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Outline

» This class
> Adversarial Machine Learning (minmax)
> Adversarial training

> Generative adversarial networks
> Difficulty of minmax

> Next class
> Primal-dual optimization (Part 1)
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Adversarial machine learning

min max ®(x,y)
XEX yeEY

o A seemingly simple optimization formulation

o Critical in machine learning with many applications

> Adversarial examples and training
> Generative adversarial networks

> *Robust reinforcement learning
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From empirical risk minimization...

Definition (Empirical Risk Minimization (ERM))

Let hx : RP — R be a model with parameters x and let {(a;,b;)}7* ; be
samples with b; € {—1,1} and a; € RP The ERM problem reads

min ¢ Ry (z) := ZL(hx a;),bi) p,

where L(hx(a;),b;) is the loss on the sample (a;,b;).

Some frequently used loss functions

L(hx(a),b) = log(1 + exp(—bhx(a))) logistic loss
L(hx(a),b) = (b — hx(a))? squared error
L(hx(a),b) = max(0,1 — bhx(a)) hinge loss
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...Into adversarial examples

Definition (Adversarial examples [26])

Let hxx : RP — R be a model trained through empirical risk minimization, with optimal parameters x*. Let
(a,b) be a sample with b € {—1,1} and a € RP. An adversarial example is a perturbation 7 € R™ designed to
lead the trained model hyx* to misclassify a given input a. Given an € > 0, it is constructed by solving

n € argmax L(hxx(a +n),b)
n:[nll<e

Example norms frequently used in adversarial attacks

> The most commonly used norm is the {oo-norm [7, 19].

> The use of ¢1-norm leads to sparse attacks.

Figure: (Left) An Zoo—attacki:iThe alteration is hard to perceive. (Right) An ¢;-attack: The alteration in this case is obvious.
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Challenge: Robustness to adversarial examples

¢ dimension=100
T 1.0
09
T
08
| = 0.6
0.5 )
L experiment
hx(a+ €) = hx(a) + (¢, Vhx(a)) 0 — theory
|hx(a+ €) — hy(a)| < |lell[|Vhx(a)] 0 oz e s "

Figure: Understanding the robustness of a classifier in high-dimensional spaces. Shafahi et al. 2019.
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A robustness example: Linear prediction

Linear model

Consider a linear model hy+ (a) = (x*,a) with weights x* € RP, for some input a.

An adversarial perturbation

We aim at finding the perturbation 77 € R™ subject to ||9||cc < € that produces the largest change on hyxx(a):

max hxx(a+mn)= max (x*,a-+mn)
milinllo<e milInlloo <e
= (x*,a) + “mHax (x*,m) > As a does not influence the optimization.
NNl oo <e
= (x*,a)+ max (x*,emp) > By the change of variables 1 :=n/¢
n:[|nloo <1
= (x*,a) + €||x* |1 > Definition of the dual norm ||x||; := max (x,7)

n:[[nfl oo <1
Taking n* = sign(x*) achieves this maximum: (x, € sign(x*)) = 62:;1 sign(z} )z} = EZ?:l 23| = ellx* |1
Remarks: o For the linear model, we have Vahxx(a) = x*.

o The gradient sign of hx» with respect to the input a achieves the worst perturbation.

o Sparse models are robust in linear prediction.
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Adversarial examples in neural networks

o Target problem:
max L(hx»(a+n),b)
n:[Imllco <€
o Historically, researchers first tried to find approximate solutions that empirically perform well [7, 19].
Fast Gradient Sign Method (FGSM) [7]

Let hx+x : RP — R be a model trained through empirical risk minimization on the loss L, with optimal
parameters x*. Let (a,b) be a sample with b € {—1,1} and a € RP. The Fast Gradient Sign Method computes
the adversarial example

1 = € sign (vaL(hx* (a)7 b)) = € sign (Vahx* (a)th(hx* (3)7 b))

Remarks: o The FGSM obtains adversarial examples by using sign of the gradient of the loss.
o Such an approach can be viewed as a linearization of the objective L around the data a.

o For single output hx(a), Vj,L(hx+(a),b) is a scalar,

> sign (Vahx+ (a)) pattern is important
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Results of FGSM on MNIST

Pred: 7 Pred: 2 Pred: 1 Pred: 0 Pred: 4 Pred: 1 Pred: 3 Pred: 3 Pred: 7 Pred: 0 Pred: 9 Pred: 7
Pred: 4 Pred: 9 Pred: 6 Pred: 9 Pred: 0 Pred: 6 Pred: 8 Pred: 2 Pred: 6 Pred: 4 Pred: 2 Pred: 8
49 4 ¢ 2 0 b 9 a & 2 0O b
Pred: 9 Pred: 0 Pred: 1 Pred: 5 Pred: 9 Pred: 7 Pred: 4 Pred: 9 Pred: 3 Pred: 3 Pred: 4 Pred: 3

Figure: MNIST images with the predicted digit. Figure: MNIST images perturbed by a FGSM attack.

