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One formula to rule all ML & SP problems

f? = min
x:x∈X

f(x) (argmin→ x?)

◦ Growing interest in first-order gradient methods1 due to their scalability and generalization performance

◦ In the sequel, the set X is convex:

I ∀x, y ∈ X ∀α ∈ [0, 1], αx+ (1− α)y ∈ X .

◦ In the sequel, the function f may be convex:
I f(αx+ (1− α)y)αf(x) + (1− α)f(y), ∀x, y ∈ X , ∀α ∈ [0, 1].

1Lan, Guanghui. First-order and Stochastic Optimization Methods for Machine Learning. Springer Nature, 2020.
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One formula to rule ��>
some

all ML & SP problems ...and one algorithm to solve them.

f? = min
x:x∈X

f(x) (argmin→ x?)

◦ Growing interest in first-order gradient methods1 due to their scalability and generalization performance

◦ In the sequel, the set X is convex:

I ∀x, y ∈ X ∀α ∈ [0, 1], αx+ (1− α)y ∈ X .

◦ In the sequel, the function f may be convex:
I f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y), ∀x, y ∈ X , ∀α ∈ [0, 1].

1Lan, Guanghui. First-order and Stochastic Optimization Methods for Machine Learning. Springer Nature, 2020.

Adaptive Optimization Methods | Volkan Cevher, https://lions.epfl.ch Slide 3/ 29



One formula to rule ��>
some

all ML & SP problems ...and one algorithm to solve them.

f? = min
x:x∈X

f(x) (argmin→ x?)

◦ Growing interest in first-order gradient methods1 due to their scalability and generalization performance

◦ In the sequel, the set X is convex:

I ∀x, y ∈ X ∀α ∈ [0, 1], αx+ (1− α)y ∈ X .

◦ In the sequel, the function f may not be convex:
I f(αx+ (1− α)y)�S≤αf(x) + (1− α)f(y), ∀x, y ∈ X , ∀α ∈ [0, 1].

1Lan, Guanghui. First-order and Stochastic Optimization Methods for Machine Learning. Springer Nature, 2020.
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Application: Deep learning via empirical risk minimization

Definition (Optimization formulation)
The deep-learning training problem is given by

x?DL ∈ arg min
x∈X

{
f(x) :=

1
n

n∑
i=1

L(hx(ai), bi)

}
,

where X denotes the constraints on the parameters.

◦ A single hidden layer neural network with params x := [X1,X2, µ1, µ2]

hx(a) :=

[
X2

] activationy
σ


weight
↓[

X1

] input
↓[
a

]
+

bias
↓[
µ1

]
︸                                                      ︷︷                                                      ︸

hidden layer = learned features

+

bias
↓[
µ2

]
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Loss function examples
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Definition (Hinge loss)
For a binary classification problem, the hinge loss for a score value b1 ∈ R
and class label b2 ∈ ±1 is given by L(b1, b2) = max(0, 1− b1 × b2).
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L1 Loss
L2 Loss

Definition (`q-losses)
For all b1, b2 ∈ Rn × Rn, we can use Lq(b1, b2) = ‖b1 − b2‖qq , where

`q-norm: ‖b‖qq :=
∑n

i=1 |bi|
q for b ∈ Rn and q ∈ [1,∞)

Definition (Wasserstein distance)
Let µ and ν be two probability measures on Rd an define their couplings
as Γ(µ, ν) := {π probability measure on Rd × Rd with marginals µ, ν}.

W (µ, ν) :=
(

inf
π∈Γ(µ,ν)

E(x,y)∼π ‖x− y‖2
)1/2
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A basic iterative strategy

f? = min
x:x∈X

f(x) (argmin→ x?)

General idea of an optimization algorithm
Guess a solution, and then refine it based on oracle information.
Repeat the procedure until the result is good enough.
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Basic principles of descent methods

Template for iterative descent methods

1. Let x0 ∈ X be a starting point.
2. Generate a sequence of vectors x1, x2, · · · ∈ X so that we have descent:

f(xt+1) < f(xt), for all t = 0, 1, . . .

until xt satisfies f(xt)− f? ≤ ε.

Such a sequence {xt}t≥0 can be generated as:

xt+1 = xt + αtpt

where pt is a descent direction and αt > 0 a step-size.

Remarks: ◦ Iterative algorithms can use various oracle information in the optimization problem
◦ The type of oracle information used becomes a defining characteristic of the algorithm
◦ Example oracles: Objective value, gradient, and Hessian result in 0-th, 1-st, 2-nd order methods
◦ The oracle choices determine αk and pt as well as the overall convergence rate and complexity
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First-order methods use subdifferentials & gradients

...

f(y)

