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Correspondence 

On Reliable Computation with Formal Neurons 

Santosh S. Venkatesh and Demetri Psaltis 

Abstract- We investigate the computing capabilities of formal 
McCulloch-Pitts neurons when errors are permitted in decisions. 
Specifically, given a random m-set of points U', .  . . , u m €  R K ,  a 
corresponding m-set of decisions d ' ,  . . . , dn E { -1, l}, and a fractional 
error-tolerance 0 5 E < 1, we are interested in the following question: 
How large can we choose m such that a formal neuron can make 
assignments U" + d", with no more than em errors? We obtain formal 
results for two protocols for error-tolerance-a random error protocol 
and an exhaustive error protocol. 

In the random error protocol, a random subset of the m points is 
randomly and independently specified and the associated decisions labeled 
"don't care." We prove that if m is chosen less than 2 n / ( l  - 2 ~ ) ,  then 
with high probability, there is a choice of weights for which the expected 
number of decision errors made by the neuron is no more than em; if m 
is chosen larger than 2 n / ( l  - 2e), then the probability approaches zero 
that there is a choice of synaptic weights for which the expected number 
of decision errors made by the neuron is fewer than em. 

In the exhaustive error protocol, the total number of decision errors 
has to lie below Em, but we are allowed to choose the set of decisions that 
are in error. We show that there is a function 1 < K ~ <  505 such that if 
m exceeds 2rc,n/(l - 2 ~ ) ,  then there is, with high probability, no choice 
of synaptic weights for which a neuron makes fewer than Em decision 
errors on the m-set of inputs. For small E ,  the function ne is close to 1 
so that, informally, we can specify m-sets as large as 2 n / ( l  - 2 ~ )  (but 
not larger) and obtain reliable decisions within the prescribed tolerance 
for some suitable choice of weights. 

Index Terms-Capacity, computation, fault-tolerance, formal neurons, 
large deviations, reliability. 

I. INTRODUCTION 

The formal modeling of biological neurons as linear threshold gates 
dates to the seminal paper of McCulloch and Pitts [3]. Although the 
biological plausibility of these models is open to debate, extensive 
investigations since the work of McCulloch and Pitts have shown that 
considerable computational power is latent in networks of formal 
neurons. 

In its simplest form, a formal neuron is a computational device 
that accepts n real inputs and produces a single bit output depending 
on whether a weighted sum of the inputs exceeds a fixed threshold. 
If the inputs are constrained to be Boolean variables, then the neuron 
simply realizes a Boolean function of n variables. 

A fundamental counting result (cf. Schlafli [4], Wendel [SI, and 
Cover [6]) helps quantify the computational capability of a neuron: 
for any m set in Euclidean n space, the result gives a precise count 
of the number of dichotomies of the set that can be separated by a 
neuron. Each dichotomy is a collection of m decisions made by the 
neuron on the m set. Schlafli's theorem, therefore, gives the number 
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of distinct sets of decisions that a neuron can make on a given set 
of data. The theorem can be used to estimate the maximum number 
of decisions that can be reliably made by a neuron; this number is 
linear in n, as we will see in the sequel. 

In the considerations above, we have tacitly assumed that functions 
are computed without errors. Although this is the norm in most logical 
functions implemented on digital computers, computations involving 
cognitive tasks such as pattern recognition, however, are frequently 
less exact. It is hence reasonable to wonder whether allowing a formal 
neuron the latitude to make errors can substantially increase the set 
of problems that it can handle.' 

Assume that a set of m decisions are to be made on a randomly 
specified m set of points in n space and that we allow an error 
tolerance of Em decision errors, with 0 5 E < 1/2. We are 
interested in how large we can choose m such that the neuron 
makes reliable decisions within the prescribed error tolerance. A 
superficial consideration of the problem might indicate that substantial 
gains in computation may be achievable if errors are permitted, 
as the following analysis indicates. The number of ways that Em 

errors can occur in decisions is ( and corresponding to each 
such specification of the cm incorrect decisions, there is a set of 
(1 - ~ ) m  decisions that are required to be correct. Hence, the neuron 
is only required to realize any one of ( ) distinct sets of (1 - E)m 

decisions reliably. For large m, ( = O(2'") for a positive con- 
stant c so that there is an exponential number of distinct choices of 
which the neuron has to implement only one. It hence appears that 
there may potentially be substantive computational gains to be made 
if we allow some error tolerance in the decisions. Our main result in 
this paper, however, indicates that such gains are not actually realized, 
and the maximum number of decisions that can be made by a neuron 
under such circumstances remains linear in n; specifically, we prove 
the following results. 