Taken from https://adversarial-ml-tutorial.org/adversarial_examples/
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Adversarial examples and proximal gradient descent

o Target problem:
max L(hx»(a+n),b)
n:[Inllcc <€
o We can do better than FGSM via proximal gradient methods for composite minimization:
max L(hx+ (a+n),b) +dn(n),
NERP e e’ N
f(m) g(n)

where d57(n) is the indicator function of the ball N := {n : ||n||c < €}.

Recall: Proximal operator of indicator functions

For the indicator functions of simple sets, e.g., g(n) := dar(n), the prox-operator is the projection operator

proxyg (n) := ma (1),

where mar(n) denotes the projection of 7 onto N. When N = {1 : ||n||cc < A}, mar(n) = clip(n, [=A, A]).
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Adversarial examples and proximal gradient descent (cont’d)
o Target non-convex problem:
max L(hxx(a +1),b) + x(n),
e ——— N

nERP
f(n) g(m)

where dxr(n) is the indicator function of the ball N := {y : [|y|lcc < €}.

Proximal gradient ascent (PGA)
1. Choose ¥ € dom f(n) + g(n) as initialization.
2. Fork=0,1,---, generate a sequence {n®};>¢ as:

= proxg, , (n* + axVi(nY)) .

Remarks: o PGA results in more powerful adversarial “attacks” than FGSM [13].
o The PGA is incorrectly referred to as projected gradient descent in this literature.

o Practitioners prefer to use several steps of FGSM instead of PGA [15, 16, 19]:
n" =y (n* + oy sign (V"))
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A proposed link between FGSM and PGD

o Recall

> A single step of PGA reads n’;g/i = TN (77]C + an(n))
> The FGSM attack is defined as ngcgy 1= € sign (VaL(hx+(a), b))
> When NV = {n: [[n]loc <A}, my(n) = clip(n, [, A])

FGSM as one step of PGA
Let n° = 0 and & > 0 such that (a|Vf(0)|); > € for i = 1,...,n. Then, one step of PGA yields
nhep = 7n (n° +aVa Vi)
= clip (avf(o)v [_57 E]) ‘>770 =0

= e sign (V f(0)) > All values are outside of the interval [—¢, €]
= esign (VaL(hx+ (a),b)) =nrgsm > Vf(0) = VaL(hx=(a),b)
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A proposed link between FGSM and PGD

THEATRICALITY AND DECEFTION..
o Recall POWERFULAGENTS T0 THE
UNINTIATED

> A single step of PGA reads n’;g/i = TN (77]C + an(n))
> The FGSM attack is defined as ngcgy 1= € sign (VaL(hx+(a), b))
> When NV = {n: [[n]loc <A}, my(n) = clip(n, [, A])

BUT WE ARE INITIATED,
AREN'T WE?

FGSM as one step of PGA
Let n° = 0 and & > 0 such that (a|Vf(0)|); > € for i = 1,...,n. Then, one step of PGA yields

néGD =TN ("IO + OéVan(nO))
= clip (avf(o)v [_57 E]) > 770 =0

= e sign (V f(0)) > All values are outside of the interval [—¢, €]
= e sign (VaL(hx+(a), b)) =nggsm > Vf(0) = VaL(hx+(a),b)
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Multiple steps of FGSM: A connection to majorization-minimization in Lecture 3

Minimization-majorization for concave functions

Let f be a concave function which is smooth in the £oo-norm with constant L. Our target non-convex
problem is given by

max f(n) + ox (n)
where dx7(n) is the indicator function of the ball N := {n : ||n||cc < €}. Smoothness in £oo-norm implies

Fm) +on(m) = f(6) + (Vaf(Q),n—¢) — L%olln = I3 + b (m) .-

M* <—arg maxqy

Maximizing the RHS with respect to 7 leads to the following (non trivial) solution [4]:
n* = clip (¢ — t*sign(V£(¢)), [~ €])
where t* = argmaxy, |, _¢|| o <t MAX¢:|1¢] oo <e(V (), — ¢) can be found by linear search.
Remarks: o Setting ¢ = n* and n* = n**1 with a fixed step size a = t*, we obtain the update in [15, 16, 19]