<latexit sha1_base64="cLejPScSmvIcVdzqYUSQzjqWFik=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS1CRSi7ouix6MVjBfsB7VKyabYNTbJLkhWW0r/gRUERr/4hb/03ZtsetPXBwOO9GWbmBTFn2rju1MmtrW9sbuW3Czu7e/sHxcOjpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6C7zW09UaRbJR5PG1Bd4IFnICDaZFFbSs16x7FbdGdAq8RakXCt1z1+ntbTeK353+xFJBJWGcKx1x3Nj44+xMoxwOil0E01jTEZ4QDuWSiyo9sezWyfo1Cp9FEbKljRopv6eGGOhdSoC2ymwGeplLxP/8zqJCW/8MZNxYqgk80VhwpGJUPY46jNFieGpJZgoZm9FZIgVJsbGU7AheMsvr5LmRdW7rF492DRuYY48nEAJKuDBNdTgHurQAAJDeIY3eHeE8+J8OJ/z1pyzmDmGP3C+fgCLJZDl</latexit>

y

<latexit sha1_base64="0TmnVSLm7yUooYivs48aR2vNB+A=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE0WPQi8cEzALJEHo6laRNz0J3jzAMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vEhwpW37y8osLa+srmXXcxubW9s7+d29mgpjybDKQhHKhkcVCh5gVXMtsBFJpL4nsO4NbsZ+/QGl4mFwp5MIXZ/2At7ljGojVZJ2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9UJWexjoJmgSjUdO9JuSqXmTOAw14oVRpQNaA+bhgbUR+Wmk0OH5MQoHdINpalAk4n6eyKlvlKJ75lOn+q+mvfG4n9eM9bdKzflQRRrDNh0UTcWRIdk/DXpcIlMi8QQyiQ3txLWp5IybbLJmRCc+ZcXSe2s6JwXLyomjWuYIgsHcAyn4MAllOAWylAFBghP8AKv1r31bL1Z79PWjDWb2Yc/sD5+ANdUkKw=</latexit>

f(x)

<latexit sha1_base64="AGkNknwmIsYO1AuOC/13jraS1ow=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahIpRdUfRY9OKxgv2AdinZNNuGJtklyYpL6V/woqCIV/+Qt/4bs20P2vpg4PHeDDPzgpgzbVx34uRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geJv5zUeqNIvkg0lj6gvclyxkBJtMCstPp91iya24U6Bl4s1JqXrcOXudVNNat/jd6UUkEVQawrHWbc+NjT/CyjDC6bjQSTSNMRniPm1bKrGg2h9Nbx2jE6v0UBgpW9Kgqfp7YoSF1qkIbKfAZqAXvUz8z2snJrz2R0zGiaGSzBaFCUcmQtnjqMcUJYanlmCimL0VkQFWmBgbT8GG4C2+vEwa5xXvonJ5b9O4gRnycATHUAYPrqAKd1CDOhAYwDO8wbsjnBfnw/mcteac+cwh/IHz9QOJoJDk</latexit>

x

<latexit sha1_base64="XCHUmlN+xUJ+QaXbQXwitqmUi6Y=">AAAB6XicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJWHQjFt24rGIv0IYymU7aoZNJmJmIJfQN3LhQxG0fxr0b8W2ctF1o6w8DH/9/DnPO8WPOlHacbyu3tLyyupZftzc2t7Z3Crt7dRUlktAaiXgkmz5WlDNBa5ppTpuxpDj0OW34g+ssbzxQqVgk7vUwpl6Ie4IFjGBtrLtHu1MoOiVnIrQI7gyKlx/2RTz+squdwme7G5EkpEITjpVquU6svRRLzQinI7udKBpjMsA92jIocEiVl04mHaEj43RREEnzhEYT93dHikOlhqFvKkOs+2o+y8z/slaig3MvZSJONBVk+lGQcKQjlK2NukxSovnQACaSmVkR6WOJiTbHyY7gzq+8CPWTkntaKt86xcoVTJWHAziEY3DhDCpwA1WoAYEAnuAFXq2B9Wy9We/T0pw169mHP7LGP3zrkFU=</latexit>

f(y) + hv1, x � yi

<latexit sha1_base64="4CkIAaTy/uGVOte1TQqL15e6FEg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDi1CpVoSUXRZdOOygn1AE8pkOmmHTiZhZlIMpUs3rv0LNy4UcesnuOvfOE270NYDFw7n3Mu993gRo1JZ1tjILC2vrK5l13Mbm1vbO+buXl2GscCkhkMWiqaHJGGUk5qiipFmJAgKPEYaXv9m4jcGREga8nuVRMQNUJdTn2KktNQ2D/1iclxyGOJdRuCgbZ/AB3gKE+iIVGqbBatspYCLxJ6RQiXvlJ7HlaTaNr+dTojjgHCFGZKyZVuRcodIKIoZGeWcWJII4T7qkpamHAVEusP0kRE80koH+qHQxRVM1d8TQxRImQSe7gyQ6sl5byL+57Vi5V+5Q8qjWBGOp4v8mEEVwkkqsEMFwYolmiAsqL4V4h4SCCudXU6HYM+/vEjqZ2X7vHxxp9O4BlNkwQHIgyKwwSWogFtQBTWAwSN4AW/g3XgyXo0P43PamjFmM/vgD4yvH764muM=</latexit>

