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Setup: min-max optimization

min max ®(z, y)
TzEX yeY

o ®(-,y) is convex for all y
o ®(z,-) is concave for all =
o X, ) are closed, convex sets

o Solution set is nonempty: Jz*, y*:

®(z*,y*) = min max ®(z,y)
TEX yeY
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Setup: min-max optimization

min max ®(z, y)
TzEX yeY

o ®(-,y) is convex for all y
o ®(z,-) is concave for all =
o X, ) are closed, convex sets

o Solution set is nonempty: Jx*, y*:

®(z*,y*) = min max ®(z,y)
TEX yeY

o The solution is the saddle point
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Outline

— Classic methods

Adaptivity to ‘ Lipschitz constant noise strong convexity sparsity of data
[Bach and Levy, 2019] v v X X
[Chambolle et al., 2018] X X X
[Alacaoglu et al., 2020] X X v
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Gradient Descent-ascent

min max ®(z, y)
zEX yey

Algorithm  Simultaneous GDA (Forward-Backward) Algorithm Alternating  GDA  (Arrow-Hurwicz)
[Sibony, 1970] [Arrow et al., 1958]
fort=0toT — 1 do fort =0toT —1 do
Ti41 = Px(we — Ve ®(we, Y1) zi41 = Px(xe — Ve ®(ze, yt))
ye+1 = Py(ye +nVy®(ze, yt)) Yi+1 = Py(ye +nVy@(|zit1],ye))
end for end for
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Gradient Descent-ascent

min max ®(z, y)
zEX yey

Algorithm  Simultaneous GDA (Forward-Backward) Algorithm Alternating  GDA  (Arrow-Hurwicz)
[Sibony, 1970] [Arrow et al., 1958]
fort=0toT — 1 do fort =0toT —1 do
zi41 = Px (vt — NV @(zt, yt)) xt41 = Px(xt — NV @(zt,yt))
ye+1 = Py(ye +nVy®(ze, yt)) Yi+1 = Py(ye +nVy@(|zit1],ye))
end for end for

o Behavior of GDA on the toy problem:
min max xry

rzeER yeR
Theorem. [Gidel et al., 2018] With any n > 0, iterates Theorem. [Gidel et al., 2018] With any 7 > 0, iterates
of simGDA diverge: of altGDA do not converge:
$f+1 + yt2+1 = (1 +n°)(aF +v7) $f+1 + yt2+1 =O(zg +3)
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Toy problem: in practice

min max xy
rzER yeER

o Simultaneous GDA o Alternating GDA
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Extragradient

min max ®(z, y)
z€EX yeY

o Notation for convenience: z = (z,y), Z2=X XY, F(z) = (Va®(z,y), —Vy®(z,y)).

Algorithm Simultaneous GDA (Forward-backward)

fort=0toT —1do
zt41 = Pz (2t — nF(2¢))
end for

o Note the equivalence to

xt41 = Px (2t — NV ®(xt,yt))
ye41 = Py(ye + nVy®(zt,yt))
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Extragradient

min max ®(z, y)
z€EX yeY

o Notation for convenience: z = (z,y), Z2=X XY, F(z) = (Va®(z,y), —Vy®(z,y)).

Algorithm Simultaneous GDA (Forward-backward) Algorithm Extragradient [Korpelevich, 1976]
fort=0toT — 1 do fort=0to 7 —1 do
zt41 = Pz (2t — nF(2¢)) zi11/2 = Pz(ze — nF(zt))
end for 241 = Pz (2t —nF(2411/2))
end for

o Note the equivalence to

xt41 = Px (2t — NV ®(xt,yt))
ye41 = Py(ye + nVy®(zt,yt))

A
241

W extra-gradient step
W gradient step
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Toy problem: in practice

min max zy
zeR yeR
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Convergence of Extragradient

min max ®(z,y)
TzeX yeEY

o Notation for convenience: z = (z,y), Z2=X XY, F(z) = (V2®(z,y),—Vy®(z,y)).

