate

for source coding. Rates allocated to source coding and FEC results thus from a trade-o� whose

optimization is the topic of this chapter, based on the results of Chap. 3. Also, this optimal

distribution has to be dynamically adjusted according to varying video and network parameters.

The problem is therefore stated in the following manner. Let R(t) denote the channel rate

available for transmission at time t for a given time slot. Let RS(t) and RFEC(t) further denote
the MPEG-2 source rate and the rate of FEC packets. The problem is then to �nd the optimal

RS(t) and RFEC(t) at time t that minimize the end-to-end video distortion1 under the constraint

RS(t) + RFEC(t) � R(t) and a given set of video and network parameters. The modelization of

the end-to-end quality and the optimal rate distribution is very useful in tra�c management of

video services.

The chapter is organized as follows: The source perceptual distortion-rate function is em-

pirically computed in Section 4.2, based on the results of the previous chapter. Section 4.3 then

analyzes the error propagation and derives the degradation due to loss from the video loss patterns.

The optimal rate distribution is the topic of Section 4.4. Section 4.5 shows how our algorithm

behaves in di�erent conditions, and compares the end-to-end distortion to classical FEC schemes.

Finally, concluding remarks are given in Section 4.6.

Parts of this work appeared in [368, 369, 370, 350, 361].
1We call "end-to-end video distortion" the distortion as perceived by the end-user.
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4.2 MPEG-2 perceptual distortion-rate function

Several studies have already been conducted on the analysis of the rate-distortion curve for MPEG

codecs [290, 373, 374]. They lead to the conclusion that the distortion evolves somehow exponen-

tially with the decreasing source rate [124]. However, video distortion was measured by means of

pure mathematical metrics such as the MSE.

Figure 4.1 shows that the perceptual video distortion varies exponentially with the quantizer

scale factor (i.e., MQUANT ). The TV-resolution video sequence was encoded in open-loop VBR

mode (OL-VBR) using a TM-5 MPEG-2 video coder [375]. The video distortion was measured

by means of the PDM tool [174], which proved to behave consistently with human judgments.

This tool relies on a model of the human visual system (HVS) [171]. Similar relations are however

observed for MSE distortion measures [369, 370, 376].
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Figure 4.1: Perceptual distortion as a function of the quantizer scale MQUANT for ITU-R

601 test sequence.

In terms of quality, it can be shown that the quality obviously decreases with the MQUANT .
While the PSNR versus MQUANT curve may be represented by a decreasing exponential [377], it

is to be noted that the MPQM metric exhibits a linear relationship with MQUANT. This behavior

is due to the scaling function of the perceptual distortion into perceptual quality [171]. We veri�ed

this important behaviour for all the GOPs of the �ve sequences constituting our testbed. The

same characteristic has recently been observed through user's subjective evaluation [378, 379].

Computer simulation results as well as the corresponding �ts are represented on Fig. 4.2 for both

the Barcelona and News sequences. It has also to be noted that the slope of the quality decay is

directly related to the complexity of the sequence: the higher the encoding complexity, the faster

the quality decay. The video sequence News is a Head and Shoulder type of sequence and does

not contain any high spatio-temporal complexities. The absolute value of the slope is thus smaller

than for the Barcelona video sequence( see Fig. 4.2 b).

This linear relation between the video quality and the quantizer scale factor may have several

impacts on the design of, for instance, perceptual rate controllers or consistent quality regulators

operating in realtime [380].

Moreover, the average source rate RS is also evolving exponentially with the MQUANT [377,

374, 373, 381], as can be shown in Fig. 4.3.

Therefore, the source perceptual distortion-rate function can be expressed as (see Figure 4.4):

DS(RS) = �S R
�S
S ; (4.2.1)

where the parameters �R and �R are related to the encoding complexity of the set of frames under
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Figure 4.2: Quality versus quantizer scale. (a) PSNR versus quantizer scale factor for 3

di�erent scenes. (b) MPQM versus quantizer scale factor for 2 di�erent scenes.

consideration. Details of the interpretation of Eq. (4.2.1) can be found in [370]. This relation

holds at the sequence, group of pictures and even frame level [376].

Figure 4.4 exhibits an important, though trivial, behavior: for MPEG-2 source rates below 10

Mbps, a small increase in source rate leads to a great decrease in perceptual distortion. Distortion

may however still be lowered by means of adaptive quantization [128, 133] or other optimization

techniques [122]. In other words, equivalent distortion level can be reached at a lower average

bit rate. Such optimization algorithms are however out of the scope of this work and standard

MPEG-2 encoding will be used. The presented results remains completely valid in optimized

encoding schemes, provided that the parameters �S and �S are adjusted correspondingly.

A tentative of model parameterization is provided in [376]. Image activity metrics are also

proposed in [382] and bit rate modelization as a function of the sequence content is proposed

in [383]. However, for non-interactive video services, the parameters �S and �S can be measured

o�-line on the encoded sequence, or even chosen for categorized sequence types.
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Figure 4.3: Average output encoding bit rate versus quantizer scale factor (MQUANT) for

ITU-R 601 test sequence. Exponential �tting curve.
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Figure 4.4: Perceptual distortion as a function of the mean encoding bit rate. Fitting parameters

of Eq. (4.2.1): �S = 14:59 106 and �S = �0:883.

4.3 Perceptual distortion under di�erent loss patterns

We now investigate the impact of di�erent packet loss patterns onto video distortion. To this

aim, the in�uence of the loss patterns onto the number of lost pixels is �rst analyzed. Then the

distortion is deduced from the number of lost pixels, and thus the packet loss patterns.

In MPEG-2 streaming over IP networks, a macroblock may be damaged in any of the three

following cases:

1. it belongs to an RTP packet that has been lost during transmission,

2. it belongs to a slice that has been a�ected by a packet loss (spatial propagation),

3. it is temporally dependent on a damaged area of a previous reference frame (temporal prop-

agation).

Intuitively speaking the perceptual distortion of the received video is in average proportional
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to the number of lost macroblocks, hence to the number of lost pixels. To emphasize this, an

MPEG-2 transmission system has been simulated using a 400 frames long sequence and a very

large set of network loss patterns. Figure 4.5 shows the video distortion as a function of the

number of lost pixels. The linear evolution is captured by a correlation factor lying around 0:992.
Video distortion is thus directly related to the number of spatially lost macroblocks. Equivalently,

the distortion is directly proportional to the number of spatially lost pixels, since macroblocks can

only be entirely lost.
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Figure 4.5: Perceptual distortion versus percentage of spatially lost pixels for several loss pat-

terns (source rate RS 2 f4:85; 2:35g Mbps).

Hence the perceptual distortion is driven by spatial error propagation. Temporal error prop-

agation is clearly a direct consequence of the lost macroblocks. It is thus directly dependent on

the number of lost pixels. The number of lost pixels has now to be computed from the network

transmission parameters (�v ; �v). Notice �rst that the loss of a single packet could be enough to

lose the entire corresponding slice. As an example, Figure 4.6 shows how data loss propagates

spatially for two di�erent loss patterns (i.e., �v = 1 and �v = 2). Since an entire slice can be fully

lost with the loss of a single packet, it is desirable that a burst of lost packets damages the same

slice.

Loss impact byte

xx = 0

Average Slice Length, S

Lost packet

Lost packet Lost packet

Slice header

   = 1v

   = 2v

Figure 4.6: Spatial error propagation under �v = f1; 2g.

Let x denote the byte position where the loss starts. Let then � represent the integer number

of slices damaged by the loss. If P and S respectively represent the size of the transmission packet

and the average slice length, � has to verify

(� � 1) S < �v P � � S: (4.3.1)
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Figure 4.7: Number of damaged pixels versus the impact byte in the stream.

From Figure 4.6, it can be deduced that the number of lost pixels follows a piecewise linear

function versus the impact byte, as represented in the Figure 4.7. The average number of lost

video bytes per burst is therefore given by

B = �v P +
S

2
= �v P +

RS

2 NS
; (4.3.2)

where RS represents the source rate. NS denote the number of slices per time unit. The mean

rate of packet loss bursts is then given by

RB =
RS �v
P �v

: (4.3.3)

Finally, from Eq. (4.3.2) and (4.3.3), the rate of lost video bytes, L, is simply given by

L = B RB = RS �v +
RS

2 �v
2 P NS�v

: (4.3.4)

Since in average the number of lost pixels is proportional to the number of lost video bytes,

the ratio of lost pixels is equivalent to

Pl =
L

RS
= �v +

RS �v

2 P NS�v
; (4.3.5)

where P represents the packet size (i.e., generally 184 bytes of MPEG-2 video data) and NS

represents the average number of MPEG-2 slices per second.

It has to be noticed that Pl represents also the probability for a pixel to be lost. To show

the dependence of Pl on �v , Figure 4.8 represents the number of spatially damaged pixels versus

the video average burst length and the packet loss ratios �v . The number of lost pixels is clearly
decreasing in 1=�v. Moreover, the phenomenon is more visible for low �v values (i.e., typical

values). Finally, it has to be noted that the in�uence of the Average Burst Length decreases when

the encoding bit rate decreases, since the slice size decreases. Furthermore, it has to be noticed

that the computed value of Pl is very close to experimental data. The correlation factor computed

between simulation results and analytic value from Eq. (4.3.5) lies around :995 for a large set of

source rate.

Accordingly to the previous development, under a given packet loss ratio, bursts of lost pack-

ets damage fewer pixels than individual lost packets. Hence, the average number of lost bytes

(equivalently, the average number of spatially damaged pixels) decreases exponentially with �v .
We draw therefore the important conclusion that a uniform loss process corresponds to the worst

case with respect to the amount of degradation due to data loss.

Now the e�ect of network losses has to be analyzed in terms of distortion. It has been shown

that the perceptual distortion is proportional to the number of spatially lost pixels (see Fig. 4.5).
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Showing the dependence of �v and �v from k and n Eq. (4.3.5) leads to the distortion DL due to

data loss:

DL(k; n) = �L

�
�v(k; n) +

RS �v(k; n)

2 P NS�v(k; n)

�
; (4.3.6)

where �L is a constant depending on the spatio-temporal complexity of the sequence and the error

concealment scheme. The residual loss process parameters �v and �v directly depends on the FEC
algorithm and the global loss process (See Chapter 3).

The variation of DL(k; n) on �v and �v as given by Eq. (4.3.6) is shown in Figure 4.9, for a

given source rate. It can be seen that the distortion indeed increases linearly with �v . Also, under
a given �v , the distortion decreases exponentially with �v . This behavior has also been observed

with the MSE distortion metric.

10
-4

10
- 3 

10
- 2

10
-1

0

2

4

6

8

10
20

30

40

50

60

70

Packet Loss Ratio, πv
Average Burst Length, αv

P
er

ce
pt

ua
l d

is
to

rt
io

n

Figure 4.9: Perceptual distortion versus the video loss process parameters (source rate RS =

4.75 Mbit/s)

Finally, the mapping between the distortion DL(k; n) and the number of spatially lost mac-

roblocks Lp (i.e., the value of �L) is almost independent of the source rate [370]. In the range of

MPEG-2 target rates (i.e., 3.5 to 15 Mbps), the relative distortion of concealed areas is similar
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in low and high source rates. The quality of a reconstructed areas through error concealment

depends on the accuracy of surrounding video elements, and thus on the source rate. For larger

source rate, the reconstructed areas are better approximation of the original data. In the same

time the quality of the lossless transmission also increases with the source rate. Hence the relative

channel distortion is assumed to be independent of the source rate.

It is to be noted also that the Eq. (4.3.6) can be modi�ed by error resilient encoding mechanisms

as shown in Chap. 5. Equivalently, the number of lost pixels for a given PLR can be lowered

by means of resynchronization mechanisms, which generally modi�es the value of NS . From

Eq. (4.3.6), an important conclusion can also be drawn. That is it not e�cient to simply increase

the source rate in the presence of losses to improve the quality. In contrary, the distortion increases

with RS , for the same PLR. Therefore, clearly, the only way to improve the quality is either to

add error control redundancy (i.e., modify the PLR experienced by the video), or to propose an

error resilient coding scheme which decreases the sensitivity of the MPEG-2 stream to data loss.

4.4 Joint source/channel perceptual distortion

We now address the initial problem stated in Section 4.1 namely to �nd the optimal RS(t) and
RFEC(t) at time t that minimize the end-to-end video distortion under the constraint RS(t) +
RFEC(t) � R(t) given a set of video and network parameters. The total bit rate R(t) is one of
the inputs to our system. It must be noted that this input may very well be adjusted to conform

to any network policy (e.g., using the �ow control algorithm of TCP [384]). Our rate allocation

scheme then optimally uses the entire available rate R(t).
By the FEC scheme structure, the source rate is expressed as RS(t) = k

n
R(t) and the rate

of FEC packets as RFEC(t) = n�k
n
R(t) (see Figure 3.1). Recall that the distortion DL as given

by Eq. (4.3.6) represents the average distortion between a lossless and packet-lossy transmitted

versions of the sameMPEG-2 bit stream. We need however a total end-to-end distortion measureD
between the original and received video. Consider now only the video elements (e.g., macroblocks)

that are lost but replaced by error concealment at the receiver. Let fDL be the average distortion

between these elements and their original version. The end-to-end average distortion can then be

written as

D = DS (1� Pl) + fDL Pl = DS + Pl (fDL �DS); (4.4.1)

where Pl represents the average probability for a video element (e.g macroblock) to be lost.

Eq. (4.4.1) holds for MSE-like distortion metrics. Assume that it is also veri�ed in average for

perceptual distortion. In this case, we can interpret the second-term in the righthand side of

Eq. (4.4.1) as the average distortion due to data loss

DL = Pl ( ~DL �DS); (4.4.2)

where DL is directly related to the number of lost pixels from Eq. (4.3.6). Notice that Eq. (4.4.2)

holds thanks to our de�nition of the distortion DL.

Our problem becomes now the following: At time t, �nd the optimal FEC scheme parameters

(k; n) that minimize the end-to-end distortion:

min
k�n�N

D(n; k) = �S

�
k

n
R(t)

��S
+ �L �v(k; n)

�
1 +

k R(t)

2 n P NS �v(k; n)

�
(4.4.3)

given the total bandwidth R(t), the channel state (i.e., p and q in the Gilbert model) and the

scene-dependent parameters (�S ; �S ; �L). The constraint n � N simply imposes a maximum

reconstruction time for the FEC decoding.

Since the parameters (k; n) only take integer values, Eq. (4.4.3) can be solved easily through

numerical methods. Moreover the recursive relation of the loss parameters are not easily di�eren-

tiable. The optimal values of k and n then lead to the optimal rate distribution between source
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and FEC rate. In the same time, they de�ne the optimal media-independent FEC algorithm in

terms of the end-to-end distortion.

Finally we can turn the end-to-end distortion into end-to-end perceptual quality as represented

in Fig. 4.10 through a simple scaling function of the form Q = 5 (1+0:0625�D)�1 [171]. In general,

when considering video transmission over lossy networks, not only it is bandwidth consuming to

increase the encoding bit rate above a certain threshold due to saturation of quality (which varies

according to the scene complexity), it may also be quality consuming. In other words, when the

user-oriented QoS is not high enough, an increase of the encoding bit rate at a �xed PLR may even

degrade the quality, depending on the position of the working point on the 3D graph presented

herebefore. There is an optimal bit rate to be determined that maximizes the end-user perception

of the service under given network conditions.
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Figure 4.10: (a) Q versus average bit rate and PLR: Simulations on the Barcelona sequence,

without FEC protection. (b) Q versus average bit rate and PLR: Fitting function from Eq. (4.4.3)

where k = n.
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Such a conclusion is general enough to be applied to a di�erent video encoding system. In-

deed, most of the encoding standards (e.g., H.263, H.261, MPEG-1) are based on the techniques

of discrete cosine transform (DCT) and motion prediction, even though they target di�erent ap-

plications (i.e., encoding rates and qualities).

4.5 Experimental results

4.5.1 Optimal FEC parameters

The optimal FEC parameters are given in Table 4.1 for several network conditions and video scenes

of di�erent spatio-temporal complexities. The FEC reconstruction delay is set to approximately

6.5 ms (i.e, N = 20 at 4 Mbps and N = 30 at 6 Mbps). Optimal FEC parameters and hence rate

distribution are then numerically computed from Eq. 4.4.3. It is shown that the FEC rate (i.e.,

R = 4 Mbps R = 6 Mbps
Ski Foot Foot News

PLR ABL k n k n k n k n

0.1 1 14 18 16 20 23 29 22 29

2 14 20 15 20 22 30 19 30

0.01 1 19 20 19 20 28 30 28 30

2 1 1 1 1 29 30 25 30

0.001 1 1 1 1 1 1 1 29 30

2 1 1 1 1 1 1 1 1

Table 4.1: Optimal FEC parameters for several transmissions conditions and scenes.

n�k
n

) decreases when the global loss ratio (PLR) decreases. Moreover the required FEC rate is

lower for the Foot sequence (i.e., high spatio-temporal complexity) than for the News video scene

(i.e., low spatio-temporal complexity), at least for PLR � 0:1. This intuitive result clearly exhibits
the joint role of both the source and FEC rates onto the end-to-end distortion. The evolution of

the optimal parameters with the increasing global loss burstiness (ABL) is less straightforward.

They indeed result from a tradeo� between the decreasing FEC e�ciency and decreasing error

propagation e�ect.

4.5.2 End-to-end quality improvement

The temporal evolution of the distortion through a �ve-scene sequence is given in Figures 4.11(a)

and 4.12(a). The distortion averaged over sliding windows through Minkowski summation is

compared to the one obtained from classical FEC schemes. Thanks to its adaptivity features,

our rate distribution algorithm outperforms the common schemes, as reported also by the PSNR

evolution (see Figures 4.11(b) and 4.12(b)). The proposed algorithm indeed adapts to the scene

complexity, to the available bandwidth and to the network conditions. It has to be noted that large

loss ratio values have been chosen since the length of the sequence is relatively short. However,

even if these values seem relatively high compared to usual mean ratios on today's network, they

are likely to happen during small time intervals.

4.6 Conclusions

In this chapter we considered a joint source and channel coding problem. More speci�cally, we

proposed a solution to the problem of optimal rate distribution between MPEG-2 and media-

independent FEC. The optimality has been de�ned in terms of minimal end-to-end perceptual

video distortion. The exponential source perceptual distortion-rate function has then be derived
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from empirical results. The distortion due to loss has been shown to be directly proportional to

the number of lost pixels. From this set of equations, the optimal rate distribution, as well as the

optimal FEC scheme are obtained by solving a simple optimization problem. Finally, the proposed

allocation scheme has been shown to outperform classical FEC schemes due to its adaptivity to

the available bandwidth, to the to the network state [385] and to the video scene content.

The results presented in this chapter may greatly help in the design a video services over

the Internet [386]. For example, they enable the design of network-aware rate controllers which

adjust the encoding rate (MQUANT) in order to follow the optimal working point in a network-

ing environment where the PLR may signi�cantly vary over a video transmission duration (e.g.,
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Figure 4.11: Perceptual distortion (a) and PSNR (b) vs frame number for optimal rate distri-

bution scheme and classical FEC schemes. The sequence is composed of 5 di�erent scenes. The

available rate R is set to 4 Mbps for the 204 �rst frames, and to 6 Mbps for the 196 last frames.

The global loss process parameters are set to (PLR;ABL) = (:1; 1).
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broadcasting via radio links, the Internet network). Network operators may therefore optimally

allocate the bandwidth to the needs of their clients and o�er them the best possible QoS at a

given price.

Note that the same study could be applied to other encoding schemes (e.g., H.263, MPEG-4),

although in this case the loss spatial propagation may be reduced. The development may also be

used in more sophisticated coding schemes like the one presented in the next chapter, by simply

adjusting the parameters (e.g., the mean slice length) to the coding algorithm.
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Figure 4.12: Perceptual distortion (a) and PSNR (b) vs frame number for optimal rate distri-

bution scheme and classical FEC schemes. The sequence is composed of 5 di�erent scenes. The

available rate R is set to 4 Mbps for the 204 �rst frames, and to 6 Mbps for the 196 last frames.

The global loss process parameters are set to (PLR;ABL) = (:01; 1).



Chapter 5

AMISP: Content-Based MPEG-2

Encoding

5.1 Introduction

Like any other compressed data, compressed video is highly sensitive to data loss (see Sec-

tion 2.2.2). Data loss propagates within the sequence and may thus become very annoying for the

end-user [153]. We have seen in the previous chapter how the total bandwidth may be optimally

shared between video source rate and FEC protection, for standard video coding methods. We

will now see how loss impact may be reduced by appropriate joint source and channel coding.

Error resilience schemes have been introduced to limit the impairments caused by transmission

losses [178]. These schemes could be roughly classi�ed into three categories [50]. In the �rst

category the concealment techniques try to estimate missing video data using information available

at the receiver. The simplest methods would be to replace the missing block with a similar block.

The motion vectors could also be approximated by those of the surrounding video blocks. However,

even for the most sophisticated concealment techniques [155, 159, 201], important loss of data

may lead to very annoying degradations. It becomes therefore mandatory to minimize missing

information. In the second category, the resynchronization or error localization techniques aim at

limiting spatial and/or temporal error propagation [185, 347, 183]. These techniques however do

not take into account the local relevance of video data [247]. Finally, in the third category, unequal

error protection schemes try to e�ciently recover the missing video information [390, 391, 261].

They try to minimize degradations due to losses by providing di�erent degrees of protection to

each data classes. Similarly to the resynchronization techniques, the best results are however

obtained only with a judicious packet prioritization process [232, 238]. In this category, layered

coding [319, 372] and the Multiple Description Coding schemes [278] could be mentioned as the

most promising algorithms.

Optimal error resilient schemes should not only however combine techniques of above three

categories, but also exploit the local relevance of video data. Given bit budget constraints, such a

combination is indeed the only way to provide the best video quality.

In this chapter, we propose an adaptive MPEG-2 information structuring and protection al-

gorithm targeting interactive video applications. This algorithm fully exploits the nonstationary

nature of the video signal exactly where it lies. It represents an ideal complement to any existing

error concealment techniques available in the literature. The structuring part of the algorithm

(AMIS) adaptively modulates the number of slice headers and intra-coded macroblocks in order

to minimize the impact of data loss, and thus to maximize the perceived video quality. To do

so, it measures the impact of an hypothetical packet loss. The protection part of the algorithm

Parts of this work appeared in [10, 387, 371, 388, 389].

47
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(AMISP) adaptively triggers the underlying Network Adaptation Layer (NAL) to generate redun-

dancy data (i.e., FEC packets), according to the structuring information. Data packets are thus

protected whenever their loss would lead to annoying degradations in the reconstructed video.

AMISP produces therefore a very low overhead in comparison to existing techniques.

5.2 Structuring and protection: problem formulation

The video error resilience could be improved in two di�erent ways. Either the video source can

not be throttled and the total bit rate simply increases with robustness overhead, or the video

source rate is adapted to the robustness level to ensure a constant bit rate. In the �rst case the

increased rate could have a very bad e�ect on network congestion and performances [217, 392].

In the following development the total bit rate is thus kept constant or at least constrained in a

good citizen policy.

5.2.1 MPEG-2 TM5 framework

The Test Model served as a cook book for creating bit streams during the collaborative experi-

mental phase of MPEG-2 video. Its last major update is the version 5 (TM5).

The MPEG-2 standard allows for building slices with a variable number of macroblocks. The

only restriction is that a new slice shall start on every new line of macroblocks and that slices

shall occur in the bit stream in the order in which they are produced. In the most widely accepted

MPEG-2 TM5 implementation [375] the number of slices per frame is minimum with respect

to the standard. In this scenario, every frame of a TV-resolution PAL sequence is composed

of 576=16 = 36 slices. Every slice further encapsulates 720=16 = 45 macroblocks. In terms of

transmissions packets, each slices corresponds roughly to 4 TS packets at 5 Mbps.

The MPEG-2 standard does not specify when a macroblock might be intra-coded in a non-

intra picture1. The MPEG-2 TM5 implementation decides whether or not to code a macroblock

as intra, according to a per-macroblock activity metric. If the estimation error is too large for the

attempted encoding by motion compensation, the macroblock is coded in Intra-mode.

5.2.2 Extra resynchronization points

MPEG-2 video streams are very vulnerable to transmission errors, mainly due to error propagation

between resynchronization points (i.e., slice header or Intra-coded macroblocks). Resynchroniza-

tion points aim at stopping error propagation but do not help improving video encoding quality.

They constitute a pure syntactical overhead in a lossless environment but become really helpful in

the presence of losses. The encoder has thus to trade o� the available bandwidth resource between

video encoding quality and robustness to data loss. To better understand this compromise, the

impact of adding extra resynchronization points on the end-to-end quality is now brie�y analyzed.

First the larger the number of slices, the bigger the overhead. Indeed, every new slice introduces

a 5- to 6-byte length header which compose the major part of the overhead. It also resets the

di�erential coding of the DC values and motion vectors. Second, the larger the number of intra-

coded macroblocks, the higher the overhead. The amount of overhead generated in this case

is however not easy to predict. Indeed, it depends on the encoding complexity of each extra

macroblock encoded in the intra mode.

Extra overhead directly in�uences the encoded quality under a given bit budget. In an error-free

environment the encoding quality decreases almost linearly with the percentage of slice headers.

It also decreases linearly with the percentage of Intra-coded macroblocks in P-frames.

In a lossy transmission the end-to-end quality is not any more strictly decreasing with the

amount of overhead. Indeed it results both from the encoding quality and the network degrada-

tion. As previously mentioned, under a given bit budget, extra resynchronization points increase

the robustness of the system to data loss while reducing the bit rate allocated to encode pure

1Macroblocks of an I-picture are obviously all intra-coded
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video information. Therefore, an optimal number of slices headers and intra-coded macroblocks

maximizes the end-to-end quality. This optimum is however dependent on the encoding bit rate

and the packet loss ratio. Figure 5.1 illustrates this tradeo�, under a uniform and independent

packet loss process assumption (i.e., p = PLR and q = 1� PLR in the loss model of Fig. 3.2).
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Figure 5.1: End-to-end PSNR quality versus extra resynchronization points ratio for the Foot-

ball scene (CBR encoding at 5 Mbps and PLR = 10�2).

5.2.3 Problem formulation

Let us assume �rst that the loss process is uniform and independent. This assumption greatly

simpli�es the error resilient scheme design. Furthermore, the uniform and independent loss process

represents the worst case in MPEG-2 delivery in terms of video quality [153]. Therefore the amount

of protection could only be slightly overestimated. This scenario is however preferable for the end-

user to an underestimated protection.

The problem addressed in this chapter consists in �nding the optimal trade-o� between video

information and error protection. In the same time, it is clear that a random insertion of extra

resynchronization points in the bit stream or regular FEC protection would not be optimal. Indeed,

the e�ciency strongly depends on the content of the corresponding video area. There is no need

to insert resynchronization points where the impact of data loss would not a�ect the video quality

(under a given error concealment technique). Moreover the protection level has also to be adapted

to the network performances or the expected loss probabilities.

Given (i) the expected PLR (or dynamically measured through RTCP2), (ii) the error conceal-

ment technique implemented at the decoder and (iii) a distortion metric, two related problems are

considered:

1. MPEG-2 Structuring: determine the most appropriate MPEG-2 structure in terms of resyn-

chronization points location.

2. MPEG-2 Protection: derive a content-based FEC scheme to protect areas where structuring

is not su�cient.

5.3 Adaptive MPEG-2 structuring

5.3.1 Loss probability matrices

It has been noticed that a macroblock may be damaged in any of the three following cases:

2RTCP stands for Real-Time Control Protocol



50 CHAPTER 5. AMISP: CONTENT-BASED MPEG-2 ENCODING

1. it belongs to an RTP packet that has been lost during transmission

2. it belongs to a slice that has been a�ected by a packet loss (spatial propagation)

3. it is temporally dependent on a damaged macroblock of a previous reference frame (temporal

propagation).

which are discussed below.

The �rst factor that may a�ect a macroblock is the transmission error. If we assume a uniform

loss pattern, the probability � for an RTP packet to be lost is given by the PLR experienced

on the network. Therefore, without any other information about the packet loss process, every

RTP packet has the same average probability to be lost, � = PLR. Let us now call Bn(i; j), the
macroblock at the ith column and the jth row of a given frame n. Under the assumption that

a macroblock is lost as soon as part of it is missing, the probability �n(i; j) for the macroblock

Bn(i; j) to be lost is given by:

�n(i; j) = � Nn(i; j); 8 (i; j) j 1 � i � Brow and 1 � j � Bcolumn: (5.3.1)

where Nn(i; j) is the number of RTP packets containing the macroblock Bn(i; j). Brow and

Bcolumn are respectively the number of macroblocks per frame row and column.

