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Setup: min-max optimization

min
x∈X

max
y∈Y

Φ(x, y)

◦ Φ(·, y) is convex for all y
◦ Φ(x, ·) is concave for all x
◦ X ,Y are closed, convex sets
◦ Solution set is nonempty: ∃x?, y?:

Φ(x?, y?) = min
x∈X

max
y∈Y

Φ(x, y)

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

◦ The solution is the saddle point
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Outline

→ Classic methods

Adaptivity to Lipschitz constant noise strong convexity sparsity of data

[Bach and Levy, 2019] X X × ×
[Chambolle et al., 2018] × × X ×
[Alacaoglu et al., 2020] × × X X
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Gradient Descent-ascent

min
x∈X

max
y∈Y

Φ(x, y)

Algorithm Simultaneous GDA (Forward-Backward)
[Sibony, 1970]

for t = 0 to T − 1 do
xt+1 = PX (xt − η∇xΦ(xt, yt))
yt+1 = PY (yt + η∇yΦ(xt, yt))

end for

Algorithm Alternating GDA (Arrow-Hurwicz)
[Arrow et al., 1958]

for t = 0 to T − 1 do
xt+1 = PX (xt − η∇xΦ(xt, yt))
yt+1 = PY (yt + η∇yΦ(|xt+1|, yt))

end for

◦ Behavior of GDA on the toy problem:
min
x∈R

max
y∈R

xy

Theorem. [Gidel et al., 2018] With any η > 0, iterates
of simGDA diverge:

x2
t+1 + y2

t+1 = (1 + η2)(x2
t + y2

t )

Theorem. [Gidel et al., 2018] With any η > 0, iterates
of altGDA do not converge:

x2
t+1 + y2

t+1 = Θ(x2
0 + y2

0)
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Toy problem: in practice

min
x∈R

max
y∈R

xy

◦ Simultaneous GDA ◦ Alternating GDA
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Extragradient

min
x∈X

max
y∈Y

Φ(x, y)

◦ Notation for convenience: z = (x, y), Z = X × Y, F (z) = (∇xΦ(x, y),−∇yΦ(x, y)).

Algorithm Simultaneous GDA (Forward-backward)
for t = 0 to T − 1 do
zt+1 = PZ(zt − ηF (zt))

end for

◦ Note the equivalence to

xt+1 = PX (xt − η∇xΦ(xt, yt))
yt+1 = PY (yt + η∇yΦ(xt, yt))

Algorithm Extragradient [Korpelevich, 1976]
for t = 0 to T − 1 do
zt+1/2 = PZ(zt − ηF (zt))
zt+1 = PZ(zt − ηF (zt+1/2))

end for

extra-gradient step

zk+1

zk

gradient step

zt

<latexit sha1_base64="oALmR8ryIXkyeeaF/nCGcmWiaLU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1TuvXtydV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF24I3t</latexit>

zt+1

<latexit sha1_base64="sJKzohC5kvPhfB18dkoEd/+VvPY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkoseiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLxq5fK+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8VPI9p</latexit>

zt+1/2

<latexit sha1_base64="PiXlx99BsRHQ9Z88MioNwEdQPPw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEOpuqeix6MVjBfsh7VKyabYNTbJLkhXq0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1SpVkk7804pr7AA8lCRrCx0sNTLzVn3nll0iuW3LI7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmpexVyxd31VLtOosjD0dwDKfgwSXU4Bbq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/2+o/e</latexit>
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Toy problem: in practice

min
x∈R

max
y∈R

xy
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Convergence of Extragradient

min
x∈X

max
y∈Y

Φ(x, y)

◦ Notation for convenience: z = (x, y), Z = X × Y, F (z) = (∇xΦ(x, y),−∇yΦ(x, y)).

Algorithm (Stochastic) Extragradient1

for t = 0 to T − 1 do
zt+1/2 = PZ(zt − ηtF̃ (zt))
zt+1 = PZ(zt − ηtF̃ (zt+1/2))

end for

Assumptions.
◦ Φ(x, y) is convex-concave
◦ A solution z? exists
◦ Lipschitzness: ‖F (u)− F (v)‖ ≤ L‖u− v‖
◦ Unbiasedness: E[F̃ (z)] = F (z)
◦ Variance bound: E‖F̃ (z)− F (z)‖2 ≤ R2

Theorem (Deterministic). [Korpelevich, 1976,
Nemirovski, 2004]

EG w/ F̃ = F , ηt = η < 1/L :

◦ Convergence: zt+1 → z?

