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Recommended reading material

> |. Goodfellow; Y. Bengio and A. Courville Deep Learning, Chapters 6 and 8. MIT
Press. 2016.

> R. Ge; F. Huang; C. Jin and Y. Yuan Escaping from saddle points: Online
stochastic gradient for tensor decomposition In Conference on Learning Theory.
2015.

ICLGHEI{]  Mathematics of Data | Prof. Volkan Cevher, volkan.cevher@epfl.ch Slide 4/ 63



Remark about notation for this lecture

For consistency with the deep learning literature, we use the following notation:

\ Previous lectures  This lecture

data/sample a X
label b Y
bias I b

weight X W, 5, B

Parameters are usually named weights and biases and are denoted by W and b,
respectively.
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Power of linear classifiers—I|

Problem (Recall: Logistic regression)

Given a sample vector x; € R% and a binary class label y; € {—1,+1} (i=1,...,n),
we define the conditional probability of y; given x; as:

P(yilxi, B) oc 1/(1 + e~ villBxid)y,

where B € R? is some weight vector.

Figure: Linearly separable versus nonlinearly separable dataset
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Power of linear classifiers—I|

e Lifting dimensions to the rescue
> Convex optimization objective
> Might introduce the curse-of-dimensionality

> Possible to avoid via kernel methods, such as SVM

Figure: Non-linearly separable data (left). Linearly separable in R® via z = +/z2 + y2 (right).
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An important alternative for non-linearly separable data

R™ R™
Rd
Wx +b o(x) R
> > » []
output
input
pre- hidden
activation layer

Definition (1-hidden-layer network with m neurons)
65 B, W,6) = BTa(Wx +b)

o Parameters: § € R™, W € R™*4 (weights), b € R™ (bias)
e Activation function: o : R =+ R
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Why neural networks?

R'm R’"L
Rd

Wx+b o(x)

: An approximation theoretic motivation

R

» »

input

pre- hidden
activation layer

> []
output

Caveat

The number of neurons m needed to
approximate some function g can be
exponentially large!

Theorem (Universal approximation (Cybenko, 1989) [2])

Let o(-) be a nonconstant, bounded, and increasing continuous function. Let
I; = [0,1]¢. The space of continuous functions on I is denoted by C(I).

Given € > 0 and g € C(I,) there exists a 1-hidden-layer network f with m neurons

such that f is an e-approximation of g, i.e.,

sup |g(x) — f(x)] < e

x€ly
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Why were NNs not popular before 20107

> too big to optimize!
> did not have enough data

> could not find the optimum via algorithms

NVIDIA Corporation =
SWX: NVDA =

176,00 cHF-467 (258%) +
2 cer

tday  Sdays  Tmonh  Gmonths YD fyear  Syeas  Max
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2 2 2
Open 17840 Owyield

Hion 17840 Prevciose 18087

Low 17800 2wk nigh 20000

Mitcap 2wk low 127.00
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 Hootsuite” &5,
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A natural generalization: Multilayer neural networks

R771|

[ RT"/)

Rd
a(Wix +b1) || o(Wax + by) BTx R

> > []

output

input

hidden
layer 2

hidden
layer 1

Definition (2-hidden-layer network)

Fx; 8, W1, b1, Wa, b2) = BT o(Wao(Wix + b1) + b2)

e Parameters: 3, W1, Wa (weights) b1, ba (biases) of appropriate size.

k-layer networks are constructed analogously
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The Landscape of ERM with multilayer networks

Recall: Empirical risk minimization (ERM)

Let f:R™ — R be a multilayer network and let {(x;,y;)}?_; be a sample with
yi € {—1,1} and x; € R™. The empirical risk minimization (ERM) is defined as

min & Ru(0) i= = 3 £(7(xi30), ) M
=1

where L£(f(x;;0),y;) is the value of a loss function on the sample (x;,y;) and 0 are
the parameters of a network f.

Some frequently used loss functions

> L(f(x),y) = log(1 + exp(—yf(x))) (logistic loss)
> L(f(x),y) = (y — f(x))2 (squared error)
> L(f(x),y) = max(0,1 — yf(x)) (hinge loss)
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The Landscape of ERM with multilayer networks

Figure: convex (left) vs non-convex (right) optimization landscape

Conventional wisdom in ML until 2010:
Simple models + simple errors
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Why is the loss non-convex?

Example

Consider a 1-hidden-layer network
f : R — R with activation function
o(z) = z, one hidden node and no bias

f5w1, w2) = wawix

with wy,ws € R. For a sample
(x0,y0) = (1,1) the squared error is

(yo — f(x0;w1,w2))* = (1 — waws)?