'r,k+1 = clip (T}k - t*sign(vf(ﬂk)): [—e 6]) :

o This proof holds for concave and smooth functions, and need further quantification for our setting.
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Towards adversarial training

Adversarial Training

Let hx : R™ — R be a model with parameters x and let {(a;, b;) ™ 1, with the data a; € R? and the labels b;.
The problem of adversarial training is the following adversarial optimization problem

n
1
min — Z |: max L(hx (a; +7]),bi):| ~ minE, p)~p |: max L(hx (a; +1m),bi)| .
1

x N4 n: (|1l oo <e n:|Inllcc <e
=

Note the similarity with the template minye x maxycy ®(x,y).
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Solving the outer problem

Adversarial Training

Let hx : R"™ — R be a model with parameters x and let {(a;, b;)}?* ;, with a; € R? and b; be the
corresponding labels. The adversarial training optimization problem is given by

x n n:[[ml| oo <€

min 1 Zfl(x) o= %Z |: max L(hx (a; + 1), b;)
i=1 ;

=:fi(x)

Note that L is not continuously differentiable due to ReLU, max-pooling, etc.
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Solving the outer problem

Adversarial Training

Let hx : R"™ — R be a model with parameters x and let {(a;, b;)}?* ;, with a; € R? and b; be the
corresponding labels. The adversarial training optimization problem is given by

1o 1 ¢
min ¢ — fi(x) = — max L(hx (a; +m),b;)

=:fi(x)

Note that L is not continuously differentiable due to ReLU, max-pooling, etc.

Question

How can we compute the gradient

Vx fi(x) := Vx max L(hx (a; +m),bi) |?
n:[[nlloc <e

o Challenge: It involves differentiating with respect to a maximization.

o A solution: We can use Danskin's theorem under some conditions.
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Danskin’s theorem

Danskin's theorem (Bertsekas variant)

Let ®(x,y) : R? x Y — R, where ) C R™ is a compact set and define f(x) := maxycy ®(x,y). Suppose that
d(x,y) is convex for each y in the compact set V; the interior of the domain of f is nonempty; and ®(x,y) is
continuous.

Define Y*(x) := argmaxycy ®(x,y) as the set of maximizers and y* € Y* as an element of this set. We have

1. f(x) is a convex function.
2. If Y*(x) is a singleton, then the function f(x) = maxycy ®(x,y) is differentiable at x:

Vxf(x) = Vx (maxd)(x,y)) = Vx®P(x,y").
yey

3. If Y*(x) contains more than one element, then the subdifferential O« f(x) of f is given by

Ox f(x) = conv {0« P (x,y") : y* € YV*(x)}.

Remarks: o The adversarial problem is not convex in x in general.

o (Sub)Gradients of f are calculated as Vx f(x) = Vx®(x,y*).
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The adversarial training formulation

Adversarial Training V£ (x")
k

Let hx : R™ — R be a model with parameters x and let {(a;,b;)}? ;,
with a; € RP and b; be the corresponding labels. The adversarial
training optimization problem is given by = +D(f,2")

{

level gete

min ¢ — Zlfi(x) = Zl [ max _ L(hx (ai + 1), bi)

x n n: [l oo <e
1=

Figure: Descent directions in 2D
=:fi(x) should be an element of the cone of

. . . L. i descent directions D(f, -).
L is not differentiable due to non-smooth activation functions (ReLU),

nor convex in x because of the neural network structure.
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Descent Directions in the non-convex case

General Danskin's Theorem

Assume ) is compact and ®(x,y) differentiable in x but not necessarily convex in x. Define
Y*(x) := argmaxycy ®(x,y) as the set of maximizers. Then f(x) := maxycy ®(x,y) is directionally
differentiable and its directional derivative is given by

Df(ed) = mex  {d Vaedlx,y)) (&)

Corollary (Corollary A.2 in [19])
Let y§ be a maximizer of maxycy ®(x,y). Then as long as Vx®(x,y§) is non-zero, —Vx®(x,y§) is a
descent direction for f(x).

