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GD vs SGD

Consider the following optimization problem:

min f(x) (1)

reX
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GD vs SGD

Consider the following optimization problem:

min f(z) (1)
Update rule: (When X = R%)
Fort=1,---,T
Ti+1 = Tt — NGt (2)
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GD vs SGD

Consider the following optimization problem:

min f(z)

Update rule: (When X = R%)

Fort=1,---,T
Ti+1 = Tt — TGt

Setting and gradient oracle:
> GD:

gt =V f(x1) or gi € Of (24)
» SGD:

Elgi|zi] = V f(x+) or E[g|z:] € Of (w4)
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GD vs SGD

Consider the following optimization problem:

min f(z) (1)
Update rule: (When X = R%)
Fort=1,---,T
Tt+1 = Tt — NGt (2)
Setting and gradient oracle: Notion of convergence:
> GD: > f is convex:
g =V f(xe) or ge € Of (w4) flzr) = f(2*) or E[f (zr) — f(z")]
> SGD: > f is non-convex:
Elge|a] = V f(x1) or E[ge|xe] € 0f (a) IV f(zr)|)? or B]|Vf(z1)|?]
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Convergence in the convex setting

H £ oracle step size convergence rate
GD L-smooth gt = Vf(xy) m< i O () [Nesterov, 2004]
GD || non-smooth g € Of (z¢) m =0 (%) ] (M) [Nesterov, 2004]
SGD || L-smooth  Elg|ae] = Vf(z) 1 =0 (%) 0 ( log (1) ) [Lan, 2020]
SGD || non-smooth  E[gi|z¢] € 0f (x) 1= 0O (%) o (1°g(T ) [Lan, 2020]
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Convergence in the convex setting

H f) oracle step size convergence rate
GD L-smooth gt = Vf(xy) m< i O () [Nesterov, 2004]
GD || non-smooth gt € Of (xy) ny =0 (%) ( g(T ) [Nesterov, 2004]
SGD || L-smooth  E[gi|lzs] = Vf(x;) n:=0 (%) ) ( )[Lan 2020]
SGD || non-smooth  E[gi|7¢] € Of (x) mp=0O (%) () ( ) [Lan, 2020]
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Convergence in the convex setting

H Ji0) oracle step size convergence rate
GD L-smooth gt = Vf(z) m< i O () [Nesterov, 2004]
GD || non-smooth gt € Of (my) ne =0 (@) (log(T >[Nesterov 2004]

SGD || L-smooth  E[gi|xt] = V[ ()
SGD || non-smooth  E[g:|z:] € f(x)

O (R&2) [Lan, 2020]
O(k’g ) [Lan, 2020]
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Convergence in the convex setting

H f) oracle step size convergence rate
GD L-smooth gt = V() m< i O (%) [Nesterov, 2004]
GD || non-smooth gt € Of (x4) n =0 (\/LT) () \/LT) [Nesterov, 2004]
SGD || L-smooth  Elg:|x:] = Vf(z:) m =0 (\/LT) O %) [Lan, 2020]
SGD || non-smooth  E[g:|at] € 0f () m = O (\/LT) O <\/LT>[Lan, 2020]
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Convergence in the convex setting

H @) oracle step size

convergence rate

GD L-smooth gt = Vf(xy) M <

GD non-smooth gt € Of (x4) =

o

O (z)

log(T)
v

[Nesterov, 2004]
) [Nesterov, 2004]

SGD || L-smooth  E[g|a] = Vf(z:) m:o(

)
)
)

sk s &\H

SGD || non-smooth  E[g:|at] € Of (z¢) m=0O

o (%
o (%

)[Lan, 2020]
)[Lan, 2020]

Observations

> GD uses the worst-case, global constant for selecting step size

> SGD uses a fixed, pre-determined step size routine
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Convergence in the convex setting

H e oracle step size convergence rate
GD L-smooth gt = V() ne < T O (%) [Nesterov, 2004]
GD || non-smooth gt € Of(xy) n = ) ( O\g/(z)) [Nesterov, 2004]