Show that it is neither convex nor concave. Figure: Loss surface (1 — waws)?

e non-convexity even though activation function o is linear
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What is the role of the activation function o7

Theorem (Universal approximation Example
(Leshno, 1993) [12])

1-hidden-layer networks have the universal
approximation property if and only if o is

> If o(x) = x, the network computes an
affine function.

continuous and not a polynomial. > Wo(Wiz+b1) +bo = Wz +b.
> Cannot approximate non-affine
functions.
ReLU: Rectified Linear Unit
o(z) = max(0,x) o(x) = Tanh(z)
O Rl O
8
05
6
0.0
4
5 05
0 -1.0
-10 -5 0 5 10 -10 -5 0 5 10

Figure: some activation functions for which universal approximation holds
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Supervised learning: Multi-class classification

e So far: Only single output networks

B - EEWE

392\Y956x2/8
EEECEuel=S §9/25000 ¢4
ImB VSN FEEE 70636370
palvoials bl LA B o 377746012
EMA~ S VERE 2934939¢12¢
HE<Hs0ns R /69§36 733
MEERESSANE 1319758089
ANEL A EXEE yéreesssan
ST P 3770378543
HELEEESnEn ELIATIREY
Figure: CIFAR10 dataset: 60000 32x32 color Figure: MNIST dataset: 60000 28x28 grayscale
images (3 channels) from 10 classes images (1 channel) from 10 classes
Goal
Image-label pairs (x,7y) C R% x {1,...,c} follow an unknown distibution P. Find
f:R* = {1,...,c} with minimum misclassification probability

fmei;P(f (%) #y)
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Using networks for multi-class classification

Definition (Multi-output network) g
]Rr] Re¢

A 1-hidden-layer network with c outputs )
a(Wx +b) Bx
—

iis R4 — RC js defined as —_—

f(x;W1,b1,B) := Bo(Wix + b1) input output
hidden

with by € R%, W € RmX? and B € REX™, layer

e Single output networks correspond to ¢ = 1 Figure: Multi-output 1-layer network

Definition (Score-based classifier)

Example:
For a network f define iy : R* — {1,...,c} as
0.1
if(x) = argmax f;(x) -0.8 .
i€{l,..c} fxo)= 1,4 = irx0)=3
1.1
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Cross-entropy loss for multiclass classification

e Goal: define a differentiable loss that correlates with misclassification error

Definition (Cross-entropy loss)

Let x € R? be a sample with label y € {1,...,c}

exp(f(x)y) >

cmmm—m<26emmmJ
=1 !

. O] L), 2) = 2.95
xX0) =
11| et =0

Generalizes logistic loss to multi-class problems
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Minimization of the loss function

In order to use first order methods, we need to derive the gradient
VoRn(0) : Z VoL(f(xi;6),y:) := ZVGE (2)

where 0 = [W1,b1,..., Wy, b, 8] are the weights and biases of the network.

Example (Naive computation of the gradient)

Let f(x; W, B) = BTa(Wx), and L;(W, B) = (y; — BTo(Wx;))? be the loss on a
sample, then
OL;

8 —2(y; — B o (Wx:))o (Wx;) 3)

oL;
ow
where ® denotes element-wise product of vectors.

= —2(y; — BTo(Wx,))B @ o/ (Wx;)x) (4)

Many similar terms in both derivatives = Inefficient to compute them independently
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Backpropagation

® Recursive computation of the derivative Vy.L;(0)
1. Forward pass: Compute all pre-activation and hidden layer values

2. Backward pass: Compute the derivative of £; with respect to the weights and
biases, from last to first layer.

Complexity of computing VyL;(0)
Method \ Complexity

Naive derivative O(k?H?)
Backpropagation O(kH?)

Where H is number of neurons per layer and k is the number of layers.
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*Forward pass

Forward pass scheme

Input: x© =x, WO and D for | = 1,...,k.

LFori=1,.. .,k
Compute u) = WOx(=1) 4 p®
Compute x( = g(u®)

Figure: Computation of u® and x® starting from x(=1
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*Backward pass

Suppose % is given, as well as all pre-activation and hidden layer values.
x (1
. oL oL oL
e Goal: obtain ETROME 0 and Hx(—1)"
1. a
Lﬁl - ‘()CZ (x(l—l))T
u® = wOx=1 4 () aglﬁ/( ) dfl)lé> (chain rule)
aw® " oul
= oL oL
x® =ou®) = ® o' (u®) (chain rule)

ou® ~ ax®
Where © is the Hadamard product (element-wise product).

