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GD vs SGD
Consider the following optimization problem:

min
x∈X

f(x) (1)

Update rule: (When X = Rd)
For t = 1, · · · , T

xt+1 = xt − ηtgt (2)

Setting and gradient oracle:
I GD:
gt = ∇f(xt) or gt ∈ ∂f(xt)

I SGD:
E[gt|xt] = ∇f(xt) or E[gt|xt] ∈ ∂f(xt)

Notion of convergence:
I f is convex:
f(xT )− f(x∗) or E[f(xT )− f(x∗)]

I f is non-convex:

‖∇f(xT )‖2 or E[‖∇f(xT )‖2]
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Convergence in the convex setting

f(·) oracle step size convergence rate

GD L-smooth gt = ∇f(xt) ηt <
1
L O

( 1
T

)
[Nesterov, 2004]

GD non-smooth gt ∈ ∂f(xt) ηt = O
(

1√
t

)
O
(

log(T )√
T

)
[Nesterov, 2004]

SGD L-smooth E[gt|xt] = ∇f(xt) ηt = O
(

1√
t

)
O
(

log(T )√
T

)
[Lan, 2020]

SGD non-smooth E[gt|xt] ∈ ∂f(xt) ηt = O
(

1√
t

)
O
(

log(T )√
T

)
[Lan, 2020]
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(

1√
t

)
O
(

log(T )√
T

)
[Nesterov, 2004]

SGD L-smooth E[gt|xt] = ∇f(xt) ηt = O
(

1√
t

)
O
(

log(T )√
T

)
[Lan, 2020]

SGD non-smooth E[gt|xt] ∈ ∂f(xt) ηt = O
(

1√
t

)
O
(

log(T )√
T

)
[Lan, 2020]

Observations
I GD uses the worst-case, global constant for selecting step size

I SGD uses a fixed, pre-determined step size routine

How could we customize step size based on the local information?
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Template for adaptive methods

Algorithm: Adaptive First-Order Methods Template

1: Input: Iterations T ; x1 ∈ X ⊂ Rd
2: for t = 1, ..., T do
3: Obtain a gradient estimate gt

4: Compute mt = h1(g1, · · · , gt)
5: Compute Ht = h2(g1, · · · , gt)

6: xt+1 = PX (xt − ηtgt)
7: end for

→ Orthogonal projection onto X : PX (x) = arg minz∈X ‖z − x‖2

Properties:

mt ∈ Rd: first-order estimate:
I computes a (negative) descent direction
I GD & SGD: mt = gt

Ht ∈ Rd×d: second-order estimate:
I accumulates outer products, i.e., gtg>t
I per coordinate step size
I GD & SGD: Ht = Id
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AdaGrad & AdaGrad-Scalar

Algorithm: AdaGrad [Duchi et al., 2011]

1: Input: Iterations T ; x1 ∈ X ⊂ Rd; Q0 = 0d×d
2: for t = 1, ..., T do
3: Obtain a gradient estimate gt
4: Qt = Qt−1 + gtg>t
5: Compute Ht =

√
diag(Qt)

6: xt+1 = PHtX

(
xt − ηH−1

t gt
)

7: end for

Ht,i =

√√√√ t∑
τ=1

g2
τ,i

xt+1,i = xt,i −
η√∑t

τ=1 g
2
τ,i

gt,i

Algorithm: AdaGrad-Scalar

1: Input: Iterations T ; x1 ∈ X ⊂ Rd; st = 0
2: for t = 1, ..., T do
3: Obtain a gradient estimate gt
4: Qt = Qt−1 + ‖gt‖2

5: Compute Ht =
√
Qt

6: xt+1 = PX
(
xt − ηH−1

t gt
)

7: end for

Ht =

√√√√ t∑
τ=1

‖gτ‖2

xt+1 = xt −
η√∑t

τ=1 ‖gτ‖
2
gt
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How to make sense of AdaGrad step size?

Optimization problem:

min
x∈X

f(x)

Assumptions:
I f : Rd → R is non-smooth and convex
I X ⊂ Rd is compact and convex
I Define D = maxx,y∈X ‖x− y‖ as diameter of X .

AdaGrad-Scalar:

xt+1 = PX

xt − D√∑t

τ=1 ‖∇f(xt)‖2
∇f(xt)



High-level intuition:
I Large gradients observed =⇒ step size decays faster
I Small gradients observed =⇒ step size stabilizes
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Abridged proof of AdaGrad step size

xt+1 = PX (xt − ηt∇f(xt))

Goal: Show value convergence rate f(x̄T )− f(x∗), where x̄T =
(∑T

t=1 xt
)
/T .

