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Overview of Reinforcement Learning Approaches

o Value-based RL

> Learn the optimal value functions V*, Q*
(or the best approximation Vi, Qu*)

> Generate the optimal policy

Actor
Value-based Critic | Policy-based

m*(a|s) = argmax Q*(s,a)
acA

> Algorithms: Monte Carlo, SARSA, Q-learning, etc.

o Policy-based RL

> Learn the optimal policy 7*

Model-based

o Model-based RL
> Learn the model P and R and then do planning
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Value-based methods

o Advantages
> Easy to generate policy from the learned value function [14].
> Leverage bootstrap and n-step returns instead of full episodes [18], [23, 15].
> Easy to control bias-variance tradeoff [24, 22, 6].

> Good theory for tabular and linear function approximation settings [20, 17].

o Disadvantages:
> Do not scale to high-dimensional or continuous action spaces [11].
> Instability with off-policy learning under function approximation [2, 5, 4].

> Small value error may lead to large policy error [14].
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Policy-based methods

o Idea: Parameterize the policy as mg(a|s) and then find the best parameter § maximizing the cumulative reward

Policy optimization

max J(mg) == B | S 9*r(st, )]s ~ 7o | = BomulVTO(6))
t=0

Observations: o Here p is the initial state distribution.

o Alternatively, one may consider the average reward objective:

Javg(m0) = Esunmo [V (s)] = Z AT ()VTO (s),

where A™(s) is the occupance measure induced by policy .

o Stochastic policies: mg(a|s) = P(als, 0) is a distribution over action space.
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How to parametrize policies for discrete actions?
o Direct parametrization

mp(als) = 0s,a, where 65, >0 and Z Os,0 = 1.
acA

o Softmax policy

exp(0s,a)

mo(als) = —=———2%  where 6 € RIMAIXIS],
Za’EA exp(es,a’)

o Log-linear policy

ro(als) = (0 6(s.0)
Zu’EA exp (9 ) ¢(S7 CLI))

,  where ¢(s,a) € R% and 6 € R%.

o Neural softmax policy

rolals) — P (fo(5.0)
S e oxp (Jo (s, )

where fo(s, a) represents a neural network.
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How to parametrize policies for continuous actions?

o Continuous probability distributions: Gaussian, Beta, Dirichlet, etc.

Gaussian parametrization

rolals) — 1 ox _(a—ne(s))?
(el = @) p( 200(5)? )

where 119(s), 00 (s) are two differentiable function approximators.
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How to optimize over the given policy parameterization?

o Gradient-free methods
> Hill climbing
Simulated annealing

>
> Evolutionary strategies
>

o Gradient-based methods (our focus)
> Policy gradient method [19]

> Natural policy gradient method [8] T
> veee

ICLHEIN  Theory and Methods for Reinforcement Learning | Prof. Niao He & Prof. Volkan Cevher, niao.he®@ethz.ch & volkan.cevher@epfl.ch Slide 8/ 61 EPFL



How to optimize over the given policy parameterization?

suboptimal
solution

optimal
solution
.

random initialization

11 Space

optimal
solution

suboptimal
solution

.
random initialization

©® Space

Policy space II vs. parameter space © (figure from [21])
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Policy gradient method

o In general, we cannot exactly compute the gradient VgJ(7g) of the objective.
o A natural idea is to consider stochastic gradients:

9t+1 «— 0 +at@gJ(ﬂ'gt),

where @9J(7r9t) is a stochastic estimate of the gradient at 0;.

Q1: How do we construct a good estimate of Vg J(mg)?

Q2: Where does it converge to and how fast?
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Monte Carlo estimation

o Consider the following objective: F'(6) = E¢p(e)[f(0,)]-

o The gradient of the objective can be written as

VoF(0) = Ve/f(ﬁvﬁ)p(ﬁ)dﬁ = /Vef(b‘,E)P(f)dﬁ =Eepe)[Vaf(0,8)]:

o Here are some unbiased gradient estimators (single-sample and batch):

VoF(0) = Vo f(0,€), where & ~ p(¢).