Even at high encoding rates, loss entities (i.e., roughly multiples of 188 bytes) are much larger

than the macroblock size. Thus, in general, macroblocks belong to at most two RTP packets (i.e.,

Nn(i; j) 2 f1; 2g).
The second factor that may a�ect a macroblock is spatial propagation. In case of transmission

error, an MPEG-2 decoder skips all video information up to the next slice header, which acts

as a spatial resynchronization point. Consequently, when a macroblock is lost within a slice, all

subsequent macroblocks of the same slice are considered as being damaged, even if they do not

belong to the lost RTP packet.

Thus, for a given frame n, the probability Pn(i; j) for a macroblock Bn(i; j) not to be correctly
decoded (transmission error + spatial propagation) is given by:

Pn(i; j) = �n(i; j) + � Mn(i; j)

= � [Nn(i; j) +Mn(i; j)]; (5.3.2)

8 (i; j) j 1 � i � Brow and 1 � j � Bcolumn:

where, Mn(i; j) represents the number of RTP packets within the same slice before the �rst

packet related to Bn(i; j) (see Figure 5.2).

Video bitstream

1 1 1 1 1 1 2 2 2 2 2 2 3 1 1 1

Slice headers

1

=  fixed size transmission packet

M+N =  macroblock

Figure 5.2: Illustration of Pn(i; j). The numbers in each macroblock representMn+Nn values.

There is an exception to this rule. Indeed, according to the MPEG-2 syntax, every frame is

preceded by a header. If a packet containing a frame header is lost, the entire frame is skipped,

making Eq. (5.3.2) useless. We assume this case to be rare enough to be neglected. This assumption

is enforced when these headers are protected via a speci�c FEC scheme [248].

The third factor that may a�ect a macroblock is temporal propagation [391]. Our objective is

to derive the loss probability matrix En�kn for every pixel of frame n due to temporal propagation

of damaged pixels in frame (n� k), with k � n.
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Since motion estimation does not consider macroblock boundaries, but rather references areas

of 16 by 16 pixels, the granularity of the loss probability matrix Pn must be re�ned to the pixel

level. Indeed, in Eqs. (5.3.1) and (5.3.2) the entries of the matrix Pn refer to macroblocks whereas

we need now reference to pixels. The loss probability matrix due to spatial propagation for every

pixel of frame n is called Pn. The mapping between Pn and Pn is straightforward. Indeed, every

pixel of a given macroblock has the same probability to be lost. Hence Pn is obtained by the

Kronecker product of a 16� 16 unity matrix I16 by Pn:

Pn = I16 
Pn: (5.3.3)

The resulting matrix Pn has therefore the same size as the video frame (i.e., 720� 576 in the

ITU-R 601 format).

In the following development, the B-frames are not considered for additional intra-coded mac-

roblock insertion. Indeed, B frames do not propagate degradation, since they are never referenced.

Therefore, the impact of data loss in B-frames is barely visible (the temporal resolution of the

human visual system is larger than a single frame duration [171]). These frames may also o�er the

highest compression ratio, and adding intra-coded macroblocks would result in the highest relative

overhead. Finally, B-frames have generally the smallest number of bits so that losses have low

chance to occur in these frames. Additional intra-coded macroblock in B-frames would therefore

result in a waste of bandwidth.

Temporal propagation means that a pixel in the current frame is damaged because it refers

to a badly decoded pixel from a previous reference frame. This badly decoded pixel may result

from transmission error, spatial propagation, or/and temporal propagation, as explained before.

Thus, En�kn obviously depends on Pm, with m = n � k; n � k + 1; :::; n. Moreover, En�kn needs

to be computed in a recursive manner. Indeed, video areas each pixel refers to, have to be found

by recursively following the successive motion vectors within the video sequence. Thus, within

a macroblock, even though each pixel has the same probability to be lost, they do not have the

same probability to be decoded into an erroneous value. They actually do not necessarily refer to

the same macroblock in reference frames.

n-1

MV

( n-1  )

Figure 5.3: Mapping function Mn of loss probability matrices.

The loss probability matrix En�1n , derived from temporal propagation of errors occurring in

reference frame (n�1) and impacting frame n is �rst computed. The probability for all the pixels

in frame n to be damaged by losses occurring in frame (n� 1) could be easily derived. First, the
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motion vectors of frame n are used to reference matrix Pn�1. Actually, the motion estimation

performed by MPEG-2 is applied on the "frame" Pn�1, on a macroblock basis. This mapping

operation could be denoted by Mn(Pn�1) (see Figure 5.3). Finally, each element of Mn(Pn�1)
should be multiplied by the probability for the corresponding pixel not to be lost in frame n.
Indeed, there is no need to compute the probability for a pixel to be damaged in a previous

frame if it is lost in the current frame n (it would make the consideration of temporal propagation

useless). Therefore, En�1n can be written as follows:

En�1n (i; j) = Mn(Pn�1)(i; j) (1�Pn(i; j)); (5.3.4)

8 (i; j) j 1 � i �W and 1 � j � H:

where En�1n (i; j) represents the probability for pixel at ith column and jth line in frame n to

be damaged by losses in reference frame n � 1. The variables W and H correspond respectively

to the number of pixels per row and column. Obviously, if the pixel given by (i0; j0) in frame n
does not reference any video area of frame (n� 1), or if it belongs to an intra-coded macroblock,

En�1n (i0; j0) = 0.

The probability matrix for pixels not to be spatially lost could be written as:

Pn = IW;H �Pn; (5.3.5)

where IW;H is aW �H unity matrix. Eq. (5.3.4) could now be generalized, taking into account

losses in any of the k previous reference frames, with k � n. The generic loss probability matrix

due to temporal propagation, En�kn , can be obtained via recursion. Indeed, similarly to Eq. (5.3.4),

En�kn�k+1 is given by:

En�k
n�k+1 (i; j) = Mn�k+1 (En�k

n�k
) (i; j) Pn�k+1 (i; j); (5.3.6)

8 (i; j) j 1 � i �W and 1 � j � H:

with,

En�k
n�k

(i; j) = Pn�k (i; j): (5.3.7)

The process can then be generalized starting with the condition hereabove (Eq. (5.3.7)). It

becomes:

En�k
n�k+m (i; j) =Mn�k+m (En�k

n�k+m�1
) (i; j) Pn�k+m (i; j); m = 1; 2; 3; :::; k: (5.3.8)

Following the same notation,Mn�k+m uses the motion vectors of frame (n�k+m). Moreover,

when a pixel given by (i0; j0) in one of the reference frames (n� k +m) belongs to an intra-coded

macroblock, or has no correspondence in its direct reference frame (according to Mn�k+m), then:

En�k
n�k+m (i0; j0) = 0: (5.3.9)

Finally, En�kn is obtained when m = k in Eq. (5.3.8).

En�kn represents the generic loss probability matrix for frame n due to temporal propagation of

data loss in frame (n� k). For sake of simplicity, the impact of data loss in each reference frames

(n� k0) on En�k
0

n is considered independently.

5.3.2 Proposed algorithm: AMIS

The proposed algorithm for adaptively inserting resynchronization points in an MPEG-2 bit

stream, namely the Adaptive MPEG-2 Information Structuring (AMIS) algorithm, is now pre-

sented. AMIS strongly relies on the study presented in the previous subsection. Intuitively, it

works as follows: an extra resynchronization point is inserted in the bit stream whenever hypo-

thetical data loss, following a uniform loss process, would lead to video degradation above a desired

threshold, after error concealment.
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The mean luminance di�erence (MLD) has �rst been chosen as distortion measure. It corre-

sponds to the simplest metric correlated with human perception [159] (under the assumption that

the viewer stands far enough from the monitor). The distortion is computed between the current

macroblock after encoding (generally given by the encoding scheme) and the same macroblock

impaired by loss. This one is obtained by simulating losses and concealment in the encoder. The

real e�ects of hypothetical losses are thus captured by the encoding scheme. The MLD for B(i; j)
is de�ned as follows:

Æ(i; j) =

����� 1

256

256X
p=1

Bp(i; j)�
1

256

256X
p=1

eBp(i; j)

����� ; (5.3.10)

where, (i; j) is the macroblock position in the frame and p is the pixel position in the corre-

sponding macroblock. B(i; j) and eB(i; j) represent respectively a correctly (error-free) decoded

macroblock and the corresponding damaged macroblock.

The error concealment technique implemented at the decoder should also be speci�ed to build

the optimal structuring. However, if the error concealment technique is not known a-priori, the

structuring algorithm would still produce good results, since major error concealment schemes

have similar features. To be speci�c, the motion compensated concealment technique has been

chosen for its simplicity.

It has to be noticed that the AMIS algorithm would not need any major modi�cation if a

di�erent distortion measure and/or error concealment technique was imposed.

AMIS is divided in two distinct parts: (i) the spatial part, which deals with slice headers

insertion, and (ii) the temporal part, which is in charge of deciding when a macroblock should

be intra-coded. Indeed, inserting extra slice headers has no e�ect on temporal error propagation.

Also, adding intra-coded macroblock does not help in limiting the spatial error propagation. There-

fore, these two parts are considered independently. However, it is clear that the slice structure of

reference frames may in�uence the insertion decision of intra-coded macroblocks.

AMIS-Spatial The spatial part of AMIS aims at limiting the spatial error propagation, or at

least its visible degradation. It introduces an extra slice header as soon as the distortion due

to hypothetical loss reaches a given threshold, �s. Clearly a new slice is inserted as soon as:X
Bn(i;j)2S

Æn
s
(i; j) Pn(i; j) � �s; (5.3.11)

where, Bn(i; j) is the current macroblock belonging to slice S and, Æn
s
(i; j) corresponds to

the expected MLD in case Bn(i; j) was damaged. Pn(i; j), de�ned in Eq. (5.3.2), represents

the probability for B(i; j) to be spatially damaged, by packet loss or spatial propagation.

Actually, the expected distortion is weighted by its likelihood to occur. There is indeed no

need to protect an area not likely to be lost, even if the corresponding distortion would be

high.

The spatial threshold �s regulates the acceptable level of distortion. The smaller the thresh-

old, the higher the number of slices.

AMIS-Spatial also takes the packetization process into account: no more than one slice

header is encapsulated in the same network loss entity [183].

AMIS-Temporal The temporal part of AMIS is more complex. First, let us assume that losses

in di�erent reference frames can be considered independently in regard to their impact on

the current frame. Even though not completely correct, this assumption places the encoding

process in the worst case from the distortion point of view. It will tend to generate more

protection than e�ectively needed, but greatly simpli�es the AMIS mechanism.

AMIS-Temporal analyzes every single macroblock and decides whether or not to intra-code

it. Again, this decision depends on the macroblock distortion due to temporal propagation

of data loss.
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The decision may be expressed as follows. The distortion due to temporal error propagation

is weighted by the corresponding loss probability matrix and compared to a threshold �t.

This weighted distortion is obtained by summing the e�ects of uniformly-distributed packet

losses in every single previous reference frame, up to the last intra-coded picture (n � I).
Finally, the condition for a macroblock Bn(i; j) to be intra-coded in frame n is given by:

IX
k=1

�
1

256

X
p2Bn(i;j)

En�kn (p) Æn;k
t
(i; j)

�
� �t; (5.3.12)

where En�kn is given by Equation (5.3.8). The expected MLD between the current MB

correctly decoded and its substitute in case of loss in the reference frame k is given by

Æn;k
t
(i; j). Again, the temporal threshold �t regulates the acceptable level of distortion.

The smaller the threshold, the higher the number of intra-coded macroblocks.

Finally, a maximum refresh period, Tmax, is also imposed. This period corresponds to the

maximum number of frames a pixel may subsist without any intra-reference. When a pixel

has no intra-reference for a period longer than Tmax, the macroblock shall be intra-coded.

This consideration is particularly useful in large GOP encoding schemes, or in case of large

intervals between consecutive I-frames.

5.3.3 Experimental results and comparisons

The AMIS algorithm is now evaluated and compared to other encoding schemes in terms of �nal

video quality. Figures 5.4 and 5.5 compare the behavior of (i) AMIS, (ii) a random resynchroniza-

tion points insertion scheme (iii) the common TM-5 model [375] and (iv) the algorithm proposed

by Richardson and Riley [185]. The comparison is performed in terms of �nal video quality under

several packet loss ratios and a given bit budget. The PLR has been allowed to vary between 10�1

and 10�4. These values could seem quite larger than commonly accepted networking performances.

However the latter are generally average values computed over entire sessions. They do not re�ect

the short-term characteristics of the losses. Such RTP packet loss ratio values could likely be met

during small periods of time (e.g., network congestion, atmospheric conditions). Finally, the video

streams have been encoded at a constant bit rate of 6 Mbps. CBR encoding mode imposes the

most stringent constraint on bit rate allocation. However, similar (and, certainly better) results

could easily be obtained in OL-VBR encoding mode.

AMIS is obviously dramatically better than the TM-5 algorithm under medium to high PLRs.

Also, under low PLRs, it is comparable to the TM5. Indeed, AMIS judiciously shares the total

bit budget between pure video information and additional resynchronization points, according

to the expected PLR. Moreover, the comparison of AMIS versus the random insertion of extra

resynchronization points scheme, for the same overhead, clearly shows the relevance of the content-

based structuring. Finally, AMIS o�ers better results than the algorithm proposed by Richardson

and al., especially in bad transmission conditions. The latter algorithm indeed basically uses a

static slice length for each frame type (i.e, I-, P- or B-frame). This length stays valid for the whole

sequence, without PLR values considerations. All these results highlight the need for adaptivity

to both video-content and transmission quality.

Fig. 5.6 and 5.7 �nally shows a typical frame encoded with the AMIS algorithm. The additional

slice headers and Intra-macroblocks are designed on the decoded frame. It can be seen that the

slice header and Intra-macroblock insertion follows the high activities regions within the frame,

as expected. Indeed, the concealment is not e�cient in these regions, and the error propagation

would be highly visible in case of losses. In the contrary, in uniforms regions, the concealment

provides a su�cient reconstruction quality, so that additional overhead is not necessary.
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Figure 5.4: PSNR end-to-end quality versus PLR in comparison to random resynchronization

points insertion, TM-5 encoding scheme and encoding algorithm proposed by Richardson (CBR

encoding at 6 Mbps).
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Figure 5.5: AMIS end-to-end quality versus PLR in comparison to random resynchronization

points insertion, TM-5 encoding scheme and encoding algorithm proposed by Richardson (CBR

encoding at 6 Mbps).

5.4 Adaptive MPEG-2 structuring and protection

5.4.1 FEC-based protection

In Section 5, AMIS has been presented. It smartly structures the MPEG-2 bit stream to make it

more robust against data loss. However, it is clear that data loss may still induce unacceptable

degradation in the reconstructed video. Indeed, some video areas may be highly sensitive to loss

(e.g., fast-moving areas). In this section, AMIS is extended with a FEC-based protection scheme,

to become AMISP.

Forward Error Correction (FEC) means that redundancy is added to the data so that the

receiver can recover from losses or errors without any further intervention from the sender. As we

have seen in Chap. 3, usual FEC schemes build nFEC packets blocks where kFEC video packets

are protected by means of nFEC � kFEC redundancy packets (see Figure 3.1). Recall that such



56 CHAPTER 5. AMISP: CONTENT-BASED MPEG-2 ENCODING

Figure 5.6: Sample frame of ITU-R test sequence, where AMISP additional slice headers are

designed in black.

Figure 5.7: Sample frame of ITU-R test sequence, where AMISP additional Intra-macroblocks

are designed in light gray.

schemes are able to recover up to nFEC�kFEC lost packets in a block of nFEC packets [362]. The

video packet loss process is then modi�ed, and the resulting Packet Loss Ratio for FEC-protected

packets becomes �FEC . Under the assumption of independent losses, �FEC , is given by [325]:

�FEC = �

"
1�

nFEC�kFEC�1X
i=0

�
nFEC � 1

i

�
�i (1� �)

nFEC�i�1

#
; (5.4.1)

Several criteria have then to be considered in the choice of the FEC parameters nFEC and

kFEC . First, the overhead nFEC�kFEC
nFEC

has to be kept as small as possible and to be adapted

to the expected loss ratio. However, this ratio does not need to be very large to ensure a good

recovery probability. It has been shown indeed that, even for a small nFEC�kFEC
nFEC

ratio, FEC

can be very e�ective and reduces the loss probability by several orders of magnitude [392]. The

ratio e�ciency/overhead is moreover larger for large kFEC values, assuming that losses occur

independently [350].

Second, the FEC scheme has to satisfy strict delay constraints in interactive applications. The
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delay introduced by FEC reconstruction3 should not be much larger than one frame, since other

delays are also introduced along the transmission path. Since one TS packets represents already a

delay of about 5.6 ms in a 6 Mbps connection, nFEC should not be larger than 10 to 15 packets.

This value is however directly dependent on the bit rate.

Third, it has been shown that for a given overhead, large values of kFEC lead to the best

reconstruction probabilities [390]. On the other hand, small kFEC values ensure a more e�cient

protection of elected packets in an adaptive algorithm.

All the previous statements suggests that the value of nFEC should be chosen as large as

possible, given some delay constraints. Then kFEC value should be computed accordingly to o�er

a su�cient protection, but also to minimize the overhead.

Finally, FEC parameters could vary dynamically according to loss patterns (i.e., PLR and

ABL). On-going work is currently trying to optimize these parameters according to network con-

ditions and the degree of protection accuracy. For sake of simplicity, nFEC � kFEC = 1 in the

following experiments. This allows moreover a very simple and rapid exclusive-OR based FEC

scheme.

5.4.2 The adaptive protection algorithm: AMISP

The proposed protection algorithm is the following. During the encoding process, a packet p is

marked to be protected whenever its hypothetical loss would introduce an unacceptable degra-

dation. Similarly to Eq. (5.3.11), the loss probability weighted distortion is compared to a third

threshold �FEC : X
Bn(i;j)2p

Æs(i; j) � � �FEC ; (5.4.2)

Whenever AMISP decides to protect a packet, it triggers the underlying network adaptation

layer (NAL). The NAL starts counting kFEC video packets and then inserts nFEC � kFEC FEC

packets in the MPEG-2 bit stream. Of course, if the elected packet already belongs to a FEC block,

no additional overhead is inserted. Like in the structuring scheme, the amount of redundancy is

driven by the threshold �FEC which represents the Quality of Service desired at the receiver.

Finally, the adaptive FEC algorithm is easily implemented on RTP protocols, thanks to the

support for FEC protection [393].

The structuring part of AMISP still works in the same manner. However, the macroblock loss

probability Pn (see Eq. (5.3.2)) becomes fPn and is now given by:

fPn(i; j) = Nn(i;j)X
p=1

�p +

Mn(i;j)X
p=1

�p; with �p 2 f�; �FECg; (5.4.3)

where Mn(i; j) still represents the number of RTP packets within the same slice before and

excluding Bn(i; j). Nn(i; j) represents the number of packets containing part of the macroblock

Bn(i; j). The packet loss probability �p is either equal to �FEC or �, depending on whether the

packets are FEC-protected or not.

It has to be noticed that packets are FEC-protected in regard to their in�uence onto spatial

distortion. These packets very likely contain a slice header due to the similarity between relations

(5.3.11) and (5.4.2). However, the temporal propagation phenomenon is not taken into account

by the protection decision process. The reasons of this choice are twofold. First, the temporal

propagation of an error in the current frame cannot be predicted in one-pass encoding. Second, it

can be assumed that the most relevant packets (i.e., FEC-protected packets) are the packets that

would also cause the highest temporal distortion.

Moreover, the major MPEG-2 headers (i.e., sequence and picture headers) are also FEC pro-

tected [248]. Their loss would indeed cause a really important degradation. Each packet containing

3The FEC block construction at the sender does not introduce any queuing delay
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such crucial information is therefore protected by a FEC packet. Finally, the rate control part

of the encoding algorithm has been slightly modi�ed. Indeed, the video encoding rate has to be

adapted to the protection overhead to ensure a constant total bit rate. Basically, the modi�ca-

tions simply includes the number of bits used for protection in the loop of the TM-5 rate control

algorithm [375].

5.4.3 Experimental results and comparisons
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Figure 5.8: End-to-end PSNR quality versus the packet loss ratio. Comparison of the AMISP

algorithm (kFEC = 10 and nFEC = 11) with a TM-5 encoding with an adaptive and regular FEC

scheme (k = 10 and n = 11). The total bit rate is about 6 Mbps.

As stated before, the algorithm inserts only a single packet per FEC block (i.e, nFEC �
kFEC = 1). The length of the FEC blocks (i.e., kFEC) could be determined through simulations

of di�erent AMISP schemes [350]. As stated before, kFEC = 10 seems therefore to �t both

delay and robustness requirements, at least in the most common � range (i.e., between 10�4 and

10�1). The total bit rate (i.e., video information and FEC overhead) is �xed to 6 Mbps for each

transmission. Similar results are presented in terms of both PSNR and perceptual quality.

Figures 5.8 and 5.9 compare AMISP with several protection schemes. First a basic TM-5 video

encoding protected by a regular (by opposition to adaptive) FEC scheme is proposed. It generates

one redundancy packet every ten video packets. It is clearly visible that AMISP provides a better

end-to-end quality over the complete packet loss ratio range. At low � values, the improvement

in quality is mainly due to the adaptivity feature of AMISP: it generates less redundancy, and

thus provides more accurate video information. At high loss rates, both schemes perform similarly

in terms of protection. However, the quality o�ered by AMISP is much higher thanks to the

underlying structuring scheme (i.e., AMIS). This scheme indeed greatly limits the residual error

propagation within the decoded sequence.

Figures 5.8 and 5.9 also emphasize the useful adaptivity feature to network conditions. The

end-to-end quality of AMISP is compared to the same AMIS video bit rate but protected by a

regular FEC scheme. At low loss ratio AMISP provides a better quality since it does not generate

useless overhead. However the di�erence is not very large. The relatively small FEC overhead only

slightly decreases the encoding quality at medium encoding rate. Meanwhile, both algorithms are

equivalent at high loss ratios. The number of packets AMISP has to protect becomes very large

in these conditions. Hence, the adaptive protection becomes very close to a regular protection

scheme.

Figures 5.8 and 5.9 �nally demonstrate the advantages of the underlying structuring scheme.

AMISP is compared to a TM-5 encoding protected by the same adaptive FEC scheme used in
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Figure 5.9: End-to-end perceptual quality versus the packet loss ratio. Comparison of the

AMISP algorithm (kFEC = 10 and nFEC = 11) with a TM-5 encoding with an adaptive and

regular FEC scheme (k = 10 and n = 11). The total bit rate is about 6 Mbps.

AMISP. It is clear that both algorithms leads to the same quality at low loss rates. Indeed, losses

that would cause important degradations are recovered by the FEC algorithm. However, the gap

between both schemes grows rapidly with the loss ratio. Indeed, the protection algorithm looses

some of its e�ciency. The errors propagate within the TM-5 sequence, while they are kept to an

acceptable level in AMIS.

5.5 Conclusions

We have presented a new adaptive error resilient scheme for TV-resolution MPEG-2 video streams

interactive delivery, namely AMISP. It includes a media-dependent FEC algorithm relying on an

MPEG-2 syntactic structuring technique. A judicious combination of protection redundancy,

MPEG syntactic data and pure video information showed to greatly improve the �nal quality

under a given bit budget. Experimental results have shown that AMISP dramatically outperforms

existing techniques, thanks to its e�cient adaptivity. Major improvements are due to adaptivity

of both FEC protection and structuring at respectively low and high loss ratios. Moreover, it must

be noted that AMISP does not signi�cantly increase the MPEG-2 encoding complexity. However,

the protection part of AMISP requires the underlying layer (NAL) to provide FEC capabilities.

If this is not the case, only the structuring part can be used.

In this work, retransmission of missing packets was assumed not to be feasible due to stringent

timing constraints. However, we believe that retransmission might lead to an improved scenario

in one-way real-time MPEG-2 delivery. Finally, AMISP could also be applied to other video

standards at the cost of a few modi�cations. The mechanism is also �exible enough to still work

properly with a di�erent error concealment technique and a di�erent macroblock-based quality

degradation metric.
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Chapter 6

From Standards to Matching Pursuit

Codecs

6.1 Yet another codec ?

Streaming systems tailored for IP applications have to �nd a good balance between several di�erent

and possibly contradictory requirements in today's heterogeneous and error-prone environments

(see Fig. 6.1). First, the compressed video has to be scalable to serve di�erent end-users Di with

the same initial stream. The coding e�ciency has thus to be maintained across a wide range of bit

rates. The transcoding or management operations in the gateways Gi have to be kept minimal in

order not to overload the proxies. Meanwhile, handling of lost packets and end-to-end �ow control

have to ful�ll the overall system scalability requirements and adapt to local transmission rate and

reliability (Ri; Li).

Video 
coder BackboneG0

G1

G2

G3

D3C
D3B

D3A

D2A

D1B

D1A

R L3 3

R L0 0

R L1 1

R L2 2

R L1A 1A

R L1B 1B

R L2A 2A

R L3A 3A

R L3C 3C

R L3B 3B

Figure 6.1: Heterogeneous and error-prone video distribution environment. Each device Di

may have di�erent resolution features and each path has its own characteristics in terms of rate

Ri and loss Li process.

It has been shown in the previous chapters how the current video coding standards can be

improved in terms of error resilience [181]. However, even with the improvements proposed in the

Parts of this work appeared in [394, 395].
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recently de�ned MPEG-4 [191] or H.263+ [190], they remain vulnerable to losses. This vulner-

ability is mainly due to the hierarchical structure and to motion compensation. Moreover video

standards clearly lack a feature that is becoming increasingly important in the emerging world of

heterogeneous packet networks and wireless communication, which is �ne scalability. Experiments

with MPEG-2, MPEG-4 and H.263 scalability modes have indeed shown clear quality loss com-

pared to a monolithic coding [3, 396]. Other layered coding schemes [319, 322, 56] are either greedy

in terms of bandwidth or vulnerable to loss due to hierarchical data representations. Furthermore,

they only provide a limited set of quality resolutions. Embedded coding [329, 65, 307] o�ers an

e�cient solution to the rate scalability problem but permits only octave-based spatio-temporal

resolutions since it generally relies on subband coding.

Meanwhile, orthogonal transforms like DCT or wavelets have been intensively investigated

in the last decade to become the basic block of most coding standards (i.e., JPEG, JPEG2000,

MPEG-x, H.26x). These transforms have however shown their limitations in terms of compression

especially at low rates. Wavelet decomposition, for example, is optimal for 1D signal compression.

For higher order signals, wavelets are not optimal anymore [397] since they can not e�ciently

capture oriented contours for example. The DCT or wavelet transforms are moreover relatively

complex to invert for low-complexity end-devices, although studies are carried on to optimize the

decoding algorithms.

To cope with all these limitations, we propose now a completely di�erent system based on

Matching Pursuit coding. The goal is not to de�ne yet another codec, but rather to propose

a solution to the lack of current schemes in facing the problems inherent to today's streaming

infrastructure. Matching Pursuit is basically a non-linear algorithm that iteratively decomposes

the video stream into its most important components chosen in an overcomplete set of dictionary

functions. The redundancy of the dictionary enables e�cient low rate coding. In the same time,

it provides a kind of intrinsic Multiple Description of the video sequence and thus improves ro-

bustness to losses. Due to the dictionary redundancy and the non-linear coding, components can

indeed be represented by multiple atoms. Matching Pursuit o�ers also an e�cient multiresolution

coding method which compares favorably to Short Time Fourier or Wavelet Transforms because

of their limitations relative to the uncertainty principle [398]. Depending on the dictionary con-

struction Matching Pursuit o�ers a great design �exibility, generally much larger than the freedom

proposed in frame-based coding [72, 20, 21]. Moreover it provides large scalability in term of both

spatio-temporal resolution and decoding complexity. Finally, Matching Pursuit builds progressive

and embedded streams which enable a �ne rate granularity in the video content distribution. No-

tice that the matching of successive approximations of the source to di�erent transmission rates

depending on the quality of the channel may be connected to joint source-channel coding.