The sequence 2 n / ( l  - 2 ~ )  is a threshold function2 for the 
property that there is a choice of synaptic weights for which 
the neuron makes no more than (essentially) Em random errors 
in decisions. In particular, if m is less than 2n/( l  - 2 ~ ) ,  then 
with high probability, there is a choice of weights for the neuron 
such that the expected number of errors is fewer than Em; if m 
exceeds 2n / ( l  - 2 ~ ) ,  then the probability approaches zero that 
there is a choice of weights for the neuron such that the expected 
number of errors is fewer than Em. 
There is a function 1 5 K~ < 505 such that if m exceeds 
2i-tc,n/(l - 2f) ,  then there is (asymptotically) no choice of 
synaptic weights for which a neuron makes fewer than cm 
decision errors on the m set of inputs. 

In the next section, we develop some notation and introduce the 
notions of E reliability and capacity function. The main theorems 

'Note that we assume that we have complete control over the neuron 
parameters and that errors creep into the neural output because we are 
overloading the capacity of the neuron. The notion of reliability of the 
decisions here is somewhat different from the case where decisions are 
unreliable because of a lack of control in the specification of the neuron 
(such as noise in the weights). 

'The terminology threshold function, although standard in the probabilistic 
method, is a trifle unfortunate in the present context of linear threshold 
elements. We will replace it by the term cupucityfunction in the next section. 
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are stated and proved in Section 111; two technical results from large 
deviation probability theory are confined to the Appendix. 

Several of the arguments used involve asymptotics, and we briefly 
sketch our use of notation here. If {x , }  and {y,} are any two positive 
sequences, we say that 

(a) x, = 0 ( y n )  if x,/y, is bounded from below 
(b) x n  = O(yn) if x,/y, is bounded from above 
(c) z, - y, if xn/yn approaches 1 for n large enough 
(d) x, = o(y,) if xn /yn  approaches zero as n + m. 

If A, is a sequence of events in a probability space, we say that A, 
occurs with probability one if P { A ,  j + 1 as n -+ M. By a, we 
denote the Gaussian distribution function 

--oc 

By b ( k ;  N , p ) ,  we denote the probability that iV Bernoulli trials with 
probabilities p for success and (1 - p) for failure result in k successes 
and lV - k failures, i.e., 

We also denote by B the set {-1,1}. 

11. ERROR TOLERANCE 
A formal neuron is a linear threshold gate characterized by a vector 

of n real weights w = (101,. . . , w,,) and a real threshold wo. The 
neuron accepts as inputs points U E R" and produces as output a 
single bit d E B. according to the following rule: 

We will without loss of generality assume that the threshold W O  = 0.3 
The neuron hence associates a decision or classification 

(-1 or + 1) with each point in n space. For any given set of 
points then, the neuron dichotomizes the set of points into two 
classes-those points mapped to +1 and those mapped to -1. In 
the geometric analog the neuron represents a separating hyperplane 
in n space. We are interested in characterizing the largest set of points 
for which there exist choices of weights such that almost any set of 
decisions associated with the specified set of points is realizable. 

Let U', . . . , am E R" be a random m set of points chosen from 
any joint distribution invariant to reflection of components around the 
origin and such that every subset of n points is linearly independent 
with probability one. Let d ' ,  . . . , d" E B be a corresponding m set 
of decisions. For a neuron to make reliable decisions, we must find 
a choice of weights that realize the assignments U* + d" for each 
a = 1,. . . . m. Note that we can take all the decisions d" to be $1 
without any loss of generality because the vectors U" can always be 
reflected about the origin. 

We incorporate error tolerance in decisions by introducing the 
notion of "don't-care decisions. " Let 0 5 E < 112 be the fraction of 
errors that we are willing to allow in the decisions (i.e., we tolerate 
Em errors in decisions). Let D" , a = 1, . . . , m be the outcomes of m 
identical and independent experiments whose outcomes are subsets 
of {-l,l), and such that 

D" = { { d " }  with probability 1 - 2 6  

{-1,1} with probability 26. 