Key assumption: Assume that ηt is non-increasing.

1. Eventually, we arrive at the following bound.

f(x̄T )− f(x∗) ≤
1
T

(
1
2

T∑
t=1

ηt ‖∇f(xt)‖2 +
D2

2ηT

)

2. Assume that ηt = η is a constant step size. Minimize the upper bound with respect to η:

η =
D√∑T

t=1 ‖∇f(xt)‖2 f(x̄T )− f(x∗) ≤
D

√∑T

t=1 ‖∇f(xt)‖2

T

Adaptive Optimization Methods | Ali Kavis, ali.kavis@epfl.ch Slide 7/ 21



Abridged proof of AdaGrad step size

xt+1 = PX (xt − ηt∇f(xt))

Goal: Show value convergence rate f(x̄T )− f(x∗), where x̄T =
(∑T

t=1 xt
)
/T .

Key assumption: Assume that ηt is non-increasing.

1. Eventually, we arrive at the following bound.

f(x̄T )− f(x∗) ≤
1
T

(
1
2

T∑
t=1

ηt ‖∇f(xt)‖2 +
D2

2ηT

)

2. Assume that ηt = η is a constant step size. Minimize the upper bound with respect to η:

η =
D√∑T

t=1 ‖∇f(xt)‖2 f(x̄T )− f(x∗) ≤
D

√∑T

t=1 ‖∇f(xt)‖2

T

Adaptive Optimization Methods | Ali Kavis, ali.kavis@epfl.ch Slide 7/ 21



Abridged proof of AdaGrad step size

xt+1 = PX (xt − ηt∇f(xt))

Goal: Show value convergence rate f(x̄T )− f(x∗), where x̄T =
(∑T

t=1 xt
)
/T .

Key assumption: Assume that ηt is non-increasing.

1. Eventually, we arrive at the following bound.

f(x̄T )− f(x∗) ≤
1
T

(
1
2

T∑
t=1

ηt ‖∇f(xt)‖2 +
D2

2ηT

)

2. Assume that ηt = η is a constant step size. Minimize the upper bound with respect to η:

η =
D√∑T

t=1 ‖∇f(xt)‖2 f(x̄T )− f(x∗) ≤
D

√∑T

t=1 ‖∇f(xt)‖2

T

Adaptive Optimization Methods | Ali Kavis, ali.kavis@epfl.ch Slide 7/ 21



Abridged proof of AdaGrad step size

xt+1 = PX (xt − ηt∇f(xt))

Goal: Show value convergence rate f(x̄T )− f(x∗), where x̄T =
(∑T

t=1 xt
)
/T .

Key assumption: Assume that ηt is non-increasing.

1. Eventually, we arrive at the following bound.

f(x̄T )− f(x∗) ≤
1
T

(
1
2

T∑
t=1

ηt ‖∇f(xt)‖2 +
D2

2ηT

)

2. Assume that ηt = η is a constant step size. Minimize the upper bound with respect to η:

η =
D√∑T

t=1 ‖∇f(xt)‖2 f(x̄T )− f(x∗) ≤
D

√∑T

t=1 ‖∇f(xt)‖2

T

Adaptive Optimization Methods | Ali Kavis, ali.kavis@epfl.ch Slide 7/ 21



Abridged proof of AdaGrad step size

xt+1 = PX (xt − ηt∇f(xt))

Goal: Show value convergence rate f(x̄T )− f(x∗), where x̄T =
(∑T

t=1 xt
)
/T .

Key assumption: Assume that ηt is non-increasing.

1. Eventually, we arrive at the following bound.

f(x̄T )− f(x∗) ≤
1
T

(
1
2

T∑
t=1

ηt ‖∇f(xt)‖2 +
D2

2ηT

)

2. Assume that ηt = η is a constant step size. Minimize the upper bound with respect to η:

η =
D√∑T

t=1 ‖∇f(xt)‖2

f(x̄T )− f(x∗) ≤
D

√∑T

t=1 ‖∇f(xt)‖2

T

Adaptive Optimization Methods | Ali Kavis, ali.kavis@epfl.ch Slide 7/ 21



Abridged proof of AdaGrad step size

xt+1 = PX (xt − ηt∇f(xt))

Goal: Show value convergence rate f(x̄T )− f(x∗), where x̄T =
(∑T

t=1 xt
)
/T .