) o(%F
) o

)[Lan, 2020]

sk s &\H

SGD || non-smooth  E[g:|at] € Of (z¢) m=0O

(
SGD || L-smooth  Elg:|a:] = Vf(x2) m:o(
( )[Lan, 2020]

Observations

> GD uses the worst-case, global constant for selecting step size

> SGD uses a fixed, pre-determined step size routine

How could we customize step size based on the local information?
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Template for adaptive methods

Algorithm: Adaptive First-Order Methods Template

1: Input: lterations T; 1 € X C R¢
2. fort=1,...,T do

3: Obtain a gradient estimate g¢
6: Tt+1 = Px (Tt — nege)
7. end for

— Orthogonal projection onto X: Py (z) = argmin,cx ||z — z|?

Properties:
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Template for adaptive methods

Algorithm: Adaptive First-Order Methods Template

1: Input: lterations T; 1 € X C R¢
2. fort=1,...,T do

3: Obtain a gradient estimate g¢
4: Compute m¢ = hi(g1, -+ ,gt)
6: Tt41 = PX (It — mm//,)

7. end for

— Orthogonal projection onto X: Py (z) = argmin,cx ||z — z|?

Properties:

m¢ € R%: first-order estimate:

» computes a (negative) descent direction
> GD & SGD: m+ = g+
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Template for adaptive methods

Algorithm: Adaptive First-Order Methods Template

1: Input: lterations T, 1 € X C R4
2. fort=1,...,T do

3: Obtain a gradient estimate g¢
4: Compute m¢ = hi(g1, -+ ,gt)
5: Compute Hy = ha(g1, - ,gt)
6: Tt41 = P;It (CEt — nHt_Im/,)
7: end for

— Metric projection onto X': PH (z) = argmin.cx (¢ — x, H(z — z))

Properties:

ms € R%: first-order estimate: H; € R%%4: second-order estimate:
> computes a (negative) descent direction > accumulates outer products, i.e., gtg;r
> GD & SGD: m+ = g¢ > per coordinate step size

» GD & SGD: H: :Id
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AdaGrad & AdaGrad-Scalar

Algorithm: AdaGrad [Duchi et al., 2011]

Algorithm: AdaGrad-Scalar

1
2
3:
4

: fort =

5:

6:

7

end for

. Input: lterations T; 1 € X C R%; Qo = 09%4d

1,....,T do

Obtain a gradient estimate g¢
Qt = Qi1 +9tg]

Compute Hy = 4/diag(Q¢)

Tyl = Pgt (OCt - 77H;19t)
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1: Input: lterations T; 1 € X C R%; s, =0
2. fort=1,...,7T do

3: Obtain a gradient estimate g¢
2
4 Qt = Qi—1+ ||gtl
5: Compute Hy = /Q¢
6: Ti41 = PX (xt — nH;lgt)
7: end for
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AdaGrad & AdaGrad-Scalar

Algorithm: AdaGrad [Duchi et al., 2011] Algorithm: AdaGrad-Scalar
1: Input: lterations T; z1 € X C R%; Qo = 09%4d 1: Input: Iterations T; x1 € X C R%; s =0
2: fort=1,...,T do 2. fort=1,...,7T do
3: Obtain a gradient estimate g¢ 3: Obtain a gradient %stimate gt
4 Qt = Qi1 + g9 & Qi = Qi—1+ ||gell
5: Compute Hy = 4/diag(Q¢) 5: Compute Hy = /Q¢
6: Tiy1 = Pgt (xt — nH;lgt) 6: Ti41 = Px (xt - 77H;1_(1t)
7: end for 7: end for

t
2
> e He= | Y llorl
T=1

n n

Tt+1,0 = Tt,i — tigt,i Ti+1 = Tt — 7t gt
2
ZT:1 972-,7; V 27:1 llg=ll
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How to make sense of AdaGrad step size?

Optimization problem:

min f(x)

rzeX
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How to make sense of AdaGrad step size?