f(y) + hv2, x � yi

<latexit sha1_base64="YSLy1Dit1aTlgjSV512ASEOfOPo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDi1CpVqSouiy6MZlBdsKTSiT6aQdOpmEmUkxhC7duPYv3LhQxK2f4K5/4/Sx0NYDFw7n3Mu993gRo1JZ1sjILC2vrK5l13Mbm1vbO+buXkOGscCkjkMWinsPScIoJ3VFFSP3kSAo8Bhpev3rsd8cECFpyO9UEhE3QF1OfYqR0lLbPPSLyXHJYYh3GYGDduUEPsBTmEBHTKS2WbDK1gRwkdgzUqjmndLzqJrU2ua30wlxHBCuMENStmwrUm6KhKKYkWHOiSWJEO6jLmlpylFApJtOHhnCI610oB8KXVzBifp7IkWBlEng6c4AqZ6c98bif14rVv6lm1IexYpwPF3kxwyqEI5TgR0qCFYs0QRhQfWtEPeQQFjp7HI6BHv+5UXSqJTts/L5rU7jCkyRBQcgD4rABhegCm5ADdQBBo/gBbyBd+PJeDU+jM9pa8aYzeyDPzC+fgDAS5rk</latexit>

f(y) + hrf(y), x � yi

<latexit sha1_base64="vUq915AYKaa3TT2sNSfyaNY6sNc=">AAACEHicbVA9SwNBEN2LXzF+RS1tlgQxEg13omgZtLGMYBIhF8LcZi9Zsrd37O6JR8hPsBH/iY2FIraWdvk3bj4KTXww8Hhvhpl5XsSZ0rY9tFILi0vLK+nVzNr6xuZWdnunpsJYElolIQ/lnQeKciZoVTPN6V0kKQQep3WvdzXy6/dUKhaKW51EtBlARzCfEdBGamUP/EJyWHQ5iA6n2BXgccAj7Qg/4GOcYFeOrVY2b5fsMfA8caYkX865xedhOam0st9uOyRxQIUmHJRqOHakm32QmhFOBxk3VjQC0oMObRgqIKCq2R8/NMD7RmljP5SmhMZj9fdEHwKlksAznQHorpr1RuJ/XiPW/kWzz0QUayrIZJEfc6xDPEoHt5mkRPPEECCSmVsx6YIEok2GGROCM/vyPKmdlJzT0tmNSeMSTZBGeyiHCshB56iMrlEFVRFBj+gFvaF368l6tT6sz0lryprO7KI/sL5+AEaHndc=</latexit>

y

<latexit sha1_base64="0TmnVSLm7yUooYivs48aR2vNB+A=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE0WPQi8cEzALJEHo6laRNz0J3jzAMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vEhwpW37y8osLa+srmXXcxubW9s7+d29mgpjybDKQhHKhkcVCh5gVXMtsBFJpL4nsO4NbsZ+/QGl4mFwp5MIXZ/2At7ljGojVZJ2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9UJWexjoJmgSjUdO9JuSqXmTOAw14oVRpQNaA+bhgbUR+Wmk0OH5MQoHdINpalAk4n6eyKlvlKJ75lOn+q+mvfG4n9eM9bdKzflQRRrDNh0UTcWRIdk/DXpcIlMi8QQyiQ3txLWp5IybbLJmRCc+ZcXSe2s6JwXLyomjWuYIgsHcAyn4MAllOAWylAFBghP8AKv1r31bL1Z79PWjDWb2Yc/sD5+ANdUkKw=</latexit>

f(y)

<latexit sha1_base64="cLejPScSmvIcVdzqYUSQzjqWFik=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS1CRSi7ouix6MVjBfsB7VKyabYNTbJLkhWW0r/gRUERr/4hb/03ZtsetPXBwOO9GWbmBTFn2rju1MmtrW9sbuW3Czu7e/sHxcOjpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6C7zW09UaRbJR5PG1Bd4IFnICDaZFFbSs16x7FbdGdAq8RakXCt1z1+ntbTeK353+xFJBJWGcKx1x3Nj44+xMoxwOil0E01jTEZ4QDuWSiyo9sezWyfo1Cp9FEbKljRopv6eGGOhdSoC2ymwGeplLxP/8zqJCW/8MZNxYqgk80VhwpGJUPY46jNFieGpJZgoZm9FZIgVJsbGU7AheMsvr5LmRdW7rF492DRuYY48nEAJKuDBNdTgHurQAAJDeIY3eHeE8+J8OJ/z1pyzmDmGP3C+fgCLJZDl</latexit>

f(x)

<latexit sha1_base64="AGkNknwmIsYO1AuOC/13jraS1ow=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahIpRdUfRY9OKxgv2AdinZNNuGJtklyYpL6V/woqCIV/+Qt/4bs20P2vpg4PHeDDPzgpgzbVx34uRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geJv5zUeqNIvkg0lj6gvclyxkBJtMCstPp91iya24U6Bl4s1JqXrcOXudVNNat/jd6UUkEVQawrHWbc+NjT/CyjDC6bjQSTSNMRniPm1bKrGg2h9Nbx2jE6v0UBgpW9Kgqfp7YoSF1qkIbKfAZqAXvUz8z2snJrz2R0zGiaGSzBaFCUcmQtnjqMcUJYanlmCimL0VkQFWmBgbT8GG4C2+vEwa5xXvonJ5b9O4gRnycATHUAYPrqAKd1CDOhAYwDO8wbsjnBfnw/mcteac+cwh/IHz9QOJoJDk</latexit>