◦ Rate2: err
(

1
T

∑T

t=1 zt+1/2
)
≤ O

(
1
T

)
Theorem (Stochastic). [Juditsky et al., 2011]

EG w/ noisy oracles E[F̃ (z)] = F (z), ηt =
η0√
t
:

◦ Rate: E err
(

1
T

∑T

t=1 zt+1/2
)
≤ O

(
1√
T

)

1Same ideas also apply when we use Bregman distances in the update rule. This version is known as Mirror-Prox.
2Merit function for the rate is primal-dual gap: err(z̄) = maxx,y Φ(x̄, y)− Φ(x, ȳ).
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Takeaway

Algorithm (Stochastic) Extragradient
for t = 0 to T − 1 do
zt+1/2 = PZ(zt − ηtF̃ (zt))
zt+1 = PZ(zt − ηtF̃ (zt+1/2))

end for

→ Different step sizes for deterministic & stochastic: 1/L vs η0/
√
t

→ Need to know L to set step size
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Adaptivity to smoothness and noise
◦ F (z) = (∇xΦ(x, y),−∇yΦ(x, y)) = E[F̃ (z)]

Algorithm (Stochastic) Adaptive extragradient
for t = 0 to T − 1 do
zt+1/2 = PZ(zt − ηtF̃ (zt))
zt+1 = PZ(zt − ηtF̃ (zt+1/2))

end for

◦ Run EG w/ adaptive step size
[Bach and Levy, 2019]
(maxx,y ‖x− y‖ ≤ D,G0 > 0),

ηt =
D√

G2
0 +
∑t−1

i=0 Z
2
i

, (1)

where, Z2
i =

‖zi+1−zi+1/2‖
2+‖zi+1/2−zi‖2

5η2
i

.

Intuition. Recall AdaGrad step size for minx f(x): ηt = D√∑t

i=1
‖∇f(xi)‖2

.

◦ Z2
i ∼ ‖F̃ (z)‖2, since when Z = Rd+n,

‖zi+1/2 − zi‖ = ‖ηiF̃ (zi)‖

Theorem (Deterministic). [Bach and Levy, 2019]
EG w/ perfect oracle F̃ = F & ηt in (1):

◦ Rate: err
(

1
T

∑T

t=1 zt+1/2
)
≤ O

(
1
T

)
Theorem (Stochastic). [Bach and Levy, 2019]
EG w/ noisy oracles E[F̃ (z)] = F (z) & ηt in (1):

◦ Rate: E err
(

1
T

∑T

t=1 zt+1/2
)
≤ O

(
1√
T

)
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Adaptivity to smoothness and noise
◦ F (z) = (∇xΦ(x, y),−∇yΦ(x, y)) = E[F̃ (z)]
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i=0 Z
2
i
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2+‖zi+1/2−zi‖2

5η2
i
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Takeaway

Algorithm (Stochastic) Adaptive extragradient
[Bach and Levy, 2019]

for t = 0 to T − 1 do
zt+1/2 = PZ(zt − ηtF̃ (zt))
zt+1 = PZ(zt − ηtF̃ (zt+1/2))

end for

◦ EG+AdaGrad step size

ηt =
D√

G2
0 +
∑t−1

i=0 Z
2
i

,

where, Z2
i =

‖zi+1−zi+1/2‖
2+‖zi+1/2−zi‖2

5η2
i

.

→ Same step size for deterministic & stochastic

→ No need to know L

→ Optimal rate interpolation between for deterministic & stochastic
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ExtraAdam

Algorithm ExtraAdam [Gidel et al., 2018]
for t = 0 to T − 1 do
gt = F̃ (zt)
mt−1/2 = β1mt−1 + (1− β1)gt
vt−1/2 = β2vt−1 + (1− β2)g2

t

 Extragradient step1
zt+1/2 = zt − ηt√

vt−1/2
mt−1

gt+1/2 = F̃ (zt+1/2)
mt = β1mt−1/2 + (1− β1)gt+1/2
vt = β2vt−1/2 + (1− β2)g2

t+1/2

 Main update step
zt+1 = zt − ηt√

vt
mt

end for

→ Extragradient + Adam

→ Limited theoretical understanding

→ Compelling practical performance for training GANs

1Bias correction steps are omitted from ExtraAdam for simplicity.
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Real LSUN Dataset: Extra-Adam, 4 × 104, 8 × 104, ×105 iterations [Hsieh et al., 2019]
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Outline

→ Classic methods

Adaptivity to Lipschitz constant noise strong convexity sparsity of data

[Bach and Levy, 2019] X X × ×
[Chambolle et al., 2018] × × X ×
[Alacaoglu et al., 2020] × × X X
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Bilinear setting

min
x∈Rd

max
y∈Rn

〈Ax, y〉+ f(x)− h(y)

◦ f, h are closed, convex functions
◦ Solution set is nonempty
◦ Linearly constrained problems, TV regularization, empirical risk minimization...