Optimization problem: Assumptions:
> f:R% - R is non-smooth and convex
min f(z .
ngf( ) » X CR%is compact and convex

> Define D = max, yex || — y|| as diameter of X.

g TECHNION  Adaptive Optimization Methods | Ali Kavis, ali. kavis@epfl.ch Slide 6/ 21 EPFL



How to make sense of AdaGrad step size?

Optimization problem: Assumptions:
> f:R% - R is non-smooth and convex
min f(xz .
ngf( ) » X CR%is compact and convex
> Define D = max, yex || — y|| as diameter of X.
AdaGrad-Scalar:
D
Te41 = Px | @t — Vf(zt)
t 2
Yo IVF(@)
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How to make sense of AdaGrad step size?

Optimization problem: Assumptions:
- » f:R% — R is non-smooth and convex
fé‘;l} f(=) » X C R% is compact and convex
> Define D = maxg yex ||z — y|| as diameter of X.
AdaGrad-Scalar:
D
Tt+1 = Px | z¢ — Vf(ze)

S IV f()l?

High-level intuition:
> Large gradients observed = step size decays faster

> Small gradients observed = step size stabilizes
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Abridged proof of AdaGrad step size

zt+1 = Px (zt — eV f(xr))
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Abridged proof of AdaGrad step size

zi41 = Pa (20— mV [ (w0)) |

Goal: Show value convergence rate f(Zr) — f(z*), where Zp = (Zthl xt) /T.

Key assumption: Assume that 7 is non-increasing.
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Abridged proof of AdaGrad step size

zi41 = Pa (20— mV [ (w0)) |

Goal: Show value convergence rate f(Zr) — f(z*), where Zp = (Zthl xt) /T.

Key assumption: Assume that 7 is non-increasing.

1. Eventually, we arrive at the following bound.

T
_ w11 5, D?
J@Er) = I < = Etzzlm 195 @)l + 5 —
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Abridged proof of AdaGrad step size

zi41 = Pa (20— mV [ (w0)) |

Goal: Show value convergence rate f(Zr) — f(z*), where Zp = (Zthl xt) /T.

Key assumption: Assume that 7 is non-increasing.

1. Eventually, we arrive at the following bound.
11« D?
wr) — fz*) < = | = v 2y —_
F@r) = £@) < 5 | 5 D mIVI@)IP + 5
t=1

2. Assume that n; = n is a constant step size. Minimize the upper bound with respect to n:
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Abridged proof of AdaGrad step size

zi41 = Pa (20— mV [ (w0)) |

Goal: Show value convergence rate f(Zr) — f(z*), where Zp = (Zthl xt) /T.

Key assumption: Assume that 7 is non-increasing.

1. Eventually, we arrive at the following bound.
11« D?
wr) — fz*) < = | = v 2y —_
F@r) = £@) < 5 | 5 D mIVI@)IP + 5
t=1

2. Assume that n; = n is a constant step size. Minimize the upper bound with respect to n:

D
’[7 =
T 2
\/ Do IV f(a)l
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Abridged proof of AdaGrad step size

zi41 = Pa (20— mV [ (w0)) |

Goal: Show value convergence rate f(Zr) — f(z*), where Zp = (Zthl xt) /T.

Key assumption: Assume that 7 is non-increasing.

1. Eventually, we arrive at the following bound.
11« D?
wr) — fz*) < = | = v 2y —_
F@r) = £@) < 5 | 5 D mIVI@)IP + 5
t=1

2. Assume that n; = n is a constant step size. Minimize the upper bound with respect to n:

D
n= DA/ IV F()?