x

<latexit sha1_base64="XCHUmlN+xUJ+QaXbQXwitqmUi6Y=">AAAB6XicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJWHQjFt24rGIv0IYymU7aoZNJmJmIJfQN3LhQxG0fxr0b8W2ctF1o6w8DH/9/DnPO8WPOlHacbyu3tLyyupZftzc2t7Z3Crt7dRUlktAaiXgkmz5WlDNBa5ppTpuxpDj0OW34g+ssbzxQqVgk7vUwpl6Ie4IFjGBtrLtHu1MoOiVnIrQI7gyKlx/2RTz+squdwme7G5EkpEITjpVquU6svRRLzQinI7udKBpjMsA92jIocEiVl04mHaEj43RREEnzhEYT93dHikOlhqFvKkOs+2o+y8z/slaig3MvZSJONBVk+lGQcKQjlK2NukxSovnQACaSmVkR6WOJiTbHyY7gzq+8CPWTkntaKt86xcoVTJWHAziEY3DhDCpwA1WoAYEAnuAFXq2B9Wy9We/T0pw169mHP7LGP3zrkFU=</latexit>

Definition (Subdifferential)
The subdifferential of f at x, denoted ∂f(x), is the set of all vectors v satisfying

f(y) ≥ f(x) + 〈v, y − x〉+ o(‖y − x‖) as y → x.

If the function f is differentiable, then its subdifferential contains only the gradient.
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Basic principles of descent methods (X = Rp)

◦ Recall the representation of the algorithmic iterates:

xt+1 = xt + αtpt.

◦ For a differentiable f , apply Taylor’s theorem with αt = o(1)

f(xt+1) = f(xt) + αt〈∇f(xt), pt〉+O(α2
t ‖pt‖

2
2).

◦ To obtain f(xt+1) < f(xt), we need 〈∇f(xt), pt〉 < 0!

level sets

rf(xt)

<latexit sha1_base64="VeVmJ5xaqefhwnhPXJcnDej7/uY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEYwTwgWULvZDYZMju7zswGQ8h3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBFcG9f9djJr6xubW9nt3M7u3v5B/vCoruNUUVajsYhVM0DNBJesZrgRrJkohlEgWCMY3E79xpApzWP5YEYJ8yPsSR5yisZKfltiIJCExaeOOe/kC27JnYGsEm9BCrBAtZP/andjmkZMGipQ65bnJsYfozKcCjbJtVPNEqQD7LGWpRIjpv3x7OgJObNKl4SxsiUNmam/J8YYaT2KAtsZoenrZW8q/ue1UhNe+2Muk9QwSeeLwlQQE5NpAqTLFaNGjCxBqri9ldA+KqTG5pSzIXjLL6+S+kXJK5cu78uFys0ijiycwCkUwYMrqMAdVKEGFB7hGV7hzRk6L8678zFvzTiLmWP4A+fzB9bSkYA=</latexit>

xt

<latexit sha1_base64="y0ngGWz0FPXov59NrTEQRv67cLU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1TuvXtydV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFz1I3r</latexit>

pt

<latexit sha1_base64="0MBvll1BBUKKrNZEGqmdbqU7Wq0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2ekjeM=</latexit>

xt + D(f, xt)

<latexit sha1_base64="tyqoOT8Kq7fI2eNRRuAgXJZotc0=">AAACAnicbVDLSgNBEOyNrxhfq57Ey2AQIkrYlYgeg3rwGME8IFnC7GQ2GTL7YGZWDEvw4q948aCIV7/Cm3/jbLIHTSxoKKq66e5yI86ksqxvI7ewuLS8kl8trK1vbG6Z2zsNGcaC0DoJeShaLpaUs4DWFVOctiJBse9y2nSHV6nfvKdCsjC4U6OIOj7uB8xjBCstdc29h65Cx6jjYzUgmCfX45J3grR41DWLVtmaAM0TOyNFyFDrml+dXkhinwaKcCxl27Yi5SRYKEY4HRc6saQRJkPcp21NA+xT6SSTF8boUCs95IVCV6DQRP09kWBfypHv6s70VDnrpeJ/XjtW3oWTsCCKFQ3IdJEXc6RClOaBekxQovhIE0wE07ciMsACE6VTK+gQ7NmX50njtGxXyme3lWL1MosjD/twACWw4RyqcAM1qAOBR3iGV3gznowX4934mLbmjGxmF/7A+PwBXlyWIw==</latexit>

Figure: Descent directions in 2D should be an
element of the cone of descent directions D(f, ·).

Observations: ◦ The local steepest descent direction is the negative gradient pt := −∇f(xt)
I 〈∇f(xt), pt〉 = ‖∇f(xt)‖‖pt‖ cos θ
I θ is the angle between ∇f(xt) and pt

◦ We can use a subgradient pt ∈ −∂f(xt) as a descent direction
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Brief detour: Gradients of vector valued functions

Jacobian
When f : Rn ⇒ Rd is a vector valued function, the following d× n matrix J of partial derivatives1[

Jf (x)
]
i,j

:=
∂fi

∂xj
(x)

is called the Jacobian of f at x.

