Training Large Language Models (LLMs)

Prof. Volkan Cevher
volkan.cevher@epfl.ch

Lecture 1: Architectures

Laboratory for Information and Inference Systems (LIONS)
Ecole Polytechnique Fédérale de Lausanne (EPFL)

EE-628 (Spring 2025)

STIFTUNG oSDSC B
i Google Al w

lions@epf| CleIE k)

swisscom

=PrL




License Information for Training LLMs Slides

v

This work is released under a Creative Commons License with the following terms:
» Attribution

> The licensor permits others to copy, distribute, display, and perform the work. In return, licensees must give the
original authors credit.

» Non-Commercial
> The licensor permits others to copy, distribute, display, and perform the work. In return, licensees may not use the
work for commercial purposes — unless they get the licensor’'s permission.
Share Alike

> The licensor permits others to distribute derivative works only under a license identical to the one that governs the
licensor's work.

v

» Full Text of the License
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http://creativecommons.org/licenses/by-nc-sa/1.0/
http://creativecommons.org/licenses/by-nc-sa/1.0/legalcode
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Logistics

> Credits: 4
> Lectures: Thursday 9:00-12:00

> Prerequisites: Strong foundations in machine learning, deep learning, and optimization; experience with
large-scale models is recommended.

> Moodle: My courses > Genie electrique et electronique (EL) > Master > EE-628

syllabus & course outline.
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Logistics for online teaching

» Zoom link for video lectures:

https://epfl.zoom.us/j/64289434614
> Mediaspace@EPFL channel for recorded videos:

https://mediaspace.epfl.ch/channel/EE-628+Training+Large+Language+Models/101371
> Moodle:

https://moodle.epfl.ch/course/view.php?id=18742
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Outline

Motivation and basics of LM
General LLM framework

1. Token processing

2. Sequence mixing

3. Channel processing

Yy vV vV vV VvYY

Example architectures
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Remark about notation

The LLM literature might use a different notation:

\ Our lectures DL literature

data/sample a x
label b Y
bias I b

weight x, X w, W
SSM parameters | X4, X5 X¢ A, B,C
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A motivation for language models (LMs)

Example

Predict the next word w given the following source sentence Ssource?

Ssource © “On January 1 people usually say happy new [w].”
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A motivation for language models (LMs)

Example

Predict the next word w given the following source sentence Ssource?

Ssource © “On January 1 people usually say happy new [w].”

Question: o Why is this important?

> spelling & grammar correction

sentence classification
speech recognition

chatbot

Yy v vV VY

(more generally) labeling, automated decisions, ...
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P(yearlssource) > p(years|SS°U'Ce
machine translation p(Stranslation 1|Ssource) > p(Stranslation 2|Ssource

p(Sclass I‘SSOUFCE) > p(Sclass 2|Ssource



Basics for language models (LMs) — |

Definition (Language model [35])

Models that assign probabilities to sequences of words are called language models.

Remarks: o Given a sentence with T words: S = wi.7 = (w1,...,wr), by the chain rule of probability:

T
p(S) = p(wr.r) = p(w1)p(wzlwi)p(ws|wi2)sp(wrlwir 1) = | [ plwelwie-1)
t=1

o Implicitly, we are enforcing a graphical model that takes “time” into account.

Example
If S = wi.3 = “happy new year"”, then p(S) = p(happy)p(new|happy)p(year|lhappy new).
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Basics for language models (LMs) — Il

Question: o How can we compute p(w¢|wi:t—1)7

Remarks: o A trivial solution: Just count the frequency on a large corpus, e.g.,

P(Ssource +year) _ #(On January 1 people usually say happy new year)

ear|S, = =~
p(vear|Ssource) p(Ssource) #(On January 1 people usually say happy new)

o But the language is creative, there are several ways to express the same meaning.
o The sentence above might even not appear on the corpus.

o We need better ways to estimate such probabilities!
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N-gram LMs

Markov assumption [42]
The probability of a word only depends on the last N — 1 words as

Markov in 1913 [42] used “Markov

#(’wt—N:t) chains” to predict whether the
P(wt‘wl:t—l) = P(wt|wt—N:t71) N - upcoming letter would be a vowel or a
#(wi—N:t-1) consonant.

Example
In the bigram LM (N = 2), we only need to estimate p(w¢|wi—1) ~ % to generate text.
Wy Wy
i want  to eat Wy_1 i want to eat
i 5 87 0 9 o = [ 0002 033 0 0.0036
éL want 2 0 608 1 lmvancitoRcatl él‘ want 00022 0 066 00011
to 2 0 4 686 2533927 2417 746 to 000083 0 00017 028
eat 0 0 2 0 eat 0 0 00027 0

Figure: Count (Left) and probability p(w¢|w1:¢+—1) (Right) from the Berkeley Restaurant Project corpus of 9332 sentences [35].
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Towards pre-training an N-gram LM

o In natural language processing (NLP), we use tokens to represent words coming from a vocabulary V.

Terminologies: o A token is the smallest unit that can be assigned a meaning to be processed.
> In English, a token often corresponds to a word.
> However, a single token can also encode compound words like New York.
> In Chinese or Japanese, there is no space between words.

> In these languages, sentence segmentation is required before we tokenize.

o We indicate the beginning and the end of sentences with tokens (BOS) and (EOS).
> Ssource “(BOS) Happy new year (EOS)” has T' = 5 tokens.

o The size of our vocabulary is denoted as |V|.

o Pre-training: building a LM based on a large corpus in a (often) self-supervised manner.

o Inference: Using a trained LM to do next word prediction.

ILHELIN Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre Slide 12/ 70



N-gram LMs: “Pre-training” & Inference

o The following simplified examples show the difficulty of pre-training and inference with 2-gram LMs.

“Pre-training” Inference
1. Count #(w¢—1) and #(w¢—1.¢) over the corpus. 1. Set wy as (BOS), t = 1.
2. Obtain probability p(w¢|w¢—1) over the corpus. 2. While True:

> wip1 = argmax,, ey p(wlwt)
> If wiqq is (EOS): break
> t=t+1

3. Output: [w1, s, wit1].

o Need to store the probability for all N-gram pairs.

Remarks:
o Language is creative, some new N-gram pairs might not even appear on the corpus.

o Cannot incorporate earlier words than N due to the Markov assumption.

p(two | one plus one equals) = p(two | it is wrong that one plus one equals)?
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A more generalized LLM framework

Token

R e

processing

Token processing
> Converts words into a suitable
format.
> Tokenization, embedding,
positional encoding...
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Sequence

Sequence mixing

> Captures dependencies across
tokens.

> FFN, RNN, Attention, Linear
Attention, SSMs...

Slide 14/ 70

Channel
mixing processing

—  p(wi|wiit—1)
Channel processing

> Applies transformations within
each token representation.