A 1 n
VoR(0)= ) Vof(0,6), where &1, &n ~ p(&).
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Monte Carlo estimation with score functions

o Now, consider the following parameterization: F'(¢) = E¢.p, (¢)[f(§)]-

o The gradient of the parameterization can be written as

VoF(0) = /f(ﬁ)Vepe(f)dﬁ = /Pa(@f(@ve log pg (§)d€ = Eep, ()[f(§) Vo log Py (£)]-

o Here are some unbiased gradient estimators (single-sample and batch):

VoF(0) = f(€)Vglogpy(€), where & ~ py(€).

VoF(0) = %Z;lf(ii)ve log pg(&:), where &1,...,&n ~ py(§).
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Parametric policy optimization

o Recall the discounted cumulative reward objective:

oo

max J(mg) = E | Y 'r(se,ar)lso ~ 1m0 | = Ermp, [R(7)]
t=0

Observations: o 7 = (sg, a0, s1,---) is a random trajectory with probability pg(7):

o0
Pg(7) := u(so) Hﬂ’e (at|st)P(st+1lst, at).
t=0

o R(1) = Y72 7'r(st,ar) is the total reward over the random trajectory.
o We have VyJ(mg) = Er~p, [R(T) - Vg log pg(7)].

o Note that Vg logpy(T) = Z:io Vg log mg(at|st).
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Policy gradient theorem 1.1: REINFORCE expression

Policy gradient theorem (REINFORCE)

oo
VoJ(m9) = Er~p, |R(T) Z Vg log mg(at|st)
t=0

Vomg(als)

is called the score function.
o (als)

Remarks: o The term Vg logmg(als) =

o For differentiable policies, the score function can often be easily computed.

exp(0-¢(s,a))

, we have
exp(0-¢(s,a’))

o For example, for log-linear policy mg(a|s) =
a’€A

Vi log 7r9(a|8) = ¢(57 a) - anwe(»\s) [¢(S, a)]

o Note that Eq~ry [V log mg(als)] = 0.
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Policy gradient estimator

REINFORCE estimator
> Generate an episode T = (so, ao, 70, S1, - - .) from policy mg;
» Construct VgJ 9) (Zt 0? Tt) : (ZZO Vg log 7"0(‘11&|3t)) .

Remarks: o A single trajectory under 7y is enough to obtain an unbiased policy gradient estimator
o It is achieved without the knowledge of transition probabilities.

o REINFORCE has a high variance due to correlation between R(7) and {mg(a¢|s¢)}52 ;.

. t . . .
o Notice that mg(a¢,|st,) does not affect Zt;o r(s¢,at) if t2 > t1. Can we use this observation?
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Policy gradient theorem 1.2: Action-value expression
Policy gradient theorem (Action-value function)
oo
VoJ(76) = Ermpy | D 1'QT (st,01)Vo logmo(acls:) )
t=0

Remarks: o The action-value expression is given by

oo oo

VoJ(m9) = Ernp, Z (Z Wt/r(st/, at/))Vg log g (at|st)

t=0 /=t

o The REINFORCE expression is given by

oo oo
Vo () = Brpy | D (D 4" r(s15a1)) Vo logm(aclse)
t=0 t'=0

o If the policy 7y can not be applied to the environment, we can estimate Q™ via OPE.
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Proof of action-value expression

Proof
For any state sp, we have
VV™ (s0) = V Z 76 (ao]s0) Q™ (so, ao) (by definition of Q™)
ag
= Z Vg (ao|so) Q™ (so,a0) + Z g (aolso) VQ™ (so,a0) (by chain rule)

agQ ag
= Z Vg (aols0) Q™ (s0,a0) + Z o (@o|s0) V(T (s0,a0) +v Z P(s1|s0,a0)V ™0 (S1)>
aqp s1

ag

= Zwe (ao|s0) Vlogmg (ao|so) Q™ (so,a0) + v Z g (ao|so) P (s1]s0,a0) VV7 (s1).

ao ao,s1
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Proof of action-value expression (cont’d)

Continued.

