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» Non-Commercial
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Online learning in potential games
o Potential games capture cooperative settings at which agents share common interests.
Definition (Potential games Monderer et al. [1])

An N-player game is a potential game if and only if a function ® : X1 X --- X X}, — R such that for each agent
i € [N],
D(zi,w_;) — @(z;,x_i) =ui(zi,x—5) — uz(x;,x_l)

Matching Rock-Paper-Scissors

Bob/Alice Rock Paper Scissors
Rock 1/1 0/0 0/0
Paper o/0 1/1 0/0

Scissors 0/0 0/0 1/1

Potential Function — ®(z1,z2) := leAxQ

Remarks: o Potential function does not depend on 3.
o All finite congestion games are potential games Rosenthal [8]; Example 2.3.
o Potential games also capture opinion formation games Kleinberg et al. [3].
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Congestion games (definition)
Remark: o Congestion games traditionally refer to cost instead of utility.

Definition
A congestion game is an [N-player game where we have
> A directed graph G(V, E).
> Each player i € [N] admits a source/target pair (s;,t;) €V x V.
> A strategy space of agent i € [N], P; := {the set of all paths from s; € V to ¢; € V}.
> The load Le(p1,...,pn) of edge e € E under the strategy profile p = (p1,...,pn) equals

Le(p1,...,pN) = |t E€[N]: e€ P;| .
~—

#agents selecting the edge

v

The cost of agent ¢ € [IN] under strategy profile p = (p1,...,pn) equals

Costi(pi,p—i) == »_ ce (Le(p))

ecp;

where c.(£) > 0 is the cost of traversing edge e € E with load ¢ (cc(¢) is non-decreasing with £).
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Congestion games (properties)

Questions
> Do Congestion games admit Mixed NE? Yes (by Nash Theorem).

> Do Congestion games admit Pure NE? Yes.

Theorem (Rosenthal [8])
Let the potential function ®(pi,...,pN) := ZeeE Zfi(lp) ce (%) then it holds that

®(p;,p—i) — ®(p}, p—i) = Cost;(pi, p—i) — Cost; (P}, p—s).

Corollary

Congestion games admit at least one pure Nash Equilibrium.

Proof.
Let p* := argmin,, ®(p). For any agent i € [n],

Cost;(p;,pL;) — Costi(pi, p= ;) = (p;,p~;) — ®(ps,pL;) < 0 for all paths p; € P;
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Congestion games (potential function)

Theorem (Rosenthal [8])
Let the potential function ®(p1,...,pN) ZeGE Ze e(p) ce(%) then it holds that

®(pi,p—i) — ®(p;, p—i) = Cost;(pi,p—i) — Costi (], p—i).-

Proof.
Le(pip—i) Le (Pl p—i)
®(pi,p—i) — ®(p},p—i) = Z Ce(i)—z Z ce(i)
ecE  i=1 e€cE  i=1
Le(PisP—i) Le(pip—i)—1
= Z ( Z ce(i) — Z ce (1)
=i i=1
Le(Php—i Le(P)p—i)
T Z( Z c(i)f Z ce(4)
e€p’/p i=1 i=1
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Congestion games (potential function)

Proof.

®(pi,p—i) — ®(pj, p—i) = Z ce(€(pi,p—i)) — Z ce(€(p}, p—i))

e€p;/p) e€p’, /pi
= > celt@ip-) = Y ety p-i)
eEp; ecp;

= Cost;(p;, p—i) — Cost; (p}, p—i)

ICLEHEEIE  Online Learning in Games | Prof. Volkan Cevher, volkan.cevher@epfl.ch Slide 9/ 26



Online learning in potential games
o Potential games capture cooperative settings at which agents share common interests.

Definition (Potential games Monderer et al. [1])

An N-player game is a potential game if and only if a function ® : X1 X - -+ X X, — R such that for each agent
1 € [N],
D (x5, x—4) — P(a}, x—;) = ui(wi, x—i) — ui(x}, T—3).

Matching Rock-Paper-Scissors
Bob/Alice Rock Paper Scissors
Rock 1/1 0/0 0/0
Paper o/0 1/1 0/0
Scissors 0/0 0/0 1/1

Potential Function — ®(z1,z2) := x| Azg

Question

Does no-regret dynamics converge to NE in potential games?
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Online gradient ascent in potential games

Convergence of the online gradient ascent

At each round t > 1,
1. Each agent 7 selects mixed strategy mf € &;.
2. Each agent i experiences utility u;(zf, z? ).
+1

3. Each agent ¢ updates its mixed strategy xf
1 _ ¢ 1 t ot
x, =Tl (2 + vaiui(%»xﬂ')
where L > 0 is the smoothness constant of ®(x).