> Normalization, output
projection, classification layers...



Token Processing: Word representations

Question: o How can we numerically represent a word/meaning?
Remarks: o Osgood et al. 1957 [47] uses 3 numbers to represent a word.
> valence: the pleasantness of the stimulus

> arousal: the intensity of emotion provoked by the stimulus

> dominance: the degree of control exerted by the stimulus

Angry Surprised Elated
- (]
Distressed L ]
» .
Anxious Arousal
e . ® Excited
- .
Valence  Satisfied
1 leutral
Pessimistic i 0,0,0)
< Bo .
e Relief
e _
"% Relaxed
o (]
Rejected Calm

[
Over-confident

Figure: From [32].
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Word embeddings

Present words as vector,| Word2vec
Osgood et al. 1957 Mikolov et al. 2013

~ ~
- »
Definition (Word embeddings [35]) <

Vectors for representing words are called word embeddings. b,

o We will briefly introduce two words embeddings:

o One-hot representation: sparse and long word embedding in RIVI.
> Training is not required—trivial to obtain.
> Not a good way to capture the underlying meaning—cannot measure similarity.
o Word2vec [43]: a framework to learn dense and concise word embedding.
> Training is required.
> Better characterization for the meaning of a word, e.g., the similarity can be computed by similarity metrics.

> Cosine similarity or inner products work!
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Word2vec: Setup

o An illustration of a target word and context words in a +2 window size:

..people usually say happy new...
~————— N ———

context words target word  context words

o Word2vec uses learnable parameters X ¢ and Xt to present two embeddings for each word,
> X € corresponds to the embedding when it is as a context word.
> X* corresponds to the embedding when it is as a target word

> They satisfy the following relationship:

al = X'e; €R™, af= X‘,; € R™,

where e; € RIVI is the one hot representation for each word, i € 1,...|V| and m is the embedding
dimension.
Remarks: o The window size for the context is a hyperparameter.

o The final embedding can be the summation or concatenation of these two embeddings.
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Word2vec: Training

o Core idea: Given a pair of words (w;, w;), return the probability that w; is the context word of w; (i.e., true).

1

= ———————  where o is the sigmoid activation.
1+ exp(—(al, ag)

)

A simple approach: p(true|(wt,w.)) = o({al,al))

o Given a tuple (w¢, we, wn ), we have the following ingredients
> w; is the target word.
> w, is one of its context words(positive samples)
> wy, is not its context word (negative sample)—e.g., chosen via unigram (1-Gram) probability.

> A loss function:

L = —log (p(true|(we, we))p(false|(we, wn)))

— log p(true|(w, we)) — log p(false|(we, wy))
—logo((a,af)) —log(1 — a((af, ay)))
I ! 1 (1 ! )
= —lo — lo; -
& 1+ exp(—(Xtet, XCec)) & 1+ exp(—(Xtet, Xen))

o Crawl the corpus to obtain these tuples, and minimize L (e.g., with stochastic gradient descent).
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Token processing: Positional embeddings

Question: o How can we consider the relative position of each word in the sequence?
Observation: o If we switch the order of a; and ag, the output b3 should not remain the same.
by | «— | b, b,

I —

Sequence Mixing

[

a | — & a3

| am happy # Am | happy
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Token processing: Positional embeddings

Question: o How can we consider the relative position of each word in the sequence?

Solution 1?7 o Absolute position via trivial concatenation of the word embedding a; with its index ¢t.

Pos(at) = Concatenatelag, t] .

o As t grows, so do the values.

o Hard to extrapolate on sequence with unseen length.
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Token processing: Positional embeddings

Question: o How can we consider the relative position of each word in the sequence?

Solution 2 [65]: o Absolute position via trigonometric functions of different frequencies. For t =1,...,T*:

sin (£/100002%1/m)
cos (t/100002x1/m )

Pos(at) = a¢ +

Dimension m

sin (£/100002% 2°/™
cos (/100002 2°/™

Sequence length T"
Figure: From [74]
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Token processing: Positional embeddings

Question: o How can we consider the relative position of each word in the sequence?

Solution 2 [65]: o Absolute position via trigonometric functions of different frequencies. For t =1,...,T*:

sin (£/100002%1/m)
cos (t/100002x1/m )

Pos(at) = a¢ +

Dimension m

sin (£/100002% 2°/™
cos (/100002 2°/™

Sequence length 1"
Figure: From [74]

Solution 3: o *Rotary position embedding [61]: incorporate both absolute position and relative position.
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Token processing: Positional embeddings

Question: o How can we consider the relative position of each word in the sequence?

Remarks: o Positional embeddings improve performance in many models (eq. transformers [65]).
o They limit the inference sequence length with training sequence length.

o Models, such as decay masked linear attentions [62] or SSMs [24, 15], do not need them.
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Sequence mixing

o Most important and well-studied part of the LLM framework.

o Captures dependencies across tokens.

a.FFN

Notation
b. RNN A ¢ RT*™ B ¢ RT*d where T is the sequence length and m is
Y the embedding and d is the output dimension.
Sequence c. Self-
mixing attention
d. Linear
attention Sequence
A — < — B
e.SSM Mixing
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a. Feed forward neural networks (FFN) as sequence mixers [7]

o Core idea: use most recent N tokens to predict next token (similar to N-gram).

o: X1 € R¥XN™ are learnable parameters, where m is the dimension of the embedding.

Forward pass in pre-training on single sentence
(only use two recent tokens, i.e., N = 2)

1. Set ag = 0, initial loss L =0
2.Fort=1,...,T

> bi=o0 (XI |:ata;1:|) )

> u; = Channel Processing(b),

> L+ = (le‘l 7ﬁ£i] log u,[j]) ,

FFN

probability

loss

Remarks:

o The model dimension is dependent on N.

b, b, b,

L]
— 111

a4 a, az

Feedforward NN

Figure: Feed forward neural network (FFN).

o Due to the underlying Markov model, it cannot capture long range dependencies!
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b. Recurrent Neural Networks RNN as sequence mixers [44]: Training

Definition (RNN [22])

A recurrent neural network (RNN) is designed to handle sequential data in 7" steps by maintaining a hidden
state h; € R? that captures temporal dependencies. At each time step t, we go through the following motions:

h; = g(a¢, hy 1),

= f(he),

where g and f are learnable functions (e.g., usually FFN layers).

Forward pass in pre-training on a single sentence
1. Set initial state hg = 0, initial loss L =0
2.Fort=1,...,T

> hy =g(ar,hy1),
> by = f(h), RNN
> u; = Channel Processing(bt)7 probability

> L4 = (ZM

log u[l]) loss
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b. RNNs as sequence mixers: Inference

o RNN architectures perform auto-regressive inference.