Algorithm (Stochastic) Extragradient!
fort=0toT—1do _
Zip1/2 = Pz(2e — nel'(21))

zt41 = Pz (2 — ntp(zt+1/2))
end for

Assumptions.

o ®(x,y) is convex-concave

o A solution z* exists

o Lipschitzness: ||F(u) — F(v)|| < L|lu — ||
o Unbiasedness: E[F(z)] = F(z)

o Variance bound: E||F(z) — F(z)||? < R?

1Same ideas also apply when we use Bregman distances in the update rule. This version is known as Mirror-Prox.
2Merit function for the rate is primal-dual gap: err(z) = maxg 4 ®(%,y) — ®(z, 9).
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Convergence of Extragradient

min max ®(z,y)
TzeX yeEY

o Notation for convenience: z = (z,y), Z2=X XY, F(z) = (V2®(z,y),—Vy®(z,y)).

Algorithm (Stochastic) Extragradient! Theorem (Deterministic). [Korpelevich, 1976,
fort—0to T — 1 do Nemirovski, 2004]
e co = [ =2 T
zt41 = Pz (2t — neF(241/2))
end for o Convergence: z¢41 — 2*

o Rate?: err (% Zthl Zt+1/2) <O (%)
Assumptions.

o ®(x,y) is convex-concave

o A solution z* exists

o Lipschitzness: ||F(u) — F(v)|| < L|lu — ||
o Unbiasedness: E[F(z)] = F(z)

o Variance bound: E||F(z) — F(z)||? < R?

1Same ideas also apply when we use Bregman distances in the update rule. This version is known as Mirror-Prox.
2Merit function for the rate is primal-dual gap: err(z) = maxg 4 ®(%,y) — ®(z, 9).
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Convergence of Extragradient

min max ®(z,y)
TzeX yeEY

o Notation for convenience: z = (z,y), Z2=X XY, F(z) = (V2®(z,y),—Vy®(z,y)).

Algorithm (Stochastic) Extragradient! Theorem (Deterministic). [Korpelevich, 1976,
fort—0to T — 1 do Nemirovski, 2004]
e co = [ =2 T
zt41 = Pz (2t — neF(241/2))
end for o Convergence: z¢41 — 2*

T
o Rate?: err (% Zt:l Zt+1/2) <O (%)
Assumptions.
© ®(x,y) is convex-concave Theorem (Stochastic). [Juditsky et al., 2011]
o A solution z* exists

o Lipschitzness: ||F(u) — F(v)|| < L|ju — v|| EG w/ noisy oracles E[F(2)] = F(2), | m: = L\/OZ :
o Unbiasedness: E[F(z)] = F(z)

! . RIE 2 2 T
o Variance bound: E||F(z) — F(2)||> < R o Rate: Berr (237 z110) <O (%)

1Same ideas also apply when we use Bregman distances in the update rule. This version is known as Mirror-Prox.
2Merit function for the rate is primal-dual gap: err(2z) = maxg 4 ®(Z,y) — ®(z, y).
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Takeaway

Algorithm (Stochastic) Extragradient
fort=0toT —1do _
zi41/2 = Pz (2t — meF(2))

zt41 = Pz (2t — ntﬁ(zt+1/2))
end for

—» Different step sizes for deterministic & stochastic: 1/L vs 1o/ v/t

— Need to know L to set step size
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Outline

— Classic methods

Adaptivity to ‘ Lipschitz constant noise strong convexity sparsity of data
[Bach and Levy, 2019] v v X X
[Chambolle et al., 2018] X X X
[Alacaoglu et al., 2020] X X v
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Adaptivity to smoothness and noise

o F(z) = (Va®(x,y), —VyP(z,7)) = E[F(2)]