Several video coder based on Matching Pursuit coding of the displaced frame di�erence [86, 88,

399, 400] or hybrid wavelet(or DCT)-MP coding schemes [401, 87] have already been proposed.

They showed that Matching Pursuit performances are better than the performances of MPEG-4

coders [402], especially at low rates. However, none of the proposed schemes is complete and

really exploits the power of Matching Pursuit in terms of �exibility and multiresolution. The

main limitations of Matching Pursuit may however be its encoding complexity which depends on

the coder implementation [400]. Many new applications nowadays support an asymmetric coding

model whereby the constraints at the encoder and the decoder are totally di�erent. In digital video

library, for example, the data is typically encoded once and stored, so that the encoding does not

need to be realtime. The decompression however should be simple and fast. Matching Pursuit

perfectly matches the requirements of asymmetric applications since its decoding complexity is

very low. Furthermore, we may expect that e�cient coding schemes will soon enable the use of

Matching Pursuit in applications with more stringent delay.

This chapter gives an overview of Matching Pursuit, dictionary design and non-orthogonal

decompositions properties. It also discusses complexity issues in MP-based systems. In the re-

maining of this thesis, we will not build a complete end-to-end optimal solution, but rather focus

on three main parts of the system. The design of the MP dictionary for video coding is discussed

in the next chapter, and a quantization scheme is proposed in the following chapter. Finally, in

the last chapter, the heterogeneous and lossy MP stream delivery is studied. New transcoding
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and error control schemes are proposed in taking bene�t of the inherent features of MP streams.

6.2 Matching Pursuit overview

Non-orthogonal signal transforms have been recently investigated as new ways of signal coding.

Decomposing a signal over an overcomplete set of functions may indeed improve the compression

e�ciency, especially a low bit rate where most of the signal energy is captured by only few elements.

However, in contrary to orthogonal transforms, overcomplete expansions of signals are obviously

not unique. The number of feasible decompositions is in�nite, and �nding the best solution under

a given criteria is a NP-complete problem. In compression, one is interested in representing the

signal with the fewest number of elements, that is to �nd the solution with most of the energy

on only a few functions. Let de�ne a vector b and a matrix A whose range is larger than the

size of b. The problem is thus equivalent to solve kAx � bk < �, such that x has the fewest

number of non-zero values [403]. Matching Pursuit [84] is one of the sub-optimal approaches that

greedily approximates the solution to this NP-complete problem in a reasonable time. Frame

expansions [404, 20, 21] is another alternative to this problem. Although it presents the advantage

of being linear, it allows much less �exibility and imposes a larger decoding complexity than

Matching Pursuit. MP is moreover an adaptive signal expansion, while frames are non-adaptive

to signal.

Matching Pursuit (MP) is an adaptive algorithm that iteratively decomposes any function f
in the Hilbert space H in a possibly redundant dictionary of functions called atoms [84]. Let

D = fg
g
2� be such a dictionary with kg
k = 1 and � represents the set of possible indexes. The

function f is �rst decomposed as follows :

f = hg
0 jfi g
0 +Rf ; (6.2.1)

where hg
0 jfi g
0 represents the projection of f onto g
0 and Rf is a residual component. Since

all elements in D have by de�nition a unit norm, it is easy to see from Eq. (6.2.1) that g
0 is

orthogonal to Rf , and this leads to

kfk2 = jhg
0 jfij
2 + kRfk2 : (6.2.2)

To minimize kRfk, one must choose g
0 such that the projection coe�cient jhg
0 jfij is maximum.

The pursuit is carried out by applying iteratively the same strategy to the residual component.

After N iterations, one has the following decomposition for f :

f =

N�1X
n=0

hg
n jR
nfig
n +RNf ; (6.2.3)

where RN is the residual of the N th step with R0f = f . Similarly, the energy kfk2 is decomposed

into :

kfk2 =
N�1X
n=0

jhg
n jR
nfij2 + kRNfk2 : (6.2.4)

It can be shown now that the Matching Pursuit (MP) scheme recovers the projection of f onto

the space de�ned by the dictionary atoms fg
g
2�. Let V be the closed linear span of D. The

following theorem, proved in [84], shows that MP recovers the projection of f onto V :

Theorem 6.2.1. The residue Rf de�ned by Eq. (6.2.3) satis�es

lim
n!+1

kRnf �PW fk = 0 ; (6.2.5)

where W is the orthogonal complement of V and PW is the associated projection operator.
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This also means that we can write

PV f =

1X
n=0

hg
n jR
nfi g
n (6.2.6)

and

kPV fk2 =
1X
n=0

jhg
n jR
nfij2 : (6.2.7)

This is an important issue. Indeed, when the dictionary is complete (i.e., V = L2(R)), f can be

exactly decomposed: we have PV f = f , and thus PW f = 0. In this case, the original function

can be expressed as :

f =

+1X
n=0

hg
n jR
nfi g
n (6.2.8)

Designing complete dictionaries is thus an important issue that we address in the next section

using an original geometrical technique. Although Matching Pursuit places very few restrictions

on the dictionary, the latter is strongly related to convergence speed and thus to coding e�ciency.

In this chapter, the convergence speed has to be understood as the ability for the MP to capture

most of the input signal energy in just a few iterations. Moreover, the decoder needs the dictionary

to reconstruct the signal. Dictionaries built on elementary functions are thus preferred, since the

encoder transmits only the parameters or indexes of these functions instead of the complete func-

tions. Finally, any collection of arbitrarily sized and shaped functions can be used as dictionary,

as long as completeness is respected.

The convergence speed of Matching Pursuit corresponds to its ability to extract the maximum

signal energy in a few iterations. In other words, it corresponds to the decay rate of the residue

and thus the coding e�ciency of Matching Pursuit. The convergence speed depends directly on

the dictionary set. The decay rate of the residual energy can thus be bounded once the dictionary

is known, even without a priori information about the input signal.

The approximation error decay rate in Matching Pursuit have been shown to be bounded by an

exponential [84, 405]. In other words, the decay of the residue norm is faster than an exponential

decay curve whose rate depends on the dictionary only. From [72], there exists � > 0 such that

for all N � 0

kRNfk � 2��Nkfk ; (6.2.9)

or, equivalently,

kRm+1fk � 2�� kRmfk ;8m : (6.2.10)

The decay rate1 can be written as [72]

2�� = (1� �2 �2)
1
2 ; (6.2.11)

where � 2 (0; 1] is an optimality factor. This factor depends on the algorithm that, at each

iteration, searches for the best atom in the dictionary. The optimality factor � is set to one when

Matching Pursuit browses the complete dictionary at each iteration. The parameter � depends

on the dictionary construction. It represents the ability of the dictionary functions to capture

features of any input function f . The upper-bound on the coe�cient norm is reached in the worst

case where the input function is the farthest from any dictionary vector. Hence, � is de�ned by :

sup


jhf; g
nij � �kfk: (6.2.12)

This relationship is further developed in the next sections.

1The decay parameter � decreases when the size of the signal space increases. However, at the limit of in�nite

dimensional spaces, the convergence is not exponential any more [406].
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6.3 Group theoretical design of dictionaries

6.3.1 Group representations

Clearly the dictionary has to be known at both encoder and decoders. To avoid huge memory

requirements for storage, and expensive search within possibly very large dictionaries, we will use

structured dictionary. Structured dictionaries obey a group law, and are mainly formed upon basic

operations onto generating functions.

We collect �rst some de�nitions and properties of groups and group representations that will

be used in this work. Interested readers can �nd further details in [407].

De�nition 6.3.1. Let G be a group and H be a Hilbert space. A unitary representation U of G
in H is a homorphism between G and the set of unitary operators on H with composition as the

group law :

U : G 7! U
�
H
�


 7! U(
)

The following properties, straightly derived from this de�nition, are valid for any 
, 
1, 
2 2 G
and used throughout the chapter :

U(
1 Æ 
2) = U(
1)U(
2)
U(
�1) = U�1(
)
U(e) = I

where Æ denotes the group law, e is the neutral in G and I is the identity operator. An example

used in the next chapters is the similitude group of the plane :

SIM(2) = R2 o
�
R
+
�
� SO(2)

�
:

This group is composed of dilations, rotations (e.g., SO(2)) and 2-D translations. Rotations and

dilations commute but have a non-trivial action on translations. Indeed, writing a generic element


 = (~b; a; �) 2 SIM(2), the group law is given by :�
~b; a; �

�
Æ
�
~b0; a0; �0

�
=
�
~b+ ar� ~b0; a � a0; � + �0

�
; (6.3.1)

where r� is a rotation matrix. Accordingly, the neutral and inverse elements read :

e =
�
~0; 1; 0

�
;
�
~b; a; �

�
�1

=
�
�a�1r��~b; a�1;��

�
:

Eq. (6.3.1) shows that R2 is endowed with a structure of G-space which enables us to compute an

action � of SIM(2) on the plane :

�[
] : R2 ! R2

�
��
~b; a; �

��
~x = a � r�~x+~b : (6.3.2)

Finally a unitary representation of SIM(2) in the Hilbert space L2
�
R
2
�
is given by :

U(
)f
�
~x
�
= J

�
�[
]

�
�1=2

f
�
�
�

�1

�
~x
�
;

where J(�) is the Jacobian of the transformation (6.3.2). Now that the basics of group representa-

tion have been drawn, the remaining of the section presents the design of structured dictionaries.
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6.3.2 Group theoretical design of dictionaries

Let G be a locally compact group and U a unitary representation of G in a given Hilbert space

H. Let U(
)f denote the action of the unitary operator U(
) on the function f . The unitary

representation is said to be irreducible if it does not admit any non trivial invariant subspaces.

That is if S � H is such that

U(
)f 2 S ; 8f 2 S and 8
 2 G

then either we have S = H or S = f0g. In particular, this means that the orbit of any f 2 H
under G is a dense subspace of H :

Of = fU(
)f j 8
 2 Gg ; Of = H : (6.3.3)

This shows that we can use unitary irreducible group representations (UIR) to design complete

dictionaries of a Hilbert space. Such constructions are well-known to mathematical physicists

as they are the �rst step in designing coherent state systems [408]. Such a construction induces

covariance of the orbit, and thus of the dictionary, with respect to group action. Using the notation

f
 = U(
)f , this property is summarized by the following relation :

U(
0)f
 = U(
0 Æ 
)f (6.3.4)

where Æ denotes the group law. The projection of a target signal f onto such a dictionary using

the unitarity of U yields to the following equation :

hgjf
i = hgjU(
)fi
= hU(
�1)gjfi :

Hence, the projection on the dictionary is covariant2 with respect to G. This also means that

f
 can be reconstructed from the coe�cients of f by applying the group law to the dictionary

elements selected by Matching Pursuit :

f
 =

+1X
n=0

hg
n jR
nfig
Æ
n : (6.3.5)

If we truncate this expansion, the norm of the residual remains unchanged since the representation

is unitary. These properties will be particularly useful in transcoding operations, as will be shown

in Chap. 9.

Example 1 (2-D wavelet dictionary). Let us consider the similitude group of R2 ,

SIM(2) = R2 o
�
R
+
�
� SO(2)

�
:

This group is composed of translations, dilations and rotations in the plane. It can be checked [408]

that the following representation is a UIR of SIM(2) :

U(~b; a; �)g(~x) =
1

a
g
�
a�1r��(~x�~b)

�
: (6.3.6)

This representation is also the basic ingredient in the construction of the 2-D Continuous Wavelet

Transform [409].

2Here covariant means that the projection coe�cients are transformed according to the group law.
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6.3.3 Semi-structured dictionaries

In some cases the operations we would like to apply to a given atom do not form a group. Never-

theless there are interesting cases where a subset of these operations do actually form a genuine

group and some properties of the previous section still hold, though in a weaker form. Suppose

our dictionary is spanned by a family of unitary operators U� :

D = fU�g ; � 2 Ag ; (6.3.7)

for a given set of indices A. Then suppose we have a unique decomposition :

U� = U(
�) �R� ; (6.3.8)

where � denote the composition of operators, U is a unitary representation of a given group G and

R� is a unitary operator belonging to U
�
H
�
. The dictionary D is then invariant under G and MP

coe�cients are covariant under the action of G onto H. We call such a dictionary semi-structured.

Example 2 (Anisotropic Re�nement). Let the index set A contain translations, rotations and

two dilations, one for each principal direction :

A =

n
~b 2 R2 ; � 2 SO(2); (a1; a2) 2 R+� � R+

�

o
: (6.3.9)

The action of A on an atom g is de�ned by :

U�g = U(~b; �)D(a1; a2)g ; (6.3.10)

where U is a representation of the Euclidean group :

U(~b; �)g(~x) = g
�
r��(~x�~b)

�
; (6.3.11)

and D acts as a dilation operator :

D(a1; a2)g(~x) =
1

p
a1a2

g
�x1
a1
;
x2
a2

�
; (6.3.12)

where ~x = (x1; x2). When a1 = a2 one obviously gets back to the similitude group of the plane

and, avoiding rotations, we end up with a group studied by Bernier and Taylor [410]. In general

the set A can not be endowed with a group structure, but the factorization property of Eq. (6.3.10)

guarantees covariance with respect to the Euclidean group. This dictionary o�ers a simple way

to implement an anisotropic re�nement process on atoms. This allows to e�ciently capture the

geometry of edges (and other elongated structures) in images.

6.4 Structural redundancy in non-orthogonal transforms

Compression e�ciency is mainly driven by redundancy of the overcomplete set of functions chosen

for the signal decomposition. In Matching Pursuit algorithms [84] the redundancy of the dictionary

in�uences the convergence of the residual energy [72, 85, 405], as shown by Eq. (6.2.11). The

set of functions or dictionary plays a crucial role in the non-orthogonal transform properties,

and more particularly in the ability of this transform to compact the signal energy. Structural

redundancy provides an important criteria in the design of dictionaries and quanti�es the power

of the transform to capture signal features. The size of the dictionary provides a �rst indicator

of the dictionary properties [411, 412], but it does not take into account the distribution of the

atoms. We propose here a formulation for the structural redundancy of an overcomplete set of

functions, which can be applied in the context of Matching Pursuit or frame expansions.

Clearly, the size of the dictionary3 is not su�cient to represent the ability to catch the signal

features. Indeed, in the case of non-uniform atom distribution for example, the number of atoms

3The term dictionary is used in this chapter to represent the overcomplete set of functions used in the signal

transform.
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does not give any information about the ability of the dictionary to represent any function f in

the Hilbert space H. The concept of redundancy is obviously useless in the context of orthogonal

transforms, by de�nition of the basis functions. However, the redundancy factor directly drives

the sparsity of non-orthogonal transforms in frame expansion [404] or Matching Pursuit [84].

Signal transforms are based on inner products to compute the contribution of each basis func-

tion or atoms into the signal reconstruction. The redundancy � can therefore be interpreted as

the cosine of the maximum possible angle between any direction in H and the closest direction of

any atom of the dictionary [84]. It characterizes the redundancy of the dictionary and tends to

one when the size of the complete dictionary increases.

6.4.1 New structural redundancy formulation

Assume �rst that atoms or functions of the dictionary have a size L, equivalent to the size of the

input signal f in l2(ZL). Let moreover fg
i ; i 2 [1::S]g de�ne the set of functions in a dictionary

of size S � L.
For each dictionary vector g
i , one can de�ne its projection neighborhood as the subspace of

H which admits g
i as closest direction.

De�nition 6.4.1. The projection neighborhood V
i of the vector g
i is the subspace of H de�ned

by

V
i = fx 2 H j jhxjg
iij � jhxjg
j ij;8j 6= ig : (6.4.1)

The projection neighborhood V
i , as represented in Fig. 6.2 and 6.3, corresponds to the inter-

section of couples of in�nite convex polyhedral cones situated symmetrically with their apexes at

the origin4. The polyhedral cones are speci�ed by a pair of half-space constraints for each element

of the dictionary. The half-space constraints can be expressed as

hx j g
i + g
j i hx j g
i � g
j i > 0; 8j 6= i : (6.4.2)

The parameter � corresponds thus to the cosine of the maximum possible angle, over all dictionary

1
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Figure 6.2: Representation of the projection neighborhood V
i in R2 .

4A similar geometrical representation is proposed in [404] for consistent reconstruction.
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Figure 6.3: Representation of the projection neighborhood V
i in R3 .

vectors, between g
i and any direction in its projection neighborhood V
i . It can be written as

� = min
i

inf
x2V
i

hx j g
ii : (6.4.3)

The direction which has the maximum angle with g
i is the intersection of two (L-1)-dimensional

hyperplanes speci�ed by the half-space constraints of Eq. (6.4.2). Instead of browsing the complete

V
i region, one can look for such an intersection with the maximum angle to g
i , but within V
i .
The procedure can be formulated as follows. First pick a vector g
j di�erent from g
i . Let

g
i+j and g
i�j respectively represent the normalized sum and di�erence of g
i and g
j :

g
i+j =
g
i + g
j
kg
i + g
jk

(6.4.4)

and

g
i�j =
g
i � g
j
kg
i � g
jk

(6.4.5)

It has to be noted that g
i+j and g
i�j are orthogonal, i.e., h g
i+j j g
i�j i = 0. We call Hi+j

the hyperplane of dimension (L-1) de�ned by g
i+j and orthogonal to g
i�j . Similarly let Hi�j be

the hyperplane de�ned by g
i�j and orthogonal to g
i+j . Both hyper-planes de�ne frontiers of V
i
since they satisfy

jhxjg
iij = jhxjg
j ij ; (6.4.6)

or equivalently �
hxjg
i � g
j i = 0 if hxjg
ii hxjg
j i � 0

hxjg
i + g
j i = 0 otherwise.
(6.4.7)

Now de�ne I� as the direction de�ned by the intersection \l2�Hi�l, where � is the (L-1)-tuple

fk1 : : : kL�1g, with kl 6= i. Let I� be the orthogonal complement to I�. Hence, the (L-1)-

dimensional hyperplane I� can be written as

I� = span (g
i+k1 : : : g
i+kL�1 ): (6.4.8)
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The orthogonal projection P i
� of g
i onto I� is equivalent to the residue of its orthogonal

projection onto I�. Therefore,

P i
� = g
i �

L�1X
l=1

hg
i j\g
i+kl i\g
i+kl ; (6.4.9)

where g
i+kl have been orthogonalized using the Gram-Schmidt procedure. The cosine of the angle

between I� and g
i is given by

�i� =
jhg
i jP i

�ij
kP i

�k
: (6.4.10)

H2
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n1n2

H1   H2∩

H1   H2∩

i

Figure 6.4: The orthogonal projection of 'i onto the intersection H1 \ H2 is equivalent to

the residue of the orthogonal projection of 'i onto the orthogonal complement to the intersection

H1 \H2. This representation in R3 generalizes to n-dimensional case.

Finally, the structural redundancy factor � is given by searching, for each vector g
i of the
dictionary, the intersection I� belonging to the projection neighborhood V
i and forming the

maximum angle with g
i . In other words,

� = min
i

min
I�2V
i

�i� : (6.4.11)

6.4.2 Experimental results

Fig. 6.5 represents the evolution of the redundancy factor � as a function of the size of the

dictionary. The dictionary is formed of random atoms of dimension 5, 15 and 25 respectively. We

can see that the redundancy factor obviously increases with the size of the dictionary. Finally,

we can conjecture that the evolution of � is exponential with the number of vectors Nv. In other

words,

� = 1�A NB
v : (6.4.12)

Fig. 6.6 depicts the redundancy factor as a function of the ratio of the number of dictionary

vectors Nvec and the size N of the vectors. It shows that the slope of the exponential �tting

curves are quite similar. Therefore, for large signals, the number of vectors needed to reach

a high redundancy factor explodes and becomes much bigger than the simple ratio Nvec

N . The

redundancy de�nition generally used in the context of frame expansions provides therefore only a

coarse qualitative approximation of the redundancy of MP dictionaries.
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Figure 6.5: Redundancy factor � as a function of the number of vectors Nv in a random

dictionary. Exponential �tting function of the form: � = 1�A NB
v .
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Figure 6.6: Redundancy factor � as a function of the ratio between the number of vectors Nv

in a random dictionary and the size N of the vectors. Exponential �tting function of the form:

� = 1�A NB
v .

6.4.3 Uniformly distributed atoms

The exact computation of � proposed in the previous section becomes heavy for a very large dictio-

nary or a high dimensional signal, like, for example, an image. Therefore, in the case of uniformly

distributed atoms on the L-dimensional unit sphere [413, 414] one can roughly approximate � as

~� = min
j

max
i6=j

jhgi; gjij : (6.4.13)

The assumption of uniformly distributed atoms is also valid for very redundant dictionaries. The

so-computed redundancy factor is however larger than the exact bound given by Eq. 6.4.11. The

upper-bound onto the coe�cient norm may thus be under-estimated in this case. However the

di�erence between both � values decreases rapidly with the size of the dictionary. For very

redundant dictionary, this di�erence becomes small enough for ~� to be used in practical cases.

Moreover the upper-bound onto the coe�cient decay is generally very loose since it is computed
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in the worst case where the input signal is at each step the farthest possible from any dictionary

vector.
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Figure 6.7: Redundancy factor � and its approximation through the uniform vectors distribution

as a function of the size of a random 5-dimensional vectors dictionary. The values are averaged

on 100 di�erent random dictionaries.

Fig. 6.7 represents the evolution of � and its approximation of a function of the size of the

random dictionary. The curves have been averaged on 100 di�erent dictionaries. They clearly

show that the approximated � values are always above the exact value, and that the di�erence

between both values decreases with the size of the dictionary, as expected.

Finally, the � parameter characterizes the redundancy of the dictionary for uniformly dis-

tributed atoms, independently from the function f to approximate. A value of � close to one

implies a highly redundant dictionary, while a zero value indicates that the dictionary is not com-

plete. In the same time, � characterizes the importance of the atom index and thus the coe�cient

in carrying information. Indeed, the importance of the atom index increases with the redundancy

of the dictionary (i.e., the � value), while the relative importance of the coe�cient decreases. In

contrast, most of the information is carried on by the coe�cients in orthogonal transforms.

6.4.4 Structural redundancy in Matching Pursuit

In Matching Pursuit, the structural redundancy factor � directly drives the decay rate of the

residue and thus the coding e�ciency of the algorithm, as shown in Eq. (6.2.11). Fig. 6.8 shows

that the residual energy is clearly upper-bounded by the exponential curve computed from the

redundancy factor. Moreover, this upper-bound does not depend on the input function f , but, as
such, may become one of its major weaknesses. It does not permit to estimate the true convergence

of the Matching Pursuit, since the latter does not only depend on the dictionary, but also on the

input signal. In other words, the convergence will indeed be faster for an input signal whose

main characteristics are represented by single dictionary vectors. However one can easily include

probability-weighting in the computation of �, provided that the statistics about the input signal

are known a priori.

It has to be noted that very similar computation can be applied to the computation of the

bounds of frame expansions. Frame bounds have been computed in the particular case of 2D Gabor

wavelets [415]. However, the hereabove method is very generic and may be applied to any frame

construction. The e�ciency of the frame design can also be evaluated by similar development.
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Figure 6.8: Residual energy decay for Matching Pursuit coding of two random signals (f1; f2)
of length 10 with a dictionary formed of 50 random vectors.

6.5 Matching Pursuit complexity

6.5.1 Encoding complexity

The main drawback in a Matching Pursuit system is the encoding complexity. Indeed, for each

iteration, the encoder has to browse the complete dictionary to �nd the best matching functions.

The complexity of the search therefore grows with both the signal and the dictionary size.

Several methods may be proposed to reduce the encoding complexity. First, the dictionary can

be designed upon functions enabling e�cient inner product computations [416, 417] by �lter-based

implementation. Dictionaries may also be built with functions corresponding to combination of

elementary functions, easily implemented [418]. Second, the encoder can be modi�ed to �rst local-

ize highest energy regions, and then apply Matching Pursuit on small areas within the so-de�ned

regions [419, 88]. It can also use statistic information about the previously elected dictionary

functions to focus the research around similar atoms [86]. Finally, Matching Pursuit may be

orthogonalized to decrease the complexity, hence sacri�cing the coding e�ciency at low rates.

Parallel implementation have been proposed to decrease the computation time [420].

In this work, we use a sub-optimal search scheme based on Genetic Algorithm. This sub-

optimal search is general enough to be applied to any structured dictionary while providing an

e�cient solution in terms of encoding complexity. For each Matching Pursuit iteration, a set

of chromosomes is �rst de�ned. The chromosomes are composed of genes, one gene for each

atom index. For example, a gene may represent the horizontal position of the atom, another the

scale parameter. At initialization, genes are randomly chosen within the range of allowed values.

The algorithm then searches for the chromosome corresponding to the best matching function, or

equivalently the function that best matches the signal characteristics.

Mutations and cross-over are then operated on the chromosomes. The best chromosomes is

retained and several mutations of its genes de�ne new chromosomes. Cross-over between chromo-

somes as represented in Fig. 6.9 serves to generate a new population of chromosomes. Respective

genes of successive chromosomes are paired together and give birth to a child whose genes are

issued from the genes of its two parents. This process is iterated and rapidly converges to a near-

optimal solution to the Matching Pursuit search. Moreover, to avoid the process to be trapped

into a local minimum, the complete set of chromosomes, besides the best one, is reinitialized when

the mutations and cross-over become con�ned to a very small set of genes combinations. Details

of the Genetic Algorithm may be found in [421].
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Figure 6.9: Chromosomes cross-over in Genetic Algorithm.

6.5.2 Decoding complexity

Matching Pursuit system has the advantage of a very low decoding complexity. The decoder does

not need to perform expensive inverse transforms as in wavelets or DCT-based codecs. Matching

Pursuit decoder only need to build dictionary functions from the indexes sent by the encoder. It

then simply superposes MP iterations to generate the signal reconstruction.

It has been shown that Matching Pursuit decoding of the displaced frame di�erence is less

complex than the video decoding process of MPEG-4 [402]. However the decoding complexity is

highly dependent on the dictionary functions, although it remains small even for complex func-

tions. Finally, the decoding complexity depends also on the number of MP iterations used in the

reconstruction. Since MP naturally generates a progressive stream, it o�ers a great �exibility in

the system design. Scalability in the decoding complexity may be reached by adapting either the

dictionary functions or the number of iterations. Hence Matching Pursuit streams can easily be

decoded on high-end workstations as well as on low power PDAs, with di�erent quality however.

6.6 Conclusion

This chapter has presented the basics of a new video coding system based on Matching Pursuit.

This new system is issued from the lack of the classical coding schemes in ful�lling both scalable and

error-resilient constraints imposed by today's network infrastructure. Matching Pursuit has been

presented as an e�ective solution to the multiresolution and robust video delivery. It decomposes

the video signal over a overcomplete set of dictionary functions, whose redundancy directly drives

the compression e�ciency. Finally, even though the MP encoder can have a large complexity, the

decoding process is very simple and can moreover be adapted to the receiver possibilities. This

makes MP very attractive for asymmetric applications. In the next chapters, we will see how the

Matching Pursuit can be more particularly applied to video coding.



Chapter 7

3D Matching Pursuit Video Coding

7.1 3D video coding

Most of the video coding schemes (e.g., MPEG and H.26x families) are based on motion estima-

tion [423, 45]. Motion compensation proved to e�ciently reduce the temporal redundancy between

frames. However, it introduces a hierarchy between frames and hence between transmission pack-

ets. Transmission losses thus propagate within the reconstructed sequence. The packets containing

the reference frames are indeed mandatory to decode predicted frames. The video degradation

becomes therefore more important than the loss ratio on the network since some information can

be useless even though it has been correctly received (see Chap. 4). Furthermore, the tempo-

ral multiresolution properties are very limited in motion-compensated sequences, although some

hierarchical or multiresolution motion estimation schemes have been proposed to alleviate this

constraint [41, 304]. The reference frames are obviously mandatory for the decoding, so that the

number of achievable temporal resolutions is truly limited in the absence of complex transcoding

methods.

3D transforms o�er an interesting alternative to motion compensation. In this case, the tempo-

ral redundancy reduction is performed in a similar way to the spatial redundancy reduction, that

is through an e�cient transform based either on wavelets [56, 316, 69, 62, 52, 51] or DCT [49]. The

source coding e�ciency of a temporal transform is equivalent and even better than the e�ciency

of motion compensation [48, 61]. Algorithms based on 3D transforms have moreover proven to

provide better performances than coding standards like MPEG-2 [69, 62] or H.261 [59] and a com-

parable e�ciency to H.263 [60]. The type of artifacts are however di�erent in both approaches.