Forward pass in inference

> 4+ =1

1. Set a; as the embedding of (BOS), t = 1, initial

u¢ = Channel Processing(by),

state hg = 0.
2. While True:
> hy = g(ag, hy—1),
> by = f(h),
>
>

Set a;11 as the embedding of the token
corresponding to arg max ug.

> If a;41 is the embedding of (EOS): break

3. Output: [aq,..

- yat"rl]'
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Happy new year
t f

Argmax
i t i
u; u2 us

f I t

hannel Processing

b, b, b,
-
a4 a as
<BOS> Happy new

Figure: Auto-regressive inference of RNNs.



b. RNNs as sequence mixers: Take home messages

Remarks: o RNN architectures only partially address long-range dependency problem

o Following problems persist

> Vanishing or exploding gradients [49],

> Short-term memory problem [28],

> Mode collapse (i.e., generating repetitive outputs) [29],

> Struggle with highly variable input sizes due to limited memory [5].
o Resource considerations:

> Inference memory: O(d).

> Training complexity: O(T'd)

> Training time: no parallelization O(T") due to non-linearities.

o Many attempts to tackle these problems: LSTM [28], GRUs [11]...
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lions

More sophisticated RNNs: LSTM and GRU

N b[t]
¢
i © o e h[t-1] hit]
° o
1 o N
X
. layer Componentwise Copy Concatenate
Legend:
BN -4
alt]
Figure: LSTM. https://en.wikipedia.org/wiki/Long_short-term_memory Figure: GRU. https://en.wikipedia.org/wiki/Gated_recurrent_unit

o Long short-term memory (LSTM) [28]

> Aims to mitigate the vanishing gradient problem. > Include mechanisms to gate certain features.
> A unit is composed of a cell and three gates: > Lacks a context vector or output gate, resulting in
an input gate, an output gate and a forget gate. fewer parameters than LSTM.
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o Gated recurrent units (GRUs) [11]
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c. Self-attention [65] as sequence mixer

o Self-attention can address the short-comings of RNNs but at different training-inference costs trade offs.

@@d

/ Feedforward

Figure: (Left panel) FEN. (Middle panel) RNN. (Right panel) Self-attention.

Feedforward NN LM Word2vec
Transf
xBengio et al. 2003 Mikolov etal. 2013, (ENSETET

NS A
N Lo

RNN RNN LM Self-attention
1982-1986 Mikolov et al. 2010 2013-2015

Present words as vector,
Osgood et al. 1957

N-Gram,
Markov 1913
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c. Self-attention as sequence mixer: Construction
o Core idea: compare a word of interest to other words based on their relevance.
ap,az,...,a,...,ar—1,ar

N

b;

Solution 1: o Combine information based on their relevance/similarity.

t

bt = E simg;ay

Jj=1

o How do we measure the relevance/similarity of two words?

happy 5'M12 few year simig # simog
—_ L — | N—
ai az as

Z Sim21 ,
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c. Self-attention as sequence mixer: Construction
o Core idea: compare a word of interest to other words based on their relevance.
ap,az,...,a,...,ar—1,ar

N

b;

Solution 1: o Combine information based on their relevance/similarity.

t

bt = E simg;ay

Jj=1
o How do we measure the relevance/similarity of two words?

> We want
sim(ay,at) = sim ! ifk=t,
! k) = | 7 = . k)
oSt kt € (0,1) otherwise.
and
simg; # simyg, for k # t.
> One choice of similarity is as follows: simy; = (X1a)7 (Xoa:) # (X1a:)T (Xeay) = simyy.
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c. Self-attention as sequence mixer: Construction
o Core idea: compare a word of interest to other words based on their relevance.
ap,az,...,a,...,ar—1,ar

N

b;

Solution 2: o Using parameters X, X g, Xy € R™*4 for each word,
a; = Xqga;, k; =Xga;, v; =Xya;, simy = (g, k;)

t

t
: T
bt = ZSImtjU]’ = Z(qt k:j)vj
j=1

=1
o Moreover, we want:
> simy; > 0 (non-negativity),

> Z?:l simg; = 1 (normalization).
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c. Self-attention as sequence mixer: Construction
o Core idea: compare a word of interest to other words based on their relevance.

ap,az,...,a,...,ar—1,ar

N

b;

Solution 3: o Using parameters X, X g, Xy € R™*4 for each word,
a; = Xqga;, k; =Xga;, v; =Xya;, simy = (g, k;)
T
brL' = Z Softmax([simil, simig, ey simiT])jaj
j=1

Z _exp(simg;)
= a;
E =1 eXp(S”nzl)
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c. Self-attention as sequence mixer

Definition (Query, Key, Value [65]) b, b, b,
Another way to capture how words contribute to each other: I I I
> Query: current word measures the relevance with others.

> Key: the relevance is measured by other words.

> Value: value generalizes the final output. WISelf.auen:ion

a4 a, a3
Figure: Self-attention layer.

o Each word calculates its corresponding query, key, and value with learned parameters X, X g, Xy € R™Xd

Qe RTxd .— {qt = XQat}
K e RTXd = {kt = XKat}
Ve RTxd .= {vi = Xyas}
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Causal language modeling (CLM)

Causal attention [55] Tk —00 | —00 | —o0 | —o0
—00 —00 —00
T c c 1, 127, : o | -0 | —co
B = Softmax((QK" ) ® M)V where M;; = e : Q)
—0o0, 1<)

—00

is a lower triangular matrix and © is element-wise multiplication. .
qrk, oee qrkr

Figure: Causal attention
Remarks: o Since self-attention is order invariant, it requires positional embeddings.
o It is necessary to mask scores to prevent “cheating.”
> The current word has only seen previous word.
> The subsequent word is unknown.
> The element —oo after softmax becomes 0.

o Attention with masking score is usually called “Masked attention” or “Causal attention.”

o This construction enables parallelization whereby improving upon RNNs.
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c. Self-attention as sequence mixer: Training

Remarks: o A =[ay,...ar|’ € RTX%: collections of embeddings of all tokens.

o Learnable parameters: X, Xg, Xy € RmXd,

Forward pass in training on a single sentence

1. Set initial loss L = 0.

2.Q= Axg, K =AX] ,V =AX], query, key, value.
3. B= Softmax((QKT) oMYV, self-attention output
4. U :=[uy,..,ur] = Channel Processing(B), probability
5.

L= L+<Et 12“)‘ logum) loss
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c. Self-attention as sequence mixer: Inference

Forward pass in inference
1. Set a; as the embedding of (BOS), t = 1.
2. While True:
> qt = Xgat, kt = Xgar, vy = Xyag, query, key, value
> s =[{qt, k1), ..., {qt, k)], calculate score
> by = [v1,...,v¢]Softmax(s)
> u; = Channel Processing(b;)
> Set a1 as the embedding of the token corresponding to arg max ug.
> If a;41 is the embedding of (BOS): break
>t =1
3. Output: [a1,s,a¢41].