Algorithm (Stochastic) Adaptive extragradient
fort=0toT—1do _
Zt41/2 = Pz(zt — e F(2t))

zt41 = Pz (2t — e F(2411)2))
end for
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o Run EG w/ adaptive step size
[Bach and Levy, 2019]
(maxgy |z —yl| < D,Go > 0),

e = # (1)

2 -1,
G + Zz [)
HZL+1*Z¢+1/2” +HZL+1/27Z”L“

2 _
where, Z7 = 52
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Adaptivity to smoothness and noise

o F(2) = (Vo ®(z,y), —Vy®(z,y)) = E[F(2)] o Run EG w/ adaptive step size
[Bach and Levy, 2019]

Algorithm (Stochastic) Adaptive extragradient (maxa,y |2 = yll < D, Go > 0),
fort=0toT—1do _ _ D (1)
zep1/2 = Pz (2t —mF(2t)) = G243l 2
zt41 = Pz (2t — neF (241/2)) =0
end for
where 72 — lzit1=2ip1 2P +llzig1/o—=l?
L 57]7? :

D

t .,.
> IV E@I?

Intuition. Recall AdaGrad step size for ming f(z): n¢ =

o Z2 ~ ||F(2)||?, since when Z = R3+™,

254172 — 2ill = [ImF(23)
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Adaptivity to smoothness and noise

o F(z) = (Va®(x,y), —VyP(z,7)) = E[F(2)]

Algorithm (Stochastic) Adaptive extragradient
fort=0toT—1do _
Zt41/2 = Pz(zt — e F(2t))

zt41 = Pz (2t — e F(2411)2))
end for

Theorem (Deterministic). [Bach and Levy, 2019]
EG w/ perfect oracle F' = F & n; in (1):

o Rate: err (% 23:1 Zt+1/2) <O (%)
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o Run EG w/ adaptive step size
[Bach and Levy, 2019]
(maxgy |z —yl| < D,Go > 0),

e = # (1)

2 1‘71
G +Zz [)
2 2
lzit+1 =241 21" +lzip1/2— =l

2 _
where, Z7 = 52

Theorem (Stochastic). [Bach and Levy, 2019]
EG w/ noisy oracles E[F(z2)] = F(z) & n; in (1):

o Rate: E err (% 23:1 Zt+1/2) <0 (%)
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Takeaway

o EG+AdaGrad step size

Algorithm  (Stochastic) Adaptive extragradient D
[Bach and Levy, 2019] N = —————
/ t—1
fort=0toT—1do G(Q)JrZi:oZiQ
Rt41/2 = Pz(zt — e F(2t))

2t41 = Pz (2t — ntF(Zt+1/2)) where. 72 — lzit1—=zig1/2l®+llzig1 2 ==l
T 52 :
end for n;

— Same step size for deterministic & stochastic
— No need to know L

— Optimal rate interpolation between for deterministic & stochastic
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ExtraAdam

Algorithm ExtraAdam [Gidel et al., 2018]
fort=0toT —1do

gt = I'(2¢)
my_1/9 = Bime—1 + (1 — B1)ge
ve_1/2 = Pave—1 + (1 — Ba)g? Extragradient step?

t

— 7
Zt4+1/2 = 2t mmtfl

Grg1/2 = F(ze41/2)
me = Pimy_1/2+ (1= P1)gs 112

vp = Pavy_12+ (1 — Bg)ngrl/Z Main update step
2441 = 2t — %mt
end for

— Extragradient + Adam
— Limited theoretical understanding

— Compelling practical performance for training GANs

1Bias correction steps are omitted from ExtraAdam for simplicity.
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Real LSUN Dataset: Extra-Adam, 4 x 10%,8 x 10*, x10° iterations [Hsieh et al., 2019]

(¢) Alternated Extra-Adam
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Outline

— Classic methods

Adaptivity to ‘ Lipschitz constant noise strong convexity sparsity of data
[Bach and Levy, 2019] v v X X
[Chambolle et al., 2018] X X X
[Alacaoglu et al., 2020] X X v
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Bilinear setting

min max (Az,y) + f(z) — h(y)
z€Rd yER™

o f,h are closed, convex functions
o Solution set is nonempty

o Linearly constrained problems, TV regularization, empirical risk minimization...