By induction, we have
VoJ(mg) = Z 1(s0)VV™ (s0)
50

= Errpy [Q™ (s0,a0) Vogmg (ao|s0)] + VEr~p, [VV™O (51)]
= Ernp, [Q™ (50, a0) V1og mg (ag|so)] + YEr~p, [Q7° (s1,a1) Viogmg (a1]s1)] + ...

o0
= Brapy [Z Y'Q™ (st,ar)V log Fe(at|5t)} .

t=0
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Policy gradient estimator using reward-to-go

REINFORCE estimator using reward-to-go

> Generate an episode T = (so, ao, 70, S1, - - .) from policy mg;

> Construct VoJ(mg) = > o0 7'Gt - Vo logmg(at|se), where Gy = 30 5i~tr;.

Remarks: o The expression above is an unbiased estimator of the policy gradient.

o Unfortunately, this estimator might induce high variance.
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Policy gradient theorem 1.3: Baseline expression

Policy gradient theorem (Baseline)

oo
VoJ(mg) = Ernp, th [Q™ (¢, at) — b(s¢)] Ve log o (at|st)
t=0
Remarks: o For any baseline b(s) that does not depend on the actions:

EaNTre [b(S)VH log 71'9(0,'8)] =0.

o A natural choice of baseline is the value function: b(s) = V76 (s).
o We call Q™ (s,a) — V70 (s) := AT0(s,a) the advantage function.

o Mainly employed as a variance reduction mechanism.
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Proof of baseline expression

Proof.
Notice that Za mg(als) =1 for any s € S. For any b(s) that is independent of actions, we have:

Vome(als)
mg(als)

=b(s) ) Vomo(als)

= b(s)Vo »_ mo(als)

Earrmg(cls) [b(5) Vo logmo(als)] = b(s) Y _ mo(als)

=b(s)Vyl
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Summary: Policy gradient theorem |

o REINFORCE expression:

VoJ(m9) = Ernp, | R(T) ( i Vo log Trg(at|st))

t=0

o Action-value expression:

VoJ(mg) = Ermpy Z Y Q™0 (st, at) Vg log mg (at|st)
t=0

o Baseline expression:

e}

VoI (m0) = Brrpy | D 7'1Q7 (st,ar) = b(s1)] Vg log mo(atst)
t=0
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Policy gradient theorem Il

o Recall the discounted state visitation distribution under policy 7 as

oo

Ni(s) = (1=) ) 7'P(se = slso ~ ).

t=0

Policy gradient theorem Il

> Action value expression:

1

Vo (mg) = T——E, o [Barry (1) [Q7 (5,a) Vg log ma(als)]] -

-
> Advantage expression:

1

VoJ(mo) = =B, zro [Barrg (1) [A™ (s, @) Vg log mg(als)] -

-7
Remark:

o The proof follows immediately based on the definition of Af} (s).
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Remarks

o Constructing unbiased stochastic policy gradient requires sampling from AZ(S) (Policy gradient theorem II).
o This can be achieved by generating (s, ar) with a random horizon T' ~ Geometric(1 — 7).
o Unbiased estimator of A™® (s, a) requires two random rollouts to estimate Q7€ (s,a) and V70 (s) separately.

o Similar policy gradient theorems can be obtained for deterministic policies and average reward objectives.
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Exercise: Policy gradient under tabular parameterization

o Compute policy gradient under the direct and softmax parametrization in the tabular setting.

Direct parametrization Softmax policy

exp(fs,a
roals) = < o0ne)___
Za’E.A eXp(es,a’)

where 0 € RIAIXISI

7o (als) = 0s,a,

where 65 4 > 0 and ZaEA Oom = 1L,

Exercise: o Derive aé]g(ﬁ") via the chain-rule.
sa
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Monte Carlo policy gradient method

REINFORCE: Monte-Carlo policy-gradient method
Initialize policy parameter § € R?, step size a > 0, baseline b(-)
for each episode do

Generate an episode sg, ag, ro, ..., ST, ap, rp following my
for each step of the episode t = 0,1, ...,7 do

Compute return Gy Z?:t vty

Compute advantage estimate A; < Gt — b(st)

0+ 0+ ayt Ay - Vg logmg(at|st)
end for

end for

Remarks: o The policy is updated only after generating a whole trajectory, which may not be efficient.

o Can utilize the idea of temporal difference learning to build policy gradient estimators.
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Policy gradient method with value function estimation