Remark: o Still non-parallelizable, still auto-regression, the same as RNN and FFN LM.
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c. Self-attention as sequence mixer: A key resource trade-off

Remark: o Computation and memory of attention scales quadratically O(T?) with sequence length 7.

= 60 4 as]

3

g 2. 2000

8 >

£ 401 15

= &

& < 1000

- 2

I &)

0+ . . . T 0+ . . . .
1000 2000 3000 4000 1000 2000 3000 4000
Sequence Length Sequence Length

Figure: Scaling of computation and memory of a self-attention with sequence length
From https://angeloskath.github.io/data/linear_transformers_slides.pdf
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c. Self-attention as sequence mixer: KV cache

Definition (KV cache [53])
KV Cache (Key-Value Cache) stores computed keys (K) and values (V') from previous time steps to avoid
recomputation in self-attention during autoregressive inference.
o How Does KV Cache Work?
1. Compute and store k1, v;.
2. Retrieve k1,v1, compute k2, v2, and append.

3. Retrieve all cached K,V and compute only for the new token.

Remarks: o Standard self-attention recomputes all K and V at every step: O(T2d).
o KV Cache stores values and retrieves them, reducing complexity to O(T'd).
o Faster inference.
o Lower memory overhead.
o Enables efficient scaling for LLMs.

o There is a ton of literature in improving the efficiency of KV caches (e.g., with compression, etc.).
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Step 1
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c. Self-attention as sequence mixer:

Q KT
;
x| g -
]
3
(1, emb_size) (emb_size, 1)
Q KT
Query Token 1
=
Z
x |8 -
&
(1, emb_size) (emb_size, 1)

Figure: From https://mediun.com/@joaolages/kv-caching-explained- 276520203249
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c. Self-attention as sequence mixer: KV cache basics

Step 2 .
Q KT QK v Attention
Query Token 1 = | = I ax | ox Value Token 1 Token 1
& Query Token 2 212 [[as [ o Value Token 2 Token 2
& * - X -
S 2|8
(2, emb_size) (emb_size, 2) 2,2) (2, emb_size) (2, emb_size)
Q KT QKT v Attention
Value Token 1
= =
Lo 2 ’a Value Token 2 Token 2
&E x |28 = X =
& 83
— N
(1, emb_size) (emb_size, 2) (1,2) (2, emb_size) (1, emb_size)

[[] Values that wil be masked [ Values thatwill be taken from cache

F igu re: From https://medium.com/@joaolages/kv-caching-explained-276520203249
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c. Self-attention as sequence mixer: KV cache basics

Step 3 . . )
Q K QK \ Attention
Query Token 1 E E f ax, [ ax | ox Value Token 1 Token 1
Sl;' N Query Token 2 i‘ i-' g ax [ ak | ax Value Token 2 Token 2
X = X =
s-;“sls:\ Query Token 3 N R % | ok | 9% Value Token 3 Token 3
L% L - N w
(3, emb_size) (emb_size, 3) (3,3) (3, emb_size) (3, emb_size)
Q KT QKT v Attention
E E 5 Value Token 1
Lo il e Value Token 2
&F x |®|2|8 = x =
& 2|e |3 Value Token 3 Token 3
- N w
(1, emb_size) (emb_size, 3) (1,3) (3, emb_size) (1, emb_size)

[] Values that will be masked [ Values that will be taken from cache

Figure: From https://mediun.com/@joaolages/kv-caching-explained- 276520203249
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c. Self-attention as sequence mixer: KV cache basics

Step 4
Q KT QK' v Attention
Query Token 1 = f = E ak | ox | ox | ok Value Token 1 Token 1
DS‘ " Query Token 2 “':', = "_', = ak | ax | ax | ax Value Token 2 Token 2
X = X =
§4§ Query Token 3 §- g § é’ Rl R e Value Token 3 Token 3
< = IV T S
Query Token 4 il Bl Bl B Value Token 4 Token 4
(4, emb_size) (emb_size, 4) (4, 4) (4, emb_size) (4, emb_size)
Q K QK" v Attention
S 3_!:
S5 X g = X =
& ]
=
Value Token 4 Token 4
(1, emb_size) (emb_size, 4) (1, 4) (4, emb_size) (1, emb_size)

] Vabwes that will b masked [ Values that will be taken from cache

Figure: From https://medium.com/@joaolages/kv-caching-explained- 276520203249
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Another key idea in the same vein: Multihead attention

i p—
- —1

al J

Multihead Attention [65]

Instead of having one attention, it is possible to have h Linear Concet
attention heads in parallel such that = ind nd seit | Lnear | ouput

Altention
Linear
="

o ) o P Figure: Multi-head self-attention mechanism, where
where the projections are parameter matrices X * € R™ ¢, the embedding dimension is split across multiple

XK ¢ RmXdn XV € RMXdr and d), = d/h. heads, each capturing different contextual features
¢ ¢ before aggregation with concatenation [46].

MultiHead(A) = Concat(head, ..., heady,)
where head; = Attention(AX?7 AXfK7 AXZV),

‘ Value

Remarks: o Dividing hidden dimension to heads allows parallelization while keeping the computational cost
similar to single-head attention [65]. .

o Allows each head to focus on different aspects of the input, capturing a wide range of features and
relationships (e.g., subject-verb agreement, syntax, semantics) [31].

o Enhances the model’s ability to capture diverse dependencies.

o Another similar idea to reduce cost is called Grouped-Query Attention (GQA) [2] (see
supplementary material).
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Efficient self-attention: FlashAttention [14]

Inner Loop

Memory Hierarchy with

Bandwidth & Memory Size Sm(QKIV: Nxd

Figure: Visualization of inner and outer loops of FlashAttention
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Fused
Mask Kernel
—

[F— — v—

] Matmul

with the locations in memory hierarchy [14].

o Core idea: Reduce memory usage and improve speed using tiling and recomputation.

> Fused kernel for matrix multiplication, softmax and masking.

> Processes in small blocks instead of full sequence.

> Uses fast on-chip memory (SRAM) to minimize memory traffic.

> Up to 2—-4x faster than standard attention with less memory footprint.
> Has O(T'Cd) complexity where C' is the block size.
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TRANSFORMER as LM

o A Transformer block= [self-attention layer + layer normalization + feedforward layer + layer normalization].
o We stack £ Transformer blocks to form an LM, e.g., £ =12 in [56].