Observations: ◦ The Jacobian is the transpose of the gradient, when f is real valued.

◦ Thinking in terms of Jacobians is really helpful when we need to use the chain rule.

Chain Rule via Jacobians
Let ◦ denote the functional composition: g ◦ f := g(f(x)). If g ◦ f is differentiable at x, then the following holds

Jg◦f (x) = Jg(f(x))Jf (x).

Hence, the chain rule, which is helpful in differentiating function compositions, can be related to a simple
product of Jacobian matrices.

1We overload the notation xi to denote ith coordinate when it is clear from the context. When we have xt, we use xt,i.
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An example

Example
The gradient of f : x 7→ w>2 σ(W1x+ µ) is given by the following expression:

∇f(x) = Jf (x)> = W>
1 (σ′(W1x+ µ)�w2),

where σ is a non-linear function that applies to each coordinate, and � denotes the component wise product.

Proof: f is a composition of the functions k ◦ g ◦ h
I h(x) = W1x+ µ, whose Jacobian is Jh(x) = W1.

I g(x) =

σ(x1)
...

σ(xn)

, whose Jacobian is Jg(x) = diag(σ′(x1), . . . , σ′(xn)).

I k(x) = w>2 x whose Jacobian is Jk(x) = w>2 .
I By the chain rule, we have that

Jf (x) = Jk(g(h(x))) · Jg(h(x)) · Jh(x)

= w>2 · diag(σ′([W1x+ µ]1), . . . , σ′([W1x+ µ]n)) ·W1

Simply transpose the Jacobian to get the gradient and use � to replace the diagonal matrix.
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A simple iterative algorithm: Gradient descent

x
⋆

x0

← best direction

I Choose initial point: x0.

I Take a step in the negative gradient direction with a step size α > 0: xt+1 = xt − α∇f(xt).
I Repeat this procedure until xt is accurate enough.
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A simple iterative algorithm: Gradient descent

x
⋆

x0

← best direction

∇f(x0)

−α∇f(x0)
x1

I Choose initial point: x0.
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x
⋆

x0
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∇f(x0)

−α∇f(x0)
x1
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I Repeat this procedure until xt is accurate enough.
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Challenges for an iterative optimization algorithm

Problem
Find the minimum x? of f(x), given starting point x0 based on only local information.

I Fog of war

x

f(x)

x0

<latexit sha1_base64="XESJsQ49U+POnwqu2gCWwnPsCuU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcMxI2n</latexit>
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Challenges for an iterative optimization algorithm

Problem
Find the minimum x? of f(x), given starting point x0 based on only local information.

I Fog of war, non-differentiability, discontinuities, local minima, stationary points...

x

f(x)

x?x0

<latexit sha1_base64="XESJsQ49U+POnwqu2gCWwnPsCuU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcMxI2n</latexit>
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A notion of convergence: Stationarity

◦ Let f : Rp → R be twice-differentiable and x? = minx∈Rp f(x)

Gradient method
Choose a starting point x0 and iterate

xt+1 = xt − α∇f(xt)

where α > 0 is a step-size to be chosen so that xt converges to x?.

Definition (First order stationary point (FOSP))
A point x̄ is a first order stationary point of a twice differentiable function f if

∇f(x̄) = 0.

Fixed-point characterization
Multiply by -1 and add x̄ to both sides to obtain the fixed point condition:

x̄ = x̄− α∇f(x̄) for all α ∈ R.
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Geometric interpretation of stationarity

x

f(x)

x?

FOSP

SOSP

x̄
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Observation: ◦ Neither x̄, nor x̃ is necessarily equal to x? !!

Proposition (?Local minima, maxima, and saddle points)
Let x̄ be a stationary point of a twice differentiable function f .
I If ∇2f(x̄) � 0, then the point x̄ is called a local minimum or a second order stationary point (SOSP).
I If ∇2f(x̄) ≺ 0, then the point x̄ is called a local maximum.
I If ∇2f(x̄) = 0, then the point x̄ can be a saddle point, a local minimum, or a local maximum.
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Local minima

x

f(x)

1 20�1

1

�1

min
x2R

{x4 � 3x3 + x2 + 3
2x}

df

dx
= 4x3 � 9x2 + 2x +

3

2

local minimum

global minimum

Choose x0 = 0 and α = 1
6

x1 = x0 − α df
dx

∣∣
x=x0

= 0− 1
6

3
2 = − 1

4
x2 = − 5

16
. . . xt converges to a local minimum!
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From local to global optimality

Definition (Local minimum)
Given f : Rp → R ∪ {+∞}, a vector x? ∈ Rp is called a local minimum of f if there exists ε > 0 s.t.

f(x?) ≤ f(x) ∀x ∈ Rp with ‖x− x?‖ ≤ ε.

Theorem
If Q ⊂ Rp is a convex set and f : Rp → (−∞,+∞] is a proper convex function, then a local minimum of f over
Q is also a global minimum of f over Q.

