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The use of coordinate transformation preprocessing is used to produce a space-variant optical correlator invariant to 
functions distorted asf(x’) = f(fl). Such distortions arise in non-linear scanning devices, imaging from curved surfaces, aber- 
rations in an imaging system, and in the Doppler shift of target with non-uniform motion. 

1. Introduction 

The use of a coordinate transformation preprocessor 
and a space invariant optical system has been found 

most useful in producing space variant optical proces- 
sors [ I] , The use of such techniques in synthesizing 
optical pattern recognition systems invariant to input 
distortions such as scale [2] and rotation [3], and 
their use in signal processing [4-S] have recently been 
reported. We now report on the use of space variant 
optical pattern recognition by coordinate transforma- 
tion in the correlation of functions in which the 
reference f(x) and input f(x’) = f’(x) functions are 
distorted versions of one another, with the distortion 
described by 

f’(x) = fix’) = f(x”). (1) 

Such input coordinate distortions are representative 
of those that would be produced by non-linear scanning 
devices, aberrations in an optical imaging system [6], 
imaging from curved surfaces [7], and are descriptive 
of the Doppler shifts due to non-uniform target or 

platform motion [8]. 

2. Theoretical considerations 

The first step in the realization of a distortion invari- 
ant optical correlator is to apply a coordinate transfor- 
mation h-l(x) = g to the input and reference functions 
to produce new functions fi (t) and f;(t) with the 

coordinates transformed. These are then used as the 
input and reference functions to a conventional space 

invariant optical correlator. If the coordinate transfor- 
mation is properly chosen so that the distortion in the 
input x space is converted to a shift by to in the coor- 

dinate transformed t space, i.e. 

h-l(x) - K’(x’) = go ) (2) 

then the resultant system will be space variant and 
invariant to the desired input distortion. The signal-to- 
noise ratio of the output correlation peak will be the 
same for the cross-correlation of the original function 
and a distorted version of it as it is for the autocorre- 
lation of the original function. Furthermore, the loca- 
tion of the output correlation peak will be proportional 
to the distortion parameter a, and hence a can be 
determined. The system requires no a-priori knowledge 
of the parameter a, only that the distortion is of the 
general form 

X’=g(x,a)=xa. (3) 

One-dimensional functions are considered throughout 
for simplicity only. 

In terms of the general distortion x’ = g(x, a), we 
have shown that the coordinate transformation 
h-l(x) = ,!j must satisfy 

h-l(x)- d2 x agbw dx, s age, 4iaa 
-co 

(4) 

where go is a function of a only. For the distortion 
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under consideration described by eq. (3) we find 

X 

s 
ma-l h-‘(x)=_2$ __ 

_-m xalnx 
&=-$T 

x 

s 
$$ .(5) 

_m 

Setting C;u = -1n a, we find the required coordinate 
transformation to be 

g=h-l(x)=ln(lnx). (6) 

This transformation has a one-to-one correspondence 
and its inverse exists, 

x = h(E) = exp (exp t) . (7) 

As specified in eq. (2), this transformation should 
convert an exponentiation of the input x coordinates 

into a shift by to in t space. Substitution of eq. (7) 
into eq. (2) yields 

xa = MU1 a = [exp(exp 81 a 

= exp(a exp Q = exp [exp(l + In a)] 

= h([ + In a) = h(g - go), (8) 

which satisfied eq. (2) with i0 = -1n a in agreement 

with the analysis of eq. (4). 

3. Implementation 

The distortion invariant system described above 
can be realized: (a) by a system with an input coordi- 
nate transformation described by eq. (6) followed by a 
space invariant optical correlator, or (b) by using the 
magnitude of the Mellin transforms of the functions 
as inputs to a scale invariant correlator. We previously 
showed [2] that a Mellin transform correlator was 
scale invariant and that the optical Mellin transform 
M(U) of f(x) could be realized by forming the Fourier 
transform off(etr), where g1 = lnx. 

The difference between these two implementations 
may appear minor, but a brief discussion will provide 
considerable insight into these correlators and space 
variant processing by coordinate transformation. 

The Mellin transform correlation method (b) 
involves a single logarithmic scaling of the coordinates 
of the input function (rather than two successive 
logarithmic coordinate transformations) followed by 
formation of the Fourier transform of these coordinate 

transformed functions. These two Mellin transforms 
are then used as inputs to the conventional optical 
scale invariant correlator, rather than the double loga- 
rithmically coordinate scaled functions. Thus, this 

second method (b) is equivalent to performing two 
successive Mellin transforms. 

Since coordinate transformations can only be per- 
formed on real functions, the magnitude of the first 
Mellin transform must be formed in method (b) and 
used as the input to the scale invariant correlator. As 
a result, the phase information present in the Mellin 
transform of the input function is lost in implemen- 
tation method (b). Conversely, in method (a), the 
0 2x > 1 region of the full input function extending 
from 0 > x > 00 will map onto the negative region of 
the logarithmically scaled function. Data present in 
this 0 > x > 1 region of the input function will be lost 
since one cannot form the logarithm of a negative 
number. The application and specific input data used 
will determine which implementation method is best. 

4. Experimental confirmation 

To demonstrate the feasibility of coordinate trans- 
formation preprocessing for invariance to distortions 
described by eq. (1) a simple input grating (fig. la) was 
used as the reference function f(x). The input function 
f’(x) subjected to the distortion described by eq. (1) 
with a = 1.2 is shown in fig. 1 b. The input fi (t) after 
application of the coordinate transformation described 
by eq. (5) is shown in fig. lc. These coordinate trans- 
formations can be realized on real-time devices by 
analog circuit modules in the deflection system and 
by computer generated hologram masks as previously 
described. The first logarithmic conversion converts the 
coordinate exponentiation into a scaling. The second 
logarithmic conversion then converts the scaling into 

a shift. 
These coordinate transformed functions fi(Q and 

f;(i) are then used as the reference and input functions 
to a conventional Van der Lugt frequency plane cor- 
relator [9] . A matched spatial filter of fi (t) was 
formed and properly repositioned in the filter plane. 
With f{ (6) placed in the input plane, the output corre- 
lation plane contains the desired correlation f 0 f’ 
shown in fig. Id. The cross-sectional scan of the auto- 
correlation f@ fis shown in fig. le and the cross- 
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Fig. la. 

Fig. lb. 

Fig. lc. 

-- 
5 

Fig. le. and Fig. If. 

Fig. 1. Distortion invariant optical correlation. (a) reference 
function, (b) distorted input function with x’ = x1.‘, (c) 

coordinate transformed version of input function, (d) space- 
variant, output optical correlation of input and reference 
functions, (e) cross-section of autocorrelation of reference 
fur;ction, (f) cross-section of cross-correlation of input and 
reference functions. 

sectional plot of the cross-correlation f 0 f’ in fig. 1 f. 

As predicted, there is no loss in signal-to-noise ratio 

verifying the distortion invariance of this space variant 

correlator. The displacement of the cross-correlation 

peak from the reference location of the auto-correlation 

peak can also be shown to be proportional to the 

logarithm of the distortion parameter a. 

5. Summary 

Another new application of space variant optical 

pattern recognition has beep presented. The formula- 

tion of the requisite input coordinate transformation 

has been derived from general formuli for the case of a 
generalized input distortion. Two implementations 
of the distortion invariant correlator were discussed 
and tradeoffs advanced between the loss of phase infor- 
mation and the loss of the portion of the input data 
near x = 0. 
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