Forward pass in pre-training on single sentence Distribution over vocabulary
1. Set initial loss L = 0, denote by By = A the input to the first block. -
2.Forl=1,...,L
> Q= Bl—lxg s K =B X}, Vi=B_1X],, query, key, value. f f 1
) J ' Linear layer & Softmax layer
> S = Mask(Q,KlT), calculate score and mask score. T T T
> B; = Row-wise-Softmax(S;)V; 7
> B+ =B;_1, “add" in the figure, motivated by ResNet [27]
> B; = Layernorm(B;) Add & Norm «
T
> Bshorteut = By Feed
F
> B, =o0(Xp;Bi), feedforward e
> B+ = Boporiaur "add” LT
_ Masked self-
> B; = Layernorm(B;) output of each Transformer block . _—
3. U:=[uy,...,ur]" = Row-wise-Softmax(B.X},), probability
S )

Remarks: o Original Transformer is proposed with encoder and decoder for neural machine translation [65].

o The Transformer decoder is sufficient as an LM.
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Batch and layer normalization [4]

Batch Norm : o For an input A €

> B is batch size

> T is sequence length

RBXTxd

> d is embedding dimension

, we use the following notation:

o The normalization layers enable the following

> Forward view: distribution stability [4].

Figure: Batch and layer normalization [10].

Batch normalization

i=1
i _ Ai—ups
=
2
op te
Remark: o € is a small value to ensure stability.
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Layer normalization

> Backward view: normalization for the backward gradient [66].
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d. Linear-attention [38] as sequence mixer

Layer Type Inference memory  Training time  Computational complexity

Recurrent o(d) o(T) o(Td)

Self-Attention o(T?) o(1) O(T?d)
Question: o Can we have the best of both worlds?
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d. Linear-attention [38] as sequence mixer

Observation: o Softmax is the bottleneck for both training and infering self-attention.

Solution: o Aproximated softmax with linear dot product of feature maps [8, 57, 59].

Full softmax attention

N .
X sy,

Softmax((QKT))V
Z;v:l sim(qq, kj)

Linearized full attention

$(a)T Y0 olky)vT
$(a)” Y, o(kj)

(2 QoE)T) V =0(Q) (¢(K)"V) =
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d. Linear-attention as sequence mixer: CLM

Causal softmax attention

Z S|m(qz, )V
E 1 sim(a;, kj) -

Softmax((QK”) ® M®)V =

Linearized causal attention

i

S, = k; T7
#@)" )L, 000V p(a)TS, \ Z 4V,
i = Where =
¢(a:)T Z;:1 #(k;) #(a:)Tzi .
z; = Z o (k;).
j=1
Remarks: o One common choice of nonlinearity is ¢(a) = elu(a) + 1.

o Note that the state § € R4%4,
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d. Linear-attention as sequence mixer: Training

Forward pass in training on a single sentence b, b, by
1. Set initial loss L = 0. I I I
2.Q =¢(AX]), K = ¢(AX]),V = AX], query, key, value.
3. B= ((QKg) oMYV, linear attention output
4. U :=[uy,...,ur]’ = Channel Processing(B), probability WI i
5. L=L+ (Zz;l ZLZ‘I —ﬂy] log u,[f]), loss a, a, a,

Figure: Linear attention layer.
Remarks: o It can be trained like a self-attention.
o A =[ay,...ap]T € RTX4: collections of embeddings of all tokens.
o Learnable parameters: X, X, Xy € RmXxd,
o With parallelized training, the time is O(1).
1, i27

o Due to lack of softmax, M¢ = ) g
+ 0, i<j
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d. Linear-attention as sequence mixer: Inference

Forward pass in inference b, b, b,
1. Set a; as the embedding of (BOS), t = 1, initial
state Sp = 0,z0 = 0. I I I
2. While True: S 24 $x2, S3 2,
> gt = p(Xqar), kt = p(Xkar), v = Xyay, o
> Si+ = ktvgw7 zi+ = kt7 I I ] attention
EIC a, a as
> — 2(ai) St
b: ICOEETE
> u; = Channel Processing(b¢), Figure: Auto-regressive inference of linear attention.
> Set a;41 as the embedding of the token
corresponding to arg max u.
> If a;41 is the embedding of (EOS): break
>+ =1
3. Output: [a1,s,ay1].
Remarks: o Linear attention can perform auto-regressive inference.

o S; and z; can be computed from S;_; and z;_; in constant time.

o The memory for inference is O(d?).
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d. Linear-attention as sequence mixer

Layer Type Inference memory  Training time  Computational complexity

Recurrent o(d) o(T) o(Td)

Self-Attention o(T?) o(1) O(T?d)

KV Cache O(Td) o0(1) O(Td + d?)

Linear-Attention O(d?) o) O(Td?)
Remarks: o Note that d is the corresponding embedding dimension for the network.

o Still requires positional embeddings.
o Significantly underperforms softmax based attention.
o Due to the cumulative sum, the state value could explode.

Solution: o Embed the positional information in the state updates.
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d. Linear-attention as sequence mixer: To position embed or not?

o Embeding the positional information in the state updates provides:
> Implicit positional information,
> Numerical stability,

> Better performance.

o We can implicitly encode time via a variable \ as follows:

Sy = MSi—1 +kvi 2z = Mze—1 + ke

> For ease of notation, we use g; = ¢(Xpa;),k;j = ¢(Xka;),v; = Xya; in the sequel.
o One choice of A for recurrent computation is an exponential decay factor A\; = v where 0 < v < 1 [62]
So=0
S1 =kivi,
So =~vS1 + kQVg = A/(klvf) + kgvg,
S5 =82 + kavi =12 (kiv]) + y(kav3) + kavi ...
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d. Linear-attention as sequence mixer: Train like a self-attention, infer like an RNN

10 0 0o o0 Training Inference
T —
y |1 0 o o0 B = ((QKT) O] St = Z — ’\,«f’ jijT St = ’Yst—l + ktvg
D D = J
M?¥)V,where M} = i
°l° S * Zt = Zj:l 7k zy = vzZt—1 + ke
Vind 10 71_]7 1>, qz St
. Sout,t = —T
e s o 1, i=7, dg =t
0, otherwise.
Figure: Decay mask mP
Observation: o Competitive performance with softmax based attention [62].

o It lacks input-dependency (i.e., selectivity).
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d. Linear-attention as sequence mixer: Selectivity

o How can we also incorporate input dependency along with position information?

Solution: o )jj is data dependent decay term with 0 < A\;; < 1.

o Many examples in the literature with competitive/better performances [40, 6, 52, 71]...