Proof.
Suppose x? is a local minimum but not global, i.e. there exist x ∈ Rp s.t. f(x) < f(x?). By convexity,

f(αx? + (1− α)x) ≤ αf(x?) + (1− α)f(x) < f(x?), ∀α ∈ [0, 1]

which contradicts the local minimality of x?. �

Theorem
Let f : Rp → R be a convex differentiable function. Then any stationary point of f is a global minimum.
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Effect of very small step-size α...

x

f(x)

min
x2R

1

2
(x � 3)2

3

df

dx
= x � 3

1 2 4 5 60

choose ↵ = 1
10

x1 = x0 � ↵
df

dx

��
x=x0 = 5 � 1

10
2 = 4.8

x2 = 4.8 � 1

10
1.8 = 4.62

. . .

x0

<latexit sha1_base64="XESJsQ49U+POnwqu2gCWwnPsCuU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcMxI2n</latexit>

Choose x0 = 5 and α = 1
10

x1 = x0 − α df
dx

∣∣
x=x0

= 5− 1
10 2 = 4.8

x2 = x1 − α df
dx

∣∣
x=x1

= 4.8− 1
10 1.8 = 4.62

. . . xt converges very slowly.
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Effect of very large step-size α...

x

f(x)

min
x2R

1

2
(x � 3)2

3

df

dx
= x � 3

1 2 4 5 60

df

dx
= 2

df

dx
= �3

x1 = x0 � ↵
df

dx

��
x=x0 = 5 � 5

2
2 = 0

choose ↵ = 5
2

x2 = x1 � ↵
df

dx

��
x=x1 = 0 � 5

2
(�3) = 7.5

x0

<latexit sha1_base64="XESJsQ49U+POnwqu2gCWwnPsCuU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcMxI2n</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

Choose x0 = 5 and α = 5
2

x1 = x0 − α df
dx

∣∣
x=x0

= 5− 5
2 2 = 0

x2 = x1 − α df
dx

∣∣
x=x1

= 0− 5
2 (−3) = 15

2
. . . xt diverges.
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A geometrical intuition: How does smoothness help?

xk

f(x)

x?
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A geometrical intuition: How does smoothness help?

Structure'in'op,miza,on:' xk

f(x)

x?

(1) f(x) � f(xk) + hrf(xk),x � xki
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A geometrical intuition: How does smoothness help?

f(x)

Majorize: 

Minimize: 

Structure'in'op,miza,on:' xk

xk+1 = arg min
x

QL(x,xk)

= arg min
x

����x �
✓
xk � 1

L
rf(xk)

◆����
2

= xk � 1

L
rf(xk)

f(x)  f(xk) + hrf(xk),x � xki +
L

2
kx � xkk2

2 := QL(x,xk)

(2) f(x)  f(xk) + hrf(xk),x � xki +
L

2
kx � xkk2

2

xk+1x?

(1) f(x) � f(xk) + hrf(xk),x � xki
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A geometrical intuition: How does smoothness help?

slower'

Structure'in'op,miza,on:'

Majorize: 

Minimize: 

xk

xk+1 = arg min
x

QL0(x,xk)

= arg min
x

����x �
✓
xk � 1

L0rf(xk)

◆����
2

= xk � 1

L0rf(xk)

f(x)

(2) f(x)  f(xk) + hrf(xk),x � xki +
L

2
kx � xkk2

2

xk+1

x?

f(x)  f(xk) + hrf(xk),x � xki +
L0

2
kx � xkk2

2 := QL0(x,xk)

(1) f(x) � f(xk) + hrf(xk),x � xki
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Stationarity measures with constraints & non-smoothness

x
⋆

◦ Smooth: Gradient mapping norm
I ‖Gα(xt)‖2 = 1

α2 ‖xt − PX (xt − α∇f(xt))‖2

I PX denotes the projection operator to X
I possible to compute

◦ Non-smooth: Generalized subdifferential distance
I dist(0, ∂(f(xt) + δX (xt)))2

I δX refers to the indicator function for the set X
I hard in general (even approximately)
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The one formula is very flexible

Φ? = min
x:x∈X

max
y:y∈Y

Φ(x, y) (argmin argmax→ x?, y?)

f? = min
x:x∈X

f(x) (argmin→ x?)
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The one formula is very flexible

Φ? = min
x:x∈X

max
y:y∈Y

Φ(x, y)︸              ︷︷              ︸
f(x)

(argmin argmax→ x?, y?)

f? = min
x:x∈X

f(x) (argmin→ x?)
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Application: Adversarial training

Figure: (Left) An `∞-attack: The alteration is hard to perceive. (Right) An `1-attack: The alteration in this case is obvious.

Adversarial Training
Let hx : Rn → R be a model with parameters x and let {(ai, bi)}ni=1, with the data ai ∈ Rp and the labels bi.
The problem of adversarial training is the following adversarial optimization problem

min
x

1
n

n∑
i=1

[
max

η:‖η‖≤ε
L(hx (ai + η), bi)

]
≈ min

x
E(a,b)∼P

[
max

η:‖η‖≤ε
L(hx (ai + η), bi)

]
.