Algorithm Alternating GDA (Arrow-Hurwicz)
for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>yt)
yt+1 = proxσh(yt + σAxt+1)

end for

◦ proxτg(u) = arg minx g(x) + 1
2τ ‖x− u‖

2

Algorithm Primal-dual hybrid gradient (PDHG)
[Chambolle and Pock, 2011]

for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>(yt + yt − yt−1))
yt+1 = proxσh(yt + σAxt+1)

end for

◦ PDHG w/ step sizes τσ‖A‖2 < 1 converges to
(x?, y?) [Chambolle and Pock, 2011].

◦ Rate: err
(

1
T

∑T

t=1 zt
)
≤ O

(
1
T

)

Adaptive Optimization Methods | Ahmet Alacaoglu, ahmet.alacaoglu@epfl.ch Slide 16/ 30



Bilinear setting

min
x∈Rd

max
y∈Rn

〈Ax, y〉+ f(x)− h(y)

◦ f, h are closed, convex functions
◦ Solution set is nonempty
◦ Linearly constrained problems, TV regularization, empirical risk minimization...

Algorithm Alternating GDA (Arrow-Hurwicz)
for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>yt)
yt+1 = proxσh(yt + σAxt+1)

end for

◦ proxτg(u) = arg minx g(x) + 1
2τ ‖x− u‖

2

Algorithm Primal-dual hybrid gradient (PDHG)
[Chambolle and Pock, 2011]

for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>(yt + yt − yt−1))
yt+1 = proxσh(yt + σAxt+1)

end for

◦ PDHG w/ step sizes τσ‖A‖2 < 1 converges to
(x?, y?) [Chambolle and Pock, 2011].

◦ Rate: err
(

1
T

∑T

t=1 zt
)
≤ O

(
1
T

)
Adaptive Optimization Methods | Ahmet Alacaoglu, ahmet.alacaoglu@epfl.ch Slide 16/ 30



Separable bilinear setting

min
x∈Rd

max
y∈Rn

f(x) +
n∑
i=1

〈Aix, yi〉 − hi(yi)

◦ Linearly constrained problems, TV regularization, empirical risk minimization...

Algorithm Stochastic Primal-dual hybrid gradient
(SPDHG) [Chambolle et al., 2018]

for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>ȳt)
Pick it ∈ [n] randomly
yt+1,it = proxσit

hit
(yt,it + σAitxt+1)

yt+1,i = yt,i, for i , it
ȳt+1 = yt+1 + n(yt+1 − yt)

end for

Theorem. [Alacaoglu et al., 2019] PDHG w/ step
sizes nτσi‖Ai‖2 < 1:
◦ Convergence: (xt, yt)→ (x?, y?)
◦ Rate:
E err

(
1
T

∑T

t=1 xt,
1
T

∑T

t=1 yt
)
≤ O

(
1
T

)
Theorem. [Chambolle et al., 2018] If f and h are
(µf , µi) strongly convex and τ, σi are chosen
depending on (µf , µi):

(xt, yt) converge linearly to (x?, y?).
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Takeaway

min
x∈Rd

max
y∈Rn

f(x) +
n∑
i=1

〈Aix, yi〉 − hi(yi)

Algorithm Stochastic Primal-dual hybrid gradient (SPDHG)
for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>ȳt)
Pick it ∈ [n] randomly
yt+1,it = proxσit

hit
(yt,it + σAitxt+1)

yt+1,i = yt,i, for i , it
ȳt+1 = yt+1 + n(yt+1 − yt)

end for

→ Different step sizes for sublinear & linear rate
→ Need knowledge of µf , µi to set step sizes for linear rate
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Convergence of SPDHG under metric subregularity

min
x∈Rd

max
y∈Rn

f(x) +
n∑
i=1

〈Aix, yi〉 − hi(yi)

Algorithm Stochastic Primal-dual hybrid gradient
(SPDHG)

for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>ȳt)
Pick it ∈ [n] randomly
yt+1,it = proxσit

hit
(yt,it + σAitxt+1)

yt+1,i = yt,i, for i , it
ȳt+1 = yt+1 + n(yt+1 − yt)

end for

◦ Metric subregularity: Generalization of strong
convexity.

◦ Satisfied when f, h are strongly convex, or when
f, h are piecewise linear-quadratic (PLQ):
indicator of polyhedral sets, polyhedral norms,
hinge loss, Huber loss etc.