Figure: Selective mask MS
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Training Inference
1 0 [ 0 0 -
Si = AeSi—1 + kevy
Ay 1 0 [ 0 _
B= ((QKT) O] 1\/IS)V7 where 2t = Aeze—1 + ke,
0 0 j b, — thSt
S t = .
s Hm:i+1 Am, 4>, Q?Zt
q ° M =41, i=Jj,
N . ‘ 0, otherwise.




e. SSMs as sequence mixers

Definition (Continuous state space representation)

S4 (structured state space sequence) models [25] in continuous
domain are defined using 4 parameters (A,XA,XB,XC) such as

A B
Sty = XHSw + XGaw,
_ C
bey =X)Sw)-

Definition (Discrete state space representation)

Using zero-order hold (ZOH) [36] approximation (see Figure: State space model.
supplementary material), it is possible to discretize them as

where XA = exp(AX4), XB = (AXA)~1(exp(AXA) — [)AXB.
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e. SSMs as sequence mixer: Training

Kernel

" output

Figure: SSM convolutional kernel usage for efficient training.
From https://newsletter.maartengrootendorst.com/p/a- visual- guide-to-mamba-and- state

o For efficient training, sequential convolutional operations are used.

Training
K = (X°XB,XCXAXEB, ... XCXA"XEB, . ),
B=AxK
Remarks: o S4 had all parameters input independent.

o Mambal [24] introduced selective Ay.
o Selectivity enabled higher performance and ability to apply to CLM task.
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e. SSMs as sequence mixer: Inference

N State Repr i N
@ el [T T JHHH—en— X '@—@>@
multipl
Input updates during training multipl Output
a, TTT }_ b,
multipl

Figure: SSM model. From https://newsletter.maartengrootendorst.com/p/a-visual-guide-to-mamba-and-state

o Inference can be performed similar to the recurrent sequence modeling.

Inference
St = X481 + XB,a,
b; = X¢S,
Remarks: o Many sota SSMs include additional design elements such as

> Hippo [26] initialization, gating mechanism, convolutional layers,

> multi head layers and state expansion [24, 15].
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e. SSMs as sequence mixer: Towards linear attention and state-space duality

Linear-attention inference SSM inference
St = MeSi—1 + kevE, zi = Mzi—1 + ke, — —
' tT; o e < St = X4;8: 1 + XBay,
q; Ot
b= b, = X¥S,
qa; Zt

o Using state-space duality [15], it is possible to rename parameters as (X¢, X5 A) — (Q,K, V).
o Following the linear attention formulation, we can write the inference of Mambal [24] as follows
S =G ©Si—1+ ktVtT,
b, = af St,
with Gt = exp(—(A417) © exp(X4)).

Remarks: o XA ¢ R4%d js data independent.
o At € R% is data dependent [68].
o Mamba2 uses a parameter instead of the selective diagonal matrix G.

o It is more efficient, scalable and closer to linear attention.
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Duality of linear attention and SSMs

Table: Overview of recent linear recurrent models. Matrix state values S; € R*X™ ,S* S? © is the Hadamard product,
additional linear RNN with hidden state vector z, which used to normalized the query vector q:. Variables with the subscript ¢

are potentially non-linear functions of the current input a;. Taken from [71].

Model Recurrence Memory read-out
Linear Attention [38, 37] St = S;_1 + vik] b, =Siq:

+ Kernel St =Si—1 +vip(kt)T b: = Sié(qt)

+ Normalization St =Si—1 +vip(ke)T, 2zt = ze—1 + d(ke) b = Sip(qe)/(z{ $(at))
DeltaNet [71] S: = Stfl(l - Btktkz) + Btvtk{ b: = Stqt
Gated RFA [52] St =gtSe—1+ (1 —ge)vek], zt = geze—1+ (1 — ge)ke by = Siqi/(2]{ qt)
S4 [25, 60] St = S;—1 ® exp(—(alT) ® exp(X4)) + XB © (v:17) b:=(S: X1 +dov:
ABC [51] Sk =Sk | 4], SY =SV | +vie] by = SV softmax (SFq: )
DFW [41] St =Si-1 0 (Bia]) + vik] b = Siq:
RetNet [62] S: = 'ySt,l +vtk2 b: = Stqt
Mamba [24] St =S-10 eXp(—(atlT) ® exp(XA)) + (Oét ® ’Ut)k; b: = Siqt +d O vy
GLA [70] S:=S:10 (lal) + ‘Utkg = Stleiag(at) + Utkg b: = Siq:
RWKV-6 [50] St =S¢1 Diag(at) + ’Utkg b; = (Stfl + (d [O] vt)ktT)qt
HGRN-2 [54] S: = St,lDiag(at) + ‘Ut(l — C!t)T b: = Siq:
mLSTM [40] St = ftS¢—1 + irvek], zt = frze—1 +itke by = Siqi/ max{1, |z{ q:|}
Mamba-2 [15] St = 7Si—1 + ’Utk; b: = Siq:
GSA [73] Sf = Siﬂl Diag(az) + kg, Sy =S}, Diag(at) + vi¢] bt = Sy softmax (qut)
Gated DeltaNet [69] St =Si-1 (ar(X— Bekik])) + Bevik] b: = Siq
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Efficient linear attention/SSMs: FlashLinearAttention [72]

=Q S[T.]+(Q K ~M]\'

000] {000} +coo 000] {000} —[coo
eleleZi o OOQ| A o 000
ooo) ! B | 600 ! B | 6060
0o B \[6og B\ 660
! :
Figure: FLASHLINEARATTENTION [68].
Remarks: o |0-aware, fast and efficient linear attention calculation algorithm.

o Supports many linear attention variations with decay factor.
o Has O(Td? 4+ TdC) complexity where C' is the chunk size.

By= QuS} +(QuKj oMV eROX
~—~—" ~
rEOxd  pdxd RCXC  RpCxd
inter—chunk:Oiﬁt]er intra—chunk:Oi[';t]ra
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Efficient linear attention/SSMs: SSD algorithm [15]

3 AooBo

Ci AroBy G A1sB

Cf A20By C3 AauBy CF AxaBa
By Az

Az | B Any
LX: Az,

By Azg
52 | BY Az
B] Az,

CJ AsaBs
CAuaBy Cf AvaBs
ClAsaBs CAsaBs C1AssBs

Semiseparable Matrix M
Block Decomposition

[ Diagonal Block: Input — Output
[ Low-Rank Block: Input — State
Outputs Y [ Low-Rank Block: State — State
[ Low-Rank Block: State — Output
Inputs X
Figure: SSD algorithm of Mamba2 [15].
o Block Matrix Decomposition: o Chunking & State Passing:
> Divide the SSM matrix into C' x C' blocks. > Split input into chunks of size C.
> Compute diagonal blocks using a quadratic > Compute local outputs in parallel (assuming zero
(attention-like) form. initial state).
> Factorize and compute off-diagonal blocks using > Compute final states of chunks in parallel.
batched matrix multiplications. > Propagate states using a parallel or sequential scan.
> Process sequentially using modified A factors. >

Adjust outputs using true initial states.
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Bidirectional sequence modeling

Question: o What if all past and future tokens are available at the beginning?

o For instance, image classification, masked language modeling...

o Bidirectional transformers. Ex: ViT, BERT [19, 18].
o Bidirectional SSMs. Ex: Hydra, Vision Mamba [30, 75].

o Bidirectional RNNs. Ex: Vision-LSTM [3].

o Bidirectional linear attention. Ex: 777.