While the motion-compensated and block-based DCT approach tends to produce blocky types of

artifacts at low rates, 3D transforms coding introduces generally distortions in the form of lost

high-frequency details or motion blur. This limitation is mainly due to the bu�ering constraints

imposed by the allowable coding delay. It can be improved by local motion estimation before tem-

poral transform, thus resulting in a hybrid 3D-motion compensated coding scheme [65, 66, 67, 68].

However, 3D transforms often increases decoding complexity compared to schemes based on mo-

tion compensation since the inverse transform is often more demanding than motion compensation.

In the same time, the encoding complexity is however reduced [48] in comparison to the very ex-

pensive motion estimation. This property is interesting in the context of real-time applications.

The complexity seems however not the be the principal bottleneck regarding to the evolution of

today's processors capabilities.

Not only the coding e�ciency of spatio-temporal transform is at least comparable to motion

compensated scheme, but the error resilience in three-dimensional coding is also improved. There

is indeed no temporal error propagation, since coe�cient can be decoded independently of any

Parts of this work appeared in [422].
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reference frame. The loss patterns on the reconstructed sequence are di�erent from the degradation

observed in motion compensation based schemes. They obviously may still last for several frames

depending on the size of the frame bu�er in 3D transform. The losses are however reduced since

data are independently decodable and completely predictable from the networking conditions.

Hence, the temporal error propagation phenomenon is avoided in 3D coding.

Taking advantage of the properties of three-dimensional decompositions, we will now focus on

non-linear 3D transforms based on Matching Pursuit, as introduced in Chap. 6. As described be-

fore, MP presents several interesting advantages over usual orthogonal transforms like an improved

robustness to errors, and a reduced decoding complexity. It has to be noted that common video

Matching Pursuit coders [86, 88, 417, 399, 400] exclusively work on the residual error frame. They

perform traditional motion compensation and then code the displaced di�erence frame through

Matching Pursuit. Matching Pursuit has shown to provide better results than classical DCT-

based coding, especially at low rates [402]. To take bene�t of 3D transform, we propose here

a novel 3D Matching Pursuit video coder, which transforms entire blocks of frames into sets of

spatio-temporal functions from a 3D dictionary. The decoder in this case simply reconstructs the

video sequence by superposing spatio-temporal functions. The decoding complexity is thus even

simpler than traditional DCT/Motion compensated and the common MP/Motion compensated

video decoders [402]. The encoding complexity is however larger since the dictionary becomes

wider, thus increasing the cost of the MP search algorithm. The 3D Matching Pursuit scheme is

therefore mainly destined to highly asymmetric applications.

3D Patterns Library

Pattern Matcher

Genetic Algorithm
Frame Buffer -

Video Signal

GOF

Pattern Parameters 
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Coefficients

Pattern Coder

Pattern Decoder

Transmission      Channel
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Reconstructed
Video Signal

Figure 7.1: Tri-dimensional Matching Pursuit scheme

3D Matching Pursuit may be represented as in Fig. 7.1. The video sequence is �rst divided into

group of frames (GOF). The GOF is compared by means of a Genetic Algorithm to the spatio-

temporal patterns in the 3D dictionary. The best matching pattern is removed from the GOF,

and the same operation is repeated on the residual GOF until a prede�ned number of iterations is

reached. The 3D pattern parameters are then encoded and packetized along with their respective

correlation coe�cient. At decoder, the GOF is simply reconstructed by superposition of 3D

functions multiplied by their respective coe�cients.

This chapter focuses on the transform block of the encoder (see Fig. 2.2). It has been shown that

Matching Pursuit may be as e�cient as classical DCT-based coding [402] with Gabor dictionaries.

We �rst present new dictionaries which o�er improved performances by comparison to Gabor

dictionaries. A special attention is put on the scalability requirements with respect to decoding

complexity. 3D Matching Pursuit video coding is �nally analyzed in terms of both decoding

complexity and compression e�ciency.
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7.2 3D dictionaries

7.2.1 Structured dictionaries

The main problem in Matching Pursuit applications is the size of the dictionary. To reach a good

compression e�ciency, the dictionary has to be highly redundant, as shown in Sec. 6.4, and thus

generally of large size. In the same time, dictionary atoms have to be known at the decoder, but

transmission and storage of large sized dictionary and atoms consume a lot of resources. The

problem of the dictionary transmission can be avoided by designing structured dictionaries. A

structured dictionary is built by applying meaningful transformations (e.g., rotation and transla-

tion and dilatation) to a generating function, as seen in Chap. 6. In this case, the decoder has

only to know the generating function and the parameters of the transformations (i.e., indexes) to

reconstruct the coded atoms.

In many cases the transformation of the generating function will combine into a group G (see

Sec. 6.3), the similitude group SIM(2)�SIM(1) in our case. The dictionary is then constructed by

applying transformations to basic functions, so that it forms a complete and preferably redundant

set of functions spanning the Hilbert space H of the input signal. As we will see in the next

chapter, the index quantization has preferably to be avoided. The key-point in the dictionary

design becomes to �nd the optimal number of possible indexes (i.e., translations, dilations and

rotations of the generating function), so that the dictionary is su�ciently redundant to allow a

good compression, while staying reasonably large to optimize the transmission cost. Note that the

complete optimization of the dictionaries is however not targeted in this chapter, but rather the

design principles leading to e�cient MP dictionaries.

7.2.2 Separation of spatial and temporal functions

Spatial and temporal features in natural video sequences are completely di�erent. We propose

therefore to build 3D atoms by separable spatial and temporal functions. By separating spatial

and temporal dimensions, signi�cant reduction in computation may be reached with little penalty,

especially in view of the nature of video signals. These are indeed formed of image sequences

smoothly moving over time. Note that such a separation is often implemented in 3D transform

coding, where the decomposition is generally performed along three 1D wavelets, where the tem-

poral wavelet is di�erent than the spatial ones.

The 3D atoms are formed by multiplying 2D spatial atoms by a temporal function, possibly dif-

ferent from the spatial generating functions. The spatial functions are designed to capture speci�c

spatial features of natural video images. The temporal function, generally simpler, multiplies the

spatial function to form 3D atoms. Intuitively, the temporal function has to manage the visibility

of the spatial atoms within the images of the Group of Frames under consideration. Basically, the

atom at pixel of coordinates (~x; ~y; ~z) may be expressed as :

g
i(~x; ~y; ~z) = s
i(x; y) t
i(z) ; (7.2.1)

where s
i represents spatial two-dimensional functions and t
i represents the temporal function.

The structured dictionaries are generated by translation, dilations and rotations of basic spatio-

temporal functions. The atoms are thus generally represented by seven indexes, namely the

spatio-temporal position, three indexes of scale and a rotation parameters for the spatial atoms.

7.2.3 Complexity considerations

Decoding complexity is a very important criteria in the design of 3D atoms. Not only the compres-

sion e�ciency has to be accounted, but also the possibility to decode the atoms on heterogeneous

receivers. The atoms have to capture most of the signal energy in only few iterations, but also

o�er simplicity of decoding for the lowest end devices. We will present in the next sections atoms

of di�erent computing complexity, trading o� compression e�ciency against decoding complexity.

It has to be noted that the decoding process may also be adapted to the decoder possibilities by
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adapting the number of iterations in the reconstruction. Finally, one could imagine a transcoding

process where complex atoms are approximated by more simple atoms to be decodable onto low

complexity receivers. However, this point is not treated here. The transcoding process which

will be discussed in Chap. 9 only deals with resolution adaptation, and not atom approximation.

Another interesting possibility would be to code the �rst iterations with simple atoms and then

re�ne the representation with more complex atoms. The low power decoder would in this case only

decode the �rst iterations according to their possibilities. This strategy will not be implemented

either in this work but may provide a very �exible bit stream in an heterogeneous environment as

the one we are targeting.

7.3 Spatial dictionaries

Any function may a priori serve as generating function for 2D atoms, like for example wavelets or

cosine functions. The generating functions have to meet a trade-o� between compression e�ciency

and decoding complexity. This section presents four types of 2D atoms of di�erent complexity

and compression e�ciency. These dictionaries are mainly issued from heuristics considerations

however driven by two main design principles: an optimal spatial and frequency localization and

the e�ciency to code oriented contours. The spatial atoms are thus characterized by two indexes

of positions, px and py, an orientation index � and possibly two scales indexes sx and sy.

φ

sx

sy p  )y(p  ,x

x
y

x

y

~

~

Figure 7.2: Coordinates changes by translation, scaling and rotation.

A coordinate change (See Fig. 7.2) is �rst operated before applying the generating function.

If the coordinates of pixels in images are given by (~x; ~y), the coordinates (x; y) after translation,
scaling and rotation are given by

x =
cos(�) (~x� px) + sin(�) (~y � py)

sx
; (7.3.1)

and

y =
cos(�) (~y � py)� sin(�) (~x � px)

sy
: (7.3.2)

Hence, the coordinate change is equivalent to dilate, translate or rotate the generating func-

tions. It permits to build complete dictionaries upon transformation of basic functions which are

chosen according to e�ciency and complexity criteria.

7.3.1 Gabor atoms

Image representation through Matching Pursuit almost exclusively uses 2D Gabor atoms [88, 424].

A spatial and frequency invariant dictionary is obtained by scaling, translating and modulating
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a gaussian window [84, 425]. Gaussian windows are chosen because of their optimal spatial (or

time) and frequency energy concentration, proven by the uncertainty theorem [426, 427]. It has

to be noted that Gabor functions where initially obtained by modulations of a �xed size gaussian

function. They have been modi�ed in the wavelet context by �xing the modulation of the gaussian

function, while varying its size. These functions form 2D Gabor atoms [415, 428], whose real form

is given by :

s
i(x; y) =
1

2 � �2
cos
�
!0 x

�
e�

x2+y2

4 �2 ; (7.3.3)

where !0, generally even, is the oscillation parameter and � is a scale parameter. This form

of Gabor atoms have a isotropic scaling which is identical in both directions (i.e., sx = sy in

Eqs (7.3.1) and (7.3.2)). This means that a scale index may be spared but also that Gabor atoms

are not well suited to approximate edges.

Figure 7.3: Reconstructed version of Lena encoded with 500 Gabor atoms where (!0; �) = (6; 2).

Fig. 7.3 represents the Lena image reconstructed with 500 MP iterations of 2D Gabor atoms.

We can see that Gabor atoms are indeed not optimal to approximate edges, like for example the

shoulders line. Indeed, several small atoms are necessary to code it completely because of the

isotropic scaling of Gabor atoms.

7.3.2 Anisotropically re�ned gaussians

The main limitation of Gabor atoms is their isotropic scaling. This feature does not allow to

e�ciently catch edges and contours. We therefore propose to use another dictionary able to

e�ciently code high frequency patterns. The new dictionary is built with anisotropically re�ned

gaussians [422]. We keep gaussian functions due to their optimal property of space-frequency

localization. Furthermore, to e�ciently catch edges, one direction of the two-dimensional atoms

correspond to a gaussian function while the orthogonal direction represents its second derivative.

Also, to o�er more �exibility to the coding process, the scaling parameters can be di�erent in

both directions. The coding cost of an additional index is largely compensated by the improved

compression e�ciency. Anisotropically re�ned gaussian atoms can be written as

s
i(x; y) = (4 x2 � 2) exp(�(x2 + y2)) ; (7.3.4)

where x and y results from the coordinate change de�ned in Eqs. (7.3.1) and (7.3.2).

These atoms have similar properties to wavelets in terms of compression e�ciency. However,

in contrary to subband decompositions, they allow to e�ciently catch contours which are not

oriented along horizontal or vertical axis. Finally, it can be shown that they are more e�cient

than wavelets in catching two-dimensional contours where wavelets e�ciency is not optimal [397].
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Figure 7.4: Reconstructed version of Lena encoded with 500 anisotropically re�ned atoms.

Fig. 7.4 represents the reconstruction of the Lena image with 500 anisotropically re�ned gaus-

sian atoms. It can be seen clearly that the quality is much better than in the case of the Gabor

dictionary presented above. This improvement is mainly due to the anisotropic property of the new

atoms and their gradient-like construction which allows to e�ciently catch edges of any direction.

7.3.3 B-spline functions

The anisotropically re�ned gaussian atoms are optimum considering spatial and frequency local-

ization. The main problem with gaussian functions is however their in�nite support. Indeed, the

atoms take a non-zero value for all pixels of the image. It is not possible to a priori limit the

support since the pixels that do not signi�cantly contribute to the correlation product are not

known.

We propose therefore to replace gaussian functions with B-splines which are known to have a

limited support [429, 430] and therefore a reduced computational complexity. A B-spline of order

n is given by the following equation :

�n(x) =
1

n!

n+1X
k=0

�
n+ 1

k

�
(�1)k

�
~x� k +

n+ 1

2

�n
+

; (7.3.5)

where [x]n+ represents the positive part of xn. It can be shown that the support region of the

B-spline of nth order is equivalent to �n+1
2

� x < n+1
2
. For x values outside of this interval, the

B-spline takes null value since the terms of Eq. (7.3.5) sum up to zero.

B-splines are sub-optimal by comparison to gaussians which minimizes the uncertainty prin-

ciple, even if their localization performance are very close [430]. The splines have moreover the

advantage to be widely used in computer graphics, hence o�ering very fast implementations. Com-

pression e�ciency is thus sacri�ced to lower the decoding complexity.

The same design method as for the gaussian dictionary is used for the B-splines dictionary,

which are anisotropic re�nement and gradient-like design. The order of the B-spline has to be

su�ciently large to o�er good compression e�ciency, but not too large for computational reasons.

We propose to use 3rd order B-splines due to their good localization properties in one direction,

and their �rst derivative in the orthogonal direction. Even if larger derivative orders are expected

to improve compression e�ciency, only the �rst derivative is implemented for decoding complexity

reasons. The �rst derivative of a nth order B-spline may be computed by the di�erence of two

B-splines of order (n� 1), as :

@�n

@x
= �n�1

�
x+

1

2

�
� �n�1

�
x�

1

2

�
: (7.3.6)



7.3. SPATIAL DICTIONARIES 81

Rotation, translation and anisotropic dilatation of the B-spline generates on overcomplete dictio-

nary. The anisotropic re�nement permits to use di�erent scaling in orthogonal dimensions, hence

e�ciently capturing edges for example. The 2D B-spline atoms can �nally be written as :

s
i(x; y) = �3(x)

�
�2
�
y +

1

2

�
� �2

�
y �

1

2

��
; (7.3.7)

where x and y are obtained from Eq. (7.3.1) and (7.3.2).

Figure 7.5: Reconstructed version of Lena encoded with 500 B-spline atoms.

Fig. 7.5 shows the reconstruction of the Lena image with 500 iterations of MP with B-spline

atoms. It can be seen clearly that the quality is much better than in the case of the Gabor

dictionary presented above, for similar reasons as in the case of the gaussian dictionary. However,

the e�ciency of the B-splines is slightly lower than the gaussian ones, since gaussian are optimal in

terms of time-frequency localization. However, B-splines are much less complex to compute for two

main reasons. They only require to compute polynomial functions (the factorial may be tabulated),

and the support is bounded, which is particularly important for small atoms. Therefore, B-splines

o�er a reasonable trade-o� between compression e�ciency and computational load.

7.3.4 Rectangular functions

For very low power end-devices, the B-splines are still too computationally demanding. In this case,

we may use one of the simplest possible functions, the 2D rectangular function. The rectangular

function is still anisotropic, since di�erent scaling may be use in orthogonal directions. They

are thus able to capture oriented features, but are clearly not optimal in terms of compression

e�ciency. For the least powerful decoders, we may even suppress the orientation index, thus

computing only horizontal rectangles.

The rectangular functions are simply given by :

s
i(x; y) =

�
1 if x 2 [�1; 1] and y 2 [�1; 1]
0 otherwise

; (7.3.8)

where x and y are obtained from Eq. (7.3.1) and (7.3.2).

Fig. 7.6 shows the reconstruction of the Lena image with 500 rectangular atoms. Clearly,

the quality is the worst among all above dictionaries. However, the computational load is very

small. Moreover, this dictionary is destined to low end-devices which have often very low display

resolution. In this case, artifacts are obviously less visible than in Fig. 7.6.
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Figure 7.6: Reconstructed version of Lena encoded with 500 rectangular atoms.

7.3.5 Comparison of spatial dictionaries

We have presented in this section three new dictionaries for image decomposition through Match-

ing Pursuit. These dictionaries cover the trade-o� between compression e�ciency and decoding

complexity. They are now compared in terms of compression e�ciency in Fig. 7.7 and 7.8 for two

di�erent images.
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Figure 7.7: Distortion of the reconstructed Lena image as a function of the number of MP

iterations.

All dictionaries integer indexes cover the same range, i.e, 128 positions, 70 scales and 128 orien-

tations values. As expected, the best dictionary in terms of distortion of the reconstructed image

is the gaussian dictionary. Gaussians minimize the uncertainty principle and anisotropic re�ne-

ment guarantees an e�cient coding of both edges and smooth regions. The worst dictionary, but

also the most simple one, is clearly the one composed of rectangles functions. Finally, we can see

that anisotropic re�nement of B-splines makes them more e�cient than oriented but isotropically

scaled Gabor atoms, even though the latter are also built on optimal gaussian functions. Since

Gabor functions have proven to enable a more e�cient coding than DCT-based scheme [402, 431],

we can expect that anisotropically re�ned gaussian or B-spline functions can still improve the

compression gain provided that the coding is accurate.

Interestingly, even the worst dictionary (i.e., the rectangles functions) is able to e�ciently catch
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Figure 7.8: Distortion of the reconstructed Autumn image as a function of the number of MP

iterations

energy of the signal in the �rst iterations. This property may lead to a dynamical coding scheme,

where the dictionary would evolve with the iteration number. At decoder, the less powerful devices

would decode only the �rst and simplest iterations, and the more powerful the decoder, the larger

the number of decoded iterations and the larger their complexity (and thus accuracy).

7.3.6 Comparison with wavelet coding

A tentative comparison between wavelet transform and Matching Pursuit representation is now

proposed. Fig. 7.9 represents the Lena image reconstructed from 500 MP iterations, and the 500,

1000 and respectively 1500 most important coe�cients of a wavelet decomposition.

Assume that the wavelet transform outputs 2 position indexes for each coe�cient. For the same

rate, two wavelets coe�cients are thus approximately equivalent to one MP iterations, where three

additional indexes (i.e., rotation and scaling) have to be coded. We see that even 1500 wavelet

coe�cients are not su�cient for an equivalent distortion to 500 MP iterations, which is a ratio

of 3 to 1. Therefore, we may expect Matching Pursuit to provide an e�cient signal transform

alternative, even though the previous comparison is not completely exhaustive.

Entropy coding and quantization possibilities should also be studied to fairly compare both

schemes. Indeed, for example, DCT and wavelets have been shown to be equivalent in terms of

transform e�ciency, but wavelets are more appropriate for entropy coding [432, 23]. The properties

of MP stream let however expect the possibility for e�cient entropy coding. Indeed, a clear

hierarchy may be established between coe�cients, which are upper-bounded by an exponentially

decaying curve. In the same time, scales tend to be larger for the �rst iterations, thus opening

possibility for an e�cient coding. The MP scheme proposed here is furthermore very generic.

We may think about modi�cations of the encoding to improve the coding. For example, an

entropy-constrained atom selection may be implemented. For equivalent correlation coe�cient

the atom with the closest indexes to the previous ones will thus be chosen [433]. Finally, the MP

overcomplete representation becomes less e�cient when the coding rate increases. Indeed, due

to its greediness, MP over redundant set of functions may take an in�nite number of atoms to

provide an exact signal representation, while orthogonal transforms converges in a �nite number

of steps. Here again we face a trade-o� between the convergence rate of the Matching Pursuit

which increases with the redundancy, and the behavior at high rates which is better for orthogonal

decompositions [405].

Fig. 7.10 gives a tentative comparison between SPIHT wavelet based coding [28] and a very

basic MP coder with 2D anisotropic gaussian atoms. The position, scale and orientation indexes of



84 CHAPTER 7. 3D MATCHING PURSUIT VIDEO CODING

500 MP iterations

PSNR = 29.6915 dB

500 wavelets coefficients

PSNR = 23.4710 dB

1000 wavelets coefficients

PSNR = 26.3634 dB

1500 wavelets coefficients

PSNR = 28.45 dB

Figure 7.9: Comparison of MP decomposition vs 4-level wavelet decomposition of the Lena

image.
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Figure 7.10: PSNR quality of MP decomposition with di�erential coe�cient coding and SPIHT

coding as a function of the compression ratio.

MP atoms may take 64, 35 and respectively 32 values within their respective range of [0::128] for
the positions and scales, and [0::2�] for the orientation parameters. Each atom index is thus coded

with 28 bits. The coe�cient norms are coded di�erentially in this basic scheme. It can be shown

that even with this basic coding scheme, MP provides results comparable with a very e�cient
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wavelet coder, which is the SPIHT algorithm. As expected, for compression ratios larger than

approximately 150 (i.e., low coding rate), Matching Pursuit provides better results than SPIHT.

Keep in mind however that these results are only indicative since work still remains to be done

for an e�cient coding of MP elements.

7.3.7 Discussion

The goal of the this section was not to �nd the optimal dictionary, buy rather to show the main

design principles which lead to e�cient Matching Pursuit encoding. The examples provided above

moreover correspond voluntarily to very low bit rate streams, so that the coding artifacts are

clearly visible and may o�er comparison possibilities between the respective dictionaries. We

think that there is no truly optimal dictionary atoms in the heterogeneous framework we are

working in. The dictionary may have to be adapted to the input signal, or to a class of input

signals, and to the set-up of the video distribution tree including the receivers capabilities. In this

context dictionaries composed of several basis functions can be very helpful. Matching Pursuit

makes possible such an adaptation with very few e�ort. For example, a single �ag may indicate

to the decoder which basis function is used so that it can correctly decode the stream.

To improve dictionaries, one may also take into account the features of the Human Visual

System (HVS). For example, the relative ratio between scaling indexes can be limited to avoid

long and narrow atoms which are very annoying to the HVS (see Fig. 7.5). Such criteria can be

incorporated into the design of the dictionary. Finally, HVS considerations may also be incorpo-

rated into the Matching Pursuit algorithm itself. They could help to choose at each iteration the

most visually important features rather than the one leading to the maximal inner product.

7.4 Spatio-temporal atoms

7.4.1 Gaussian function

The temporal function of three-dimensional atoms has to catch very di�erent features than the

spatial function. Basically, it has only to report the redundancy between successive frames. Due

to their optimal time-frequency localization properties, gaussian functions can also be used in the

temporal dimension. In the same time, they are relatively complex to compute because of their

non-limited support. However, this complexity is much less important than in the spatial domain,

since the size of the GOF is obviously not in the same range than the frame size. It has to be noted

that modulation of the gaussian is not suited to catch temporal features in natural sequences. The

generic Gabor functions can thus be eliminated from the candidates to temporal basic functions.

The gaussian function can be expressed as :

t
i(z) = e�z
2

; (7.4.1)

where z is obtained by scaling and translating temporal coordinates ~z as :

z =
~z � pz
sz

: (7.4.2)

The temporal indexes are the position and scaling parameters pz and sz. Note that the range of
the temporal indexes is much smaller than the range of the spatial ones, thus clearly enabling a

lower index rate. By the construction of three-dimensional atoms, the temporal gaussian functions

allows to weight the contribution of the spatial features into successive frames. Fig. 7.11 shows

the four �rst frames of the CIF Foreman encoded with 500 3D atoms built on 2D B-splines and

gaussian temporal function. The reconstructed quality is quite impressive considering the very low

coding rate. 500 iterations indeed correspond roughly to 22 kbit without coe�cient quantization or

any further coding. This emphasizes the e�ciency of the temporal function and more particularly

the spatio-temporal decomposition. Indeed, in the case of GOF of 4 frames, 2 bits su�ce to code

temporal position and scale indexes. That means that the addition of 4 bits to the spatial atoms

indexes o�ers to possibility to e�ciently extend the image decomposition to video coding.
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Frame 0 Frame 1

Frame 2 Frame 3

Figure 7.11: Reconstruction of the four �rst frames of Foreman encoded with 500 iterations of

2D B-splines and gaussian temporal function.

7.4.2 B-spline function

Similarly to the spatial atoms building functions, we can also use B-splines in the temporal domain.

B-splines are less complex to decode than gaussian functions, mainly because their support is

limited. We will choose a second order B-spline to limit the computation along the temporal

dimension. The temporal function may therefore be expressed as :

t
i(z) =
1

2

3X
j=0

�
3

j

�
(�1)j

�
z � j +

3

2

�2
+

; (7.4.3)

where z is de�ned by Eq. (7.4.2) and [z]n+ represents the positive part of zn. B-splines allow

similar �exibility as the gaussian in the design of the temporal function. Meanwhile, they are

almost as e�cient, since the size of the GOF generally do not permit to really take bene�t of

the optimal time-frequency localization property o�ered by the gaussian function. They permit

to weight di�erently spatial features into successive frames. Fig. 7.12 shows the four �rst frames

of Foreman encoded with 500 3D atoms built on 3D B-splines functions. It can be seen that the

quality is similar to the quality of coding with gaussian functions. The complexity is however

much smaller since the computation of a second order B-spline is cheaper than the calculation

needed by gaussian functions.

7.4.3 Rectangular function

The most simple temporal function which may be proposed is again the rectangular function. In

this case the rectangular function is however expected to be more e�cient than in the spatial

domain. Indeed, the features to capture are completely di�erent and the rectangular function

may e�ciently catch temporal redundancy, particularly in sequences with low temporal motion.
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Frame 0 Frame 1

Frame 2 Frame 3

Figure 7.12: Reconstruction of the four �rst frames of Foreman encoded with 500 iterations of

3D B-splines function.

Basically, the rectangular temporal function only repeats spatial atoms, with the same amplitude,

in successive frames. The temporal rectangular function can be written as :

t
i(z) =

�
1 if 0 � z < 1,

0 otherwise.
; (7.4.4)

where z is de�ned by Eq. (7.4.2). Fig. 7.13 shows the four �rst frames of Foreman encoded with

500 3D atoms built on 2D B-splines and rectangular temporal function. It can be seen that the

temporal redundancy is e�ciently captured by temporal functions as simple as rectangles. The

quality of the four frames is quite acceptable for the very low encoding rates. The quality is even

comparable to 3D B-splines functions, which o�er however much more �exibility which can be

advantageous in high motion sequences. In this case, the rectangular function indeed only permits

to code the presence or absence of spatial features but not to weight their contribution as B-splines

do.

7.4.4 Haar function

Inspired from temporal wavelets function in three-dimensional subband coding [51], we can use a

simple 2-tap Haar wavelet as temporal component in Matching Pursuit atom. This temporal func-

tion induces a computing complexity similar to rectangle functions. They however o�er additional

�exibility by their anti-symmetrical structure. This function is given by :

t
i(z) =

8<:
1 if 0 � z < 1

2
,

�1 if 1
2
� z < 1

2
,

0 otherwise.

; (7.4.5)

where z is de�ned by Eq. (7.4.2). Intuitively the Haar function which is relatively e�cient in

subband coding do not present real bene�ts in Matching Pursuit coding. It is indeed relatively
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Frame 0 Frame 1

Frame 2 Frame 3

Figure 7.13: Reconstruction of the four �rst frames of Foreman encoded with 500 iterations of

2D B-splines and rectangular temporal function.

rare in natural scenes that spatial features present in a frame have a inverse amplitude in the

following frame. In the same time, the anti-symmetrical structure of the Haar function can be

very interesting in the highest order iterations to improve small details. It can be also useful

to capture slight motions within video scenes. Fig. 7.14 shows the four �rst frames of Foreman

encoded with 500 3D atoms built on 2D B-splines and Haar temporal function. It can be seen

that the Haar function is, as expected, slightly less e�cient than the simple rectangle functions

for low rate coding. The properties of the Haar function are therefore not very useful in low rate

three-dimensional MP coding.