Theorem. [Alacaoglu et al., 2019] Assume metric
subregularity and pick τ, σ as nτσi‖Ai‖2 < 1,
then

(xt, yt) converge linearly to (x?, y?).
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Performance

min
x∈Rd

‖x‖1 : Ax = b

◦ Synthetic setup: A has normal distribution with Σi,j = 0.5|i−j|

◦ n, d = 500, 1000
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(x
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|
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PDHG
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Takeaway

Algorithm Stochastic Primal-dual hybrid gradient (SPDHG) [Chambolle et al., 2018]
for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>ȳt)
Pick it ∈ [n] randomly
yt+1,it = proxσit

hit
(yt,it + σAitxt+1)

yt+1,i = yt,i, for i , it
ȳt+1 = yt+1 + n(yt+1 − yt)

end for

→ Randomization speeds up PDHG
→ Same step sizes with and without strong convexity
→ No need to know µf , µi to obtain linear convergence

◦ Our main reference for theoretical results: [Alacaoglu et al., 2019]
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Outline

→ Classic methods

Adaptivity to Lipschitz constant noise strong convexity sparsity of data

[Bach and Levy, 2019] X X × ×
[Chambolle et al., 2018] × × X ×
[Alacaoglu et al., 2020] × × X X
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Per iteration cost of SPDHG

min
x∈Rd

max
y∈Rn

f(x) +
n∑
i=1

〈Aix, yi〉 − hi(yi)

Algorithm Stochastic Primal-dual hybrid gradient
(SPDHG)

for t = 0 to T − 1 do
xt+1 = proxτf (xt − τA>ȳt)
Pick it ∈ [n] randomly
yt+1,it = proxσit

hit
(yt,it + σAitxt+1)

yt+1,i = yt,i, for i , it
ȳt+1 = yt+1 + n(yt+1 − yt)

end for

Analysis of per iteration cost:

◦ Recall A =

A1
...
An

, with A>i ∈ Rd
◦ Compute xt+1 → cost d.

◦ [Axk+1]it = 〈A>it , xk+1〉 → cost nnz(Ait ).

◦ We maintain A>yt and compute:

A>ȳt+1 = A>yt + (n+ 1)A>it (yitt+1 − y
it
t )

→ cost nnz(Ait ).
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PURE-CD

Algorithm PURE-CD [Alacaoglu et al., 2020]
for t = 0 to T − 1 do
x̄t+1 = proxτf (xt − τA>yt)
ȳt+1 = proxσh(yt + σAx̄t+1)
Pick it ∈ [n] randomly
yt+1,it = ȳt+1,it
yt+1,j = yt,j , ∀j , it
xt+1,j = x̄t+1,j−τjθj [A>(yt+1−yt)]j , ∀j ∈ J(it)
xt+1,j = xt,j , ∀j < J(it)

end for

Parameters:
◦ I(j) = {i ∈ [n] : Ai,j , 0}
◦ J(i) = {j ∈ [d] : Ai,j , 0}
◦ (τi)di=1 and (σi)ni=1 are chosen using nonzero entries
of A due to I(j) and J(i).

step size w. dense A iter. cost
nτσi‖Ai‖2 < 1 nnz(Ai)

... compared to SPDHG that had

step size w. dense A iter. cost
nτσi‖Ai‖2 < 1 d

→ Significant improvement when d is big & A is sparse
→ Similar theoretical rates as SPDHG
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PURE-CD

◦ Lasso with different levels of sparsity of data.
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Figure: Lasso: Left: rcv1, n = 20, 242,m = 47, 236, density = 0.16%, λ = 10; Middle: w8a, n = 49, 749,m = 300, density
= 3.9%, λ = 10−1; Right: covtype, n = 581, 012, m = 54, density = 22.1%, λ = 10.
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Takeaway

Algorithm PURE-CD [Alacaoglu et al., 2020]
for t = 0 to T − 1 do
x̄t+1 = proxτf (xt − τA>yt)
ȳt+1 = proxσh(yt + σAx̄t+1)
Pick it ∈ [n] randomly
yt+1,it = ȳt+1,it
yt+1,j = yt,j , ∀j , it
xt+1,j = x̄t+1,j − τjθj [A>(yt+1 − yt)]j , ∀j ∈ J(it)
xt+1,j = xt,j , ∀j < J(it)

end for

→ Randomization speeds up PDHG
→ No need to know µf , µi to obtain linear convergence
→ Per-iteration cost and step sizes adapt to sparsity.
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Summary

min
x∈X

max
y∈Y

Φ(x, y)

Adaptivity to Lipschitz constant noise strong convexity sparsity of data

[Bach and Levy, 2019] X X × ×
[Chambolle et al., 2018] × × X ×
[Alacaoglu et al., 2020] × × X X
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