ILHEEIN  Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre

Slide 55/ 70

Figure: Image classification task

new

I

Masked Language Modelling

[T

happy [Mask] vyear

Figure: Masked language modelling
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LION: Linear attentiON for bidirectional sequence modeling

Training

B = (QK") o MMV,

aiky aike aiks aiks

. A2 4223 A24344
i . . 2y 2y 2y zZ
Hk=j+1>\k’ 1> i
MyON = <1 i=j
j .
Hk:¢+1)‘k7 1< 7.

o Three stable choices of decay parameter with LION

> LION-LIT for A\; = 1 which is bi-directional form of LinearTrans [38].
> LION-D for \; = A fixed decay, and bi-directional form of RetNet [62].

> LION-S for \; = 0(Wx;) being input dependent, and bi-directional
Linear Transformer inspired by selectivity of Mamba2 [15].

Figure: LION linear attention

ILHEEIN  Training LLMs | Prof. Volkan Cevher, Prof. Caglar Giilcehre Slide 56/ 70



LION: linear attention for bidirectional sequence modeling

Inference Memory |

Recurrent Inference Chunked Inference o o oo
F/B F/B T T _ 0 1T B 80 i X
S;/7 =NS T kv, Ppj = QK © My, = £
_ 60 = s
2P =\ P 4k, Clij) = Cpij—1 +5um(Pp;)), | € 2 :
F/B T F/B_ i ki Stis) = Stij—1 + Prg Vi1, %m L:: ‘ ‘
A Sr; =
2 B = [iN] D20
F/B ToF/B ik i Crn 3 I
bi =q; Si - Tvi, 0 — LION —=— VIM
224 512 738 10241248 2496
sz + b? Resolution
© T T F | B
¢ ¢ Figure: Inference memory resources of
LION framework and other sota

models
Training Times (relative to Transformer) |
| Task | LION-LIT  LION-D  LION-S  Hydra  Vim

Vision x1.39 x2.51 x10.86
MLM x1.10 x3.13 X

Table: Existing bidirectional models employ more than X2 the training time of a Transformer while LION maintains the
transformer training speed of Transformers.
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3. FFN as channel processing [48]

Observation: o 2/3 of all the parameters of a transformer comes from FFNs.

Question: o Why do models need residual connections and an FFN as the last layer?

1. Individual token information:

> Sequence mixer captures temporal relations.

> It is also necessary to capture information that lies within each word.
2. Token uniformity [67] in the high dimensional embedding space:

> Without the additional FFN, token representations can become very similar.

> Model struggles to distinguish between tokens.
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Figure: Token uniformity. t-SNE plot
of the token embeddings of BERT
model is visualized. Tokens exhibit
clear clusters, indicating token
uniformity [67].
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3. FFN as channel processing

Question: o Why do models need residual connections and an FFN as the last layer?
o The role of skip connections o The role of FFN
> Motivated by ResNet [27]. > Introduces additional nonlinearity.
> Prevents vanishing gradients by allowing gradients > Enhances the representation diversity by mapping
to flow directly from deeper layers to earlier layers. to high dimentional space dg,, = 4d.
> Smooths the loss surface.
u,
> Preserves original information. fd
Linear
Id"n
Channel
Pmeeulml Activation
{d“n
Sequence Linear
Mixing I
I d
b,

i Figure: FFN as channel processing

Figure: Residual connections
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Mixture of Experts (MoE)

o What is an MoE? [9, 58]

> A modular approach where experts specialize in different input regions.

> A gating function selects relevant experts per input, reducing compute cost.

s

. (MoE layer

60),

Figure: Sparse MoE with top-k expert selection [58].
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o Mathematical formulation:
K
Fuce(a) = Y Gi(a)fia) (1)
i=1

Gi(a) = _ exp(gi(a) )
D S

> fi(a) is the output of 3" expert.
> gi(a) is the raw gating scores.

> The softmax gate G;(a) ensures a
probabilistic selection of experts.

o Cost changes form O(p) to O(kp/K).

> p is the number of parameters



Dense vs Sparse MoE

o In a dense MoE, all experts are used for each input, making it computationally expensive.

o In a sparse MoE, only a subset (top-k) of experts is activated for each token, where
Gi(a) = softmax(Topy(g(a) + Rnoise; k)) 3)
Topy(g(a), k)i = { (4)

o Adding noise Ryoise € RX to a sparsely-gated MoE layer promotes expert exploration and stabilizes training.

gi(a), if gi(a) is in the top-k elements of g(a),
—o00, otherwise.

o This sparsification reduces computational cost significantly, while scaling the model.

ty

Add + Normalize
L)

(a) Dense MoE (b) Sparse MoE

Figure: The MoE layer selects experts per input: (a) Dense MoE uses all, while (b) Sparse MoE activates the top-k [9].
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Better scaling with MoEs

o Why do we use MoEs Instead of a larger model?
> Compute cost of a dense model:
> A standard FFN with p parameters uses all parameters in every forward pass.
> Computational cost scales as O(p).
> Sparse activation in an MoE:
> MoE has K experts, each with % parameters.
> Only k experts (k < K) are selected per input with O(k - £) cost during inference.

Key result:

MoE enables better scaling to large models without a proportional increase in compute cost.

o MoEs replace dense FFN layers with experts while preserving self-attention, enabling better scaling [9].

Examples: . \jixtral-8x7B [34] - 8 experts, top-2 > DBRX [16] - Fine-grained expert
activation. segmentation.
> DeepSeekMoE [13] - 16 experts, > Qwenl.5-MoE [63] - Shared expert
top-2/top-16 activation. configurations.
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Some example LLM architectures: Llama3 [20]

o Decoder-only transformer architecture.

o Tokenizer with a vocabulary of 128,000 tokens.

o Trained on sequences up to 8,192 tokens in length.
o Uses Grouped-Query Attention (GQA).

o Post-training:

> Fine-tuned using supervised fine-tuning

> Aligned with reinforcement learning with human feedback

| SEwses o Three sizes:

> 8B Model: 32 transformer layers,

> 70B Model: 80 transformer layers,
it > 405B Model: 126 transformer layers.

LLaMA

Figure: Llama3 architecture [39]
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Some example LLM architectures: Llama3 [20]

o RMS normalization

LLaMA

> «; is a learnable scaling parameter.

Figure: Llama3 architecture [39
& (39 > ¢ is a small constant for numerical stability.
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Some example LLM architectures: Mamba2 [15]

o Flexibility in configuration.

o Specific implementations may vary.