Caveat
What is the definition of (¢) directional derivative and (éi) descent direction?
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A practical implementation of adversarial training: Stochastic subgradient descent

Stochastic Adversarial Training [19]
Input: learning rate ay, iterations T', batch size K.
1. initialize neural network parameters x9
2. For k=0,1,...,T:
i. initialize update vector gF := 0
ii. select a mini-batch of data B C {1,...,n} with |[B| = K
iii. For i € B:
a. Find an attack n* by (approximately) solving
17* S argmaxn:”nﬂxge L(hxk (ai + 77)7b’b)
b. Store update
g" = g" + VxL(hy (a;i +1*),by)
iv. Update parameters

k+1 . Kk Qg Hk
xFtl=xk — Gkg

Remarks: o Expensive but worth it!

o Inner problem iii.a cannot be solved to optimality (non-convex).
o Practitioners use FGSM or PGA or PGA-{, to approximate the true n*.

o Update in step iii.b is motivated by Corollary A.2 in [19]
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Application: Adversarial training for better interpretability

o Retinopathy classification problem: Given a retinal image (left), predict whether there is a disease.
o Zeiss: How can we interpret the prediction of a model hx(a)?

o Solution: Look at Vxhx(a), called the saliency map [25]. Adversarial training helps!

Table: Left: Ground truth image, Middle: Saliency map, Right: Saliency map with adversarial training.
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Adversarial machine learning: Introduction to Generative Adversarial Networks (GANs)

o Recall the parametric density estimation setting

(source: http://mmlab.ie.cuhk.edu.hk/projects/CelebA.html)

a; = [ ...images...]
b; = [ ...probability... ]

o Goal: Games, denoising, image recovery...
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o Generator Py
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A notion of distance between distributions

—

X Y

Figure: The Earth Mover's distance

Minimum cost transportation problem (Monge's problem)

Find a transport map T : R — R? such that T'(X) ~ Y, minimizing the cost

cost(T) i= Bx || X — T(X)||. )
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The Wasserstein distance

Definition .
Let i and v be two probability measures on R%. Their set of .
couplings is defined as

[(u, v) := {m prob. measure on R? xR¢ with marginals ji,v} (3) . ‘
Definition (g-Wasserstein distance (Primal)) -

Figure: Two one-dimensional distributions plotted
. 3 on the z and y axes, and one possible joint
where g = 1,2 and d is a distance. distribution that defines a transport plan between
them (https://en.wikipedia.org/wiki/
Wasserstein_metric).

1/q
We(u,v) = (ﬁeirr(lﬁ " E(aa)~rd(a, a’)q) (4)
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Properties of the Wasserstein distance

o For any ¢ > 1, the g-Wasserstein distance is a distance:
> Wq(p,v) = 0 if and only if u, v have the same density almost everywhere (identity).
> Wyl v) = Wy (v, 1) (symmetry).
> Wqln, p) < Wolp,v) + We(v, p) (triangle inequality).

Problem (Wasserstein Projection)

Given a target probability measure p on R% we are interested in solving the following optimization problem:

min W‘I(/"vlj)? (5)
vEA

where A is a set of probability measures on R%, and q is often selected as 1 or 2.
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A way to model complex distributions: The push-forward measure

o Traditionally, we use analytical distributions: Restricts what we could model in real applications.
o Now, we use more expressive probability measures via push-forward measures with neural networks

Definition

o Let w ~ pg be a random variable.
o hx(+) : RP — R™ a function parameterized by parameters x.

The pushforward measure of pg, under hx, denoted by hx#pq, is the distribution of hx(w).

Example: Chi-square distribution

Let w ~ pg := N(0,1) be the normal distribution. Let hy : R — R, hy(w) = w®. Let us fix z = 2. Then,
hz#pq is the chi-square distribution with one degree of freedom.

Explanation: Change of variables.

Assume that h : R — R"™ is monotonic. Given the random variable w ~ pg with probability density function
po(w), the density py (y) of y = hx(w) reads

Py (¥) = Pa(hx ' (¥))det (Jyhi ' (¥))
where det denotes the determinant operation.
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Towards an optimization problem

Problem (ldeal parametric density estimator)

Given a true distribution 1, we can solve the following optimization problem,
min Wi (u, hx#pg), (6)
P

where the measurable function hx is parameterized by x and w ~ pq, is “simple” e.g., Gaussian.

o Issues:
> We only have access to empirical samples fi,, of 1.
> W17 is non-smooth, it cannot be computed exactly.

output
Figure: Schematic of a generative model, hx#w [6, 12].
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Learning without concentration

o We can minimize Wi (fin, hx#pq) with respect to x.
o Figure: Empirical distribution (blue), i, = Z:‘L:1 05
A plug-in empirical estimator

Using the triangle inequality for Wasserstein distances we can upper bound in the follow way,

Wi (1f, hx#tpg) < Wi (4, fin) + Wi (fin, hx#pg), )

where [i,, is the empirical estimator of pf obtained from n independent samples from 1.