ST V@) f@r) - fla) < —
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Proof of AdaGrad step size (continued)

‘ Te41 = Px (x¢ — eV f(2r))

3. Let's pick a more realistic choice, 1y = D . Then,

\/2 PN\ Z{CTE
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Proof of AdaGrad step size (continued)

‘ Te41 = Px (x¢ — eV f(2r))

3. Let's pick a more realistic choice, 1y = D . Then,

\/2 PN\ Z{CTE

Dy/23 1 IV f(e)]?

f@r) - f¥) < 7
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Proof of AdaGrad step size (continued)

‘ xpy1 = Px (e — eV f(xt)) ‘

3. Let's pick a more realistic choice, 1y = D . Then,

\/2 PN\ Z{CTE

Dy/23 1 IV f(e)]?

f@r) - f¥) < 7

We computed the adaptive convergence bound for AdaGrad!
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AdaGrad - Convergence in the convex setting

Theorem (AdaGrad - Deterministic, Convex, Nonsmooth) [Duchi et al., 2011]
Let f be a G-Lipschitz, convex function and let D be the diameter of X. The sequence {zt}le generated by

AdaGrad ensures
T
D \/ 227&:1 ||Vf(xt)||2 DG V2
<

f@r) - f¥) < T Ve
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AdaGrad - Convergence in the convex setting

Theorem (AdaGrad - Deterministic, Convex, Nonsmooth) [Duchi et al., 2011]
Let f be a G-Lipschitz, convex function and let D be the diameter of X. The sequence {z:}]_, generated by

AdaGrad ensures
T
D/235, , IVf@)I*  paya
<

T T VT

f@r) - f¥) <

Theorem (AdaGrad-Scalar - Stochastic, Convex, Smooth) [Levy et al., 2018]
Let f be an L-smooth, convex function and let global minimizer * of f lie in X. Under bounded variance
assumption, E [||_qt — Vf(z)|? |lt:| < 02, the sequence {z:}L_; generated by AdaGrad-Scalar ensures

2 (o2
@) - f@) = O <LD D>

+
T VT

N
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AdaGrad - Convergence in the non-convex setting

n

—— -
t
\/ 2o llg-l?

Theorem (AdaGrad-Scalar - Stochastic, Non-convex, Smooth) [Ward et al., 2019]

Let f be a L-smooth function with f* = min, f(z) > —co. The sequence {z;}1_, generated by
AdaGrad-Scalar ensures that with probability 1 — ¢

Tt41 = Tt —

o <7f(m°37f* ) + 02 log(T)

§3/2 \/T

i v 2=0
ociin IV £ (o)l

N
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AdaGrad - Convergence in the non-convex setting

n

—— -
t
\/ 2o llg-l?

Theorem (AdaGrad-Scalar - Stochastic, Non-convex, Smooth) [Ward et al., 2019]

Let f be a L-smooth function with f* = min, f(z) > —co. The sequence {z;}1_, generated by
AdaGrad-Scalar ensures that with probability 1 — ¢

Tt41 = Tt —

o <7f(m°37f* ) + 02 log(T)
. ; 2 — O
VG g

N

Adaptive Optimization Methods | Ali Kavis, ali.kavis@epfl.ch Slide 10/ 21

EPFL



AdaGrad - Convergence in the non-convex setting

n

—— -
t
\/ 2o llg-l?

Theorem (AdaGrad-Scalar - Stochastic, Non-convex, Smooth) [Ward et al., 2019]

Let f be a L-smooth function with f* = min; f(z) > —co. The sequence {z:}]_, generated by
AdaGrad-Scalar ensures that with probability 1 — ¢

Tt41 = Tt —

o (16817 4 g

§3/2 \/T

min [|Vf(z)]|? = O
0<t<T—1
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RmsProp

Algorithm: AdaGrad [Duchi et al., 2011] Algorithm: RMSProp [Hinton, 2012]
1 Input: lterations T; z1 € X; Qo = 0%4%4 1: Input: lterations T; z1 € X; Qo =0 ; B € (0,1]
2. fort=1,...,T do 2. fort=1,...,T do
3: Obtain a gradient estimate g¢ 3: Obtain a gradient estimate g¢
4: Qt = Qt—1 + grgl 4 Q¢ = BQi—1+ (1 — Bgrgl
5: Compute Hy = 4/ diag(Q¢) 5: Compute Hy = +/diag(Q¢)
6: Tt41 = Pgt (%t — nHt_ly/,) 6: Tt41 = P/{,{t (a:t — 7’]Ht_1g/,)
7: end for 7. end for
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RmsProp