7.4.5 Comparison of temporal functions

Fig. 7.15 compares the e�ciency of the temporal functions proposed before in terms of distortion

of the reconstruction as a function of the number of spatio-temporal atoms. The distortions have

been averaged over 12 groups of four frames (GOF = 4). It can be seen clearly that no real

winner can be designated among the temporal functions. All functions have almost the same

e�ciency in terms of MSE. Note that the spatial functions (i.e., 2D B-spline) are not necessarily

exactly identical for all the temporal functions at a given iteration. This has however only a slight

in�uence on the given results thanks to the averaging over several GOFs. The equivalence of

the di�erent temporal functions can be explained as follows. The temporal redundancy is mainly

captured by rectangular functions, especially in low motion sequences. Spatial features are indeed

present in one or several successive frames with the same intensity. In low rate coding most of

the atoms capture low frequency components e�ciently coded by rectangular functions. It is rare

that the spatial features are weighted di�erently in successive frames, besides the case of high

motion sequences or zooming e�ects, for example. Finally, the small GOF size due to encoding

delay constraints does not allow to completely take bene�t of the enhanced properties of gaussian
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Frame 0 Frame 1

Frame 2 Frame 3

Figure 7.14: Reconstruction of the four �rst frames of Foreman encoded with 500 iterations of

2D B-splines and Haar temporal function.
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Figure 7.15: Reconstruction distortion as a function of the number of iterations per group

of four frames of Foreman. The atoms are made on 2D B-splines and four di�erent temporal

function.

and even B-spline function.

Even if the MSE does not capture any sensitive di�erence between the temporal functions,

preference may be visually given to gaussian or spline functions according to the Fig. 7.13 to 7.11.

Clearly, the MSE is not su�cient to evaluate the reconstruction quality of the MP encoding. It can

be worth investigating the insertion of perceptual criteria [434] in the encoding scheme [435]. The
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topic will nevertheless not be covered here. In the meantime, for complexity reasons, the usage of

simple rectangle functions in the temporal domain may often be su�cient. They indeed clearly

o�er the best trade-o� between e�ciency and decoding complexity. In this case this compromise

is however less important than for the spatial atoms since the number of computations are in any

case much smaller.

7.4.6 Comparison with coding standards

A tentative comparison is now proposed between 3D Matching Pursuit and video coding standards.

Fig. 7.16 represents the evolution of the coding quality as a function of the coding rate. 40 frames

of the CIF Foreman sequence have been encoded with H.263+ and MPEG-2 with a GOP size

of 12. The encoding has been performed without rate control, and the quantizer scale factors

have been chosen to cover the range of the smallest bit rate values. Matching Pursuit has used a

spatio-temporal dictionary of 2D B-splines and gaussian temporal functions. The MP coe�cients

have been truncated to the closest integers and di�erentially encoded to reduce the coding rate.

No entropy coding or even additional quantization has however been performed on the Matching

Pursuit stream.
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Figure 7.16: PSNR quality of MP decomposition with di�erential coe�cient coding and H.263+

and MPEG-2 as a function of the encoding rate for the Foreman sequence.

Clearly, Matching Pursuit o�ers very similar performance to coding standards even in the

absence of entropy coding and quantization. It moreover allows to reach much smaller coding

rates thanks to the absence of complex coding hierarchy. It provides a slightly lower quality than

H.263+, but a better quality than MPEG-2 which is however not optimized for such low rates.

The Matching Pursuit as implemented here is however expected to become less e�cient at very

high rates due to the non-linear encoding on a redundant dictionary. Note that similar results are

obtained with other sequences.

Figures 7.17 and 7.18 compare the four �rst frames of Foreman encoded with respectively 3D

Matching Pursuit and H.263+ at a quantizer scale of 31. The coding rates are equivalent but

the Matching Pursuit stream is not quantized or entropy coded. It can be seen that the coding

artifacts are completely di�erent due to the block-based structure of H.263+. The distortion is

more smooth in Matching Pursuit coding. Even though the PSNR is slightly better for H.263+,

the visual quality of Matching Pursuit is thus preferable.

The above comparison is however only qualitative. Indeed, no real coding is performed on the

Matching Pursuit stream. Moreover the encoding process based on Genetic Algorithm and the

Matching Pursuit dictionary are not truly optimized. The comparison however shows that Match-
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Frame 0 Frame 1

Frame 2 Frame 3

Figure 7.17: Reconstruction of the four �rst frames of Foreman encoded with 800 2D B-splines

and temporal gaussian atoms.

ing Pursuit provides a very interesting alternative to coding standards in terms of compression,

while it moreover brings additional �exibility as shown in the next chapters.

7.5 Discussion and improvements

7.5.1 Size of the Group of Frames

An important issue in three-dimensional video coding is the size of the Group of Frames (GOF)

simultaneously encoded by the spatio-temporal Matching Pursuit. Large GOFs may improve

the compression e�ciency, since few atoms are needed to code low frequency components. This

improvement however decreases when the temporal motion in the sequence becomes important.

Note that in three dimensional MP coding we do not encounter the wavelet edge problem due to

the limitation of the size of the signal [24]. Indeed, the Matching Pursuit decomposition does not

translate the signal into the frequency domain, and thus do not need theoretically in�nite length

signals to correctly describe localized features. The Matching Pursuit can build a dictionary with

very localized pattern and hence code them e�ciently for any signal size.

However, the larger the GOF, the larger the encoding delay. This is not a critical issue in

asymmetric applications like we are targeting in this work. The delay mainly postpone the display

of the �rst frame of the video sequence. However, the delay has clearly to be limited for the

comfort of the end-user and to permit a reasonable level of interactivity. We will thus limit the

encoding delay to less than half a second, or equivalently to 4 to 8 frames, depending on the frame

rate.

The Figure 7.19 compares the reconstruction distortion for 3D splines atoms computed on GOF

of length 4 and 8 respectively. The coding rate is indicative since no optimization is performed in

terms of entropy coding for example, but it takes into account the additional bit necessary to code
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Frame 0 Frame 1

Frame 2 Frame 3

Figure 7.18: Reconstruction of the four �rst frames of Foreman encoded with H.263+ at a

quantizer scale of 31.
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Figure 7.19: Reconstructed distortion of Foreman as of function of the coding rate for 3D

splines atoms and GOF size of 4 and 8.

temporal position and scale indexes when the GOF is double. Despite this additional bits, the

longer GOF clearly provides a lower distortion, especially for the �rst iterations where most of the

energy is captured by large atoms. For higher iterations, or when the coding rate increases, the

di�erence between both GOF sizes decreases, since coding of details is equivalent in both cases.

Note however that Foreman is a low motion sequence clearly in favor of long GOFs. The in�uence

of the GOF size is less pronounced in high motion sequences.



7.5. DISCUSSION AND IMPROVEMENTS 93

7.5.2 Local motion estimation

For highly moving sequences the 3D decompositions proposed hereabove may be not su�ciently

e�cient. Indeed, it can not catch the movement of objects or pattern but only report their presence

or absence at a given location within the GOF. To cope with this limitation, we can build oriented

temporal functions. The aim of these functions is to capture local motion of spatial features. Note

that this kind of motion estimation does not generate error propagation since no reference frame

is de�ned in contrary to the common motion compensation process used in schemes like MPEG.

Two additional temporal indexes are thus de�ned to capture the local motion of the spatial

atoms. A motion vector (hm; vm) de�nes the horizontal and vertical displacement of the spatial

atom between successive frames. In this case, the values of the three dimensional atom at pixel of

coordinates (~x; ~y; ~z) is expressed as :

g
i(~x; ~y; ~z) = s
i(x+ z hm; y + z vm) t
i(z) : (7.5.1)

Due to the temporal motion, the spatial atoms support may be wider than in the previous

spatio-temporal dictionaries. Indeed some functions which are not entirely visible in the previous

dictionaries can become completely visible in a frame due to the local motion. The phenomenon

can slightly increase the decoding complexity, but the additional complexity is very small compared

to the complexity of the whole process.
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Figure 7.20: Comparison of the encoding quality for oriented and non-oriented 3D B-splines

for the Foreman sequence.

Fig. 7.20 compares the encoding quality of the CIF Foreman sequence with and without local

motion estimation on 3D B-splines. It can be seen that the quality is slightly better for oriented

atoms. However, the Foreman sequence does not contain high temporal activity, so that the

quality improvement is not really impressive. The main part of the MP atoms get indeed zero

motion vectors. Furthermore, the addition of two indexes signi�cantly reduces the convergence

speed of the encoder based on Genetic Algorithm. Due to the additional complexity and coding

cost, such a basic local motion estimation scheme should be used carefully for sequences with very

low motion. Local motion estimation is �nally expected to bring more bene�ts for large GOFs

and sequences with high temporal activity. It can be also particularly useful for sequences where

the frames are dropped to meet bandwidth requirements.

7.5.3 Adaptive dictionaries

As seen before, it is di�cult to de�ne the optimal encoding dictionary in the heterogeneous frame-

work we are working with. Indeed the dictionary has rather to meet a compromise between
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compression e�ciency and the receiver decoding capabilities. Moreover, it has to adapt to the

input signal or signal class, since the same dictionary obviously may e�ciently capture the features

of a particular signal and be totally ine�cient for another signal. The most e�cient coding in

an heterogeneous environment is surely an adaptive or dynamic coding. The adaptivity may be

thought in terms of both adaptivity to the decoder and to the input signal. The adaptivity to the

input signal is not studied in this work. The adaptivity to the decoder concerns both the decoding

complexity and the device resolution.

Adaptive encoding may be seen in terms of hierarchical encoding. The �rst iterations of

Matching Pursuit can be computed on a sub-dictionary, of reduced complexity. The dictionary

can then grow with more complex but also accurate functions destined to more powerful devices.

Similarly, thanks to the group properties, the encoding can also follow a hierarchy in decoding

spatio-temporal resolution. Indeed, the encoder can encode the �rst iterations onto sub-sampled

GOFs, with a sub-sampled dictionary. Thanks to the group law, these atoms can be decoded

on larger resolutions by simply adapting scales and positions indexes. Similar process is used for

transcoding, and will be describe in more details in the next chapter. Primary results have shown

that the hierarchical resolution encoding does not loose in terms of compression e�ciency, while

greatly lowering the coding complexity. The problem in hierarchical encoding is however to de�ne

the right number of iterations in each loop.

7.6 Conclusion

This chapter has presented a new way of coding video sequences with Matching Pursuit. Com-

mon MP-based video implementations code the displaced di�erence frame with Gabor dictionar-

ies [399, 87, 88, 86]. The beauty of Matching Pursuit is its incomparable design �exibility. Any

function may be used in the dictionary, as soon as the completeness constraint is respected. This

�exibility is of greatest interest in the heterogeneous framework de�ned in the �rst chapter. Sev-

eral 3D dictionaries have been proposed, with a special care on the trade-o� between compression

e�ciency and decoding complexity. Matching Pursuit have been shown to be at least as e�cient

as classical transform coder (e.g., DCT or wavelets) [402], with additional advantages however.

Matching Pursuit have intrinsic multiresolution properties which can be exploited in proxy-based

transcoding, as it will be shown in the next chapter, or for hierarchical MP coding [424]. Match-

ing Pursuit builds an intrinsically embedded stream, since iterations are of decreasing importance

along the coding. The coding of colour images or sequences is furthermore expected to be very

e�cient with MP in comparison with standard-based coding. It can indeed be assumed that the

same patterns are present in all colour components. In this case, the indexes are coded only

once for the three components. Hence, colour coding need only two additional coe�cients, while

classical coding scheme independently codes the colour components, often down-sampled. Finally,

this chapter does not provide with an optimal dictionary, which may moreover not exist in an

heterogeneous context. The proposed Matching Pursuit coder is only one possible implementation

whose complexity can be decreased by hierarchical coding, for example. Hierarchical coding can

be particularly e�cient with large input signals.



Chapter 8

Redundancy-Driven Quantization of

MP stream

8.1 Why quantization ?

The aim of this chapter is to study the e�ects of quantization onto reconstruction of Matching

Pursuit streams. Since Matching Pursuit coe�cients generally take on real values, quantization is

necessary to reduce the bandwidth needed for transmission. Quantization errors have been studied

in [437, 404, 438, 439] in the context of overcomplete frame expansions and consistent Matching

Pursuit. Similarly, in the case of real or even very large dictionaries, atom indexes should also

be quantized to limit the bit rate. This chapter studies the quantization error of the coe�cients

and atoms for a general Matching Pursuit decomposition. This study focuses particularly on the

transmission of Matching Pursuit streams over heterogeneous networks.

The quantization error is thus studied for a posteriori quantization schemes, in contrast with

usual schemes [431, 440, 433, 441] where the encoder uses the quantized coe�cient to update

the residual signal. In a posteriori quantization, the quantized version of the elements does not

in�uence the decomposition. Hence the Matching Pursuit stream can be computed only once and

then quantized several times to serve di�erent constraints. The signal reconstruction error due

to quantization is shown to depend on the error on both the coe�cient and the atom. Moreover,

the contribution of each Matching Pursuit element to the quantization error clearly depends on

its position within the encoded stream, and hence on the dictionary redundancy, as computed

in Sec. 6.4. Based on the characterization of the energy decay curve, an exponentially bounded

quantization scheme is proposed for the Matching Pursuit coe�cients. This scheme truly outper-

forms uniform quantization scheme, especially at low bit rates. The scheme is shown to achieve

very good results in the practical case of image compression.

The set of functions that forms the dictionary obviously plays a crucial role in the Matching

Pursuit coding. A very redundant dictionary generally allows to capture the main features of the

signal with only a few dictionary functions. However, the coding rate of the function parameters

obviously increases with the size of the dictionary. We will study the index quantization error in

structured dictionaries, and more particularly 2D Gabor dictionaries. It will �nally be shown that

index quantization can not be performed in an optimal way. This conclusion yet emphasizes the

importance of a correct design of the dictionary to avoid the need of index quantization.

This chapter is organized as follows. An upper-bound on the signal reconstruction error is

given in Section 8.2 for quantization errors. Section 8.3 studies the a posteriori quantization of

Matching Pursuit coe�cients and proposes an exponential quantization which takes advantage

of the properties of the encoding. Section 8.4 studies a structured dictionary index quantization

Parts of this work appeared in [395, 436].
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scheme driven by the redundancy of the dictionary. It therefore focuses on the error due to wrong

atom selection at reconstruction. Finally, concluding remarks are given in Section 8.5.

8.2 Signal reconstruction error

In practical cases an exact reconstruction of the signal is rarely possible. First, the number of

iterations is generally limited due to computational cost and bandwidth constraints. Thus, the

signal is approximated by the �rst N iterations of the Matching Pursuit stream. Note also that

the exact signal reconstruction may need an in�nite number of iterations in MP with redundant

dictionaries. Second, the Matching Pursuit elements (i.e., coe�cients and dictionary indexes)

have often to be quantized to reduce the overall size of the signal representation. Indeed, the

MP coder generally outputs real coe�cients, which clearly need to be quantized to limit the

dedicated rate. Moreover, if the dictionary is very large to ensure a good convergence, or even if it

contains real parameters, the atoms should also be quantized before transmission. The framework

that is considered here is an a posteriori quantization, which is very useful in a context where a

stream is encoded once and then quantized several times to meet di�erent constraints. Matching

Pursuit is indeed the heaviest part of the encoding. Therefore, a di�erent encoding for each client

would be too demanding. Moreover, Matching Pursuit systems are particularly well suited for

asymmetric applications, where the same stream serves several possibly heterogeneous devices.

Third and �nally, transmission noise can also alter the signal reconstruction. Transmission errors

can be studied in the same way as quantization error, under certain conditions. All the results of

this section are given for quantization error, though most of them can easily be translated into

transmission error.

Let c
n denote a MP coe�cient, or equivalently the inner product hg
n jRnfi. The squared

reconstruction error � between the signal approximation and its reconstructed version ~f can be

written as

� = kfN � ~fk2 = k
N�1X
n=0

c
n g
n �
N�1X
n=0

~c
n g ~
nk
2 ; (8.2.1)

where ~c
n and g ~
n are respectively the distorted coe�cient and atom. Let �n = c
n � ~c
n denote

the error on the coe�cient. Similarly, let En be the error on the nth atom, with En = g
n � g~
n .
The reconstruction error can thus be decomposed further as

� = k
N�1X
n=0

(c
n g
n � (c
n � �n) g ~
n) k
2

= k
N�1X
n=0

(c
n En + �n g ~
n) k
2 : (8.2.2)

By triangular inequality, � can be bounded by

� � k
N�1X
n=0

c
n Enk
2 + k

N�1X
n=0

�n g ~
nk
2

�
N�1X
n=0

jc
n j
2 kEnk2 +

N�1X
n=0

j�nj2 kg ~
nk
2 : (8.2.3)

Finally, since kg
k = 1, the error bound can be written as

� �
N�1X
n=0

jc
n j
2 kEnk2 +

N�1X
n=0

j�nj2: (8.2.4)
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Eq. (8.2.4) provides an upper-bound to the reconstruction error, due to either quantization or

transmission. The errors on the coe�cients and indexes can thus be separated in �nite dimensions.

The reconstruction error is bounded by the sum of errors on both the coe�cients and the atoms,

weighted by the respective contributions. The �rst term of Eq. (8.2.4) corresponds to the atom

selection error multiplied by the respective coe�cients. For highly redundant dictionaries, only the

�rst few atoms participate to the reconstruction error, since the coe�cient norm rapidly decreases.

Meanwhile, if the atoms are correctly decoded (i.e., the �rst term is zero), the reconstruction error

can be bounded by the sum of the error on the coe�cients. Due to the exponential convergence

of MP, this error depends generally almost only on the �rst coe�cients, i.e., the most important

ones.

It has to be noted here that consistent reconstruction algorithms [404] can improve the quality

of the reconstructed signal. Such concealment algorithms results in a reconstructed signal which

would produce the same MP decomposition sequence as the original. However, such algorithms

are not considered in this chapter due to complexity constraints on the decoder. In our case, the

receiver simply reconstructs the signal from the available coe�cients and atom indexes, without

error detection or concealment algorithms.

In the next sections, errors on both coe�cients and atom indexes are studied in the context of

quantization. The atom selection error is analyzed in detail for common Gabor atoms.

8.3 Quantization of Matching Pursuit coe�cients

8.3.1 A posteriori coe�cients quantization

This section uses Matching Pursuit properties in the quantization of coe�cients. Recall that

the purpose of the a posteriori quantization scheme lies in the context of completely asymmetric

applications. Due to the encoding complexity, the Matching Pursuit stream is computed only once

and then di�erently quantized to match various receiver requirements. The coe�cient quantization

cannot be included in the Matching Pursuit decomposition in contrast to [437, 404, 438, 439, 431,

440], since this would imply dedicated encoding for each end-user. While a posteriori quantization

provides �exibility for the quantization, its distortion is not compensated by further MP iterations.

The quantization error propagation can however be kept small for su�ciently �ne quantization.

Fig. 8.1 shows that distortion resulting from a posteriori quantization is slightly higher than in the
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Figure 8.1: Comparison of a priori and a posteriori uniform coe�cient quantization (8 bits)

for the Lena image.

in-loop quantization case, depending on the quantization step size however. Indeed, in the latter



98 CHAPTER 8. REDUNDANCY-DRIVEN QUANTIZATION OF MP STREAM

case, the MP adapts to the quantized coe�cient, and the residue corresponds to the stream used

for reconstruction. However, such a scheme is less �exible than the a posteriori quantization since

the stream is targeted for a given rate. Moreover, it can be seen that the distortion increases mainly

for the highest iteration orders, where coe�cients become smaller. For the �rst few coe�cients,

the relative quantization error is small in both cases. Finally, for an overall �ne quantization, the

error is similar in both quantization schemes. Note also that in-loop quantization may slow down

the convergence speed of the MP.

The aim of the quantization is to o�er the best possible reconstruction quality for a given bit

budget. The optimal solution minimizes the reconstruction error given by Eq. (8.2.1), where the

atoms kEnk = 0 are correctly decoded. We propose a sub-optimal solution using the exponential

decay of the residual energy. This interesting property directly drives the quantization of the

coe�cients in two ways. Intuitively, the quantization error on a Matching Pursuit element depends

�rst on the iteration. Therefore, the highest iteration elements can be more coarsely quantized

than the �rst elements. Second, the number of Matching Pursuit elements can also be adapted to

the available bandwidth, since the highest iterations carry very low energy.

8.3.2 Coe�cient norm decay

Since the Matching Pursuit elects at each step only the most important atom from an overcomplete

dictionary, the coe�cients have a decreasing importance along the iteration number. Recall that

the coe�cient c
n corresponds to the scalar product jhg
n jRnfi. A Matching Pursuit iteration

can be thus characterized as

Rnf = c
ng
n +Rn+1f: (8.3.1)

Since Rn+1f is orthogonal to g
n thanks to Matching Pursuit properties, an energy conservation

relation could be written for each iteration:

kRnfk2 = jc
n j
2 + kRn+1fk2; (8.3.2)

where kg
nk = 1. Eq. (8.3.2) means that the norm of the coe�cient is strongly related to the

energy of the residue. From Eq. (6.2.9), this norm is thus upper-bounded by an exponential

function, which can be written as

jc
n j � (1� �2 �2)
n
2 kfk : (8.3.3)

The upper-bound depends on both the energy of the input function and the construction of the

dictionary. More particularly, as described in Sec. 6.4, highly redundant dictionaries induce a very

rapid decay of the coe�cients norm. Indeed, since the coe�cient can obviously not bring more

energy than the residual function, the norm of the coe�cient is strongly related to the residual

energy decay curve.

Figure 8.2 represents the energy of the Matching Pursuit coe�cients for the coding of images

with a Gabor dictionary. It clearly shows that the coe�cient norm can be upper-bounded by

an exponential decay curve. These qualitative result does not depend neither on the signal nor

on the dictionary. However, the decay rate directly depends on the redundancy factor given by

Eq. (6.4.11). Moreover, in this case, MP search is not optimal in contrast to the experiments

presented for the random dictionaries. An exhaustive search would be too demanding in the case

of images, for which a sub-optimal method has been provided using Genetic Algorithms [421].

This introduces a sub-optimality factor � (see Eq. (6.2.11)) smaller than one and in�uences the

decay rate of the coe�cients.

8.3.3 Redundancy-driven uniform coe�cients quantization

The exponential upper-bound of the coe�cients is now used to design an e�cient quantization

scheme. Indeed, there is clearly no need to quantize all coe�cients on the same range, since their
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Figure 8.2: Coe�cient norm versus the iteration number. The MP coe�cients using a 2D

Gabor dictionary are represented for the Lena and Autumn images.

value decreases exponentially. In other words, the quantization applied to the �rst coe�cients is

certainly not e�cient on the last ones, as the range of the latter is much smaller. Bits can thus be

saved by simply limiting the quantization region between 0 and the exponential decay curve given

by the parameters (i.e., � and kfk). The accuracy of the quantization is also improved, especially

for decompositions over highly redundant dictionaries. For the signal to be reconstructed, the

decoder needs the parameters of the exponential upper-bound. An additional bit of sign �nally

su�ces to completely characterize the coe�cients1.

The number of coe�cients, as well as the number of bits per coe�cient have now to be optimized

in the context of exponentially upper-bounded quantization range. The distortion at decoding can

be bounded by the sum of the quantization error and the approximation error due to the limit on

the number of decoded iterations. In the case where atom indexes are correctly received, the total

distortion can be written as using Eq. (8.2.4) :

D �
N�1X
n=0

j�nj2 + kRNfk2

�
N�1X
n=0

j�nj2 + (1 � �2 �2)Nkfk2 ;

(8.3.4)

where the energy of the residue at iteration N is bounded thanks to Eq. (6.2.9). Assume now that

the distribution of the coe�cients norm is uniform between 0 and the exponential upper-bound

given by Eq. (8.3.3). This distribution depends on the Matching Pursuit search algorithm. Keep in

mind though that the assumption of a uniform distribution is valid only as a �rst approximation.

For complexity reasons, and under the previous assumptions, the coe�cient cj is uniformly

quantized within the exponentially decaying quantization range Ij = �jkfk , where � = (1 �
�2 �2)

1
2 . Let nj be the number of quantization steps within Ij for the quantization of the jth

coe�cient. In the case of su�ciently �ne uniform quantization, the distortion can therefore be

written as :

DQ =

N�1X
n=0

j�nj2 =

N�1X
j=0

�2j kfk2

12 n2j
: (8.3.5)

1The sign bits can be reported on the rotation index in the case of structured dictionary built on anti-symmetric

functions.
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The optimal quantization now minimizes the distortion for a bit rate R, or equivalently, minimizes

the bit rate for a given distortion. In other words, we have to �nd the optimal parameters nj � 1

and N that minimizes the distortion for a given rate. The Lagrangian multiplier method [442,

443, 290, 128, 135] is well suited for this kind of constrained optimization problems. It de�nes a

cost function L(�) as the sum of the objective distortion function and the constraint on the rate,

weighted by the Lagrangian multiplier �. In our case the cost function may be written as :

L(�) = D + � R

=

N�1X
j=0

�2j kfk2

12 n2j
+ �2 Nkfk2 + �

0@N�1X
j=0

log2 (nj) +N B

1A ;
(8.3.6)

where B represents the number of bits needed to code the atom index. The index size is assumed

to be constant through the iterations, even if it is possible to perform an entropy coding of the

index parameters [433]. The Lagrangian formulation allows to solve the hard constrained problem

of �nding the optimal set of nj and N by converting it to a set of unconstrained problems,

parameterized by �.
The optimal quantization is obtained by di�erentiating L(�) with respect to both nj and N .

First, solving

@L(�)
@nj

= 0;8j (8.3.7)

for nj positive and �nite, the optimal quantization is given by

nj =

r
kfk2 �2j log 2

6 �
: (8.3.8)

The solution of Eq. (8.3.8) is indeed a minimum of the Lagrangian since the second derivative is

positive at this point, regardless of the value of j. Hence, the optimal quantization imposes an

exponential law to the number of quantization levels :

nj+1

nj
=
�j+1

�j
= (1� �2 �2)

1
2 : (8.3.9)

Interestingly, this bit distribution leads to an equivalent participation of each iteration to the total

distortion. Indeed, the distortion per coe�cient is equal to :

�

2 log(2)
; 8nj > 1 ; (8.3.10)

independently of the iteration. Notice however that the Lagrangian formulation provides only an

approximation to the optimal quantization. Indeed, in the practical case, nj only takes values

that are integer powers of two.

The appropriate number of MP iterations has now to be found to minimize the reconstruction

error for a given rate. The rate can indeed be limited by transmitting only part of the stream.

Moreover, it can be seen from Eq. (8.3.6) that indexes can be transmitted alone, even if no

coe�cient is coded (nj � 1). Depending on the redundancy of the dictionary, indexes often carry

more information than coe�cients. One can therefore imagine a scheme where the coe�cients

are simply interpolated from the exponential decay curve, especially for high order iterations

(i.e., small coe�cients). The optimal number of iterations N is thus given by minimizing the

Lagrangian cost function of Eq. (8.3.6) where the nj have been replaced by their optimal values

from Eq. (8.3.8) :

L(�) =
N�1X
j=0

Lj(�) + �2 Nkfk2 (8.3.11)
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with

Lj(�) =

(
�2j kfk2

12 n2j
+ � (log2 nj +B) if nj � 1

�2j kfk2

12
+ � B otherwise.

(8.3.12)

The Lagrangian is de�ned as a piecewise function since indexes can be transmitted without co-

e�cients, as stated before. The break-point occurs at j = NB = b� log (n0)
log (�)

c (i.e., nj = 1) where

n0 =

q
kfk2 log(2)

6 �
from Eq (8.3.8). Notice that NB is positive only if � � kfk2 log(2)

6
. Otherwise,

the weight on the rate in the Lagrangian cost function becomes much more important than the

distortion, and the best scheme would be not to transmit any coe�cient. The optimal number

of iterations, Nopt, is therefore obtained by the zeros of the �rst derivative on both parts of the

Lagrangian cost function. Thus,

Nopt =

(
N1 if B > � 23 log (�)+1

2 log (2)

N2 otherwise.
(8.3.13)

where :

N1 =�
1 + 2 B log (2)� log (�) + log

�
kfk2 log (2)

6 �

�
2 log (�)

�
W�1

�
3 23�2 B � log (�) e�1

�
2 log (�)

;

(8.3.14)

N2 =

log

�
� � B

2kfk2 log (�)
�
1+ 1

12 �2�12

�
�

2 log (�)
(8.3.15)

are the optimum values of N on both sides of the piecewise function (i.e., for respectively N � NB

and N > NB). The choice between N1 and N2 depends only on the relation between B and �.
Indeed, the atom index size and the decay rate of the coe�cient norm in�uence the decision of

coding an atom without coe�cient. In Eq. (8.3.14), W�1(x) represents the second branch of the

Lambert W function [444]. Finally, these solutions are indeed a minimum of the Lagrangian cost

function, since the second derivative is positive at N = Nopt. Details of the computation are given

in Appendix A.