31n fact, it is easy to see that the threshold can be accommodated by 
allowing an additional constant input of -1 to a zero threshold neuron. Our 
results will then continue to hold for nonzero thresholds by replacing n by 
n + 1. 

If a sample outcome D" = { d o } ,  then we require that the neuron 
produces the specified decision d" as output whenever it receives 
U" as input. If, however, the sample outcome D" = B. then we 
associate a don't-care decision with point U"; the neuron can result 
in either -1 or 1 as output when U* is input. We call D" the 
decision set associated with decision d" ;  we say that D" is normal 
if D" = { d " )  (i.e., the decision has to be accurate), and Da is 
exceptional if D" = B (i.e., the decision is don't-care). The idea 
behind defining the decision sets in this fashion is the following. With 
the m decision sets D' . . . . , DnZ generated independently according 
to the above prescription, the expected number of normal decision sets 
is (1 - 2 ~ ) m .  whereas the expected number of exceptional decision 
sets is 2cm. We now forget about those points corresponding to the 
exceptional decision sets and attempt to find neural weights that will 
correctly classify the remaining points corresponding to the normal 
decision sets. If we can successfully do this, then, beside the points 
corresponding to the normal decision sets, on average, one half of 
the points corresponding to the exceptional (don't-care) decision 
sets will serendipitously also turn out to be correctly classified. 
(Because the weights were chosen without taking the exceptional 
points into consideration, one half of them, on average, will be 
correctly classified as the points are chosen from a distribution that is 
invariant to reflections about the origin.) Thus, the expected number 
of errors in decision will only be em. We formalize this notion of a 
random error protocol in the following: 

Definition 2.1: Let u'1, . . . , w, E R be the weights corresponding 
to a neuron. We say that the neuron makes E-reliable decisions on 
u l ; . . . u n  if 

Note that by the Bore1 strong law, the fraction of don't-care 
decisions is almost surely 2 ~ .  Further, because the vectors U" are 
invariant to reflections about the origin, the fraction of actual decision 
errors that occur for a neuron making E-reliable decisions is almost 
surely E .  The case t = 0 reverts to the case of perfect decisions. 

In the random error protocol, we are interested in the following 
attribute of the m set of points U'. . . . . um and the corresponding 
decisions: 

EVENT Fc(n ,  7n): There is a choice of weights such that the 
neuron makes e-reliable decisions. 

The attribute Fe (n ,  n ~ )  deals with the notion of reliable decisions 
on a random subset of points of expected size (1 - 2 ~ ) m . ~  The 
average number of errors allowed within this protocol is Eni, but 
it is conceivable, albeit a rare occurrence, that the actual number 
of errors substantially exceeds Em. In the exhaustive error protocol, 
however, it is not permitted that the number of errors exceeds mi 
substantially. There is no constraint, however, on the choice of which 
(1 - ~ ) m  decisions are to be correctly implemented, and we are 

4The method of choosing decision sets advocated in this paper is not 
sacrosanct, and we could utilize any random strategy for choosing decision 
sets that yields an expected number of (1 - 26)m normal decision sets. 
We could, for instance, choose the random subset of normal decision sets 
from the uniform distribution on all subsets of size (1 - 2e)m from the set 
of m decisions; alternatively, we could replace the independent assignment 
of don't-cares in this paper by a Markovian strategy. The choice of the 
binomial distribution for specifying don't-cares in this paper was motivated 
in part because it is, in a sense, natural-the independent assignment of 
don't-cares from decision to decision avoids any bias due to prior don't-care 
assignments-and the fact that the computational complexity of choosing 
decision sets reduces to an exercise in coin flipping. The results of the next 
section hold for most reasonable choices of underlying distribution, resulting 
in an expected number of (1 - 2 ~ ) m  normal decision sets, although the 
technical details in the proofs can alter slightly. 
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free to exhaustively check each alternative of making cm errors and 
choose the most favorable one. This protocol leads to a consideration 
of the following attribute of the 7 n  set of points U'. . . . . um and the 
corresponding decisions. 

EVENT G,(n. nt): There is a choice of weights such that the 
neuron makes no more than ~ m [ l  + o( l ) ]  decision errors. 

The attribute G c ( n ,  m )  is somewhat stronger than the attribute 
F6(n .  m); instead of attempting to realize a random subset of 
decisions, we query whether it is possible to find a choice of weights 
for the neuron such that ut least one of the ( ,E ) subsets of (1 - c)m 
decisions is reliably made. 