Theorem (Slow convergence of empirical measures in 1-Wasserstein [27, 3])

Let puf be a measure defined on RP and let fi,, be its empirical measure. Then the ji,, converges, in the worst
case, at the following rate,
Wi (it fin) 2 0~ /P. (8)

Remarks: o Using an empirical estimator in high-dimensions is terrible in the worst case.
o However, it does not directly say that W; (,uh7 hx#pﬂ) will be large.

o So we can still proceed and hope our parameterization interpolates harmlessly.
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Duality of 1-Wasserstein

o Instead of computing W1, we can obtain lower bounds using duality.

Theorem (Kantorovich-Rubinstein duality)

Wi(u,v) = sttlip{<d7 w)y — (d,v) : d is 1-Lipschitz} 9)

Remark: o d is the “dual” variable. In the literature, it is commonly referred to as the “discriminator.”

Inner product is an expectation

(d,pu) = / ddp = / d(a)du(a) = Ea~y [d(a)] . (10)

Kantorovich-Rubinstein duality applied to our objective

Wi (fin, hx#w) = sup {anﬂn [d(a)] — EBarhy#wld(a)] :dis 1—Lipschitz} (11)
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Integral Probability Metrics

We can define a more general class of (semi)metrics in the space of probability distributions

Definition (Integral Probability Metric)

Let F be a class of functions from RP to R. For two probability measures p and v, the IPM associated to F is

defined as:
F(p,v) = sup(f, p) — (f,v) = sup Ea~p[f(a)] — Ea~vv[f(a)] (12)
feF fex
Remarks: o The 1-Wasserstein distance corresponds to F := {f : RP — R, f is 1 — Lipschitz}

o The class cannot be described with finite parameters.
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Neural network distances inspired by the 1-Wasserstein distance

o We use neural networks to parametrize a class of functions.
o Constraining the Lipschitz constant of Neural Networks is NP-Hard [22].

o We can constrain upper bounds on the Lipschitz constant [17].

Lemma

Let hx, x,(a) = XX o(X1a) be a one-hidden-layer neural network. Then its Lipschitz constant Lx, x, with
respect to the ¢3-norm is bounded as:
Lxy,x, < [ Xaf2[Xz]l2 (13)

Neural Network Distance

Let
F = {hx, x,(a) = X3 o(X1a) : [Xall2 < 1,[| X2 < 1} (14)

The IPM corresponding to F is referred to as a Neural Network Distance.

Remark: o Different network architectures/constraints lead to different Neural Network distance notions.
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Wasserstein GANs formulation

o Ingredients:

fixed noise distribution pg, (e.g., normal)

»

> target distribution fi,, (natural images)

> X parameter class inducing a class of functions (generators)
>

Y parameter class inducing a class of functions (dual variables)

Wasserstein GANs formulation [1]

Define a parameterized function dy(a), where y € ) such that dy(a) is 1-Lipschitz. In this case, the
Wasserstein GAN optimization problem is given by

min <%< Bar, [dy(2)] — Bumpg {dy(hxwm) 4 (15)
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General diagram of GANs

—— sample
Dataset &

Dual variable

Generator sample

Noise vector

Figure: Generator/dual variable/dataset relation in GANs
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The theory-practice gap: Enforcing 1-Lipschitz of the discriminator

Welght Cllppmg [1] —— Weight clipping (c = 0.001)
10 v

ght clipping (c = 0.01)

The “dual” or the “discriminator” dy weights y are constrained by

an £oo-ball with radius ¢ > 0, denoted as B, at every iteration with —— Weight clipping (c=0.1)

m— Gradient penalty

Gradient norm (log scale)

m5(y) = clip(y, [=¢, ¢]). (16) N
-10 ‘\\\
This trick is used to pseudo-enforce the constraint. \\\\
—20 ~~
Remark: o "Weight clipping is a clearly terrible way to 3 o 7 : 7
enforce a Lipschitz constraint" — original authors. Discriminator layer
Gradient penalty [8]
Recall that 1-Lipschitz is equivalent to ||Vady(a)|l« < 1. This can be enforced directly through
2
Earpiy [dy(@)] = Bung [dy (hx(@))] + ABars [([[Vady ()]« — 1)?]. (17)
Remarks: o In practice the distribution v mimicks uniform (linearly interpolated) sampling as follows:

a ~ Uniform(a;, hx (w;)).

o Spectral normalization: Divide each weight matrix by their spectral norm [20].
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Practical implementation of GANs

Stochastic training of Wasserstein GANs

Input: primal and “dual” learning rates v and ay,, primal iterations T,
“dual” network dy, generator network hyx, noise distribution pq, real
distribution [i,,, primal and dual batch sizes B, K, “dual” iterations M.