Online Actor-Critic Algorithm
Initialize 6o, wo, state so ~ w,a0 ~ 7o, (- | s0)
for each step of the episode t = 0,1, ...,T do
Obtain (r¢, 5¢41,a¢41) from g,
Compute temporal difference: ¢ = 7t + YQuwy (St1, @t +1) — Quy (St, at)

Compute policy gradient estimator:
VoJ(me,) = Quy (st,at) Vo log e, (at | st)

Update 6: 0141 = 0; + a@gJ(ﬂ'et)
Update w: Wil = Wt — Bétvawt (st, at)

end for

Remarks: o Approximating the value function in policy gradient introduces extra bias.

o Various ways to estimate the advantage function [16].
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Summary: Policy gradient methods

o Advantages
> Directly optimize policy parameters (but still need to evaluate value functions)
> Can deal with high-dimensional and continuous action spaces

> Can learn stochastic policies

o Optimization Challenges:
> Nonconvex landscape (in general, only converge to stationary points)
> Sensitive to stepsize choice

> High variance/bias of the policy gradient estimators
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Recap: Policy-based methods

Policy optimization (episodic reward)

o0
max J(mg) ;=B | D y'r(st,ar)lso ~ p 7 | = BaruV70(5)]
t=0
Tabular parametrization Non-tabular parametrization
> Direct : > Softmax:

rolals) — 2ol )
> oren 5B (fo(s.a"))

m(als) = 0s,a, with 054 > O,Z 0o —1
a

> Softmax:

> Gaussian:
exp(0s,a)

mo(als) = m mo(als) ~ N (po(s), o5 (s))
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Recap: Policy gradient theorems

o Recall that py(7) is the trajectory distribution and A7 (s) is the discounted state visitation distribution.

Policy gradient theorems

> REINFORCE expression is given by

VoJ(mg) = Brmp, | R(T) ( i Ve logﬂe(adst))

t=0

> Action-value expression is given by

oo
VQJ(TI'Q) = ETNPQ Z,thﬂ'g (St7 at)Vg log Uy (at|st)
t=0
1
=—E

I Q70 (s,a)Vglogmg(als)] .
-7

B
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Policy gradient in tabular setting

o Direct parametrization: mg(als) = 0s.q

0J(mg) 1 |, o
905 4 = 1_7/\;1 (S)Q (s,a)

o Softmax parametrization: mp(als) o exp(0s,q)

1
S = N (el A (5,0)
Proofs: o Recall that VyJ(mg) = ﬁ Zs Al (s) Za Q7 (s,a)Vemg(als).

. . Omglals) _ ol T
o Direct case: vl 1{s=s",a=4d'}.

Omg (als)
2]

o Softmax case: )
S/,LLI
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Optimization challenge I: Nonconcavity
o In general, the objective J(my) is nonconcave.
o This holds even for tabular setting with direct or softmax parametrization.

Example (direct parametrization)

0 0 V™ (s1) = w(az|s1)m(a1|s2)r.
> Consider Tmig = %, where
0 m1(az|s1) = 3/4, m1(a1|s2) = 3/4;
0 r>0 ma(azls1) = 1/4, ma2(a1]s2) = 1/4;
Tmid(a2]s1) = 1/2, Tmid(a1]s2) = 1/2.

a1: move up, az: move right > VTi(s1) = %T’ SV %T'
> Vmid(s1) = ir < %(V7r1 (s1) + V™2 (s1)).
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Optimization challenge I: Nonconcavity

o In general, the objective J(mg) is nonconcave.
o This holds even for tabular setting with direct or softmax parametrization.

Example (softmax parameterzation)

0= (9a1,81 ) 9a2,81 ,0a, 1529 9ﬂ2»82):

0 0
0 6
eVa2,s1 e’a1,s2

V7o(s1) =
(s1) T, 4 P, e o
> Consider
0 0 0
r> 01 = (log1,log3,log 3,log1),

02 = (—log1,—log3,—log3,—logl),

0 0
S1 @ @ Omid = (91 + 92)/2 = (0,07 0,0).