Now that the unconstrained problem of Eq. (8.3.6) has been solved optimally for an arbitrary �,
the next step is to �nd the optimal �opt that guarantees a bit budget Rbudget. The solutions of the

optimization problem forms a convex hull of the achievable rate-distortion curve, and the bit budget

constraint imposes a �opt that represents the slope of the rate-distortion function at R = Rbudget.

Several bisection methods have been proposed to solve this second problem [445, 443, 71]. Since

in our case we can express the bit rate in terms of the Lagrangian multiplier �, the constraint on
the bit budget directly imposes an approximated value for �opt from :

Rbudget =

( PN1�1
j=0 log2 (nj) +N1 B if B > � 23 log (�)+1

2 log (2)PNB�1

j=0 log2 (nj) +N2 B otherwise.
(8.3.16)

where N1, N2 and nj are functions of � from the above equations. The approximation is due to

the constraint of integer number of bits for each coe�cient. The values of �opt can �nally easily

be computed through numerical methods.

8.3.4 Experimental results and discussion

Fig. 8.3 shows the average rate-distortion characteristic for a decomposition of ten random sig-

nals of 10 samples over a random dictionary of 50 vectors. The redundancy-driven quantization
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Figure 8.3: R-D curve for the decomposition of a random signal of length 10 over a random

dictionary of 50 vectors. Comparison of exponential quantization and uniform quantization as a

function of the total rate.

scheme is compared to di�erent uniform mid-step quantization schemes. The latter quantize the

coe�cients over a range de�ned by the energy of the signal. The proposed exponentially upper-

bounded quantization clearly outperforms the uniform quantization, since it adapts to the rate

and to the range of coe�cients to provide the best approximation for the available rate. Uniform

quantization schemes provide good results for low rate, since the �rst coe�cients are �nely quan-

tized. For high rates, however, the coe�cients become too small compared to the quantization

steps. The error therefore increases due to mid-step quantization, since the quantized coe�cient

is often larger than the true value computed by the MP.
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Figure 8.4: Rate-distortion curves for the new quantization scheme and uniform a posteriori

quantization of Lena MP stream. Distortion is represented as a function of the total rate.

Fig. 8.4 shows the behavior of the redundancy-driven quantization scheme in the practical

case of image coding. The Lena image has been decomposed onto a structured Gabor dictionary.

The coe�cients have then been quantized with respectively our scheme and common uniform

quantization schemes. The distortion is smaller for the proposed quantization scheme. However,

for very low rates, uniform quantization can be slightly better due to mismatch between the
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coe�cients decay rate and the values of the �rst coe�cients (see Fig. 8.2). The mismatch is due

to the sub-optimal search within the MP. The reconstructed image are represented in Fig. 8.5

to 8.7 for similar rates. The redundancy-driven quantization provides better reconstructed images

compared to a posteriori and even a priori uniform quantization. The PSNR quality is slightly

better, and the visual quality is also better since more components are used for the reconstruction,

for the same transmission rate. Notice that the rates given in the previous �gures represent only

Figure 8.5: Reconstruc-

tion of the Lena image with

Gabor atoms with exponen-

tially upper-bounded quanti-

zation. PSNR = 26.7 dB,

Rate = 16.4 kbit (without en-

tropy coding).

Figure 8.6: Reconstruc-

tion of the Lena image with

Gabor atoms with a posteri-

ori coe�cients uniform 16-

bits quantization. PSNR =

25.8 dB, Rate = 16.4 kbit

(without entropy coding).

Figure 8.7: Reconstruc-

tion of the Lena image with

Gabor atoms with a priori

coe�cients uniform 16-bits

quantization. PSNR = 25.7

dB, Rate = 16.4 kbit (without

entropy coding).

qualitative values, and can not be used to compare Matching Pursuit with other coding schemes.

The e�ciency of MP is described for example in [399, 402]. Indeed, in our application, the

dictionary is not optimized. Bits can be saved on rotations, positions and scales for example

without decreasing the convergence (as shown in the next Section). The bit rate can thus be

reduced by 25-30 percent, before additional entropy coding.

Note that the exponentially upper-bounded uniform quantization is equivalent to the division

of the coe�cients by an exponential quantization table factor and multiplied by a quantizer scale

factor which is given by the bit budget. The optimal number of iterations depends only on the

bit budget and the design of the input dictionary. Practically speaking, the only parameters to

transmit for the decoder to perform the inverse quantization are �, kfk and n0, or equivalently
the quantizer scale factor.

The redundancy-driven quantization becomes particularly interesting for highly redundant

dictionaries, where the values of the coe�cients decrease very rapidly. In this case, the distribution

of bits among coe�cients is particularly e�cient compared to uniform quantization. Similarly, for

small index size the proposed scheme is also more e�cient since additional elements can be sent

at low price.

Finally, the redundancy-driven quantization could be improved by a periodic refreshing of the

exponential parameters, or even by describing a piecewise upper-bound to �t data similar to the

previous Gabor decomposition. Moreover, a limit to the maximum number of bits per coe�cients

can be set to ensure that the quantization of the �rst coe�cient is not too �ne.
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8.4 Quantization of structured atoms indexes

8.4.1 A posteriori index quantization

In the context of asymmetric applications, index quantization of a structured dictionary may also

limit the rate to transmit the MP stream. Recall however that a posteriori index quantization

is not equivalent to a Matching Pursuit encoding with a sub-dictionary. The coder works in this

case with a large dictionary, thus ensuring optimal convergence of the MP. The quality of the

reconstruction is then sacri�ced to respect some rate constraints on the transmission of the MP

stream. Hence, the convergence of MP is preserved [446], but obviously the reconstruction su�ers

from an inexact representation, since the decoded atoms do not necessarily correspond to the

atoms used within the encoding process.

The Matching Pursuit properties can help to design an appropriate index quantization scheme.

First, successive atom indexes are not related to each other. Even worse, due to the Matching Pur-

suit encoding, successive atoms are close to orthogonal. However, it has been shown heuristically

that atoms with large scale are generally encoded �rst, since they often capture more energy than

small atoms. Second, one can take advantage of the fact that the energy captured by atoms de-

creases with the iteration number. The quantization of the atom indexes should therefore be �ner

for the �rst terms. Under the assumption that each Matching Pursuit iteration should participate

equivalently to the reconstruction error, the error on the atom is allowed to increase exponentially

with the iteration number. Indeed the error on the atom is multiplied by the respective coe�cient

as shown in Eq. (8.2.4), while the coe�cient norm decreases exponentially. The evolution of the

atom selection error should therefore satisfy:

kEn+1k
kEnk

=
jc
n j
jc
n+1 j

= (1� �2 �2)
1
2 ; (8.4.1)

in the worst case where the Matching Pursuit coe�cient norm decay follows exactly the exponential

upper-bound.

The e�ects of atom selection error on the reconstruction are �rst investigated in this section,

that is the error arising when the reconstruction formula (6.2.8) is biased :

~f =

+1X
n=0

hg
n jR
nfi g~
n : (8.4.2)

The decoder receives in this case an approximation ~
 of the indexes chosen by the encoder. The

atom selection error is shown to be bounded in the general case. This error is then analyzed in

detail for structured dictionaries, and more particularly for Gabor atoms. Finally, the perfor-

mance of a simple scalar quantization of Gabor atom indexes is studied in terms of rate-distortion

characteristics.

8.4.2 Bounds on the atom selection error

In this section, the atom selection error is shown to be bounded in the case of structured dictio-

naries. Let �E be the error between the original signal and its reconstructed version with possible

error on indexes:

�E = kf � ~fEk2 : (8.4.3)

The reconstruction error �E can be bounded. The following result shows that the reconstructed

signal is still in L2(R) provided that there exists a uniform bound on each error2.

Theorem 8.4.1. Let f 2 L2(R) and let D be a complete dictionary of atoms. Let fg
ng be the

set of atoms selected by a Matching Pursuit of f and fg~
ng be the associated biased set of atoms.

The reconstruction error �E is bounded if there exists a constant C such that

kg~
n � g
nk
2 < C ; uniformly in n. (8.4.4)

2This assumption is perfectly realistic in the settings of quantization or channel errors.
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Proof : From Eq. (8.4.3), the reconstruction error �E can be written as :

�E �
+1X
n=0

jc
n j
2kEnk2 : (8.4.5)

De�ning Sn = jc
n j2, Eq. (8.4.5) becomes

�E �
+1X
n=0

Sn kEnk : (8.4.6)

Now we immediately have S 2 `1 because

+1X
n=0

Sn = kfk2 ; (8.4.7)

and, by Köthe duality [447], the sum on the right-hand side of equation (8.4.6) converges if and

only if G 2 `1, that is if and only if there exists C > 0 such that kEnk < C, uniformly in n.
Finally, the total error is thus bounded by :

�E � C kfk2 sup
n
kEnk2 : (8.4.8)

Let us now focus on the last term in this equation. Suppose our dictionary has been built

using the technique described in Section 6.3.2. By de�nition of En, we then have

En = U(
n)g � U(~
n)g ; (8.4.9)

which can be computed as :

kEnk2 = hU(
n)g � U(~
n)gjU(
n)g � U(~
n)gi (8.4.10)

= 2
�
1�<fhU(
n)gjU(~
n)gig

�
(8.4.11)

= 2
�
1�<fKg [
n; ~
n]g

�
; (8.4.12)

where Kg stands for the reproducing kernel associated to the dictionary and <fxg represents the
real part of x. Using the unitarity of the representation U , we can also write

kEnk2 = 2

�
1�<fKg[ ~
n; 
n]g

�
: (8.4.13)

Eq. (8.4.13) shows that the kernel K endows the elements of the dictionary D with a notion of

distance. Indeed, when ~
n = 
n, the error vanishes, � = 0. In the next section, the atom selection

error is computed in the practical case of Gabor atoms.

8.4.3 Gabor atom selection error

Following Eq. (8.4.13), we now give explicit estimates of the error on the atoms in the settings of

a Gabor dictionary [426]:

h(~x) =
1

2 � �2
cos
�
~!0 � ~x

�
e�

k~xk2

4 �2 ; (8.4.14)

where ~!0, generally equal to (!0; 0) with !0 even, is the oscillation parameter and � is a scale

parameter. The MP encoder transmits in this case translation, scaling and rotation parameters

applied to the elementary Gabor function. The atom selection error corresponds therefore to the

error arising from decoding the atoms with distorted translation, scaling and rotation indexes.
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The formulation of Eq. (8.4.14) corresponds to the real part of the complex function:

 (~x) =
1

4 � �2
ei
�
~!0�~x
�
e�

k~xk2

4 �2 : (8.4.15)

Making use of this complex form of the Gabor atom we can write :

g(~x) =
 (~x) +  (~x)

kh(~x)k
(8.4.16)

The atom selection error is given by re-writing the inner product :

hg
 ; g~
i =
h 
 ;  ~
i+ h 
 ;  ~
i+ h 
 ;  ~
i+ h 
 ;  ~
i

kh(~x)k2

=
2
�
<h 
 ;  ~
i+<h 
 ;  ~
i

�
kh(~x)k2

; (8.4.17)

since kh(~x)k = k~h(~x)k thanks to the properties of the representation U . Moreover, the norm of h
depends only on the oscillation and scale parameters (!0; �) and is given by :

kh(~x)k2 =
1 + e�2 �2 !20

4 � �2
: (8.4.18)

Assume now that a, �, b1 and b2 respectively represents the scale, rotation and positions

parts of the error on the index ~
. The index 
 is given in a 2-dimensional Gabor dictionary by the

quadruplet (~p ; s ; ') which respectively correspond to the position, scale and rotation parameters

of the basic Gabor function. Thanks to the group properties of the representation U , the index

error is therefore written as [448]:

(~b ; a ; �) = ~
�1 Æ 


=

�
~s�1r� ~'(~p�~~p) ;

s

~s
; '� ~'

�
: (8.4.19)

The inner product between two complex Gabor atoms given by the parameters � and !0 can then

be expressed as :

h 
 ;  ~
i =
a

4 � �2�2
e��

2�2e�
b2
1
+b2

2

4�2�2 e�i
�1b1+�2b2

�2 ; (8.4.20)

where

� � =
p
a2 + 1

� �2 = 2!20 �
�21+�

2
2

a2+1

� (�0 ; �0) = (!0 cos � ; !0 sin �)

� �1 = a�0 + !0, �2 = a�0.

Using the properties of complex numbers, the inner product can be rewritten as :

hg
 ; g~
i =
a e�

b2
1
+b2

2

4�2�2

2� kh(~x)k2 �2�2
�
e��

2�2 cos
�1b1 + �2b2

�2

+ e��
2�̂2 cos

�̂1b1 + �̂2b2
�2

�
;

(8.4.21)

where
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Figure 8.8: Gabor atom

selection error as a function

of a and �, respectively the

scale and rotation part of the

error on indexes.
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Figure 8.10: Gabor atom

selection error as a function

of b and �, respectively the po-
sition and rotation part of the

error on indexes.

� (�̂0 ; �̂0) = (!0 cos (� + �) ; !0 sin (� + �))

� �̂2 = 2!20 �
�̂21+�̂

2
2

a2+1

� �̂1 = a�̂0 + !0, �̂2 = a�̂0.

Finally, from Eq. (8.4.13), the atom selection error is expressed as

kEnk2 = 2 (1 � hg
 ; g~
i) : (8.4.22)

The error on Gabor atoms is therefore clearly bounded since its value can not be larger than

4. Indeed, since atoms have a unit norm by de�nition, the error arising from a completely wrong

atom selection can not grow inde�nitely. The error forms moreover a convex function along the

axis representing the error on the scale parameter. The minimum of the error is reached when

a = 1 (i.e., when the error on the scale is null), and then increases when a goes both towards zero

or in�nity. Due to Gabor function properties, the error is clearly periodic with the error onto the

rotation parameter.

Finally, it can be seen also from Eq. (8.4.19) that, for a given reconstruction error, the allowable

error on position increases with the scale. This can be explained by the decrease of the relative

importance of the position of large scale atoms. The evolution of the reconstruction error as a

function of the error on the position index depends on both the scale and the rotation indexes (see

Eq. (8.4.19)). It is therefore not straightforward to handle it, since it does form neither a convex

nor a periodic function. Finally, Gabor atoms are particularly sensitive to position error due to

the oscillations within the elementary function.

Fig. 8.8 to 8.10 shows the variation of the atom selection error as a function of the position,

scale and rotation components of the error on the Gabor atom indexes. As expected from the

last section, the reconstruction error is clearly bounded. It can be seen that the reconstruction

error is a convex function of a, the error on the scale. Moreover, due to the modulation in the

Gabor atoms, oscillations are also present along the axis of �, the error on the rotation index. As

expected, the reconstruction error is minimal when the error on the rotation parameter correspond

to multiples of �, due to the symmetry in Gabor atoms.
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Figure 8.11: Reconstruc-

tion of the Lena image with

Gabor atoms after 1000 MP

iterations (PSNR = 31.17

dB).

Figure 8.12: Reconstruc-

tion of the Lena image with

Gabor atoms, where all posi-

tions indexes have been quan-

tized (PSNR = 22.35 dB).

The number of positions in-

dexes has been divided by two

compared to the encoding dic-

tionary.

Figure 8.13: Reconstruc-

tion of the Lena image with

Gabor atoms, where all rota-

tion indexes have been quan-

tized (PSNR = 27.72 dB).

The number of rotation in-

dexes has been divided by two

compared to the encoding dic-

tionary.

8.4.4 Scalar quantization of structured atom indexes

To avoid a complex decoding we restrain the atom quantization to scalar quantization of structured

atom indexes. Atom index quantization is a typical candidate to apply Vector Quantization [449],

where bits can be saved on the dictionary size while guaranteeing a uniform distribution of the

atoms in the sub-dictionary. Vector Quantization is therefore expected to generate less degradation

than scalar quantization of atom indexes for the same rate reduction. However, the quantization

and inverse quantization are more complex. Indeed, to avoid the transmission of the complete

dictionaries, the decoder should be able to build uniformly distributed dictionaries to perform the

inverse quantization.

In the case of structured or semi-structured dictionaries (see Sec. 6.3.2 and 6.3.3) the parameters

of the structured dictionary can be a posteriori quantized to cope with the decoding complexity

problems. In other words, the atom index i is quantized as

iq = i0 + k
iN � i0
N

= i0 + k Æi ; (8.4.23)

where i0 and iN are the bounds on the index value, N is the number of quantization steps and k
is the transmitted bin (k 2 [0; N ]). A scalar quantization is performed separately on the position,

scale and rotation parameters.

Figures 8.12 and 8.13 show the e�ect of a posteriori quantization of respectively the position

and rotation indexes in a Gabor dictionary. Even though the relative error is not exactly the same

in both cases, it is clear that the atom selection error is much more sensitive to position indexes,

as explained in the previous section. Indexes quantization can generate annoying distortion e�ects

if not handled carefully, as seen in the same �gures.

Fig. 8.14 shows the rate distortion curves for uniform a posteriori quantization of Gabor rota-

tion index. Compared to the index length, reduction of rate due to rotation quantization appears

very small by opposition to the distortion increase. However, the initial dictionary is not very

redundant, and the relative error on the rotation indexes becomes rapidly large. It can be seen

that the distortion increase is smaller for a �ne quantization (7 bits instead of 8 bits in the initial

dictionary) than for coarse quantization. The quantization distortion increase follows approxi-

mately a logarithmic function of the number of spared bits. Similar results are obtained for the
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Figure 8.14: Index rate-distortion characteristic of uniform a posteriori rotation index quan-

tization.

quantization of scale and position indexes (see Fig. 8.15), although the latter is less straightfor-

ward since the error is also dependent on the scale of the atoms. In this case, the error onto the

�rst atoms is compensated by their large scale, as can be seen in Eq. (8.4.19). For higher order

iteration however the error onto the position indexes is additionally increased by the small scale

of the atoms.

Index scalar quantization may provide �exibility in the design of asymmetric applications,

but obviously degrades the picture quality compared to a MP with the quantized sub-dictionary.

Fig. 8.16 shows the reconstruction error as a function of the iteration number of Matching Pursuit,

for a posteriori quantization of rotation and scale indexes, and for an encoding over the quantized

sub-dictionaries. It clearly shows that a posteriori quantization, for the same dictionary size,

causes more distortion than a MP encoding on the quantized dictionary. For the �rst iterations,

the two schemes are very similar, since generally �rst atoms are very large and therefore less

sensitive to errors. For the higher iterations however, the reconstruction error clearly converges

more slowly in the case of a posteriori quantization.

Clearly there is a trade-o� between convergence of the MP encoding (i.e., the size or redundancy

of the dictionary) and the coding rate of atom indexes. We have seen that Gabor atoms are really

sensitive to index a posteriori quantization. However, this sensitivity is driven by the error on the

indexes. For the same rate reduction, this error decreases when the size of the dictionary increases.

Indeed, saving one bit in a dictionary of R rotation indexes generates more distortion than in a

double-sized dictionary, for example.

To illustrate the trade-o� between the size of the initial dictionary and a posteriori index

quantization, Figures 8.17 and 8.18 represents the reconstruction distortion in the case of the Lena

128 � 128 image with 1000 Gabor atoms as a function of the coding size of the quantized atom

index. It is clear that, for the same index size, the index quantization is worse than an encoding on

a smaller dictionary. In this case the approximation converges slower than for large dictionaries,

but there is no error propagation, in contrary to the case of the a posteriori quantization. For very

large dictionaries, the quantization error is small for �ne quantization (i.e. gain of one or two bits

per index). However, it can be seen from the Figure 8.17 that the convergence of the reconstruction

error with the dictionary size saturates relatively early, for relatively small dictionaries. Hence

encoding dictionary has clearly to satisfy a trade-o� between its size to limit the transmission

rate, and its properties of convergence. The need for a careful design of the encoding dictionary is

illustrated in the Figure 8.19. It can be seen not only that the convergence speed becomes slower

when the number of allowable index values decreases, but also that the indexes have a di�erent

in�uence for an similar size reduction. In sight of the previous results, only very �ne scalar index
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Figure 8.16: Evolution of the reconstruction error of Lena for Gabor sub-dictionaries and index

a posteriori quantization. Curves taken by pairs have the same dictionary size.

quantization may be allowed, under penalty of very large reconstruction distortion.

Finally, the results presented here above are only valid for Gabor atoms, which are particularly

sensitive to position error due to oscillations. A similar development can however be done for any

structured dictionary as de�ned in Sec. 6.3.2. Anisotropic dictionaries, for example, are expected

to be less sensitive to index quantization due to their inherent properties.

8.4.5 Redundancy-driven Gabor indexes quantization

The main design features of the scalar index quantization have been drawn in the previous para-

graphs. However, the detailed scheme is closely related to the chosen dictionary. The problem

becomes now to allocate bits between the di�erent indexes (e.g., positions, scales, angle) so that

the error on the atoms given by Eq. (8.4.1) is respected. In other words, the number of quantiza-

tion steps of each index has to be properly determined, while respecting the complexity constraints

at decoder. Finally, the optimal bit distribution, in a rate-distortion sense, between coe�cients

and the di�erent atom indexes is obtained by a Lagrangian formulation similar to Eq. (8.3.6). In
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MSE distortion after 1000 iterations on the Lena 128� 128 image.
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Figure 8.18: Rate-distortion representation between size of the Gabor index after quantization

and MSE distortion after 1000 iterations on the Lena 128� 128 image.

particular, the upper-bound on the reconstruction error given by Eq. (8.2.4) should be minimized

for a given encoding rate. One has to minimize the following general Lagrangian formulation :

L(�) = D + � R

=

N�1X
j=0

�2j kfk2
 

1

12 n2j
+ kEj(pj ; sj ; rj)k2

!
+ �2 Nkfk2

+ �

N�1X
j=0

(log2 (nj) + log2 (pj) + log2 (sj) + log2 (rj)) ;

(8.4.24)

where nj , pj , sj and rj represents the number of quantization steps, at iteration j, for respectively
the coe�cient and the position, scale and rotation indexes. The solution of the Lagrangian formu-

lation is obtained by di�erentiating Eq. (8.4.24) with respect to nj , pj , sj , rj and N , as presented

in the previous section.

Let us now focus on the scalar quantization of Gabor atom indexes. For simplicity reasons, let
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Figure 8.19: Convergence of the reconstruction error of the Lena image for di�erent Gabor

dictionaries of equivalent coding size.

assume moreover that no error is allowed on the position indexes (i.e., b1 = b2 = 0 in Eq. 8.4.22).

The reconstruction error is therefore convex around a = 0 and � = 0. Moreover, let us assume a

logarithmic distribution of scale indexes, since accuracy of scale indexes should be �ner for small

atoms. The scale index sn is therefore given by :

sn = s0

�
S

s0

� n
K

= s0 Æ
n
K
s ; (8.4.25)

where s0 is the smallest scale, S is the largest scale (generally the size of the image) and N is

the number of allowed scales within these two bounds, or equivalently the number of quantization

steps. The maximal quantization error onto the scale index is therefore written as :

2�
S

2 K � a � 2
S

2 K ; (8.4.26)

when scales are given by powers of two. The rotation parameter is uniformly quantized between

0 and 2 � :

'm = m
2 �

L
= m Æ' : (8.4.27)

The redundancy-driven quantization problem is now equivalent to �nd the optimal step size

for each indexes (i.e., Æs, and Æ'), so that the reconstruction error is minimized for a given rate.

The solution of this optimization problem is again given by a Lagrangian formulation of the form :

L(�) = D + � R

=

N�1X
j=0

�2j kfk2
 

1

12 n2j
+ kEj(2

S
2 Kj ;

�

Lj
)k2
!

+ �2 Nkfk2 + �

N�1X
j=0

(log2 (nj) + log2 (Kj) + log2 (Lj)) ;

(8.4.28)

where the atom selection error kEnk is given by Eq. (8.4.22). The evolution of the coe�cient

step-size given by nj has already been computed in the previous section. The optimal index

quantization is given by the minimum of the Lagrangian, obtained by di�erentiating with respect

to Kj and Lj . It can be shown that the minimum of the Lagrangian formulation is given for



8.5. CONCLUSIONS 113

both Kj and Lj as large as possible, or a quantization error as small as possible, independently

of the iteration. Unless the constraint on the rate is very high (i.e., for large � values), the index

quantization has to be really �ne and even avoided. When the constraint on the rate is very

high, or the coe�cient energy is very small, the iterations have to be skipped to reach to optimal

distortion under a given rate constraint. The optimal scheme is therefore directly given by the

exponentially upper-bounded coe�cient quantization presented in the Sec. 8.3, where the number

of iterations to be transmitted has been computed.

The interesting behavior of the Lagrangian is due to the very rapid increase of the reconstruc-

tion error in comparison to the decrease of coding rate while the quantization step size increases.

The atom selection error is moreover bounded, so that coarse quantization do not increase the

distortion anymore when the upper-bound has been reached. Similar results were presented in

the previous section, where Gabor atoms where shown to be very sensitive to index quantization.

The quantization of Gabor atoms must therefore be avoided, and the encoding dictionary should

be carefully chosen, even dynamically, so that coding rate is kept minimal.

Furthermore, a careful position index quantization can however be worthy if quantization is

based on the value of the scale index. Indeed, for large scale indexes, the position can be coarsely

quantized without introducing a large reconstruction error (see Eq. (8.4.21)), and thus saving bits

onto both position indexes.

The optimal index quantization scheme, in R-D sense, is certainly a Vector Quantization

satisfying Eq.(8.4.1). Another less complex, but suboptimal, quantization scheme could however be

proposed, taking bene�t of MP properties. Indeed, as generally larger scale atoms are encoded �rst,

one can think about a hierarchical encoding scheme, where the dictionary is updated periodically.

The size of the dictionary is thus kept small for the �rst iterations, and then grows with the iteration

number. Bits can thus be saved to code atom indexes, since the resolution of the dictionary evolves

during the encoding. The scheme provides an e�cient way to reduce the coding rate, while ensuring

a good convergence of the MP and avoiding a posteriori index quantization.

Finally, the adaptivity to the rate constraints imposed by the decoder has more to be seen

in terms of number of transmitted iterations, besides coe�cients quantization. Indeed, as we

have seen, the scalar index quantization must be avoided, since it generally induces too important

degradation. However, the encoding dictionary has to be carefully designed to avoid the need of

index quantization. Note that the results presented in the last section are valid only for index

scalar quantization, and more particularly for Gabor atoms. The conclusions however are expected

to be the same for other dictionaries, since quantization errors behaves similarly.

8.5 Conclusions

A new approach of Matching Pursuit coding has been proposed in this chapter. It describes an

a posteriori quantization of the MP stream to meet the constraints of asymmetric applications

targeting an heterogeneous set of decoders. The encoder takes advantage of the intrinsic prop-

erties of the MP stream, and more particularly of the exponential decay of the coe�cients. The

exponential decay has been shown to depend only on the dictionary structure. Depending on the

parameters of this exponential upper-bound, a redundancy-driven coe�cient quantization scheme

has been proposed. This scheme clearly outperforms uniform quantization schemes since it adapts

to the coe�cient decay to provide the best possible approximation with the lowest coding rate.

Similarly to the coe�cient quantization, an simple index quantization scheme was proposed to

reduce the size of atom index. However, for sake of simplicity, the quantization was assumed to

be uniform and independent for each atom indexes. Gabor atoms have been shown to be partic-

ularly sensitive to index quantization, and do not allow for a simple index quantization scheme.

However, a index quantization scheme based on Vector Quantization, and thus ensuring a uniform

error distribution, is expected to give much better results than scalar index quantization. The de-

coding complexity becomes in this case too important for the stream to be decoded on any device

in the context of heterogeneous receivers. Similarly, a non uniform scalar quantization, taking

part of perceptual characteristics for example, would surely improve the signal reconstruction by
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distributing bits where they are most needed.