1. initialize x°
2.Fort=0,1,...,.T —1:
Form=0,1,... M — 1:

initialize y°,
draw noise sample w1,...,wK ~ pq
draw real samples 71, .. rK ~ fin,
“ " —1
dual” pseudo-loss L(y Zh dy (r;) — dy (hyt (wi))

fupdate “dual” parameters ym+1 =y +vmVyL(y™)
#enforce 1-Lipschitz constraint on dym-+1
end-For
draw noise sample w1,...,wpB ~ pg
generator pseudo-loss L(x) := —B~! Z dy,nr (hx (w;))
update generator parameters x**t1 = xt — ath (x?)
end-For

#: ldeally, should be performed jointly.

lions@epfl
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Some historical background for a Turing award

Vanilla GAN [6]

min max Ea~p, [logdy(a)] + Ewn~pg [log (1 — dy (hx(w)))] (18)
xXEX y€E

> Binary cross-entropy modeling.

> dy(a): Y — [0,1] represents the probability that a came from the real data distribution uf.

Observation: o Minimizes Jensen-Shannon divergence:

. 1 1 R
ISD(fin||hx#pg) = 5D(unllhx#pn) + 5D(hx#pnllun)~
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Difficulties of GAN training

(a) SimGD (b) AltGD

Figure: Mode collapse (left). Simultaneous vs alternating generator/discriminator updates (right).

o Heuristics galore!
o Difficult to enforce 1-Lipschitz constraint
o Overall a difficult minimax problem: Scalability, mode collapse, periodic cycling...

o Privacy concerns due to memorization
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Application to 25 Gaussians: Algorithms matter [9]
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(¢) Mirror-GAN (d) Mirror-Prox-GAN
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Abstract minmax formulation

Minimax formulation

min max ®(x,y), 19
e y) (19)

where
> & s differentiable and nonconvex in x and nonconcave in y,

> The domain is unconstrained, specifically X = R™ and ) = R".

o Key questions:

1. Where do the algorithms converge?

2. When do the algorithm converge?
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Abstract minmax formulation

Minimax formulation

min max ®(x,y), 19
e y) (19)

where
> & s differentiable and nonconvex in x and nonconcave in y,

> The domain is unconstrained, specifically X = R™ and ) = R".

o Key questions:

1. Where do the algorithms converge?

2. When do the algorithm converge?

A buffet of negative results [2]

“Even when the objective is a Lipschitz and smooth differentiable function, deciding whether a min-max point
exists, in fact even deciding whether an approximate min-max point exists, is NP-hard. More importantly, an
approximate local min-max point of large enough approximation is guaranteed to exist, but finding one such
point is PPAD-complete. The same is true of computing an approximate fixed point of the (Projected) Gradient
Descent/Ascent update dynamics.”
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Solution concept
o Like for nonconvex problems in minimization we try to find a local solution.
Definition (Local Nash Equilibrium)
A pure strategy (x*,y*) is called a Local Nash Equilibrium (LNE) if,
P (x*,y) <@ (x",y") <P (x,y") (LNE)

for all x and y within some neighborhood of x* and y*, i.e., ||x — x*|| < § and ||y — y*|| < § for some § > 0.

Necessary conditions

Through a Taylor expansion around x* and
y* one can show that a LNE implies,

vX(I)(x» y)’ _qu)(xyy) =0
va@(xy y)? *Vyycb(xy y) t 0

Figure: ®(z,y) = 2% —y
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Recall SGD results from Lecture 9

xI:I):ienX f(X)

o For a non-convex, smooth f, we have that

1. SGD converges to the critical points of f as N — oo.
2. SGD avoids strict saddles/traps (Amin(V2f(x*)) < 0) almost surely.

3. SGD remains close to Hurwicz minimizers (i.e., x* : Amin(V2f(x*)) > 0 almost surely.
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Recall SGD results from Lecture 9

xI:I):iGHX f(X)

o For a non-convex, smooth f, we have that

1. SGD converges to the critical points of f as N — oo.
2. SGD avoids strict saddles/traps (Amin(V2f(x*)) < 0) almost surely.