Key assumption: Assume that ηt is non-increasing.

1. Eventually, we arrive at the following bound.

f(x̄T )− f(x∗) ≤
1
T

(
1
2

T∑
t=1

ηt ‖∇f(xt)‖2 +
D2

2ηT

)

2. Assume that ηt = η is a constant step size. Minimize the upper bound with respect to η:

η =
D√∑T

t=1 ‖∇f(xt)‖2 f(x̄T )− f(x∗) ≤
D

√∑T

t=1 ‖∇f(xt)‖2

T

Adaptive Optimization Methods | Ali Kavis, ali.kavis@epfl.ch Slide 7/ 21



Proof of AdaGrad step size (continued)

xt+1 = PX (xt − ηt∇f(xt))

3. Let’s pick a more realistic choice, ηt = D√
2
∑t

τ=1
‖∇f(xτ )‖2

. Then,

f(x̄T )− f(x∗) ≤
D

√
2
∑T

t=1 ‖∇f(xt)‖2

T

We computed the adaptive convergence bound for AdaGrad!
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AdaGrad - Convergence in the convex setting

Theorem (AdaGrad - Deterministic, Convex, Nonsmooth) [Duchi et al., 2011]
Let f be a G-Lipschitz, convex function and let D be the diameter of X . The sequence {xt}Tt=1 generated by
AdaGrad ensures

f(x̄T )− f(x∗) ≤
D

√
2
∑T

t=1 ‖∇f(xt)‖2

T
≤
DG
√

2
√
T

Theorem (AdaGrad-Scalar - Stochastic, Convex, Smooth) [Levy et al., 2018]
Let f be an L-smooth, convex function and let global minimizer x∗ of f lie in X . Under bounded variance
assumption, E

[
‖gt −∇f(xt)‖2 |xt

]
≤ σ2, the sequence {xt}Tt=1 generated by AdaGrad-Scalar ensures

f(x̄T )− f(x∗) = O
(
LD2

T
+
σD
√
T

)
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AdaGrad - Convergence in the non-convex setting

xt+1 = xt −
η√∑t

τ=1 ‖gτ‖
2
gt

Theorem (AdaGrad-Scalar - Stochastic, Non-convex, Smooth) [Ward et al., 2019]
Let f be a L-smooth function with f∗ = minx f(x) > −∞. The sequence {xt}Tt=1 generated by
AdaGrad-Scalar ensures that with probability 1− δ

min
0≤t≤T−1

‖∇f(xt)‖2 = O

σ

(
f(x0)−f∗

η

)
+ σ2 log(T )

δ3/2
√
T


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RmsProp

Algorithm: AdaGrad [Duchi et al., 2011]

1: Input: Iterations T ; x1 ∈ X ; Q0 = 0d×d
2: for t = 1, ..., T do
3: Obtain a gradient estimate gt
4: Qt = Qt−1 + gtgTt
5: Compute Ht =

√
diag(Qt)

6: xt+1 = PHtX

(
xt − ηH−1

t gt
)

7: end for

xt+1,i = xt,i −
η√∑t

τ=1 g
2
τ,i

gt,i

Algorithm: RMSProp [Hinton, 2012]

1: Input: Iterations T ; x1 ∈ X ; Q0 = 0 ; β ∈ (0, 1]
2: for t = 1, ..., T do
3: Obtain a gradient estimate gt
4: Qt = βQt−1 + (1− β)gtgTt
5: Compute Ht =

√
diag(Qt)

6: xt+1 = PHtX

(
xt − ηH−1

t gt
)

7: end for

xt+1,i = xt,i −
η√∑t

τ=1 β
τ−1(1− β)g2

τ,i

gt,i

High-level intuition:
I Recent gradients receive larger weights.
I Consider a steep function, flat around minimum → better progress around minimum
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Example: AdaGrad vs. RMSProp

Setting:
I f(x) = x4 (one-dimensional function)
I x0 = 10, x∗ = 0

1 3 5 7 9 11 13 15 17 19
iterations

104
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108

f(x
t)

f(xt) vs iterations

AdaGrad
RMSProp
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iterations
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St
ep

 si
ze

1e 6 Step size vs. iterations

AdaGrad
RMSProp

Figure: RMSProp vs. AdaGrad
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Adam

Formula for Adam: RMSProp + first-order estimation =⇒ Adam

Algorithm: RMSProp [Hinton, 2012]