Algorithm: AdaGrad [Duchi et al., 2011] Algorithm: RMSProp [Hinton, 2012]
1 Input: lterations T; z1 € X; Qo = 0%4%4 1: Input: lterations T; z1 € X; Qo =0 ; B € (0,1]
2. fort=1,...,T do 2. fort=1,...,T do
3: Obtain a gradient estimate g¢ 3: Obtain a gradient estimate g¢
4: Qt = Qt—1 + grgl 4 Q¢ = BQi—1+ (1 — Bgrgl
5: Compute Hy = 4/ diag(Q¢) 5: Compute Hy = /diag(Q¢)
6: Tt41 = Pgt (%t — nHt_ly/,) 6: Tt41 = P/{,{t (a:t — ’r]Ht_lg/,)
7: end for 7. end for
s N . n
Ti41,4 = Tpg — — F——=0t,3 Tpi1,i = T — gt,i

PDMNEY V- p)el,
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RmsProp

Algorithm: AdaGrad [Duchi et al., 2011]

Algorithm: RMSProp [Hinton, 2012]

1 Input: lterations T; z1 € X; Qo = 0%4%4 1: Input: lterations T; z1 € X; Qo =0 ; B € (0,1]
2. fort=1,...,T do 2. fort=1,...,T do
3: Obtain a gradient estimate g¢ 3: Obtain a gradient estimate g¢
4: Qt = Qt—1 + grgl 4 Q¢ = BQi—1+ (1 — Bgrgl
5: Compute Hy = 4/ diag(Q¢) 5: Compute Hy = /diag(Q¢)
6: Tt41 = Pgt (%t — nHt_ly/,) 6: Tt41 = P/{,{t (a:t — ’r]Ht_lg/,)
7: end for 7. end for
_ n n
Let1,i = ey — — =Gt Tpg1i = Tei— gei

23:1 92,1‘

High-level intuition:

> Recent gradients receive larger weights.

V- p)el,

» Consider a steep function, flat around minimum — better progress around minimum
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Example: AdaGrad vs. RMSProp

Setting:
> f(z) = z* (one-dimensional function)
» 29 =10, 2* =0

f(xt) vs iterations le—6 Step size vs. iterations

—— AdaGrad —— AdaGrad

1084
—— RMSProp —— RMSProp

flxe)
Step size
°
o
|

o
n
s

o
IS
s

o
W
L

iterations iterations

Figure: RMSProp vs. AdaGrad
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Adam

Formula for Adam: RMSProp + first-order estimation —> Adam

Algorithm: RMSProp [Hinton, 2012] Algorithm: Adam [Kingma and Ba, 2014]
1. Input: Iterations T; z1 € X; Qo =0 ; B8 € [0,1] 1: Input: Iterations T; 1 € X; Qo = 0; 51,82 €
2: fort=1,...,T do [0,1)
3: Obtain a gradient estimate g¢ 2 fort=1,..,T do
4: Qt = PQi—1+ (1 — B)gtgtT 3: Obtain a gradient estimate g¢
_ - 4 me = Bime—1 + (1 — B1)ge
> Compute H; = /diag(Qr) 5: Qt = B2Qi—1 + (1 — B2)gegl
6: Tipl = P;I‘ (mt — nHt_lgL) 6: Compute Hy = /diag(Q¢) + ¢
7: end for 7 T4l = P)I({t (a:t — nHt_lmf,)
8: end for

Owe ignore bias correction for Adam for simplicity
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AmsGrad

Adam may converge as we expect!
When 1 < 4/ 2, there exists a stochastic optimization problem for which Adam does not converge.
[Reddi et al., 2018]
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AmsGrad

Adam may converge as we expect!
When 1 < 4/ 2, there exists a stochastic optimization problem for which Adam does not converge.
[Reddi et al., 2018]