3. SGD remains close to Hurwicz minimizers (i.e., x* : /\min(VQf(x*)) > 0 almost surely.

o Nail in the coffin:

> not even sure if we obtain stochastic descent directions by approximately solving inner problems in GANs.
> GANs are fundamentally different from adversarial training!

o Need more direct approaches with the stochastic gradient estimates.
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Basic algorithms for minimax
o Given minye x maxycy ®(x,y), define V(z) = [VxP(x,y), —VyP(x,y)] with z = [x, y].

Critical point

Figure: Trajectory of different algorithms for a simple bilinear game min, max, xy.

o (In)Famous algorithms o EG and OGDA are approximations of the PPM
> Gradient Descent Ascent (GDA) >zt = ZF _ aV(2F).
> Proximal point method (PPM) >zt =2k Vv (zF ).
> Extra-gradient (EG) > Pt =2k —aV(zF — aV(zF1))
> Optimistic Gradient Descent Ascent (OGDA) > Pt =2k a2V (zF) — V(2F1)]
> Reflected-Forward-Backward-Splitting (RFBS) > zhtl =z — qV(22F — 2k~ 1)
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Generalized Robbins-Monro schemes

o Given minye x maxycy ®(x,y), define V(z) = [Vx®(x,y), —Vy®(x,y)] with z = [x,y].

o Given V(z), define stochastic estimates of V(z, () = V(z) 4+ U(z, (), where

> U(z,¢) is a bias term

> We often have unbiasedness: EU(z,() =0

> The bias term can have bounded moments

> We often have bounded variance: P(||U(z,()|| > ¢) < 2exp—% for o > 0.
o An abstract template for generalized Robbins-Monro schemes, dubbed as A:

2" =2F — V(2" )

The dessert section in the buffet of negative results: [10]

1. Bounded trajectories of A always converge to an internally chain-transitive (ICT) set.

2. Trajectories of A may converge with arbitrarily high probability to spurious attractors that contain no
critical point of ®.
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A deterministic, simple example beyond convex-concave
o Extragradient method: zF11/2 = zF — oV (2F), 281 = 2k — o, V(25 11/2).

Example (Almost bilinear) Example (Forsaken)
O(x,y) = xy +e¢(y) (20) ®(x,y) =x(y — 0.1) + ¢(x) — 6(y) (21)
where € > 0 and ¢(y) = %yz = iy‘l. where ¢(z) = %zz = %z‘l + éz6.

t ® Stable critical point

Figure: Extra-gradient on (Almost bilinear) with ¢ = 0.1 Figure: Extra-gradient on (Forsaken) can converge to a stable
converges to a stable limit cycle near an unstable critical limit cycle. the white contour indicates the unstable limit
point. cycle.
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ExtraAdam

ExtraAdam for GANs [5]

Input. Step size v, exponential decay rates n1,72 € [0,1)

1. Set mgp,vg =0

2. For k=0,1,..., iterate
8k = V(Zkvck)
my_j1/5 =mmMmg_1+ (1 — n1)gr < 1st order estimate
Vi_1/2 =M2Vg—1-+ 1- nz)gi < 2nd order estimate
my_10 =my_q1/9/(1— n’f) < Bias correction
Vi—1/2 = Vi—1/2/(1— nk) « Bias correction

ZFt1/2 =gk _ vy _y/2/(\/Vik—1/2 +€) < Extrapolation step

8ri1/2 = V(zhT/2 hH1/2)
my =mmyg_1/2 + (1 —m)8r41/2 < 1st order estimate
Vi =mvi_1/2+ (1~ r]g)gi+1/2 <+ 2nd order estimate
my =my/(1 — n¥) « Bias correction
Vi =vy/(1 — n%) « Bias correction
ghtl =zF — ymy /( \/ﬁ + €) < Update step

Output : z*
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Real LSUN Dataset: RMSProp, 4 x 10%,8 x 10, x10° iterations [9]

(a) RMSProp
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Real LSUN Dataset: Adam, 4 x 10%,8 x 10%, x10° iterations [9]
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Real LSUN Dataset: Mirror-GAN, 4 x 1048 x 10%, x10° iterations [9]

(c) Mirror-GAN, Algorithm 3
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Real LSUN Dataset: Extra-Adam, 4 x 10%,8 x 10, x10° iterations [9]
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Wrap up!
1-Wasserstein Distributionally Robust Optimization (WDRO) [14]

Let W1 be the 1-Wasserstein distance of probability measures over RP x {£1} corresponding to the distance:
||a1 — a2||’ if bj = bo;

d((alvbl)v(a27b2)) = { (22)

00, otherwise.