1: Input: Iterations T ; x1 ∈ X ; Q0 = 0 ; β ∈ [0, 1]
2: for t = 1, ..., T do
3: Obtain a gradient estimate gt
4: Qt = βQt−1 + (1− β)gtgTt
5: Compute Ht =

√
diag(Qt)

6: xt+1 = PHtX

(
xt − ηH−1

t gt
)

7: end for

Algorithm: Adam [Kingma and Ba, 2014]

1: Input: Iterations T ; x1 ∈ X ; Q0 = 0; β1, β2 ∈
[0, 1)

2: for t = 1, ..., T do
3: Obtain a gradient estimate gt
4: mt = β1mt−1 + (1− β1)gt
5: Qt = β2Qt−1 + (1− β2)gtgTt
6: Compute Ht =

√
diag(Qt) + ε

7: xt+1 = PHtX

(
xt − ηH−1

t mt
)

8: end for

0We ignore bias correction for Adam for simplicity
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AmsGrad

Adam may converge as we expect!
When β1 <

√
β2, there exists a stochastic optimization problem for which Adam does not converge.

[Reddi et al., 2018]

Algorithm: Adam [Kingma and Ba, 2014]

1: Input: Iterations T ; x1 ∈ X ; Q0 = 0; β1, β2 ∈
[0, 1)

2: for t = 1, ..., T do
3: Obtain a gradient estimate gt
4: mt = β1mt−1 + (1− β1)gt
5: Qt = β2Qt−1 + (1− β2)gtgTt
6: Compute Ht =

√
diag(Qt) + ε

7: xt+1 = PHtX

(
xt − ηtH−1

t mt
)

8: end for

Algorithm: AmsGrad [Reddi et al., 2018]

1: Input: Iterations T ; x1 ∈ X ; {β1t}Tt=1; β2 ∈ [0, 1]
2: Set: Q0, Q̂0 = 0
3: for t = 1, ..., T do
4: Obtain a gradient estimate gt
5: mt = β1tmt−1 + (1− β1t)gt
6: Qt = β2Qt−1 + (1− β2)gtgTt
7: Q̂t = max

{
Qt, Q̂t−1

}
8: Compute Ht =

√
diag(Q̂t) + ε

9: xt+1 = PHtX

(
xt − ηtH−1

t mt
)

10: end for
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AmsGrad: Convergence in the convex setting

Assumptions:
I Gradients are bounded across each coordinate, G∞ = maxx∈X ‖∇f(x)‖∞
I X has bounded diameter, D∞ = maxx,y∈X ‖x− y‖∞

Theorem (AmsGrad - Deterministic/Stochastic, Convex, Nonsmooth) [Reddi et al., 2018]
Let f be a G-Lipschitz, convex function, optimized over X . Then, with ηt = η/

√
t, AmsGrad ensures,

f(x̄T )− f(x∗) = O

(√
log(T )
√
T

)
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AmsGrad: Convergence in the non-convex setting

Theorem (AmsGrad - Stochastic, Non-convex, Smooth) [Alacaoglu et al., 2020]
Let f be L-smooth and non-convex. Assume that ‖gt‖∞G∞. Then, with ηt = η/

√
t AmsGrad ensures,

min
t∈[T ]

E[‖∇f(xt)‖2] ≤
1
T

T∑
t=1

E[‖∇f(xt)‖2] = O
( log(T )
√
T

)

Theorem (AmsGrad - Stochastic, Non-convex, Smooth) [Zhou et al., 2018]
Let f be L-smooth and non-convex. Assume that ‖gt‖∞G∞. Then, with ηt = O

(
1/
√
T
)
AmsGrad ensures,

min
t∈[T ]

E[‖∇f(xt)‖2] ≤
1

T − 1

T∑
t=2

E[‖∇f(xt)‖2] = O
( 1
√
T

)
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Example: Least squares with synthetic data
Setting:
I f(x) = ‖Ax− b‖2

I A ∈ Rn×d, A ∼ N(µ, σ2I)
I n = 1000, d = 1000
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Figure: Comparison of convergence rate and stepsize evolution. Mini-batch stochastic gradients with a batch size of 20
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Wrap up

I GD/SGD and their convergence under convexity

I General template for adaptive methods

I AdaGrad:
I Intuition and small proof
I Convergence for convex/non-convex problems

I RMSProp:
I Intuition for second-order estimate computation
I Comparison to AdaGrad

I Adam:
I Intuition with respect to RMSProp

I AmsGrad:
I Intuition with respect to Adam
I Convergence for convex/non-convex problems
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