Definition 2.2: Let A(n, m )  be an attribute of the m set of points 
u l ; . . . u  m .  A sequence { C ( n ) } r z l  is a cupacityfunction for the 
attribute A(n, n ~ )  if for X > 0 arbitrarily small: 1) P{A(n, m ) }  -+ 

1 as 11. -+ m whenever mi 5 (1 - X)C(n). and 2) P { A ( n . m ) }  -t 
0 as n -+ m whenever m 2 (1 + X)C(n) .  

We say that C ( n )  is a lower cupacityfunction if it satisfies the first 
condition and that C ( n )  is an upper cupucityfunction if it satisfies 
the second condition. 

The term thresholdfunction is more standard in the literature of 
the probabilistic method when an attribute exhibits such a threshold 
behavior. Our definition is slightly stronger than is usual. 

Capacity functions have been found for a variety of neural network 
architectures and algorithms [ 121, [7] -[ 131. These investigations 
into network capacity have hitherto concentrated mainly on capacity 
functions for perfect decisions with no errors (cf. [9], [lo], however, 
for results on error tolerance in the outerproduct algorithm). In the 
following, we expand on the results in [12] and show capacity 
functions for the attributes .Fc(n.7n) and Ge(n .  m). 

111. CAPACITY FUNCTIONS 

A.  Error-Free Decisions 
We begin by investigating the attribute &(n .  771) that there is 

a neuron that makes reliable decisions U" H d" for each c1 = 
1.. . . , m .  The following fundamental result is due to Schlafli [4]: 
(Wendel [5] has a more accessible proof of the result; cf. also Cover 

Lemma 3.1: The probability that there is a neuron that makes 
reliable decisions on a random m set of points in Euclidean n space 
R" is given by 

161.) 

n-1 

An application of Lemma A.2 directly yields the following: 
Theorem 3.2: The sequence CO (71 ) = 2n is a capacity function 

for the attribute .Fo ( n ,  n ~ ) . ~  
Proof: Fix 0 < X < 1 and let H ( s ) . O  5 s 5 1 denote the 

binary entropy function defined in Lemma A.2. With a choice of 
771 = L212(1 - A)]  in (l) ,  we can find 1 /2  < c < 1 such that 

c(m-1 )  

P{Fo(n.m)) 2 b ( k :  m - 1.0.:) 
I 1 0  

> 1 - 2-[l--H(c)l(nt--l) --t 1. 7l ~ ~ - 

with the second inequality following from Lemma A.2. Similarly, for 
a choice of 11i = L2n(l + X)J.  we can find 0 < a < 1 /2  such that 

"( n -  1) 

~ { ~ o ( ( n .  m 5 b ( k ;  711 - 1.0.5) 
k=O 

-+ 0. 11 --t x < -[ 1 - H (  ")] ("1 - 1 )  
- 

'cf. also a recent result due to Furedi [16] on random polytopes in the cube. 

where we have used the dual form of Lemma A.2 (cf. remarks 
following the lemma). 

B. Epsilon Reliability 

We now investigate the attribute Fe ( n ,  m )  that there is a choice 
of weights for which a neuron makes t-reliable decisions on the m 
set of points U', . . . , um. 

Theorem 3 3 :  The sequence C,(n) = 2 n / ( l  - 2 ~ )  is a capacity 
function for the attribute FE(nr m ) .  

Proof: Let 0 5 e < 1 /2  be the given tolerance. Noting that the 
decision sets are generated independently of the m set of points, a 
direct application of Lemma 3.1 yields 

m 

~ { . ~ ~ ( n , m ) }  = b ( k ;  m, 1 - ~ E ) P { . F ~ ( ~ , I C ) } .  (2) 
k=O 

We first claim that P(Fo(n, I C ) }  is a monotone nonincreasing 
function of k for each positive integer n. To show this, consider 
the difference P{Fo(n, k ) }  - P(Fo(n, IC + 1)) for any choice of k 
and n. Using (1) and elementary binomial identities, we have 

P{Fo(n, k ) }  - P{Fo(n, + 1)) 

= 2 - k ( k  n - I  - '> ' 

Hence, P { F o ( ~ ,  I C ) }  - P(Fo(n, k + 1)) 2 0 for any choice 
of k and n, and the claim is proved. Fix parameters X > 0 and 
1 /2  < v < 2/3. Now choose m = 2 4 1  - X ) / ( 1  - 2 ~ )  and set 