Algorithm Alternating GDA (Arrow-Hurwicz)
fort =0toT — 1 do
Ti41 = prox, p(z¢ — TAT 1)
Yi+1 = ProXy, (ys + 0 AT41)
end for

o prox,,(u) = arg ming g(z) + %Hz — ul|?
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Bilinear setting

z€Rd yER™

min max (Az,y) + f(z) — h(y)

o f,h are closed, convex functions

o Solution set is nonempty

o Linearly constrained problems, TV regularization, empirical risk minimization...

Algorithm Alternating GDA (Arrow-Hurwicz)
fort =0toT — 1 do
Ti41 = prox, p(z¢ — TAT 1)
Yi+1 = ProXy, (ys + 0 AT41)
end for

o prox,,(u) = arg ming g(z) + %Hz — ul|?
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Algorithm Primal-dual hybrid gradient (PDHG)

[Chambolle and Pock, 2011]

fort =0toT — 1 do
Tt41 = prOer(xt —TAT (yt +yt — yi—1))
Y41 = ProXgp, (Yt + 0 AT141)

end for

o PDHG w/ step sizes Ta||A||? < 1 converges to
(z*,y*) [Chambolle and Pock, 2011].

o Rate: err (% E?:l zt) <O (%)
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Separable bilinear setting

n
min max f(z)+ Az, yi) — hi(ys
min, max f(2) ;< vi) = hi(y:)

o Linearly constrained problems, TV regularization, empirical risk minimization...

Algorithm Stochastic Primal-dual hybrid gradient
(SPDHG) [Chambolle et al., 2018]
fort =0toT — 1 do
Tip1 = prox, p(z¢ — TATGt)
Pick ¢ € [n] randomly
Yo, = PTOXg, b, (Yt + 0Ai Te41)
Yi+1,i = Yt,i, TOr @ # it

Y41 = Ye+1 + (Y41 — ye)
end for
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Separable bilinear setting

z€Rd yER™

min max f(z) + Z<Ai$7yi> — hi(yi)
i=1

o Linearly constrained problems, TV regularization, empirical risk minimization...

Algorithm Stochastic Primal-dual hybrid gradient
(SPDHG) [Chambolle et al., 2018]
fort =0toT — 1 do
Tip1 = prox, p(z¢ — TATGt)
Pick ¢ € [n] randomly
Yo, = PTOXg, b, (Yt + 0Ai Te41)
Yi+1,i = Yt,i, TOr @ # it

Y41 = Ye+1 + (Y41 — ye)
end for

g\TECHN‘!Qﬂ Adaptive Optimization Methods | Ahmet Alacaoglu, ahmet.alacaoglu@epfl.ch

Theorem. [Alacaoglu et al., 2019] PDHG w/ step
sizes nTo;|| Aq|? < 1:

o Convergence: (:Et,yt) — (z*,y*)

o Rate: T T
E err (% thl T¢, % Zt:l yt) <0 (%)
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Separable bilinear setting

n

min max f(x) + Z<Ai$7yi> — hi(yi)

z€Rd yER™
i=1

o Linearly constrained problems, TV regularization, empirical risk minimization...