Let p be a fixed probability distribution. The 1-Wassersten Distributionally Robust Optimization Problem with
radius € is given by the following minimax formulation:

WDRO(€) = min max {Ea,bw,L(hx(a), b) : Wi(v,p) < 6} . (23)

X v

Lemma (Connection between WDRO and AT [24])

Let pr, be the empirical measure supported on the input-label dataset {(a;,b;) :i=1,...,n}. The WDRO(¢)
problem is a relaxation (upper bound) of the adversarial training objective:

n

1
min — max L(hx(a; +n),b;) < WDRO(e). (24)
x Memiinli<e
=
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Wrap up!

o Continuing on Homework 2!
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*Reinforcement Learning Game

actions/decisions Environment

observations

rewards

o Environment: Markov Decision Process (MDP) M = (S, A, T,~, Po, R)

o Agent: Parameterized deterministic policy pg : S — A, where 6 € ©

Beyond supervised learning: Reinforcement Learning
At time step t = 0: Sg ~ Py(-)
fort=1,2,... do:

agent observes the environment's state Sy € S

agent chooses an action A; = pp(St) € A

agent receives a reward Riy1 = R(St, At)

agent finds itself in a new state Syyq1 ~ T'(- | S, A¢)
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*Exploration vs. Exploitation in RL

o Challenge: Exploration vs. exploitation!

state action
S R, A,

Environment
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*Exploration vs. Exploitation in RL

o Challenge: Exploration vs. exploitation!

state reward action

Environment

o Objective (non-concave): maxgeco J(0) := E Ztoil YR, ’ ,ug,./\/l}

> The environment only reveals the rewards after actions

> Exploitation: Maximize objective by choosing the appropriate action
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*Exploration vs. Exploitation in RL

o Challenge: Exploration vs. exploitation!

state action
S R, A,

Environment
o Objective (non-concave): maxgee J(0) = E Ztoil Y 1R,
> The environment only reveals the rewards after actions

> Exploitation: Maximize objective by choosing the appropriate action
> Exploration: Gather information on other actions
lions@epfl
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*Standard Reinforcement Learning

o Markov Decision Process (MDP): M = (S, A,T,~, Po, R)
> S: state space

> A: action space

> T:8x8 xA—|[0,1]: state transition dynamics

v

v € (0,1): discounting factor

v

Py : S — [0, 1]: initial state distribution

> R:S x A— R: reward function

o Agent's (deterministic) policy: p: S — A

Reinforcement Learning Game

fort=1,2,... do:
agent observes the environment's state Sy € S
agent chooses an action A; = p(S:) € A

agent receives a reward Ryy1 = R(St, A¢), and finds itself in a new state S;41
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*Standard Reinforcement Learning

o Discounted return:

t=1
o State and state-action value functions:
VH(s) := E[Z ]| S1 = s;u, M]
Q“(Sva) = E[lelzstIZa;Usz]
o Performance objective:
maxJ(p) = E_[V¥(s)] = E_[Q"(s,u(s))]
© s~D s~D
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*Deterministic Policy Gradient

o Deterministic policy parametrization:

o The off-policy performance objective:

max J(0)

6coe

o The off-policy gradient:

VoJ(0)

Q

Q

> biased gradient estimate

> function approximation Q? for critic

lions@epfl
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{ue : 0 € ©}

= J(pg) = SLED[QM(S’“G(S)”

(23]

Es~wp I:VG,U'G (S)VGQHS (57 a) ‘a:,u,g(s):l

D Va@? (. a)Vano )
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*An optimization interpretation

o Objective (non-concave): maxgco J(0) := E Ztoil Y 1R, ,ug,./\/l}
o Exploitation: Progress in the gradient direction
Oi41 <+ 6+ ntVQ/J\(et)
o Exploration: Add stochasticity while collecting the episodes
> noise injection in the action space [23, 18]
a = pg(s) +N(0,021)
> noise injection in the parameter space [21]

6=0+N(0,0%0)
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*Robust Reinforcement Learning

o Discounted return:

Z = i’yt_lRt

t=1

o State and state-action value functions:

VH(s) := E[Z ]| S1 = s;u, M]
QM(S7G) = E[Z I S1 =35,/ :G;HaM]
o Recall the standard performance objective: J(u) := E [VH(s)] = E [Q"(s,u(s))]
s~D s~D

o An action robust formulation:

E M
max B [316%62 (s, u(s) + V)}

o See [11] for further details and results.
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