= m(1  - 2c) + m u d - .  
Using the monotonicity of P{ .Fo((~ .  k ) }  and (2), we obtain 

U m  

P { F ~ ( ~ .  77,)) 2 ~ { ~ o ( n ,  wn)} b ( k ;  m, 1 - 26). - k=O - 
R 

As n -+ x, we then have from Theorem 3.2 that 

A = P{FO((n, L2TI(1 - A ) ( 1 +  0(1))])} -+ 1 

while an application of Lemma A.l ,  and the choice 1/2 < Y < 2/3, 
yields 

for some positive constant C I .  Hence, for every X > 0 

P{Fc(n ,  L2ri(1 - X ) / ( 1  - 2 t ) I ) )  + 1. as n -+ m. 

Now choose m = 2n(1  + X ) / ( 1  - 2 ~ ) .  and set 

c, = m ( 1 -  2c) - m u d m  
Again, using the monotonicity of P{Fo(n.  k ) }  in (2), we have 

"m 

~ { ~ c ( n . m ) }  5 Cb(li; ~ L , I  - ~ E ) + P { F O ( ~ I , X ~ ) } .  
k=O - 
J D  

C 

An application of Lemma A. l  and the choice 1 / 2  < v < 2 / 3  yields 
that as n -+ m 
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for some positive constant c2. In addition, Theorem 3.2 yields 

D = P{Fo(n, [2n(I + X)(1 - ~ ( l ) ) ] ) }  + 0. 

It hence follows that for every choice of X > 0 

P{F<(n,  [ 2 n ( l +  X ) / ( 1  - 2 ~ ) ) ] }  + 0,  as n -+ m. 

Thus, the sequence 2n/ (  1 - 2 ~ )  is both a lower and an upper capacity 

Let us now consider attribute &(n,  m).  The Bore1 strong law of 
large numbers yields that the fraction of exceptional decision sets 
is no more than 2 4 1  + o( l ) ]  with probability one. For any choice 
of weights realizing ereliable decisions on the m set of points 
U', . . . , um, it follows that the fraction of decision errors will be 
no more than ~ [ l  + o( l ) ]  with probability one as the m set of points 
is chosen from a joint distribution invariant to reflections. The proof 
of the above theorem then directly yields 

Theorem 3.4: The sequence C, (n )  = 2 n / ( l  - 2 ~ )  is a lower 
capacity function for the attribute Ge(n, m). 

Now, consider all possible ways of assigning at most e m [  1 + o( l ) ]  
errors in decision to the m set of points. Attribute Gc(n, m )  is 
realized if at least one of these possibilities is realizable for some 
appropriate choice of weights. (This clearly relaxes the more stringent 
requirements of attribute F<(n, m) ,  where we require that a randomly 
chosen one of these possibilities is realizable for an appropriate choice 
of weights.) Because the number of such possibilities is exponential, 
we might hope to realize significant gains in capacity for attribute 
Ge (n. m).  The following result shows that we can hope to gain by, 
at best, a constant scale factor but that the linear rate of growth of 
the capacity function is unaffected. 

Theorem 3.5: Let K ,  be a function of the error tolerance E defined 
by the unique solution of 

function (hence, a capacity) for the attribute Fe(n, m).  

where H is the binary entropy function. Then, the sequence c ( n )  = 
2 ~ , n / ( l  - 2 ~ )  is an upper capacity function for the attribute 
G,(n, m).  
Remarks: The function K~ is defined as we vary E in the interval 
0 5 E < 1/2  and monotonically increases from a value of +1 at 
E = 0 to a value close to 505 as E approaches 1/2. For small E .  it 
remains close to $1 so that the capacity function for the attribute 
Gc(n,m) still behaves like 2 n / ( l  - 2 ~ ) .  

Proof: Let us consider a tolerance of exactly Em errors. 
The proof is not materially altered if the allowed tolerance is 

Let P(n. m)  denote the probability that there is a choice of weights 
for which a given set of j decisions is made incorrectly, whereas the 
remaining m - j decisions are made correctly. By Lemma 3.1,6 we 
get that for any choice of j 

"1 + O(l)]. 

n -1  . .  