Note the similarity with the template minx∈X maxy∈Y Φ(x, y).
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Danskin’s theorem
Danskin’s theorem (Bertsekas variant)
Let Φ(x, y) : Rp × Y → R, where Y ⊂ Rm is a compact set and define f(x) := maxy∈Y Φ(x, y). Let Φ(x, y) is
an extended real-valued closed proper convex function for each y in the compact set Y; the interior of the
domain of f is nonempty; Φ(x, y) is jointly continuous on the relative interior of the domain of f and Y.

Define Y? := arg maxy∈Y Φ(x, y) as the set of maximizers and y? ∈ Y? as an element of this set. We have

1. f(x) is a convex function.
2. If y? = arg maxy∈Y Φ(x, y) is unique, then the function f(x) = maxy∈Y Φ(x, y) is differentiable at x:

∇xf(x) = ∇x

(
max
y∈Y

φ(x, y)
)

= ∇xΦ(x, y?).

3. If y? = arg maxy∈Y Φ(x, y) is not unique, then the subdifferential ∂xf(x) of f is given by

∂xf(x) = conv {∂xΦ(x, y?) : y? ∈ Y?} .

Remarks: ◦ The adversarial problem is not convex in x in general.

◦ With proper initialization, overparameterization works argue that it is effectively convex.

◦ (Sub)Gradients of fi are calculated as ∂fi(x) = ∇xL(hx (ai + η?(x)), bi).
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A corollary to Danskin’s theorem

Adversarial Training
Let hx : Rn → R be a model with parameters x and let {(ai, bi)}ni=1,
with ai ∈ Rp and bi be the corresponding labels. The adversarial
training optimization problem is given by

min
x

 1
n

n∑
i=1

fi(x) :=
1
n

n∑
i=1

[
max

η:‖η‖∞≤ε
L(hx (ai + η), bi)

]
︸                                         ︷︷                                         ︸

=:fi(x)

 .

L is not continuously differentiable due to ReLU, max-pooling, etc.

level sets

rf(xt)

<latexit sha1_base64="VeVmJ5xaqefhwnhPXJcnDej7/uY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEYwTwgWULvZDYZMju7zswGQ8h3ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBFcG9f9djJr6xubW9nt3M7u3v5B/vCoruNUUVajsYhVM0DNBJesZrgRrJkohlEgWCMY3E79xpApzWP5YEYJ8yPsSR5yisZKfltiIJCExaeOOe/kC27JnYGsEm9BCrBAtZP/andjmkZMGipQ65bnJsYfozKcCjbJtVPNEqQD7LGWpRIjpv3x7OgJObNKl4SxsiUNmam/J8YYaT2KAtsZoenrZW8q/ue1UhNe+2Muk9QwSeeLwlQQE5NpAqTLFaNGjCxBqri9ldA+KqTG5pSzIXjLL6+S+kXJK5cu78uFys0ijiycwCkUwYMrqMAdVKEGFB7hGV7hzRk6L8678zFvzTiLmWP4A+fzB9bSkYA=</latexit>

xt

<latexit sha1_base64="y0ngGWz0FPXov59NrTEQRv67cLU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1TuvXtydV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFz1I3r</latexit>

pt

<latexit sha1_base64="0MBvll1BBUKKrNZEGqmdbqU7Wq0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6SP/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2ekjeM=</latexit>

xt + D(f, xt)

<latexit sha1_base64="tyqoOT8Kq7fI2eNRRuAgXJZotc0=">AAACAnicbVDLSgNBEOyNrxhfq57Ey2AQIkrYlYgeg3rwGME8IFnC7GQ2GTL7YGZWDEvw4q948aCIV7/Cm3/jbLIHTSxoKKq66e5yI86ksqxvI7ewuLS8kl8trK1vbG6Z2zsNGcaC0DoJeShaLpaUs4DWFVOctiJBse9y2nSHV6nfvKdCsjC4U6OIOj7uB8xjBCstdc29h65Cx6jjYzUgmCfX45J3grR41DWLVtmaAM0TOyNFyFDrml+dXkhinwaKcCxl27Yi5SRYKEY4HRc6saQRJkPcp21NA+xT6SSTF8boUCs95IVCV6DQRP09kWBfypHv6s70VDnrpeJ/XjtW3oWTsCCKFQ3IdJEXc6RClOaBekxQovhIE0wE07ciMsACE6VTK+gQ7NmX50njtGxXyme3lWL1MosjD/twACWw4RyqcAM1qAOBR3iGV3gznowX4934mLbmjGxmF/7A+PwBXlyWIw==</latexit>

Figure: Descent directions in 2D
should be an element of the cone of
descent directions D(f, ·).

Descent directions [4]
Define Y? := arg maxy∈Y Φ(x, y) as the set of maximizers, y? ∈ Y?, and f(x) := maxy∈Y Φ(x, y). As long as
∇xΦ(x, y?) is non-zero, it is a descent direction (and not a subgradient!) for f(x).