4
o 8B Mamba-2:
> It has hidden dimension of 4096 and 56 layers.
b
SSM > - i
o [ st E.ach Mamba 2 layer hac'i an .|ntern.al state
dimension of 128, organized into eight groups.
l:l Sequence transformation
2 O NonlneiyGacton, > It employs a head dimension of 64.
Conv normalization, multiplication) .
‘:y: > It has an expansion factor of two, and a
convolution window size of four.

o Capability to handle extremely long contexts
Sequential Mamba Block Parallel Mamba Block
> The passkey retrieval task [45]
Figure: Mamba2 architecture [15]
> 370M Mamba-2 achieves near-perfect accuracy

> a context length of 256,000 tokens!
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Some example LLM architectures: DeepSeek v3 [17]

0000 --0000) (] Rowsteer |

DeepSeekMot

() sharedexprt |

o Mixture-of-Experts (MoE) Framework:

> Dynamically activates subsets of model parameters.

> Reduces computational cost while maintaining high
performance.

o Multi-head Latent Attention (MLA):
> Compresses Key-Value (KV) cache into latent vectors.

> Supports extended context lengths (up to 128,000 tokens).

Astention

Output Hidden u (5OO0 — -~ OO00)

Mult-Head Atention

> Improves memory efficiency during inference.

Figure: DeepSeek v3 architecture [1]
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Some example LLM architectures: DeepSeek v3 [17]

DeepSeekMot

0000 --0000) (] Rowsteer |

() sharedexprt |

o Multi-Token Prediction:
> Allows simultaneous generation of multiple tokens.

> Enhances decoding speed without sacrificing accuracy.

Astention

m.,um.,.m“ o Training Methodology:

( Malt-ead Atention )i

> Trained on a multilingual corpus (primarily English and
Chinese).

> Fine-tuned with a focus on reasoning-intensive tasks like
mathematics and programming.

o Reduces the dependency on large-scale GPU resources.
Figure: DeepSeek v3 architecture [1]
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Some example LLM architectures: Recurrent depth approach [23]

“Hello”—> P

oo -

Recurrent --+ Input Injection
Prelude - Block . Coda — Residual Stream

/ . — “World”

Figure: A visualization of the architecture. Each block consists of a number of sub-layers. The blue prelude block embeds the
inputs into latent space, where the green shared recurrent block is a block of layers that is repeated to compute the final latent

state, which is decoded by the layers of the red coda block. [23]

o Traditional models increase reasoning capacity by generating more tokens.
o An architecture that scales computation at test time using a Recurrent Depth Approach.

o Recurrent block iteration: A core recurrent block is iterated multiple times to refine reasoning.
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Some example LLM architectures: Recurrent depth approach [23]

“Hello”—> P

oo -

Recurrent --+ Input Injection
Prelude - Block . Coda — Residual Stream

/ . — “World”

Figure: A visualization of the architecture. Each block consists of a number of sub-layers. The blue prelude block embeds the
inputs into latent space, where the green shared recurrent block is a block of layers that is repeated to compute the final latent

state, which is decoded by the layers of the red coda block. [23]

o Dynamic test-time computation: Computational depth can be increased as needed during inference.

o Latent space processing: Reasoning is performed internally, minimizing unnecessary token generation.

o Inference computation can be scaled without changing model parameters.
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Wrap up!

> Lecture 2 about Optimization next Thursday!
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* Rotary position embedding in self-attention

Solution 3 [61] o Rotary position encoding: incorporate both absolute position and relative position.

o Given g; and k;/, we want to find a position encoding function Pos() such that:

(Pos(qt), Pos(ky)) = SomeFunction(qy, ky/,t — t').
o Assume m = 2 (can be generalized to m > 2): by the derivation in [61], one can use

Pos(k;) :=

cost, —sint
Pos(q:) := { } qt,

cost!/, —sint’ k
. /.
sint, cost t

sint/,  cost’

o Achieve better performance on various long text tasks.

o Being employed in several recent LLMs [12, 64].
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* Grouped-query attention

Grouped-Query Attention (GQA) [2]
Reduces computational cost by sharing key-value
pairs across multiple queries, for the group g: Multi-head Grouped-query Multi-query

Values

g_head; = Attention(QX?, KX vXV).

Used in large-scale models (e.g., LLaMA-3.1 [21], o DUDDUDUD U D U U D

Mistral [33]) for f. inf d reduced L : SUFSRVSRISE R SNGC
méilfoary usage(.)r aster inference and reduce uerios U J U U U U U U ’7 UUU 7‘ L U 7‘ L U 7‘ L U | \\ J
KV Cache Efficiency Figure: GQA: Interpolates between multi-head and multi-query

attention by sharing key-value heads in query groups [2].
GQA improves KV caching by reducing memory
overhead since fewer key-value pairs need to be
stored, leading to faster auto-regressive decoding.
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* Zero-order hold discretization

Below, the zero-order hold discretization derived by [36] is explained. An LTI system can be represented with
the equation:

h'(t) = Ah(t) + Bx(t), (5)
which can be rearranged to isolate h(t):
h'(t) — Ah(t) = Bx(t). (6)
By multiplying the equation by e~ At we get
e~ Ath/(t) — e M An(t) = e~ A Bx(2) (7
Since %e’” = AeAt = eAt A, (3) can be written as:
9 (em**h(t)) = e Bx(t). (8)
ot

After integrating both sides and simplifications, we get

t
e—Ath(t):/ e~ A7 Bx(7) dr + h(0). (9)
0
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* Zero-order hold discretization
After multiplying by eAT and rearranging we get

kT
eA(k+1)Th(0) _ eAThk _ eA(k+1)T/ e_ATBx(T) dr. (15)
0

Plugging this expression for x;11 in (10) yields to

kT (k+1)T
hyyq =eAThy — AT (/ e ATBx(r)dr + / e ATBx(7) d‘r> , (16)
0 0

which can be further simplified to

(k+1)T
hjy1 = eAThy — AKRHDT / e ATBx(7) dr. (17)
kT

Now, assuming that x(t) is constant on the interval [kT, (k + 1)T), which allows us to take Bx(t) outside the
integral. Moreover, by bringing the eA(*+1T term inside the integral we have

(k+1)T
his = ATh, / AT g B (18)
kT
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* Zero-order hold discretization

Using a change of variables v = (k + 1)T — 7, with d7 = —dv, and reversing the integration bounds results in
T
hpy1 =e2Thy + / eA? dv Bxy,. (19)
0

Finally, if we evaluate the integral by noting that %eA‘ = AeAt and assuming A is invertible, we get
hjp1 =eAThy + AT (eAT - 1) Bx. (20)
Thus, we find the discrete-time state and input matrices:
A = AT (21)
B=A""'(AT-1)B. (22)
And the final discrete state space representation is:

hy = e2Th,_; + A (eAT - I) Bixy. (23)
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