P(n,  m )  = b ( k ;  m - 1,0.5). 
k=O 

(4) 

Now, the number of ways in which cm or fewer decision errors can 
be made is ~~~o ( 7 ) ;  therefore, the union bound gives 

6Fixing a set of j points ua1, . . , ua3 which are incorrectly classified, is 
equivalent to specifying the corresponding decisions to be - P I ,  . . , -d"J ; 
this, however, just yields a different dichotomy of m points in n space, and 
Schlafli's lemma applies. 

Let X > 0 be fixed but arbitrary, and choose m = 2 ~ . , n ( l  + X)/  
(1 - 2 ~ ) ,  where K ,  is as defined in (3). Applying Lemma A.2 to (4), 
we obtain that 

while another application of Lemma A.2 gives 

for large enough m. Hence, for each choice of 0 < E < 1/2 and 
X > 0, there is a choice of > 0 such that 

p{ Gc (n ,  m ) }  < 3--m['--H 1(1--2r) /2ne ( 1 + X ) }  --H(r)l - 

The binary entropy function H ( c )  increases monotonically from a 
value of 0 at c = 0 to a value of 1 at c = 1/2. Hence, with K~ as in 
(3), H {  (1 - 2c)/2ne (1 + A ) }  + H ( E )  < 1. Hence, for every choice 
of X > 0 and m = 2 ~ , n ( l  + X)/(l  - 2 t ) ,  there is a choice of 6 > 0 
such that P{G<(n,m)} < 2TSm + 0 as n + m. 

IV. CONCLUSION 
The results proved in this paper demonstrate that a formal neuron 

has a computational capacity that is linear in n and that this rate of 
growth of capacity persists even when errors are tolerated in the deci- 
sions. A question that arises at this juncture is how this result bears on 
computations involving networks of formal neurons. In particular, for 
an associative memory model composed of n densely interconnected 
formal neurons, the rigorous determination of the maximal storage 
capacity when errors are permitted in recall is an open question. We 
analyze this in a subsequent paper [17] (cf. also [2]). 

APPENDIX 
LARGE DEVIATIONS 

We quote two technical lemmas from large deviation probability 
theory that we will need. Both results concern probabilities in the tails 
of the binomial distribution. Lemma A. l  provides a good uniform 
estimate for the cumulative distribution of a sum of il: independent 
( 0 , l )  random variables valid for deviations from the mean as large 
as O ( ~ V ' / ~ )  (instead of the 0 0 deviations encountered in the 
usual central limit theorem). T 6 )  e approximation is the strong form 
of the large deviation central limit theorem [14]. Lemma A.2 is 
due to Chernoff [15] and estimates probabilities in the extreme 
tails (deviations of the order of N from the mean) of the binomial 
distribution. 

Lemma A.l: Let 0 < p < 1. and let { v ~ }  be a sequence such 
that I V N  - N p l  5 li(N) = o ( N ' / ~ ) .  Then 

If, in addition, V,V - Np = CL(W'), for some 1 /2  < v < 2/3, then 
U N  

k=O b ( k ;  N , p )  = 1 - O ( C  n N z " - l >  

with 6 > 0, which is a constant. 
Lemma A.2: Let 0 < p < 1 be fixed, and let Tp and H be real- 

valued functions on the closed interval [0,1] defined for 0 5 c < 1 
by 

T p ( c )  = -c log,p - (1 - c)log, (1 - p )  

H ( c )  = -e log, c - (1 - c)log, (1 - e ) .  

'We define H ( c )  = 0 when c = 0 or c = 1.  
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Then, for every choice of c E ( p ,  1) we have 

[C.Vj 

b ( k ;  ‘v,p) 2 1 - 2 - “ [ W + f f ( c ) I .  
k=O 

Remarks: The quantity H is the binary entropy function. Note 
that T p ( c )  2 H ( c )  for all c (with equality only for c = p )  so that 
Chemoff‘s bound yields an exponentially small probability for the 
extreme tails. The bound is, in fact, exponentially tight. 

For the special case p = 112, Chemoff‘s bound yields 

L C N J  

b ( k ;  LV, 0.5) 2 1 - 2-N[’-H(‘)1 
k=O 

for any choice of 112 < c 5 1. Note also that by the symmetry of 
the binomial distribution, we have 

b ( k ;  N, 0.5) 5 2-’V[1-H(”)1 
k=O 

for any choice of 0 5 a < 112. 
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