Remarks: ◦ ∇xL(hx (ai + η?(x)), bi) is a descent direction for fi(x).
◦ We cannot find global maximizers Y?.
◦ Only when y? is a singleton, ∇xL(hx (ai + η?(x)), bi) is a (sub)gradient [1].
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A more general minimax problem: Generative adversarial networks

Vanilla GAN [2]

min
x∈X

max
y∈Y

Ea∼µ̂n [log dy(a)] + Eω∼pΩ [log (1− dy(hx(ω)))] (1)

I Binary cross-entropy modeling.
I dy(a) : Y → [0, 1] represents the probability that a came from the real data distribution µ\.

1Math of AI | Volkan Cevher | https://lions.epfl.ch 

input

output

Figure: Schematic of a generative model, hx(ω) [2, 3].
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Worst-case iteration complexities of classical projected first-order methods12

f(x) gradient oracle L-smooth Stationarity measure GD/SGD Accelerated GD/SGD

Convex stochastic yes f(xt)− f? = O
(

1√
t

)
O
(

1√
t

)
Convex deterministic yes f(xt)− f? = O

(
1
t

)
O
(

1
t2

)
Convex stochastic no f(xt)− f? = O

(
1√
t

)
O
(

1√
t

)
Nonconvex stochastic yes ‖Gη(xt)‖2 = O

(
1√
t

)
3 O

(
1√
t

)
3

Nonconvex deterministic yes ‖Gη(xt)‖2 = O
(

1
t

)
4 O

(
1
t

)
4

Nonconvex stochastic no dist(0, ∂(f(xt) + δX (xt)))2 = ?356 ?356

◦ Basic structures, such as smoothness or strong convexity, help, but there are more structures that can be used:
I max-form, metric subregularity, Polyak-Lojasiewicz, Kurdyka-Lojasiewicz, weak convexity,3 growth cond...

1Y. Nesterov, “Introductory lectures on convex optimization: A basic course,” Springer Science, 2013.
2Y. Carmon, J.C. Duchi, O. Hinder, and A. Sidford, “Lower bounds for finding stationary points I–II." Mathematical Programming, 2019.
3D. Davis and D. Drusvyatskiy, “Stochastic model-based minimization of weakly convex functions,” SIOPT, 2019.
4S. Ghadimi and G. Lan, “Accelerated gradient methods for nonconvex nonlinear and stochastic programming," MathProg, 2016.
5J. Zhang, et al., “On complexity of finding stationary points of nonsmooth nonconvex functions,” arXiv:2002.04130, 2020.
6O. Shamir, “Can We Find Near-Approximately-Stationary Points of Nonsmooth Nonconvex Functions?" arXiv:2002.11962, 2020.
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Worst-case iteration complexities of classical projected first-order methods12

f(x) gradient oracle L-smooth Stationarity measure GD/SGD Accelerated GD/SGD

Convex stochastic yes f(xt)− f? = O
(

1√
t

)
O
(

1√
t

)
Convex deterministic yes f(xt)− f? = O

(
1
t

)
O
(

1
t2

)
Convex stochastic no f(xt)− f? = O

(
1√
t

)
O
(

1√
t

)
Nonconvex stochastic yes ‖Gη(xt)‖2 = O

(
1√
t

)
3 O

(
1√
t

)
3

Nonconvex deterministic yes ‖Gη(xt)‖2 = O
(

1
t

)
4 O

(
1
t

)
4

Nonconvex stochastic no dist(0, ∂(f(xt) + δX (xt)))2 = ?356 ?356

◦ Basic structures, such as smoothness or
���

���
�: at the end of the presentation

strong convexity, help, but there are more structures that can be used:
I max-form, metric subregularity, Polyak-Lojasiewicz, Kurdyka-Lojasiewicz, weak convexity,3 growth cond...
1Y. Nesterov, “Introductory lectures on convex optimization: A basic course,” Springer Science, 2013.
2Y. Carmon, J.C. Duchi, O. Hinder, and A. Sidford, “Lower bounds for finding stationary points I–II." Mathematical Programming, 2019.
3D. Davis and D. Drusvyatskiy, “Stochastic model-based minimization of weakly convex functions,” SIOPT, 2019.
4S. Ghadimi and G. Lan, “Accelerated gradient methods for nonconvex nonlinear and stochastic programming," MathProg, 2016.
5J. Zhang, et al., “On complexity of finding stationary points of nonsmooth nonconvex functions,” arXiv:2002.04130, 2020.
6O. Shamir, “Can We Find Near-Approximately-Stationary Points of Nonsmooth Nonconvex Functions?" arXiv:2002.11962, 2020.
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Worst-case is often too pessimistic

◦ GD: xt+1 = xt − 1
L
∇f(xt)

L is a global worst-case constant

krf(x) �rf(y)k  Lky � xk

Global quadratic upper bound

QL(x, xt)
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f(xt)
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xt+1 = arg min
x

⇢
f(xt) + hrf(xt), x � xti +

L

2
kx � xtk2

2

�
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f(x)  f(xt) + hrf(xt), x � xti +
L

2
kx � xtk2

2
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f(xt)
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f(x)
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◦ Rates are not everything!

I overall computational effort is what matters

I constants &implementations are key

◦ Knowledge of smoothness, the value of L,...

I challenging

◦ Must “somehow” adapt to a “different” function

I online and without knowing L

I can reduce overall computational effort!
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