Entropy coding can be performed on top of the quantization to reduce coding rate [433]. One

can also think about an entropy-constrained quantization, where the entropy is considered in

the design of the quantization scheme. The design of optimal dictionaries was not considered in

this chapter, although its importance has been emphasized. The structure and the size of the

dictionary is one of the key point of Matching Pursuit applications. Note �nally that, even if only

2D quantization examples were given in this chapter, the same coe�cient quantization scheme

can be directly applied to any Matching Pursuit stream and more particularly to video coding as

presented in the last chapter.



Chapter 9

Multi-Resolution Lossy MP Delivery

9.1 Introduction

New classes of pervasive computing devices such as personal digital assistants (PDAs), hand-

held computers (HHC) and smart phones allow users more ubiquitous access to information than

ever. As users are beginning to rely more heavily on pervasive computing devices, there is a

growing need for applications to bring multimedia information to these devices. However, due

to heterogeneous device capabilities (in terms of display size, storage, processing power, access

bandwidth and reliability) there are new challenges for designing appropriate tools that allow these

devices to e�ectively access, store and process multimedia and more particularly video information.

Concurrent with the developments in pervasive computing, advances in storage, networking and

authoring tools are driving the production of large amounts of rich multimedia content. The result

is a growing mismatch between the available rich content and the capabilities of the client devices

to access and process it.

Many researchers have been working on adapting multimedia content in so-called transcoding

proxies [324, 343]. Transcoding proxies are generally located in access providers. Video transcod-

ing includes spatial scaling (image size changes), temporal scaling (frame rate modi�cations) and

rate reduction [450, 336, 338, 314, 306]. In a general sense, it may also include changes in coding

format [332, 334] or object-based transcoding [342]. A good transcoding algorithm maximizes

the trade-o� between the quality of the signal after manipulation and related processing power.

Processing power is indeed an issue in order for an access provider to scale to the demand, which is

the reason why only compressed domain transcoding is viable. Common multimedia compression

standards create bit streams that are delicate to manipulate in the compressed domain. Due to

block-based and motion estimation coding, transcoding is very di�cult without expensive decod-

ing/recoding operations. In contrary, wavelet-based coding may o�er easy transcoding possibilities

due to the subband structure. Signal manipulations in the compressed domain are however lim-

ited to octave-based resolutions. In terms of rate scalability, wavelet schemes provide very �ne

granularity thanks to embedded coding through SPIHT [28] or EZW [27] algorithms. In this con-

text, Matching Pursuit presents the advantage of being inherently progressive. The stream can

be truncated anywhere while guaranteeing that the most energetic components are still present

in the remaining stream. In the same time, Matching Pursuit streams built on structured or

semi-structured dictionaries are intrinsically scalable, thus enabling a very simple spatio-temporal

transcoding.

In parallel, channel reliability and loss process may also be very di�erent from a receiver

to another. The error control scheme has therefore also to be scalable and simple enough to

be performed in the network nodes. Proxy-based error control, operated closely to the end-

user, is indeed more e�cient than an end-to-end error control in terms of both performance and

bandwidth usage. Unfortunately, the combination of proxy-based transcoding and error control

115
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is very expensive in terms of computational power for standard-based video streams. Indeed, the

standard coders produce packets with di�erent importance due to the hierarchical structure of

the video stream. In contrary, Matching Pursuit permits for an e�cient packetization thanks to

the independence between iterations. Moreover, the coding size of independent iterations is a lot

smaller than the independent entities (e.g., GOP) in standard based coding. They can therefore

easily be encapsulated in di�erent packets. Each iterations can thus be decoded independently,

and order is completely irrelevant. This �exibility allows an independent and energy-equivalent

packetization, hence an e�cient error control between the gateways.

This chapter presents �rst the inherent multi-resolution features of Matching Pursuit streams,

which allow for an e�cient transcoding in the gateways. MP transcoding is shown to outperform

classical schemes in terms of quality, complexity and �exibility. To cope with packet losses, an

Unequal Error Protection scheme is proposed due to the structure of the MP stream. An optimal

error control in a heterogeneous framework is however shown to be complex in this case. A new

energy-equivalent MP stream packetization is then proposed as the basis for simple and e�cient

error control. Issues in heterogeneous and lossy Matching Pursuit Delivery are �nally discussed.

9.2 Matching Pursuit transcoding

9.2.1 Heterogeneous Matching Pursuit delivery

HeterogeneousMatching Pursuit delivery is represented in Fig. 9.1. A sequence of spatial resolution

W � H and of frame rate F is distributed through video gateways to an heterogeneous set of

receivers, at possibly di�erent spatio-temporal resolutions. Resolution adaptation is performed

within the gateways for two main reasons. First, resolution adaptation in the receivers would be

computationally too expensive for most low end devices. Second, transcoding within gateways

permit to save bandwidth in the downlink connections, once the proxy is aware of the receiver

capabilities.

MP encoder

Video Gateway
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Lossy

Network
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Figure 9.1: Multiresolution Streaming Application. The input stream may be delivered, through

video gateways, to di�erent resolutions devices.

Matching Pursuit transcoding may be performed in several ways. The MP stream can be

adapted to the available rate, to the spatio-temporal resolution of the receiver, to the color depth of
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the receiver display or to the computational power of the decoder by approximating the dictionary

by simpler functions. The two latter methods are not treated in this work, although they are

expected to lead to non negligible improvements. As explained in the Chap. 8, rate can be

adapted by varying the number of MP iterations. Finally, the spatio-temporal resolutions can be

adapted through simple transcoding thanks to the inherent properties of Matching Pursuit with

structured or semi-structured dictionaries.

9.2.2 Transcoding of MP streams

Structured dictionaries (see Sec. 6.3) are basically built by applying meaningful transformations to

a generating function. These transformations include rotation, translation and dilation. Generally,

these transformations combine into a group G. In other words, using a unitary and irreducible

representation U of G in our Hilbert space of signals, they are built by computing the orbit of any

�xed atom [408] :

D =
�
U(
)g ; g 2 L2(R2 � R) ; 
 2 G

	
: (9.2.1)

In this context the law of the similitude group SIM(2) � SIM(1) applies [408], allowing for

covariance of spatial rotation and spatio-temporal scaling and translation. The same group law

applies also for the semi-structured dictionaries de�ned in Chap. 7 when both spatial scaling

parameters coincide. One of the main advantages of this property is that it guarantees covariance

of the Matching Pursuit reconstruction formula Eq. (6.2.8) with respect to the action of G :

U(
)f =

+1X
n=0

hg
n jR
nfi g
Æ
n : (9.2.2)

This property enables an e�cient transcoding of MP stream, by appropriate modi�cations of the

indexes within gateways. Notice that the validity of this property does not depend on the size of

the dictionary. Dictionary can be formed with one-, two- or three-dimensional functions, as long

as the group law holds. We will now concentrate on the latter in the context of video coding.

The transcoder can easily modify the spatio-temporal resolutions of the video stream by acting

on the atom indexes sent by the Matching Pursuit coder. The images may be resized by a factor �
by multiplying spatial positions and scales by �. The frame format (i.e., the ratio between picture

width and height) has to be respected in the resizing process. Both spatial resizing parameters

shall be identical to guarantee the respect of the similitude group law. This limitation is however

not really restrictive since applications that need deformation of the video content are quite rare.

Similarly, the temporal resolution can also be modi�ed very easily. The frame rate F can be

changed into a new frame rate � F by multiplying temporal position and scale indexes by the

same factor �. Hence, the coded video signal f of sizeW �H and frame rate F can be transcoded

into a video signal ~f of spatial resolution �W � �H and frame rate �F by :

~f = �
p
�

NX
i=0

c
ifg
i ; (9.2.3)

where c
i are the Matching Pursuit coe�cients (see Eq. (6.2.3)) and fg
i corresponds to the atom

g
i after transcoding. In other words the index

(px; py; pz; sx; sy; sz)

becomes

(�px; �py; �pz; �sx; �sy ; �sz)

after spatio-temporal resizing. Due to resizing, coe�cients have �nally to be multiplied by �
p
�

since they have been initially computed with original sized atoms.
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The resizing parameters � and � can take any real value. Values larger than one correspond to

signal expansions, while values smaller than one correspond to lower spatio-temporal resolutions.

Only the latter case is generally used in transcoding operations, where full resolution video have to

be transmitted to devices with smaller display capabilities. Matching Pursuit streams transcoding

o�ers much more �exibility than transcoding wavelets or standard-based streams. Compressed

domain transcoding of wavelets stream is limited to octave multiples of the initial resolutions.

Block-based coding still imposes more restrictive constraints. Similarly, since the only practical

constraints on the value of � is imposed by GOF limits, Matching Pursuit transcoding o�ers a

wider range of target frame rates than hierarchical scheme based on motion estimation.

To avoid prohibitive index coding costs, indexes values have however to be quantized or rounded

to the nearest integer after transcoding. Indeed, even if coded indexes only take integer values,

multiplication by resizing parameters does not guarantee any integer index value after transcoding.

This approximation may introduce some distortion which remains however very small (see Sec. 8.4).

The spatio-temporal resizing method may also be applied directly at receiver, where indexes can

then take exact values. Similar pixel-based methods of image resizing by decompositions onto

spline functions have also been proposed in [451, 452]. However bene�ts of proxy-based processing

are lost in this case and bandwidth is wasted on the downlink connections.

9.2.3 Experimental results

Transcoding has been performed on a Matching Pursuit stream of 3D-splines atoms. The CIF

format Foreman sequence has been encoded with 500 atoms whose indexes have been modi�ed

according to the Eq. (9.2.3). The indexes values are then rounded to the nearest integer to allow

a reasonable coding cost after resizing. Fig. 9.2 shows the reconstruction of the Foreman sequence

where spatial dimensions have been halved, and the frame rate corresponds to 3
4
of the original

frame rate. We see that spatial resizing does not perceptibly degrade image quality, by comparison

to the Fig. 7.12 for example. Note that frame rate changes implies frame interpolation. The low

computational cost interpolation is very e�cient thanks to the spline temporal function. Similar

results can be obtained with the other dictionaries proposed in the Chap. 7. The only restriction

for the transcoding to apply is that the dictionary enables the respect of the similitude group law

in the resizing process.

Frame 0 Frame 1 Frame 2

Figure 9.2: Reconstruction of the Foreman sequence encoded with 500 3D-splines. The spatial

resolution is divided by 2 (� = 1
2
) and the temporal resolution is divided by 4

3
(� = 3

4
) by comparison

to the CIF coding format.

Table 9.1 shows the e�ects of the Matching Pursuit stream transcoding onto the distortion

of the reconstructed sequence. To this aim, the Foreman MP stream has been transformed into

di�erent spatio-temporal resolutions according to Eq. 9.2.3. The decoded sequence has been

compared to downscaled version of the original sequence. To this aim original frames have been

skipped to adapt to the temporal resolutions. The remaining frames have been resized through

cubic interpolation of pixel values.

Clearly, we see that lowering the temporal resolutions does almost not impact the quality of

the decoded video. In the same time, lowering the spatial resolution may impair the decoded

video for very small resizing factors (e.g., � = 0:25), while it does not have any sensible impact
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onto the quality for larger scaling values. This phenomenon is however due to the imperfect

encoding which does not extract all the components participating to the frames of low resolution.

Transcoding may therefore hide some of the atoms for low spatial resolutions, since small scale

coded atoms have been transcoded to non-visible atoms, thus degrading the reconstruction. The

smallest spatial resolution sequences are generally destined to low resolutions displays (e.g., PDA

or cellular phones), so that the impact of quality degradation due to transcoding may be limited.

To cope with this problem however, the encoding may be modi�ed to ensure that energetic

atoms of low resolution sequence are encoded in the �rst MP iterations. Hence bene�ts may

be drawn from multi-resolution features of MP stream to build a hierarchical encoding scheme,

where the �rst iterations are computed on a low resolution sequence and the following onto higher

resolutions. Furthermore, such a hierarchical coding scheme would also greatly reduce the encoding

complexity without loosing on compression e�ciency. Generally the largest atoms are indeed

encoded in the �rst iterations anyway.

Temporal scaling, �

1 0.5 0.25

S
p
a
ti
a
l
sc
a
li
n
g
�

1 26.76 dB 26.13 dB 26.45 dB

0.5 26.19 dB 25.7 dB 25.88 dB

0.25 22.86 dB 22.77 dB 22.97 dB

Table 9.1: PSNR quality of the decoded Foreman sequence after MP transcoding to lower spatio-

temporal resolutions.

Finally, Fig. 9.3 and 9.4 propose a tentative comparison between transcoding performances

on wavelet and Matching Pursuit stream. Similarly to the comparison proposed in Sec. 7.3.5,

the number of wavelets coe�cients is three times larger than the number of MP iterations to

guarantee close coding rates. Transcoding of the wavelet stream consists in retaining only the

lowest resolution subband. Degradation due to transcoding is similar in both cases (the quality

of the Matching Pursuit representation is already slightly better than the wavelet one before

resolution change). Both transcoding methods are close to optimum since they identically respect

similitude group law in R2. Most of the wavelets coe�cients are concentrated in the lowest

subband. MP coding however does not ensure that most of the atoms corresponding to high

energetic functions in low resolution signal are present in the MP stream, as discussed previously.

Nevertheless, �exibility o�ered by Matching Pursuit is much larger, since wavelets domain resizing

methods are limited to octave multiples of the original resolution.

9.2.4 Discussion

The transcoding method proposed hereabove only deals with lowering spatio-temporal resolution

of the video sequence. However, in practical heterogeneous system, the rate on the downlink

connections has also to be kept minimal. These connections often o�ers the lowest bandwidth of

the video distribution network. Besides limiting the number of forwarded iterations, two main

methods can be used to reduce the rate after transcoding. First the atoms whose scales after

transcoding becomes too small can be skipped without in�uencing the quality of the decoded

video. Second, the coe�cients and atoms indexes can be re-quantized. Indeed, since transcoding

generally produces reduced resolutions streams, the respective range of both coe�cients and atoms

index values decreases in the same proportions (see Eq. 9.2.3). Hence these can be coded with
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Figure 9.3: Wavelet coded Lena image of

size 256�256 with the 1500 most signi�cant

coe�cients decoded at a resolution of 128 by

128 pixels (PSNR = 24.98 dB).

Figure 9.4: Matching Pursuit coded Lena

image of size 256 � 256 with 500 iterations

decoded at a resolution of 128 by 128 pixels

(PSNR = 25.42 dB).

a smaller rate. Re-quantization process can be performed similarly to the method proposed in

Chap. 8, where the optimal number of iteration to transmit for a given rate is also given. A smart

transcoder may additionally limit the number of rotation index values for very small resolution,

without introducing annoying distortion. The dictionary can thus be adapted to the targeted

resolution. For similar structural redundancy values (see Sec. 6.4) the number of functions (i.e.,

the number of indexes) in the dictionary need obviously to be larger for high resolution signals

than for small ones.

Interestingly, multiresolution capabilities depend only on the structure of the dictionary atoms,

and they do not impose any strict additional constraint on the Matching Pursuit algorithm.

Similarly, video editing functions like spatio-temporal translations, rotation or zooming are also

straightforward with the same MP streams. One can easily rotate the video frames or generate

special e�ects by changing the rotation index values, or even crop parts of the images by imposing

limits to the signal area. The latter method can also be used to change the frame format (i.e., the

ratio between height and width of images) according to the receiver display.

Finally, it was assumed in this section that atom indexes are easily accessible by the transcoder.

The packetization method that will be studied in the next section has to enable simple localization

of atom indexes. The de-packetization and eventually decoding of Matching Pursuit iterations shall

therefore stay simple enough not to overload the proxies with expensive operations.

9.3 Error control

The Matching Pursuit stream has also to cope with heterogeneous packet loss processes when

transmitted on IP networks. To this aim, Forward Error Correction (FEC) techniques are clearly

the preferred error-control scheme for multi-resolution and point-to-multi-point applications. We

will use here a very simple media-independent Forward Error Correction (FEC) mechanism as

presented in Chap. 3. Recall basically that KFEC video packets are protected by NFEC �KFEC

FEC packets in aNFEC-packets FEC block. For sake of simplicity, assume that the FEC algorithm

is able to correct up to NFEC � KFEC packet loss within the FEC block. The total rate has

therefore to be optimally shared between source information (i.e., MP iterations) and channel

coding (i.e., FEC packets) to provide the best possible quality to the end-user.

The e�ect of packet losses are dependent on both the FEC parameters and the Matching

Pursuit packetization scheme. As shown before, there is no data dependencies between Matching

Pursuit iterations. Moreover, the order in which the MP iterations are decoded is irrelevant. The

e�ect of packet losses is therefore easily deduced once one knows which elements have been lost.
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The energy of the coe�cients can indeed be approximated thanks to the exponential energy decay

bound of Matching Pursuit iterations, as shown in Sec. 6.2. However, from the same exponential

decay curve, it becomes obvious that not all MP iterations are of the same importance. The �rst

iterations clearly bring more energy than the last ones.

IP networks does however not handle these di�erences since all IP packets have the same

probability to be lost, independently of their content. This mismatch between network behavior

and source data can be handled in two main ways. First, the degree of protection can be adapted to

the packet content, so that the highest energy packets get the smallest loss probabilities. Second,

the packetization can be performed so that each packet has approximately the same importance,

which is measured in terms of contribution to the reconstruction energy. The former method,

while e�cient, is certainly more complex to handle within network nodes, where the protection

may have to be adapted to the local channel status. The latter is less complex in terms of error

control management, but implies a smarter packetization which may need to be easily reproduced

where the rate may need to be adapted.

The packetization and error control problems have clearly to be solved together, thus leading

again to a joint source/channel coding problem. Indeed, knowledge about video stream features

shall be used to build the best packet stream, either by varying the error protection or the pack-

etization. However, both schemes have to stay simple enough to be performed in gateways in an

heterogeneous framework. Network nodes should be able to adapt the rate and/or error protection

to the channel status on the downlink connections.

Moreover, to enable the transcoding operations presented in the previous section, MP itera-

tions number need to be deduced from the packet numbers without explicit transmission. The

packetization scheme has therefore to stay simple enough to allow for the gateway to reproduce it.

In order to enable the quantization scheme proposed in the Chap. 8, the parameters � and kfk2

(i.e., the exponential coe�cients decay curve parameters) may be repeated at the beginning of

each transmitted packet without a large overhead penalty. These parameters which are expected

to vary slowly along a video sequence can also be transmitted once at connection setup, and then

managed similarly to the resolution and rate information along the video distribution network.

In this section, two algorithms are proposed to increase the robustness of an MP stream against

data loss, that are Unequal and Equivalent Error Protection. Basically, the �rst algorithm dynam-

ically adapts the level of redundancy according to the relevance of the MP atoms. The second one

performs a smart packetization in order to minimize the visual relevancy di�erence between data

packets and then performs a simple and uniform FEC scheme. While both schemes are expected to

provide similar protection level, the latter leads to e�cient adaptive FEC implementation within

transcoding proxies thus facilitating the end-to-end error control management.

Both packetization schemes are based on the following assumptions. Similarly to the encoding,

the packetization process is performed on a GOF basis. It is assumed that the total number of

iterations M per GOF is given by the targeted reconstruction quality and available source rate.

The number of MP packets N per group of frames is given by the source rate (i.e., M) and the

average packet length L which depends on the networking type and the delay constraints. The

packet loss probability is assumed to be independent of the packet size, provided all packets have

approximately the same length. Also, an integer number of Matching Pursuit iterations (i.e.,

coe�cient and index) are gathered into the same packet to avoid any kind of dependency between

packets. The packet length is �nally assumed to be driven by the number of iterations per packet,

in a �rst approximation. While this hypothesis is valid in the absence of MP iterations coding,

quantization and entropy coding may cause slight di�erences between the length of successive

packets. However, this di�erence is expected to be negligible in regards to the packetization

scheme performances.

Lastly, the coe�cient energy is expected to be close to the exponential decay curve given by

Eq. (6.2.11). This hypothesis is not always validated, and highly depends on the encoding scheme.

Heuristics have however shown that the coe�cient value generally follow a decreasing exponential

curve, although its parameters may be slightly over-estimated by the structural redundancy factor

computed in Sec. 6.4. The exponential decay of the coe�cients is however the only available

information for a priori packetization scheme design. Clearly, it is indeed not practically feasible
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to dynamically adapt the packetization to current data even if this would surely lead to a better

packetization.

9.3.1 Unequal Error Protection

Matching Pursuit stream consists in typical data for Unequal Error Protection. The energy in-

deed decreases along increasing iteration numbers and the relative importance of the coe�cients

thus similarly decreases. As discussed previously, the packetization scheme has to stay simple

so that iterations number can be easily deduced without explicit transmission. The most simple

packetization scheme is certainly the serial iterations encoding presented in Fig. 9.5. The �rst

I = M
N iterations are fed into the �rst packet, the next I iterations in the second packet and the

packetization continues similarly till all MP iterations have been encapsulated.

....Packet 1 Packet NPacket 2

MP stream

.... ....
210Iteration number: I-1 I I+1 I+2

....
2I-1 2I

Figure 9.5: Serial MP Packetization scheme.

In serial packetization the energy of the packet n can be approximated as :

En =

n IX
i=(n�1) I+1

kfk2 �2 i ; (9.3.1)

for 1 � n � N . The parameters (kfk2; �) correspond to the exponential upper-bound of the

coe�cients energy (see Eq. (6.2.11)). The serial packetization scheme clearly generates packets of

di�erent importance. The ratio between the energy in successive packets is equal to En
En+1

= 1
�2 I .

Hence, the disparity between successive packets increases when � decreases or I increases (� smaller

than one). The simple serial packetization scheme presents however the advantage of very small

delay, thus allowing for e�cient packet re-encapsulation within gateways, if needed.

Fig. 9.6 shows the distribution of signal energy in a serial packetization scheme. The CIF

Foreman sequence have been encoded with 3D splines and encapsulated in 20 packets. The energy

distribution is compared to the theoretical distribution given by Eq. (9.3.1). It is shown that, as

expected, the energy distribution approximately follows a decaying exponential curve. However

the experimental data energy decay is slightly faster than the theoretical decay in the �rst packets.

This is mainly due to the limitations of the Genetic Algorithm encoder that only approximates

the Matching Pursuit optimal decomposition. The �rst coe�cients are close to optimal since

their generally large respective atoms are not very sensitive to small index variations. For the

following iterations, the coder remains often farther from optimal since atoms are very sensitive

to small indexes variations. The residual energy decreases slower, resulting in a under-estimated

convergence speed for the �rst iterations. This phenomenon results in under-estimation of the

importance and then the protection level of the �rst packets. To cope with this problem, one

can provide a piecewise coe�cient upper-bound curve to o�er more �exibility to the exponential

�tting. Another solution would be to distribute the �rst coe�cient on all packets. This solution is

also interesting for rapidly decaying coe�cient values (i.e., small �, in the case of very redundant

dictionary). The exponential decay of coe�cient energy causes in this case a huge di�erence

between successive packets energy, and thus necessitate a complex unequal error protection scheme.

Hence, the serial packetization may be modi�ed in order to avoid a too important disparity

between packet importance. MP iterations can rather be distributed sequentially to the di�erent
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Figure 9.6: Energy distribution between successive packets. 500 MP iterations of Foreman

sequence have been serially packetized in 20 packets. The energy per packet is compared to the

theoretical energy obtained from Eq. (9.3.1).
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Figure 9.7: Unequal Energy Packetization scheme.

packets, i.e., the iterations number i N + n are fed into the packet n. The iterations may even be

distributed in a back and forth order among the N transmission packets as represented in Fig. 9.7.

The �rst iteration is fed into the �rst packet, the second in the second one and similarly until the

N th packet. The packets are then scanned backwards, putting an MP iteration in each packet

up to the end of the stream. This packetization scheme guarantees that the length of packets

is approximately constant, while the energy disparity between packet is kept reasonable. The

delay is however more important than in a serial iterations packetization, since no packet can be

transmitted before the last iterations are encapsulated. However, this delay stays negligible by

comparison to encoding delay.

The energy of each packet n becomes :

En =

b
I�1
2
cX

i=0

kfk2 �2 n+4 i N +

b
I
2
cX

i=1

kfk2 �2 (N�n+1)+4 i N ; (9.3.2)

and the ratio between the energy in successive packets is equal to En
En+1

= 1
�2 . Clearly the energy

is better balanced than in the serial packetization scheme. However the packets are far from

being equivalent for small � values (i.e., in the case of an e�cient MP encoding thanks to a very

redundant dictionary), since the di�erence between extreme packets is equal to E1

EN
= 1

�2 N .

In both hereabove schemes, the packets have very di�erent importance in terms of energy. The

impact of loosing the �rst packet, for example, is clearly larger than the impact of dropping any

other packet. A Unequal Error Protection scheme is proposed to �ght against these inequalities

and lower the loss probability of the most important packet. To this aim, the N -packets MP stream
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is divided into B FEC blocks. Each of these FEC block may have di�erent FEC rate (i.e., KFEC

and NFEC parameters), as represented in Fig. 9.8. Varying the FEC block parameters allows to

adapt the protection to the importance of the packets. It is assumed here that the transmission

protocol like RTP provides mechanisms to distinguish between MP and FEC packets, as proposed

in [224]. Notice that the proposed UEP scheme may ask for eventual byte stu�ng to compensate

the eventual di�erence in packet size within the same FEC block. The so-generated overhead

is kept very low, since packets have very similar size. Other solutions can be proposed to cope

with this problem, like EREC [225] or PET [232] encoding, but such schemes will increase the

packetization delay.

K1 N1

... ...MP1 MPK1

K 2 N 2

... ...MP MPK1

KB N B

... ...MPN MPN

K1+1 +K2

- KB

... ...

FEC block 1:

FEC block 2:

FEC block B:

Figure 9.8: Generic UEP for N packets constituting B FEC blocks.

To adapt the protection level to the data, the FEC parameters (Ki
FEC ; N

i
FEC) is chosen

separately for each sub-groups of packets forming the B FEC blocks. In the serial packetization,

the maximal average reconstruction energy after FEC recovery is obtained by optimizing the

general equation :

EUEP = max
1�B�R

max
f(Kb

FEC
;Nb

FEC
)g;8b�B

KX
k=1

Ek (1� �k)

= max
1�B�R

max
f(Kb

FEC
;Nb

FEC
)g;8b�B

KX
k=1

(1� �k)

k IX
i=(k�1) I+1

kc
ik
2 ;

(9.3.3)

where K =
PB

i=bK
b
FEC under the constraints that

PB
b=1N

b
FEC corresponds to the total available

rate R and that N b
FEC � Nmax to limit the FEC reconstruction delay. The parameters �k depends

on both the respective FEC parameters (Kb
FEC ; N

b
FEC) and the channel Packet Loss Ratio (�)

and Average Burst Length (�). Under the assumption that the loss process can be represented by

the Gilbert-model, the loss probability after FEC recovery is given by Eq. (3.2.7)). The number

of iterations per packet, I , is kept constant with the channel status since the packet size remains

independent of the transmission conditions. However, the total number of MP iterations has

to adapt to the optimal source rate according to the Eq. (9.3.3) for given channel status (i.e.,

M = I
PB

b=1K
b
FEC). Hence the least signi�cant iterations are traded o� for channel rate when

the network conditions degrade. Note that the Eq. (9.3.3) can be solved numerically or through

the Viterbi algorithm. In practical cases, the optimal UEP parameters may be tabulated to reduce

the packetization complexity. They indeed depend only on the static parameters (kfk2; �; I) and
the varying channel conditions (R;PLR;ABL).

Optimal UEP parameters are given in Table 9.2 for the transmission of the ForemanMP-coded

sequence under di�erent network conditions. The serial packetization encapsulates in this case 20

MP iterations in each packet. The packet length is kept relatively small (around 200 bytes) to

emphasize the UEP e�ect. The total rate is set to the equivalent of 500 iterations per GOF. The

maximal number of packets in a FEC blocks is set to 10 to limit the reconstruction delay. It

can be seen that the channel rate
P

bK
b
FECP

b N
b
FEC

obviously increases with the PLR experienced on the

channel. Moreover, as expected, for high loss ratios, the protection overhead concentrates on the
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�rst and most important packets. In this case, it is preferable not to transmit the least signi�cant

MP iterations to increase the chance for the �rst packets to be correctly received. Obviously the

average energy thus decreases with the increase of the loss ratio. Finally, the small FEC block

size does not permit to make any di�erence between the optimal parameters for di�erent Average

Burst Length.