Theorem (Best-lterate Convergence)

Let a potential game at which all agents update their mixed strategies according to Online Gradient Ascent
(with 1/ L step-size). In case w;(x;,z_;) is concave with respect to x;, then there exists a round t* € {1,T}

such that
* * % | LAg
max u,(:pl,act_l — ul(:vz ,xt_l) <O | X —
2, EA; T

where Ag := max, ®(x) — ®(z°) and |X;| denotes the diameter of X;.
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Online gradient ascent in potential games

Proof.
By wi(zi, x—s) — ui(x}, w_;) = ®(ws,x_3) — Pz, ;) = Vaui(xi, ;) = Va, ®(x5,z_;). Thus online
gradient ascent admits the following equivalent form

1
il =TIy (:Et + ZV@(xt)) where X = X x ... X &

-
The latter implies that (xt +1/L-V®(at) — x”l) (z — 2t*1) <0 for all z € X. Now by the L-smoothness
of ®(z) we get that

L
Bt 2 2@+ Ve@E) @ —af) - Jflat — o
L L
= @(xt) -+ L(a:t 4L Zq)(xt) _ It+1)T(1’t+1 _ :Et) +§th _ :Et+1||2
>0
t L + t412

We thus get that
o(z'th) — @(at)
L
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Online gradient ascent in potential games

Proof.

By telescopic summation

T
_ 0
§ ”xt _ xt+1”2 < zmaxxeX CD(I) CI)(x ) < 2&
L L
t=1

The latter implies that there exists t* € {1, T} such that

p * A
lzt” — 2t < 422
LT

To simplify notation let z* := z*" and y* := z!"t1. As a result, for each agent i € [N]: ||z} — y*| < \/ 2%'

1
Hence || ITx, (xz* + ZVLuZ(I:,x*_Z)) = ||| £ 1/2?—51 and thus

yr

i

(& + 1/L-Va,ui(e*) —y) T (zi —yr) <0 for all z; € X;
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Online gradient ascent in potential games

Proof.
Since u;(x;,x_;) is concave with respect to z;, for any z; € X;
wi(mi, @t ;) —ui(a},@r;) < Vauizl,zr,) ' (@ —a))

= Voui(a], o) (@ —yf) + Ve, ui(e], 22,) T (] — )

< L(yf — o)) (@ — yf) + Vauila], o) T (yf — o)
< LIXllly; —2f ) + Llly; - «f1I

A A
< 0 0

LIX;| 4 [2=2 +2=2
% T 2T
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Recap on online learning in games

Question

> What if each agent i selects a no-regret algorithm to update its strategy xﬁ?

> Where does the overall strategy vector z+ converges to?

Answer

Depends on the class of game!
> Zero-sum Games — Nash Equilibrium (time-average and last-iterate convergence)
> Potential Games— Nash Equilibrium (best-iterate convergence)
> General Normal Form Games — Coarse Correlated Equilibrium (time-average convergence)
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Coarse correlated equilibrium (definition)

Coarse Correlated Equilibrium [Aumman (Nobel Prize 2005)]

Let an n-player Normal Form Game with actions sets Si1,...,Sn. A Coarse Correlated Equilibrium o is a joint
probability distribution o € A (S1 X ... X Sn) such that

Es~o [ui(8i,5—:)] > Esno [ui(sg,s,i)] for all s} € S;.

Explaining CCE

> A mediator selects a pure strategy profile s = (s1,...,5n) ~ o and suggests each agent 7 to play s;.

> |If agent ¢ assumes that all other agents follow the mediator’s then because of
Esmo [wi(8iy5—i)] > Esmo [ui(s;,s,i)] for all s} € S;

it is agent's ¢ favor to also follow the mediator’s advice.

> If o is a CCE then all agents finally follow the mediator’s advice.
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Example of coarse correlated equilibrium

Some potential game 1

Bob/Alice A B C
A 1/1 -1/-1 0/0
B 1/1 1/1 0/0
C 0/0 0/0 -1/-1

A Coarse correlated equilibrium o

Bob/Alice A B C
A 13 0 0
B 0 1/3 0
C 0 0o 1/3

Ihttps://www.cis.upenn.edu/~aaroth/courses/slides/agt17/1ect08. pdf
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Example of Coarse correlated equilibrium

lions@epfl

A to Bob and A to Alice  with prob.1/3
The mediator suggests = B to Bob and B to Alice  with prob.1/3
C to Bob and C' to Alice  with prob.1/3

If both Bob and Alice follow the mediator’s advice then Bob's payoff equals
1 14 1 1 1.1
3 3 33

Bob assumes that Alice follows the mediator’s advice. Under this assumption if Bob selects action B then
its expected payoff is

(—1) - Pry[Alice selects A] 4 (1) - Pry[Alice selects B] 4 (0) - Pry [Alice selects C] =0

Bob's expected utility by selecting action B

As a result, by assuming that Alice follows the mediator’'s advice, then Bob prefers following the mediator's
advice (1/3 expected payoff) than playing B (0 expected payoff). Similarly for actions A and C (0
expected payoff).

Respectively for Alice.
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Coarse correlated equilibrium vs Nash equilibrium

CCE vs NE
> If z* is a Nash Equilibrium then z* is a Coarse Correlated Equilibrium (NE C CCE).

> Nash Equilibrium is a product probability distribution z* € A(A1) X ... x A(Ay) while CCE is a joint
probability distribution o € A(A1 X ... X Ap).