> V71 (s1) = 157, V702 (51) = LG
> V7 mid (51) = ZT <3 (V”f’l (s1) + V702 (s1)).

a1: move up, az: move right
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Convergence to stationary points (see Lecture 1)

Convergence of exact policy gradient method: 0,11 = 0; + o, Vg J (7, ) (Nesterov, 2004 [13])

If the objective J(mg) is L-smooth and set oy = % then we have the following guarantee:

A 2L(J(mg+) — J(mgy))
:OT']T;_l ||V6J(776t)||§ < T t

Convergence of stochastic policy gradient method: 0.1 = 0; + atﬁg‘](ﬂgt)
(Ghadimi and Lan, 2013 [7])

If the objective J(mg) is L-smooth and ﬁgJ(frg) is unbiased and has bounded variance by o2, then with a
proper choice of the step-size, we have the following guarantee:

min E [[VoJ(m,)II3] = O

t=0,...,T

\/ L(J(mg+) — J(mg,))0
T

Questions: Can these rates be further improved? Do stationary points imply good performance?
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Optimization challenge Il: Vanishing gradient and saddle points

o In general, there are no guarantees on the quality of stationary points.
o Vanishing gradients can happen when using softmax parametrization.

o Vanishing gradients can happen when lacking sufficient exploration [1].

H

Figure: Example with H + 2 states and v = TEn rewards are
everywhere 0 except at sg41. For small order p and 6 such

ef — 1

) . . H/4
Figure: Softmax function: Tre T i that 0, o, < % for all s [1]: [VPV™0 (s0)|| < (%) / ]
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A simple example

V(B) Landscape.

Figure: MDP with 2 states and 2 actions

Figure: V'™ (B) under direct parametrization
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A simple example (cont’d)

V(B), :0.9, stepsize:0.01, iter:100, initial: (0.1,0.1)

V(B), :0.9, stepsize:0.01, iter:100, initial: (0.5,0.1)

V(B), ~:0.9, stepsize:0.01, iter:100, initial: (0.1,0.5)

V(B), 7:0.9, stepsize:0.01, iter:100, initial: (0.25,0.25)

Figure: PG with different initial points
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A simple example (cont’d)

V(B), ~:0.9, stepsize:0.01, iter:100

V(B), ~:0.9, stepsize:0.05, iter:100

V(B), 7:0.9, stepsize:0.1, iter:100 V(B), 7:0.9, stepsiz iter:100

Figure: PG with different stepsizes
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Fundamental questions

Question 1

When do policy gradient methods converge to an optimal solution? If so, how fast?
Remarks: o Optimization wisdom: GD/SGD could converge to the global optima for “convex-like” functions:
J(@*) = J(x) = O(|V I (m)]).
o Focus on tabular setting with exact gradient.
Question 2
How to avoid vanishing gradients and improve the convergence?
Remarks: o Optimization wisdom: Use divergence with good curvature information.

o Switch to natural policy gradient by exploiting geometry.
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Performance difference lemma (PDL)

Performance difference lemma (Kakade and Langford, 2002 [9])

For any two policy 7, 7/, the following holds

1 ’
J(Tr) - J(ﬂ—l) = ﬁEswkﬁ, a~T(-|s) |:A7r (S’a)] o

Remarks: o Here \J(s) = (1 — W)E[Ezo 145,253 |50 ~ i, ] is the state visitation distribution.
o Here A™(s,a) = Q7 (s,a) — V™ (s) is the advantage function.
o Can be used to show policy improvement theorem for policy iteration (self-exercise).
o Can also be used to show policy gradient theorem (self-exercise).

o Proof follows from definition of value functions.
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Proof of performance difference lemma

Derivation: V7 (s) — v (8) =Brep_(r) [Z'ytr(st, at)|so = s] — V”/(s)
t=0

=Erp () [Z 7t (r(st, at) + V”/(st) — V”,(st)) [so = s] - V’T/(s)
tO:oO
=Erep, ([ D7 (rlstya0) V™ (se41) = V™ (50)) Iso = s
to:o()
=Erp, (n) [ZWt (7‘(81‘,-, ag) + 7 i,s,,HNP(.\,sf.af)[Vﬂl(St+1)] -vr (St)) [so = S]
t=0
= E‘rr\zpw(‘r) [Z’yt (Qﬂ/ (Sl‘ﬂ (lt) - Vﬂ/(st)) ‘50 = 8}
t=0

oo
’
=Ernp, (n) [Z 7 AT (st, ar)lso = S}
t=0
Remark: o We use a telescoping trick to go from line 2 to line 3!
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Key insight: Policy optimization is convex-like in the full policy space

o Performance difference lemma:

1 *
(@) = Im) = 7= D N ) D 7 (als)A™(s,a).
o Policy gradient theorem (tabular setting):
1
;7;](732) = ﬁAZ(S)QW (s,a) (direct parametrization).
oJ(m) 1 . . L
——= = ——X;(s)n(a|s)A"(s,a) (softmax parametrization).

om(als) 1—7
o This seems to imply gradient dominance type properties:
J(7*) = J(m) = O(IVJ(m)])),

which is crucial to ensure global optimality.
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Policy optimization

o We first consider the direct parametrization in the tabular setting.

Policy optimization under direct parametrization

max  J(7) :=Es~pu [V (3)],
TEA(A)ISI

where A(A)ISI = {7 : n(als) > O’ZaeA m(als) = 1,Vs}. For brevity, we denote this set as A.

Remarks: o If m € A is optimal, then it satisfies the first-order optimality condition:
(T =7, VJ(m)) <0,VTEA,

or equivalently, maxzeca (7 —m, VJ(m)) = 0.

o Does the reverse statement hold?
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Gradient dominance property

Gradient mapping domination

J(x*) = J(m) < Hi

AL

‘ s el —
o TEA

Remarks: o Any first-order stationary point is thus globally optimal.

*
™
A

The term = is called the distribution mismatch coefficient.
n

o

oo

This coefficient captures the hardness of the exploration problem.

(o}

Note that in the vanishing gradient example, this coefficient can be exponentially large.

o

*
™

m
™
AL

*
T
/\“

N

Note that max,

[e]

<15 » since Vm, AT (s) > (1 —y)u(s).

o]

o Proof follows by combining performance difference lemma and policy gradient theorem.
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Proof of gradient dominance

a)

1 *
Derivation: J(@*) = J(7) = —— AT (s 7 (a|s) AT (s,a
)= J(7) — % n (9 E [s)A™ (s, a)
1 ™
:ﬁ )\W s) AL(s) E T (a|s)AT (s, a)
1 AZ s = ™
< T E N X max E AL (8)T(als)A™ (s,
LA x E AL (s)(7(als) — m(als)) AT (s, a)
= || —T7T— max -
e | v (I () (7 (als) — w(als s,a

s,a

= = |5 || X max DO ATE)(F(als) — n(als)Q" (s, )

p oo
s,a

503 N X ;neai((fr —m, VJ(m)).
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Projected policy gradient method

Projected policy gradient method

By projected policy gradient method, we mean the iteration invariant below
w1 = Ia(me + VI (7)),

where the projection is given by IIa (7) = argmin,/ca || — 7'||3.

Remarks: o Take a gradient ascent step and project onto the simplex set (can be computed efficiently).

o

Generalized gradient mapping: G(m¢) = % (me41 — 7¢), or equivalently, w1 = m¢ +nG(me).

o If w is optimal, then G(m) = 0. (why?)
o Convergence on gradient mapping [12]: If J(7) is L-smooth, then we have

2L(J (") = J(m0))

in ||G 2 <
g%l;H (me)ll3 < T
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Convergence of projected policy gradient method

Theorem (Agarwal et al., 2020 [1])

3
Assume access to exact gradient. Let n = %;IZ\)\ . Then, the following holds
8 \/~|S||A] || A7
min J (") — () < ~Y ALY A
t<T A=73VT || » ||

Proof sketch: © Show that the objective J(m) is L-smooth with L = (il‘:‘)la and J(m) < ﬁ

*
o Invoke convergence on gradient mapping: min;<r ||G(m)||% < w.

o

Invoke the relationship between gradient mapping and approximation of stationary point [12]:

I}?ﬁ(ﬁ — 741, VI (1)) < (14 L) - |G(7e)ll2 - (|72 4+1 — 7el|2-

o Use the gradient dominance for global convergence.
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A closer look at the convergence

Theorem (Agarwal et al., 2020 [1])