Algorithm: Adam [Kingma and Ba, 2014] Algorithm: AmsGrad [Reddi et al., 2018]
1: Input: lterations T; 1 € X; Qo = 0; (1,82 €  1: Input: lterations T'; 1 € X; {51t}tT:1; B2 € 10,1]
[0,1) 2: Set: Qo, Qo =0
2 fort=1,...,T do 3: fort=1,...,T do
3: Obtain a gradient estimate gt 4: Obtain a gradient estimate g;
4 me = Bime—1 + (1 — B1)ge . 5. my = Breme—1 + (1 — B1t)ge
5: Qt = B2Qt—1 + (1 — B2)gig; 6: Qt = B2Qi—1+ (1 — B2)gegd
6: Compute Hy = /diag(Q¢) + € 7: Q: = max {Q,,, Qi1 }
7: Ti41 = Pgt (xt — ntHglmt) 8: Compute H; = +/diag(Q:) + €
8. end for o: T4l = Pgt (xt - ntH;lm,t)
10: end for
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AmsGrad: Convergence in the convex setting

Assumptions:
> Gradients are bounded across each coordinate, Goo = maxgcx ||V ()|l o

> X has bounded diameter, Do = maxg yex ||z — yll o
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AmsGrad: Convergence in the convex setting

Assumptions:
> Gradients are bounded across each coordinate, Goo = maxgcx ||V ()|l o

> X has bounded diameter, Do = maxg yex ||z — yll o

Theorem (AmsGrad - Deterministic/Stochastic, Convex, Nonsmooth) [Reddi et al., 2018]
Let f be a G-Lipschitz, convex function, optimized over X. Then, with n; = 1/ +/t, AmsGrad ensures,

log(T')

f@r) - f@*) =0 -
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AmsGrad: Convergence in the non-convex setting

Theorem (AmsGrad - Stochastic, Non-convex, Smooth) [Alacaoglu et al., 2020]
Let f be L-smooth and non-convex. Assume that ||g¢|| .o Goo. Then, with n; = n/\/i AmsGrad ensures,

3

tlél[ln E[||V f(z¢) H 1< = Z NIV f(ze “ |=0 (

")
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AmsGrad: Convergence in the non-convex setting

Theorem (AmsGrad - Stochastic, Non-convex, Smooth) [Alacaoglu et al., 2020]
Let f be L-smooth and non-convex. Assume that ||g¢|| .o Goo. Then, with n; = 1/ v/t AmsGrad ensures,

3

tlél[ln E[||V f(x¢ H 1< = Z NIV f(ze “ |=0 (

")

Theorem (AmsGrad - Stochastic, Non-convex, Smooth) [Zhou et al., 2018]
Let f be L-smooth and non-convex. Assume that ||g¢|| .o Goo. Then, with ny = O (1/ \/T) AmsGrad ensures,

T
: 212 1 2 _o( L
A EITIGOP) < 72 D EIv el o(—)
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Example: Least squares with synthetic data
Setting:

» fla) = Az —b|?

> Ac R4 A~ N(p,o%I)

> n = 1000, d = 1000

Objective gap vs iterations 100 Step size vs. iterations
108 4
— sGD
1071 1011 — :&asirad
—_— rop
106 4 — Adam
1072 4

—— AmsGrad /—-
\ /

fixe) = fix")
=
S
2
L
Step size
=
)
b
n

— SGD
10* 4 — AdaGrad 107
—— RMSProp
102 4 -5 4
—— Adam 10
101 4 — AmsGrad
T T T T T T 10°° T T T T T T
10° 10t 10? 103 104 10° 10° 10t 102 103 104 10°
iterations iterations

Figure: Comparison of convergence rate and stepsize evolution. Mini-batch stochastic gradients with a batch size of 20
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Wrap up

v

v

v

v

v

§ | TECHNION

GD/SGD and their convergence under convexity

General template for adaptive methods

AdaGrad:

> Intuition and small proof
> Convergence for convex/non-convex problems

RMSProp:

> Intuition for second-order estimate computation
> Comparison to AdaGrad

Adam:
> Intuition with respect to RMSProp

AmsGrad:

> Intuition with respect to Adam
> Convergence for convex/non-convex problems
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