> A CCE o is not necessarily a NE (previous example).
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Online Learning in Normal-Form Games

Definition
Given a mixed strategy profile z := (z1,...,Zn), u(z) denotes the product probability distribution over pure
strategy profiles s = (s1,...,sn) induced by z, ps(x) :=Ils, cs®is; = Prz [s].

Theorem (Folkore)

If each agent i € [N] uses a no-regret algorithm A; with regret R;(T) to update its strategy xt € A;. Then the

jointliz'me—average distribution 6 := Z?:l w(x?)/T is a max;c(n) Ri(T)/T-approximate Coarse Correlated
Equilibrium.
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Online Learning in Normal-Form Games

Proof.
By the no-regret property, for each agent i € [INV]

a) =

T
! t ot 1 1ot Ri(T)
— > -
= Zu;(wz,x,l) > Sr/neagci = Zul( oz ) T
t=1 ¢ t=1
Equivalently,
1 & 1 T
= 5y s_i)] wilsi,s_i) > = CTui(s s
.0 P [nsdlulsns) > max 73S P laifui(shys
t=1ses ¢ i t=1 s€§ ¢
. T
Z T Z(ﬁ T [(si55—i)] wi(sis5—4) 2> rlnaxz Z Pr [s_i] wi(s), s_i) —
s€S  t=1 i 51€%i o5 T 1=y =i
Since 6 := Z — u(zt)/T, by definition we get that 6(s) := # Zt Pr ¢ [s] and thus
Ri(T
Esms [wi(8i,5-i)] > max Ess [uz(s s_i)} _Ri(T)
1E€S; T
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Faster no-regret dynamics for CCE

So far

If all agents use a no-regret algorithm with /T then the time-average joint strategy profile converges with rate
O(1/+/T) to CCE.

o Can we do better?

Recent stream of works
> Optimistic Hedge admit rate O(T~3/4) Syrgannis et al. [9]
> Optimistic Hedge admit rate O(log* T'- T—') Daskalakis et al. [4]
> Optimistic Mirror Descent rate O(T~1) (for variationally stable games) Hsieh et al. [6]
> Clairvoyant MWU admit rate O(log T—1T~1) Piliouras et al. [7]
> Optimstic FTLR with log-barrier admit rate O(log T - T~') Anagnostidis et al. [2]
> Optimstic Hedge admit rate O(logT - T—!) Mansour et al. [5]

Remark: o Establishing no-regret dynamics with O(T~1) rate is still open!
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Optimistic FTRL with euclidean regularization

Simultaneous game-play in normal form games

> Consider a Normal Form Game with N agents and utilities in [—1,1].
> Ateachdayt=1,...,T:

1. Each agent i € [N] (secretly) selects a mixed strategy x! € A(S;) as follows

t—1 )
_ @
z! + max 'yvi(:viil)-rw—i-'y E vi(zii)Tz — u
;€A 2
s=1

Optimistic FTRL

2. All agents simultaneously reveal the selected strategies.

3. Each agent ¢ € [N] experiences utility
wi(zy,zt;) =By gt [uilsi, s-i)] = <z277)i(zt—i)>

and receives v; (2" ;) (expected utility vector of agent i) as feedback.
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Optimistic FTRL with euclidean reguralization

Theorem
If all agents of an normal-form game with [—1,1] payoffs, use Optimistic FTRL with ~ := T—1/3 then the
resulting time-average joint strategy profile converges to CCE with rate O (maxie[ ISICONE T2/ 3).

Proof.
= 2
Let y! < max, en, |yvi(at,) o+ 722:11 vi(zs )Tz — HI?H } (Be the Regularized Leader). Then by the

Be the Leader lemma (see Lecture 1),

T
1
max Zvl(azil)—rm — Zvl(xil)-ryf <O <7>
T;EA; v
t=1 t=1
Notice that
t—1 2
z! «+ max ’yvi(xt:il)—ra: JF’YZW(IS_Z-)TI _ ll=l®
CHSAY] 2
s=1

and thus by the strong concavity of the R(z),

-1
llef =yl < Allvs(@L) — vi (@)
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Optimistic FTRL with euclidean reguralization

Proof.

As a result,

T

T T
,tT__Z,tTt_ thT__Z,tTt
max vi\T_; Z vi\T_; T, = max VT, xT v\, 3
max Y wiel) T w @ )Tal = e ) wet) T HCAN:
=]

=l

IN

T
0 (=) +7VISTY et — uiat
t=1

. —il —1
Syrgannis et al. [9] showed that |jv;(2? ;) — v; (2’ 1)|| < Z#i [l — x; II.
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Optimistic FTRL with euclidean reguralization

Proof.
Since each agent j uses the OFTRL algorithm with step-size ~ then ||z} — 1‘?1” < O(v4/|Si|) and thus

t t—1 t—1
Joitat) = vi(a )l < Z laf — = < 0 (VN [max si|) :
J#i

As a result, we get that

3]
=B
o
bx
s
|
e
4‘
8
\
&
=
8
e
4‘
)
B
IA

T
0 (2) +7VISTY Inate) — wiato)l
t=1

1
(@) (*) + 72N max |S;| - T
2l i€[N]

IN

IN

1€[N]

(@) (N max |S;| -T1/3>
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