3
Assume access to exact gradient. Let n = gﬂll)\ . Then, the following holds

8 +/7|S|A| || Am*
min J(7*) — J(m¢) < ¢ -+
t<T (1—7)3VT|| w )

oo
Remarks: o We have Large constants in the bound and a slow rate in 7.

o Analysis can be refined with improved convergence rate of O (%) using Nesterov's result [13].

o In the tabular setting, VI or Pl converges linearly, which is much faster.

o Linear convergence of PG can be shown with larger step-sizes through line-search [3].
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A closer look at the PG method

o The projected PG update can also be viewed as
Tt = M (me + 0V I (7))

1
= arg max {(VJ(ﬂ't)Jr) - —||lr— Wt\\g} .
TEA 2n

o As 7 — oo, this reduces to the policy iteration update:

meri(ls) = argmax Y w(s|a)Q™ (s,a).

7(-]s)EA(A) -

o In other words, policy gradient method can be viewed as an approximation of policy iteration

1 1
arg max {<w(m>,w> P mn%} = argmax {<Q“wr>w — - mnz} , (6)
TEA 2n TEA H 2n
oJ(m) 1

where

Brlals) = E)\Z(S)Q’T(s,a) and (-, '>>‘ﬁ is the reweighted inner product by A7}
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From gradient descent to mirror descent: Exploiting the non-euclidean geometry

o We can adapt PG in the simplex with mirror descent updates:

Teg1 o= argmax { (V.J(m), ™ _foff ()KL ((-]8)[|me(|5)) %,
TEA

where KL (pl|lq) = Z p; log (p‘) is the Kullback-Leibler divergence.

o The policy mirror descent update can be further simplified as

exp(nQ*(s,a)/(1 - 7))
o m(@']8) exp(nQt(s,a’)/(1 =)

m11(als) :ﬂt(GIS)Z

o This is akin to natural policy gradient under softmax parameterization.

o As 1 — o0, this also reduces to the policy iteration update.
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Policy optimization

o We now consider the softmax parametrization in the tabular setting.

Policy optimization under softmax parametrization

exp(fs,a)
Za’ eXp(es,a’) .

max J(79) :=Bs~u[V7™(s)], where my(als) =

Softmax policy gradient method

%;ii) N ﬁAZ" (s)mo(als)A™ (s, a).

Oi+1 = 0t +nVgJ(mg,), where
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Gradient dominance and global convergence

Gradient dominance (Mei et al., 2020 [10])

A

J(7*) = J (7o) < [msimre(a*(S)IS)]_1 Vs )\% VoI (mo)ll2-
s

o

Convergence of softmax policy gradient (Mei et al., 2020 [10])

Assume access to exact gradient, let n <

3
Q=" Then, the following holds
* 12
16|S| AL
J(W*)—J(WGT)SW f )

where ¢ = [mins,; 7, (a*(s)|s)] ! > 0.

Remark:

o Proof follows similarly as the tabular setting with slow rate and large constants in the bound.
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Natural policy gradient method (NPG)

Natural policy gradient (Kakade, 2002 [8])

By natural policy gradient (NPG), we mean the following iteration invariant below:
Ory1 =0t + W(Fﬁt)TVJ(ﬂ'Gt)v

where

> Fy is the Fisher information matrix:

Fy=E [Vg log 7y (als) Vg log 7T0(G,|S)T] .

ALY anmg(-]s)

> CT is the pseudoinverse of the matrix C.
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NPG under softmax parameterization

exp(fs,a)

and denote m; = Ty, .
o exp(QS,a/)

o Consider mg(als) = >
NPG parameter update

Ory1 =0t + /LTS
1—v

NPG policy update = policy mirror descent

mey1(als) = me(als) exp(nA™ (s,a)/(1 = 7)) :
> me(@ls) exp(nAT (s, ') /(1 — 7))
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Convergence of NPG

Convergence of NPG with softmax parameterization [1]
Assume access to A™0. For any > (1 —v)?log|A| and T > 0, we have the following

2

J(m*) = J(mo,) < m

Remarks: o Dimension-free convergence, no dependence on | A, |S]|.

o No dependence on distribution mismatch coefficient.

Questions: Why? What about function approximation setting? Can we further improve the convergence?
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Next week!

o Recap on policy gradient methods

o A deeper look at the natural policy gradient method
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