Theorem. [Alacaoglu et al., 2019] PDHG w/ step
sizes nTo;|| Aq|? < 1:

Algorithm Stochastic Primal-dual hybrid gradient

(SPDHG) [Chambolle et al., 2018] o Convergence: (xt,yt) — (z*,y*)
fort=0to T —1do o Rate:
_ T :
Tip1 = proxX, p(we — TA ' Gi) E err (% Zle T, % 23:1 yt) <O (%)

Pick iz € [n] randomly

Yt+1,ip = PIOXg, py, (Yt iy + oA 1 41)

Ytt+1,i = Yt,i, fOr i # iy Theorem. [Chambolle et al., 2018] If f and h are

Jt4+1 = Yt+1 + n(yt41 — yt) (g, ps) strongly convex and 7,0; are chosen
end for depending on (u ¢, p):

(zt,yt) converge linearly to (z*,y*).

g\[ECHN!Qt! Adaptive Optimization Methods | Ahmet Alacaoglu, ahmet.alacaoglu@epfl.ch Slide 17/ 30



Takeaway

z€eRd yER™

min max f(z) + Z(Aix, yi) — hi(y:)
i=1

Algorithm Stochastic Primal-dual hybrid gradient (SPDHG)
fort=0toT —1do
T4l = profo(act —T7ATG)
Pick ¢ € [n] randomly
Yt+1,i, = PIOXg, p,, (yt,i, + oA 1 11)
Yt4+1,i = Yt,i» for i # it
Ut+1 = Ye41 + n(Ye+1 — Yt)
end for

— Different step sizes for sublinear & linear rate

— Need knowledge of uif, pu; to set step sizes for linear rate
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Convergence of SPDHG under metric subregularity

z€Rd yER™

min max f(z) + Z<A1$7yz’> — hi(yi)
i=1

o Metric subregularity: Generalization of strong

Algorithm Stochastic Primal-dual hybrid gradient convexity.
(SPDHG) o Satisfied when f, h are strongly convex, or when
fort=0toT — 1 do f, h are piecewise linear-quadratic (PLQ):
Tiy1 = prox.rf(xt - TAT:Ut) indicator of polyhedral sets, polyhedral norms,
Pick i; € [n] randomly hinge loss, Huber loss etc.
Yt+1,i, = PrOXg, p,, (Yt,iy + A @e41)
Yt+1,i = Yt,i, fOr @ # it Theorem. [Alacaoglu et al., 2019] Assume metric
Yi+1 = Yt+1 + n(Ye+1 — yt) subregularity and pick 7,0 as nto; || A;||2 < 1,
end for then

(zt,yt) converge linearly to (z*,y*).
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Performance

min ||z|j1: Az =0
z€Rd

o Synthetic setup: A has normal distribution with 3; ; = 0.51t=4

o n,d = 500, 1000

104

f*
[[Az —b)|

f@)-f

10—10

10710

500 1000
epoch

500 1000 0
epoch

EPFL

Slide 20/ 30

S| TECHNION  Aqaptive Optimization Methods | Ahmet Alacaoglu, ahmet.alacaoglu®epfl.ch




Takeaway

Algorithm Stochastic Primal-dual hybrid gradient (SPDHG) [Chambolle et al., 2018]

fort=0toT — 1 do
Tip1 = prox, p(ze — TATGt)
Pick ¢; € [n] randomly
Ye+1,ip = PrOXg, p, (Yt,iy +0Ai, Tet1)
Yit1,i = Yt,i, TOr @ # it
Ut+1 = Y1 + n(Ye41 — Ye)
end for

— Randomization speeds up PDHG
— Same step sizes with and without strong convexity

— No need to know p, u1; to obtain linear convergence

o Our main reference for theoretical results: [Alacaoglu et al., 2019]
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Outline

— Classic methods

Adaptivity to ‘ Lipschitz constant noise strong convexity sparsity of data
[Bach and Levy, 2019] v v X X
[Chambolle et al., 2018] X X X
[Alacaoglu et al., 2020] X X v
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Per iteration cost of SPDHG

n
f;{@ ;2%’5 fx) + Z;(&&m) — hi(yi)