� = 1 e�2 � = 1 e�1 � = 5 e�1

� = 2 � = 3 � = 2 � = 3 � = 2 � = 3
P

b
Kb
FECP

bN
b
FEC

1 1 0.85 0.85 0.5 0.5

K1
FEC 10 10 7 7 3 3

N1
FEC 10 10 10 10 9 9

K2
FEC 10 10 10 10 3 3

N2
FEC 10 10 10 10 7 7

K3
FEC - - - - 4 4

N3
FEC - - - - 4 4

B 2 2 2 2 3 3

EUEPP
i kc
ik

2 0.99 0.99 0.9568 0.9370 0.8835 0.8162

Table 9.2: Optimal UEP parameters for the transmission of Foreman under di�erent packet

loss ratio and average burst length (�; �).

In order to limit the complexity of the optimal UEP scheme, the number of FEC blocks B can

be limited. One can even de�ne a policy where either single packets are protected (Ki
FEC = 1), or

packets are gathered in a limited number of FEC groups (Ki
FEC > 1) or packets are not protected.

This three-level protection scheme would be a good compromise between optimal protection and

error control complexity.

9.3.2 Equivalent Energy Packetization

The aim of the Equivalent Energy Packetization (EEP) algorithm is to build a stream of N
equivalent packets of roughly the same length. All packets have in this case the same importance

in terms of MSE distortion in case of loss. The error control scheme is thus facilitated in comparison

to UEP scheme, since the same protection overhead is now applied to all packets. Construction of

equivalently signi�cant packets have already been proposed in the context of wavelet coders [453,

454] or for direct transmission of pixels values [455]. In the new scheme proposed here, we take

bene�t of the Matching Pursuit properties to build equivalent energy packets.

The best equivalent energy packetization can surely be reached through classical optimization

methods [456], with constraints on both the energy and the packet length. However, as explained

before, the packetization has to stay simple and follow a priori de�ned algorithms for the proxy

to be able to repeat packetization operations. Moreover, the decoder has to know the iteration

number without their explicit transmission. This requirement is imposed by the design of coding

mechanisms based on the MP coe�cients decay property (e.g., the quantization scheme proposed

in Chap. 8). The only a priori information that can be used for the packetization scheme design

is the approximately exponential coe�cients decay, or equivalently the parameters kfk2 and �.
Based on this knowledge, the equivalent energy packetization scheme proceeds as follows.

As the coe�cient energy decays with the iteration number, an increasing number of iterations

is fed into successive packets to guarantee equivalent packet importance. Let fkig with 0 � i � N
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denote the series of boundaries of equivalent MP iterations sub-groups. This notation means that

iteration numbers ki+1 to ki+1 are fed into the packet i. The packetization scheme �rst puts one

MP iteration into the �rst packet (k1 = 0 and k2 = 1). The number of iterations that have to be

put in the second packet is given by solving :

kfk2 �2 =

k3X
k=k2+1

kfk2 �2 k ; (9.3.4)

which does however not always have a solution, as discussed below. Equivalently, the iterations

sub-groups are given by the following recursive equations :

ki+1 = round

�
log (�2 ki + �2 � 1)

log (�2)

�
; with k1 = 0. (9.3.5)

The previous relation de�nes N energy equivalent sub-groups. However, the number of iterations

in each sub-groups is clearly di�erent. To build packet of similar size, the EEP scheme therefore

scans the packets in back and forth order, as represented in Fig. 9.9. The N equivalent MP

iterations sub-groups are �rst distributed among the N packets. New sub-groups are then formed

with the following MP iterations from the rule de�ned in Eq. (9.3.5). These new sub-groups are

then put into the N packets taken in backwards order. If there are remaining MP iterations to

be packetized, the algorithm starts another loop in forward packet order, and continues until all

iterations are packetized.

....Packet 1 Packet NPacket 2

MP stream

.... ....
kkk10 k

k       + 1
k      + kIteration number: 1 2 N-2 N-1

N-1
N-1 1

Figure 9.9: Equal Error Packetization scheme.

Note that the back and forth packet scanning allows to build packets of similar length, since in

practical cases the exponential parameter � is close to one. The constraints on the packet size is

due to the packet-based FEC mechanism. FEC blocks are indeed generally composed of packets

of identical size. For small � values however, the �rst and last packets may be smaller than other

packets. In this case, packets of similar length can be grouped into the same FEC blocks. Another

solution would be to cyclically distribute the back and forth loops among the transmission packets.

The �rst loop starts in this case on the �rst packet, the second on the second packet etc., so that

the number of iterations in each packet is truly identical after N loops. Remember however that

byte stu�ng may also be used to correct small packet size di�erences.

Fig. 9.10 shows the distribution of the coe�cients energy among the transmission packets.

The CIF Foreman sequence has been encoded with 500 3D splines atoms and encapsulated in 20

packets. It can be clearly seen that the energy distribution is better balanced than in the UEP

scheme represented in Fig. 9.6. The e�ects of mismatch between the exponential upper-bound in

the �rst MP iterations are still perceptible in the �rst packets. To cope with this problem, the

�rst pass of the EEP scheme could be performed with di�erent parameters to better �t the energy

of the �rst coe�cients. Finally, the theoretical energy distribution is not perfectly distributed

either because of the rounding operation in Eq. (9.3.5). This phenomenon is however negligible in

regards to the e�ciency of the packetization scheme in lossy transmission.

The EEP scheme su�ers however from a severe constraint, namely that the solution may

become unavailable depending on the number of packets N and the exponential parameter �.
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Figure 9.10: Energy distribution between successive packets. 500 MP iterations of Foreman

sequence have been serially packetized in 20 packets. The energy per packet is compared to the

theoretical energy obtained from Eq. (9.3.5).

Indeed, from Eq. (9.3.5), it appears that the following constraint has to be respected :

�2 kN > 1� �2 : (9.3.6)

This constraint is due to the a �nite integral of exponentially decaying functions. The parameter

�, which depends on both the dictionary and the MP algorithm [72], is generally very close to one

in practical applications. The redundancy of the dictionary is generally small due to constraints

on the size of the dictionary, and the search algorithm is not optimal due to timing constraints

at encoder. Therefore, the exponential energy decay rate is often in the interval [ 1
2
; 1] so that the

constraint of Eq (9.3.6) is respected for low rates, or small N values. Notice also that, the EEP

scheme does not depend on the signal energy, but only on the parameter �. Hence, the same

packetization can interestingly be performed for di�erent input signal, thus simplifying the video

distribution implementation.

The EEP scheme presents the advantage of enabling a very easy error control by media-

independent FEC algorithms. The optimal rate distribution between source and channel coding

is indeed easily computed in this case. The degradation resulting from losses is directly dependent

on the packet loss ratio since each independent packet contributes with the same energy to the

signal reconstruction. The FEC performance can be computed from the channel status and the

FEC parameters (i.e., the parameters KFEC and NFEC) as shown in Chap. 3 under the Gilbert-

model loss process assumption. The optimal rate sharing consists in this case in trading source

information for channel protection depending on the packet loss ratio experienced on the network

to provide the end-user with the best possible quality.

The performance of the EEP scheme can be measured in terms of average reconstruction

energy, which corresponds to the energy brought by MP packets weighted by the probability

of being correctly received. Assuming the least signi�cant coe�cients are sacri�ced for channel

coding, the optimal reconstruction energy EEEP is given by :

EEEP = max
(KFEC ;NFEC)

KX
p=1

Ep (1� �p)

= max
(KFEC ;NFEC)

(1� �)

KFEC
NFEC

MX
i=1

c2
i ;

(9.3.7)
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where M is the total number of iterations in the MP stream, and � is the packet loss ratio expe-

rienced by MP information packets, which depends on both the FEC parameters (KFEC ; NFEC)

and the channel status (PLR, ABL) from Eq. (3.2.7). The parameter c
i represent the i
th MP

coe�cient.

The optimal FEC parameters are given in Table 9.3 for di�erent channel conditions. The Fore-

man sequence has been encoded with 500 iterations, and each MP packet contains 25 iterations.

The total rate corresponds to 20 packets, or equivalently two FEC blocks of length 10. It can be

seen that the channel rate increases with the PLR, as expected. But the in�uence of the Average

Burst Length is not perceptible onto the FEC parameters due to the relatively short FEC blocks.

� = 1 e�2 � = 1 e�1 � = 5 e�1

� = 2 � = 3 � = 2 � = 3 � = 2 � = 3

KFEC

NFEC
1 1 1 0.8 0.4 0.4

KFEC 10 10 10 8 4 4

NFEC 10 10 10 10 10 10

EUEPP
i kc
ik

2 0.99 0.99 0.9363 0.9 0.8384 0.7718

Table 9.3: Optimal EEP FEC parameters for the transmission of Foreman under di�erent

packet loss ratio and average burst length (�; �).

9.3.3 Experimental comparisons
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Figure 9.11: Evolution of the expected energy as a function of the channel packet loss ratio

(ABL = 2).

This section now establishes a comparison between both packetization schemes. Fig. 9.11

compares the evolution of the expected energy of both UEP and EEP schemes as a function of the

packet loss ratio. The expected energy represents the part of the signal energy available to the

decoder weighted by its respective probability to be correctly received. The source and channel

rates are optimally chosen in both cases, according to Eqs 9.3.3 or 9.3.7, and the size of the FEC

block is limited to 10 to respect delay constraints.



9.3. ERROR CONTROL 129

Even if both schemes perform similarly at low loss ratio, the UEP algorithm behaves clearly

better than the EEP method for the highest loss rates. Indeed, in this case, the protection is

speci�cally applied to the highest energy iterations in UEP, while it is spread on all coe�cients in

EEP. UEP therefore o�ers a higher expected energy, since it provides much more design �exibility

for the protection scheme. However, the end-to-end error control is more complex for the UEP

scheme. Note nevertheless that the di�erence between both schemes can be reinforced by the mis-

match between the theoretical design and the experimental data, as discussed previously. Indeed,

the schemes are designed upon theoretical values of the exponential decay curve, while data does

not truly �t this upper-bound, especially for the �rst MP elements. This phenomenon favors the

UEP scheme where the protection is exaggerated for the highest energy coe�cients.

Even if the UEP is better than the EEP scheme in average, degradation may be much more

important in the �rst scheme. Fig. 9.12 and 9.13 compares the e�ect of the loss of the �rst packet

in both cases. It can be clearly seen that the degradation is much more graceful in the EEP

scheme, since the signal energy is distributed in all packets. In contrary the I �rst and most

important iterations are lost in the UEP scheme, where I = 25 is the number of iterations per

packet. The �rst packet gets however more protection in the UEP algorithm for high loss ratios,

and hence a smaller probability to be lost. Nevertheless remaining losses may induce very severe

damage.

Frame 0 Frame 1

Frame 2 Frame 3

Figure 9.12: First four frames of Foreman after the loss of the �rst packet in UEP scheme.

Finally, the data issued from Matching Pursuit coding are particularly well suited for error

protection. The decay in coe�cients energy facilitates the bit stream truncation to allow for addi-

tional channel rate. Moreover the source energy and the channel rate can be e�ciently distributed

so that even for loss ratio as high as 5e�1 the major part of the coded signal energy (80 %) can

be expected at receiver.
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Frame 0 Frame 1

Frame 2 Frame 3

Figure 9.13: First four frames of Foreman after the loss of the �rst packet in EEP scheme.

9.3.4 Discussion

In an heterogeneous framework the packetization scheme has to meet a trade-o� between e�ciency

and complexity. The MP stream may need to be de-packetized into the transcoders to form new

packets adapting to rate and channel constraints on the outgoing connections. The error control is

di�cult to adapt in the UEP scheme, since the optimal FEC parameters are not straightforward

for given channel status. However, the serial packetization in UEP allows a very rapid bit rate

truncation, since packets can simply be dropped to reduce the rate.

In the EEP scheme, the error control management is simple to perform since the channel

overhead is identical for each packet. The transcoder can thus easily adapt the protection to the

outgoing channel status. However, operations like rate truncation are more di�cult to perform

than in the UEP scheme. The packets have indeed in this case to be completely decoded to

remove the least signi�cant MP elements. Rate could also be adapted by packet dropping, but

this solution would induce the loss of the MP compression bene�ts. However, if transcoder has

anyway to adapt the resolution of the MP stream, the computational overload generated by the

EEP scheme is not signi�cative.

Equal Energy Packetization can be seen as a form of Multiple Description Coding [457]. The

scheme aims at de�ning several equivalent descriptions (i.e., packets) of the coded signal. The

quality of the reconstruction thus increases linearly with the number of correctly received packets.

Matching Pursuit however o�ers much more possibilities for e�cient Multiple Description Coding,

thanks to the redundant structure of the dictionary. The EEP scheme is only a �rst step in

this promising direction, but modi�cations of the coding are necessary to build multiple optimal

descriptions.
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9.4 Conclusion

Matching Pursuit is particularly well appropriate for video transmission over lossy and heteroge-

neous networks. It o�ers larger �exibility than video standard-based schemes in terms of both

scalability and error control. MP provides inherent multiresolution properties to adapt to the

receiver capabilities. Furthermore, Matching Pursuit streams enable the construction of indepen-

dent packets, and thus limits the error propagation. Two new packetization schemes were proposed

by taking bene�ts of the MP properties. These algorithms constitutes the basis for e�cient er-

ror control, which may have to be performed locally within the heterogeneous video distribution

networks.

However, we did not address the management of the complete video distribution application,

driven by the receivers [319]. When these ask for receiving the video stream, they indicate their

capabilities to the proxies. The proxies have then to exchange information about receiver features

and channel status to permit the design of an optimal video distribution application. Such an

application has to o�er each receiver the best possible video quality, according to their respective

features and the e�ective available bandwidth. Another important issue that was only partially

treated is the management of the end-to-end delay for video delivery. This delay depends on the

coding, packetization and transmission delay, but also on the transcoding operations performed

within gateways. This latter process can really delayed the video delivery if repeated along the

transmission path. It has therefore also to be handled carefully by the end-to-end application.

Finally, iterations have been coded independently within packets. This independence facilitates

the management of the Matching Pursuit stream within gateways. However, the compression

can be improved by providing a packet-based coding. Indeed, as the transmission is packet-

oriented, information within packets is either completely received or not. Entropy or di�erential

coding may thus be performed within packets without sacri�cing on error resilience. The MP

stream has however to stay progressive and allows an easy transcoding within gateways(and hence

de/recoding) to properly work in today's heterogeneous infrastructure.
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Chapter 10

Conclusions

This thesis has tackled a range of issues in scalable joint-source and channel coding based on video

standards and non-orthogonal signal representations. We summarize here the key results of this

work. We also brie�y discuss some of the remaining issues in the design of a complete robust and

scalable video scheme.

An end-to-end Quality of Service model has �rst been proposed. The FEC performance has

been analyzed in terms of both Packet Loss Ratio and Average Burst Length of video data after

error recovery. Both parameters are necessary to correctly translate the channel quality of service

into video degradation. The MPEG-2 video encoding distortion has then been expressed as an

exponential function of the source rate. Both the source rate-distortion and the channel loss-

degradation functions �nally establish the set of equations used in a complete modeling of the

video Quality of Service. The end-to-end quality model helped to build an optimal transmission

scheme by adaptive distribution of the available bandwidth between source and channel rate.

This optimal rate distribution has been shown to outperform classical video transmission schemes

thanks to its adaptivity to the video scene, the loss process and the available rate.

A robust MPEG-2 encoding scheme has then been proposed to limit the packet loss damage

within the decoded video. Clearly packet losses can not be avoided in practical cases. Even if the

available rate is correctly allocated between FEC protection and source coding, remaining losses

can still induce severe quality degradation. To cope with this problem, an error-resilient MPEG-2

coding scheme intentionally introduces additional syntactic information within the video stream

to limit error propagation. The scheme modulates the slice length and the number of Intra-

coded macroblocks according to the packet loss ratio experienced on the network. It basically

simulates the e�ects of hypothetical losses to optimally protect information where most needed.

The complete AMISP encoding scheme additionally triggers the dynamic insertion of FEC packets

to recover the most important information. This joint source and channel coding scheme has been

shown to outperform other structuring schemes thanks to its improved adaptivity.

Even with adaptive structuring and protection, standard-based video streams can severely

su�er from packet losses due to their highly hierarchical structures. Since they are not truly

scalable either, a completely new video coding scheme has been proposed to cope with these

limitations. The new algorithm is based on spatio-temporal Matching Pursuit decomposition of

the video signal over a set of redundant basis functions. A new formulation of the structural

redundancy of over-complete dictionaries is proposed to quantify the compression e�ciency of

Matching Pursuit coding. Several spatio-temporal dictionaries have then been proposed to cover

the trade-o� between compression e�ciency and decoding complexity in an heterogeneous video

distribution framework. The most e�cient dictionaries have been shown to o�er better coding

results than wavelet coding in a tentative comparison at low coding rate.

Besides inherent multi-resolution properties, Matching Pursuit coding presents an increased

robustness to losses thanks to the non-orthogonal transforms and an exponential decaying energy

133
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distribution among successive coe�cients. The latter property has been used to design an optimal

quantization scheme which has been shown to outperform classical quantization algorithms. Mean-

while, it has been demonstrated that index quantization has preferably to be avoided. Clearly,

the atom indexes bring possibly more information than coe�cients in a non-orthogonal signal

representation as performed by Matching Pursuit. This clearly emphasizes the need for a careful

design of the dictionary which has to provide good compression features but also a low coding

rate.

Finally the heterogeneous and lossy Matching Pursuit video delivery has been studied. More

particularly the multi-resolution features of structured dictionaries have been used to design low-

complexity and near-optimal transcoding schemes. Filtering operations are also straightforward

on Matching Pursuit stream thanks to their intrinsically progressive nature. This latter property

has been used to build an optimal Unequal Error Protection scheme. This scheme however may

lead to complex error control management within disparate networks. Hence, a new Equivalent

Energy Packetization scheme has lastly been proposed to ease the error control while not loosing

in recovery performance.

Primary results have shown that Matching Pursuit video coding is very promising as an inter-

esting alternative to classical motion-compensation and DCT based coders in the today's hetero-

geneous framework. Nevertheless a lot of work remains to be done to build a complete robust and

multi-resolution video communication system.

For example, the proposed coding scheme voluntarily maintains independence between Match-

ing Pursuit iterations to ensure a good robustness to losses. In this context entropy coding has not

been studied since the encoder almost optimally decorrelates the components. However, the com-

pression can be improved by packet-based entropy or di�erential coding. Indeed, packets represent

the smallest independent entity in transmission. Di�erential coding within packets can not lead

to error propagation since the packet is either completely received or lost. Hence error resilience

bene�ts can be drawn from the fact that the transmission entity is smallest than video entities.

In contrary video standard-based entities (e.g., slices or GOP) are much larger than transmission

packets.

In parallel, the Matching Pursuit coding complexity has also to be reduced to spread the usage

of this promising technologies. From the inherent multi-resolution properties of structured dictio-

naries a hierarchical encoding scheme can be proposed. Such a scheme consists in computing the

�rst iterations onto sub-sampled video signals and sub-dictionaries. The size of both the signal

and the dictionary is then increased along the coding process. Hierarchical coding leads to a

tremendous complexity reduction since the inner product computation is greatly simpli�ed. The

dictionary can also be chosen to reduce the complexity of the Matching Pursuit algorithm by sim-

plifying the inner product computation or the search for the best atoms. Similarly, the Matching

Pursuit coding can be combined with quadtree-like signal decomposition to limit the size of the

input signal. The video sequence can be �rst decomposed into smaller regions where Matching

Pursuit is then focused on. In the same context, optimal dictionary design as a trade-o� between

compression e�ciency and coding rate has also to be investigated. The e�ciency of Matching

Pursuit coding has also to be improved at high rates, either by dictionary orthogonalization or

eventually hybrid coding.

Finally, the management of the video distribution tree has not been addressed in this work.

The encoder however has to know the status of the distribution tree to build the best possible video

stream. Gateways have also to exchange information about their respective receivers capabilities

and outgoing channel status. All this information has to be managed by a streaming protocol

capable to dynamically adapt the video distribution process and proxies processing.
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Appendix A

Optimal Number of MP Iterations

In this appendix the details of the computation of the optimal number of MP iterations Nopt are

presented in the case of a redundancy-driven quantization of the coe�cients.

Recall that the Lagrangian cost function of eq. (8.3.11) is piecewise de�ned, where the break-

point corresponds to the �rst non-transmitted coe�cient. Eq. (8.3.11) may be rewritten as :

L(�) =

8>>>>>><>>>>>>:

� N
log (2)

�
1
2
+ log

q
kfk2 log (2)

6 �
+ N�1

2
log (�) +B log (2)

�
+ �2 N kfk2

if N � NB

� NB

log (2)

�
1
2
+ log

q
kfk2 log (2)

6 �
+ NB�1

2
log (�)

�
+ � B N + �2 N kfk2 + kfk2

12
�2 N

��2 NB

�2�1

otherwise.

(A.0.1)

The minimum are now computed for the right and left sides of the piecewise Lagrangian cost

function. The solutions are shown to depend on the atom index size and the convergence rate,

respectively the parameters B and �.
The �rst derivative of the right part of the Lagrangian (i.e., for N > NB) can be written as :

@L(�)
@N

= � B + 2 kfk2
�
1 +

1

12 �2 � 12

�
�2 N log � : (A.0.2)

The zero of the eq. (A.0.2) is given by :

N2 =

log

�
� � B

2kfk2 log (�)
�
1+ 1

12 �2�12

�
�

2 log (�)
: (A.0.3)

However, this equation is valid only for N > NB , by de�nition. The condition for N2 to be larger

than the value of NB is given by :

log

�
� � B

2kfk2 log (�)
�
1+ 1

12 �2�12

�
�

2 log (�)
>

� log

�q
kfk2 log (2)

6 �

�
log (�)

; (A.0.4)

or, for � 2]0; 1[ and B positive,

B < �
12 log (�) + log (�)

�2�1

log (2)
: (A.0.5)
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The second derivative of the right part of the Lagrangian cost function (i.e., for N > NB) is always

positive. Indeed,

@2L(�)
@N2

= 4 kfk2
�
1 +

1

12 �2 � 12

�
�2 N log

2 � � 0 ; (A.0.6)

for � 2]0; 1[. Hence N2 is a minimum of the Lagrangian cost function provided that the constraint

of eq. (A.0.5) is satis�ed. The constraints indicates whether it is worth transmitting the indexes

without coe�cients and depends only on the size of indexes B and the decay rate of the energy

of the coe�cients �.
The �rst derivative of the left side of the Lagrangian cost function (i.e., for N < NB) can be

written as :

@L(�)
@N

=
� log (�)

log (2)
N + 2 �2 N

log (�) kfk2

+
�

log (2)

 
1

2
+ log

r
kfk2 log (2)

6 �
�

log (�)

2
+B log (2)

!
:

(A.0.7)

For the sake of clarity, let rewrite eq. (A.0.7) as :

@L(�)
@N

= a+ b x+ d ex ; (A.0.8)

with

� a = �
2 log (2)

+ � B � � log (�)
2 log (2)

+ �
2

log

�
kfk2 log (2)

6 �

�
,

� b = �
2 log (2)

,

� d = 2 kfk2 log (�) ,

� x = 2 N log (�) .

The eq. (A.0.8) presents possibly several zeros given by :

x = �
a+ b W

�
d
b
e�

a
b

�
b

; (A.0.9)

where W (z) is the Lambert W function [444], which can present two real branches W0(z) and

W�1(z) for z 2 [�e�1; 0]. First it can be shown that the argument of W is indeed in the region

where two branches are de�ned. It can be shown that, for B > 1 1, the argument of W is negative

and larger than �e�1. Indeed,

�e�1 �
�
3 23�2 B � log (�) e�1

�
< 0 ; (A.0.10)

for � 2 ]0; 1[. This ensures the existence of two solutions for Nopt and hence that the Lagrangian

cost function presents two optimum which are studied now. From the de�nition of the Lambert

W function, 0 � W0(z) � �1 and W�1(z) < �1. This means that
0

N1 > N11 since log (�) < 0,

where N10 = x0
2 log (�) and N11 =

x�1
2 log (�) are the solutions of eq. (A.0.9) for respectively the �rst

and second branches of the Lambert W function.

The second derivative of the left part of the Lagrangian cost function is given by :

@2L

@N2
= 2 b log (�) + 2 d log (�)e2 log (�) N ; (A.0.11)

1The atom length is larger than one bit in our application since the number of atoms is clearly larger than two

to form over-complete dictionaries
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where b � 0 and d < 0 for � 2 ]0; 1[ and � � 0. The second derivative is therefore positive when

2 d log (�)e2 log (�) N > �2 b log (�) ; (A.0.12)

or equivalently

e2 log (�) N > �
b

d
: (A.0.13)

From eq. (A.0.9),

e2 log (�) N1 = e�
a
b e

�W
�
d
b
e�

a
b

�
: (A.0.14)

Since, by de�nition, e�W (z) =
W (z)
z for z 6= 0, we have :

e2 log (�) N1 =
b

d
W

�
d

b
e�

a
b

�
: (A.0.15)

Finally, from eq. (A.0.13),

e2 log (�) N10 =
b

d
W0

�
d

b
e�

a
b

�
< �

b

d
; (A.0.16)

and

e2 log (�) N11 =
b

d
W�1

�
d

b
e�

a
b

�
> �

b

d
; (A.0.17)

since by de�nition 0 �W0(z) � �1 and W�1(z) < �1. The second derivative is therefore positive

for N = N11 and negative for N = N10. Hence the Lagrangian cost function presents a minimum

at N = N11 and a maximum at N = N10. Since N11 < N10, the Lagrangian cost function is �rst

a decreasing function of N , for N small. Moreover, the maximum of the left part of the function

is larger than NB , since

�W0

�
d

b
e�

a
b

�
< 1 + 2 B log (2)� log (�) ; (A.0.18)

for � 2 ]0; 1[ and B positive.

Finally, it remains to show that the optimal solution for the left part of the Lagrangian function

is positive and smaller than NB . The minimum N11 is �rst positive if the following condition is

respected :

� <
4 kfk2 log (2) log (�)

W�1 (3 23�2 B � log (�) e�1)
: (A.0.19)

This means that, in the worst case for the Lambert function,

� < 4 kfk2 log (2) log (
1

�
) : (A.0.20)

This imposes a limit on the weight of the rate in the Lagrangian cost function. Second, N11 is

smaller than NB if :

�W�1

�
3 23�2 B � log (�) e�1

�
> 1� log (�) + 2 log (2) B : (A.0.21)

Since W (z) = a is equivalent to a ea = z, by de�nition, the previous condition is equivalent to :

B > �
23 log (�) + 1

2 log (2)
: (A.0.22)
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It has to be noted that both conditions from Eqs (A.0.5) and (A.0.22) are mutually exclusive. If

one constraint is respected, the other cannot be satis�ed. Moreover, it can be shown that one of

the constraint is always satis�ed. This ensures the existence of one and only one minimum to the

Lagrangian cost function. Indeed, the product of both conditions is always positive.

(�
23 log (�) + 1

2 log (2)
�B) (�

12 log (�) + log (�)
�2�1

log (2)
�B) � 0 : (A.0.23)

The previous relation is always positive since both terms have the same sign. Indeed, if

B +
12 log (�) + log (�)

�2�1

log (2)
� 0 ; (A.0.24)

then

B +
23 log (�)

2 log (2)
� �

log (�)

2 log (2)
�

2 log (�)

2 log (2) (�2 � 1)
: (A.0.25)

Furthermore, if eq. (A.0.24) is respected, then

B +
23 log (�) + 1

2 log (2)
� 0 : (A.0.26)

From eq. (A.0.25), the last relation can be rewritten as :

2 log (�)

�2 � 1
� 1� log (�) : (A.0.27)

Setting � = e�
t
2 , for t 2]0;1[, it is equivalent to prove that

t � (e�t � 1) (1 +
t

2
) ; (A.0.28)

where both left and right terms are null for t = 0. The left terms increases with t with a slope 1.

The right term also increases with t, since its �rst derivative is always positive, but the increasing
rate is always smaller or equal to 1. This proves the inequality of eq. (A.0.28).

It can be shown in the same way that if one of the factor of eq. (A.0.23) is negative, the other one

is negative also. Developing this conditions ends up in proving again the relation of eq. (A.0.28).

This means either the �rst conditions is satis�ed and not the second one, or the reverse. This

ensures the existence of one and only one solution to the optimal number of iterations to transmit

for a given rate.
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