Algorithm Stochastic Primal-dual hybrid gradient
(SPDHG)
fort =0to T — 1 do
Tip1 = proxff(a:t — TATQt)
Pick i; € [n] randomly
Yet1,ip = PTOXg, 1, (Yt,i, + 0 Aiy Te41)
Yt+1,0 = Yt,i, fOr 1 £ iy
Gt+1 = Y1 +n(Ye1 — Ye)
end for
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Per iteration cost of SPDHG

z€Rd yER™

min max f(z) + Z(Ai%@lO — hi(y:)
i=1

Analysis of per iteration cost:

Algorithm Stochastic Primal-dual hybrid gradient Ay
(SPDHG) Recall A ; ith A] € R4
for t=0to T —1do oRecall A= | with A €
Tip1 = proxff(a:t — TATgt) An

Pick i; € [n] randomly
Yet1,ip = PTOXg, 1, (Yt,i, + 0 Aiy Te41)
Yt+1,i = Yt,i for 1 # [ o [Axk+1]it = <A;vak+1> — cost Ian(Ait).

Ye+1 = Y41 + (Y1 — Yt)
end for

o Compute x¢41 — cost d.

o We maintain ATyt and compute:

ATgp1 = ATy + (n+ 1)AT(3/§3}1 )

(33

— cost nnz(A;,).
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PURE-CD

Algorithm PURE-CD [Alacaoglu et al., 2020]

fort =0to T — 1 do
Ti41 = profo(:Et —7ATy)
Yt+1 = ProXgp, (Yt + 0AZT¢41)
Pick i; € [n] randomly

Y415, = Yt+1,i
Yet1,5 = Ye,5, VI * it
T,y = Tep1,— 50 [AT (Yer1—ye)ly, Vi € J(ie)
Teq1,j = Te5, Vi ¢ J(it)
end for

W|TECHNION  Adaptive Optimization Methods | Ahmet Alacaoglu, ahmet.alacaogluGepfi.ch

Parameters:
olI(j)={i€[n]:A;;#0}

o J(@) ={jeld: Ai; #0}
o (1;)4, and (o), are chosen using nonzero entries
of A due to I(j) and J(4).

iter. cost
nnz(A;)

step size w. dense A
nroi A7 < 1

. compared to SPDHG that had

step size w. dense A iter. cost
TLTO'i”AZ'HQ <1 d

— Significant improvement when d is big & A is sparse

— Similar theoretical rates as SPDHG
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¥

PURE-CD

o Lasso with different levels of sparsity of data.

suboptimality

1074

10

1010

T
(. s A AtcAnA ke ok 1072 I aETre 107 N
R ) L

i I s
£ 100 Z 0
£ H
2 A
S0 S 0
—8— PURE-CD .| o= PurECO .| —e= PureCO
= Ve 1077w veep 107w veep
A SPDHG “ & SPDHG A SPDHG
0 0 & 10 % 00 25 0 75 100 135 ( 0 10 6 s 10
time (s) time (s) time (s)

Figure: Lasso: Left: rcvl, n = 20,242, m = 47, 236, density = 0.16%, A = 10; Middle:
=3.9%, A =10"1; Right: covtype, n = 581,012, m = 54, density = 22.1%, A = 10.
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Takeaway

Algorithm PURE-CD [Alacaoglu et al., 2020]
fort=0toT — 1 do
Zty1 = prox, g(z¢ — TATy)
Yt+1 = ProXy, (y¢ + 0 AZi41)
Pick ¢ € [n] randomly

Ytt+1,ip = Yt+1,is
Yt+1,5 = Yt,j, VI # it
Tit1,5 = Tor1,5 — 50 [AT (ye1 — ye)ly, Vi € J (i)
Tit1,j = Te,j, VI € J(it)
end for

— Randomization speeds up PDHG
— No need to know p, iu; to obtain linear convergence

— Per-iteration cost and step sizes adapt to sparsity.
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Summary

min max ®(z, y)

z€X yeY
Adaptivity to ‘ Lipschitz constant noise strong convexity sparsity of data
[Bach and Levy, 2019] v v X X
[Chambolle et al., 2018] X X v X
[Alacaoglu et al., 2020] X X v
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