3. Finally we have
) = D=1 4 O 0L _
u'’/ =Witx +b :>8x(l*1)_(W )

o OC
oul)

(chain rule)
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*Backward pass

Backward pass scheme

Input: Gradient of the loss w.r.t. the last layer values 8£/8x<k)

1. For l =k,.
Compute W = ax(l) © o’ (u®)
Compute —2£_ — L (y(-INT 0L _ oL

aw® T guld) > b T pud

Compute x; =y = (W(l))T d

oL [ _oc oL
|6x("*1) 2 [ 9u® }_ © _{ ox(D
oL _
WD }— X —<XU 1>|

oL H oL
o (l)' BW(Z) and FweEy) starting from ENO)

Figure: Computation of
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*Complexity of Backpropagation

The size of each layer (including input) is O(H), and the number of layers is O(k).

Forward pass scheme
1.Fori=1,...,k

> u) = WwOx(-1) 4 p() = O(H?)
> x() = a(u(l>) = O(H)

Forward pass is O(kH?2)

Backward pass scheme
1.Forl=k,...,1

> 0L _ riﬁ) oo (u®) = O(H)

ou®)
> 763,60 = ai(ﬁl) =T = O(H?)
> 68bﬁ> = 0u(l> =0(1)
> i = WO 25 s o)

Backward pass is O(kH?)
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Towards training with neural networks

e What do we have at hand?
1. Loss function £(6) from multi-layer, multi-class, etc.
2. First-order gradient via backpropagation g = V.L(0)

e Barriers to training of neural networks:

1. Curse-of-dimensionality — first-order methods
2. Non-convexity — stochasticity and momentum
3. lll-conditioning — adaptive gradient methods

Figure: A non-convex function. (a) and (c) are plateaus, (b) and (d) are global minima, (f) and
(h) are local minima, (e) and (g) are local maxima. [8]
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Recall: Stochastic Gradient Descent (SGD)

Vanilla Minibatch SGD

Input: learning rate {’y}iV:Bl

1. initialize 09

2.Fort=0,1,... N-1:
obtain the minibatch gradient g;
update 6;41 < 0 — i8¢
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Convergence of SGD in non-convex problems

Assumptions
1. Function L is lower bounded: 30* s.t. VO € ©, L(0) > L(6*)
2. Function £ has Lipschitz continuous gradient:
(IVL(01) — VL(O2)|l2 < L||61 — 02]|2 (5)
3. The unbiased stochastic gradient gy has bounded variance.
Eg) =g (6)
E(lg - gli3) < o (7)

Theorem (Convergence of SGD in non-convex problems [1])
For SGD with assumptions above, N iterations and stepsize v¢ = 7 \1/ﬁ we have

%Niugtué ~o(—) ®)

t=0

e Convergence is captured by the gradient norm
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*Convergence of SGD

Proof
Take the assumption 2 and algorithmic update policy 6;4+1 = 6; — vg:

L
L(Br41) — L(6:) < (Br+1 — 0:) gt + 1041 = 0:ll3

9)
2 (
. L .
= —mg g + tTHgtll%
Take the expectation and use the assumption 3
o 1L 2 2
E[L(Br+1) — LO)] = —veligellz + —5—(llgell2 + o) (10)
Set the learning rate v+ = ﬁ
E[L(Bi11) — L£(6:)] = +— + 02
[£(0e41) — L(6:)] L\ﬁllgtlb (||gt||2 )
(11)
< —
< Qqugtuz +
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* Convergence of SGD

Proof (Cont'd).

Sum the inequality of N steps together and use assumption 1

L(00) — L(67) > L(60) — E[L(6N)]

N—-1
=B [ ) (£(0) — £(8:41))
t=0 (12)
N-—-1
> 1lg (HgtH% B Uj)
=3L JN N
t=0
Rearrange the inequality, we have the following
1 = 1
- 2 _ * 2
E |~ ; leell3 | < —=RL(E(@0) = £(67) +0%)] (13)

The right hand side vanishes as N — oo, so E [%

N-1 . .
o ||gt||§} vanishes also. This
indicates the model converges to a critical point.
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Minibatch and momentum

Minibatch Momentum
Advantages Fast, unbiased, no ex_tra memory Help escape poor Ioc_al .minima
Help scape saddle points Help smooth out variations
Disadvantages | Might get stuck in poor local minimas Might overshoot with high p and ~

Figure: Stochasticity introduced by minibatch can help scape saddle points (Left). Momentum can
help escape local minima (Right).
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Escaping from saddle points

Recall (Classification of stationary points)
Let f: R% — R be twice differentiable and let X be a stationary point. Let {A\i}7, be
the eigenvalues of the hessian V2 f(x), then

> X\; >0 for all ¢ = X is a local minimum

> )\; <0 for all = x is a local maximum

> X\; >0, A\j <O for some ¢,5 and \; # 0 for all i = X is a saddle point

> Other case = inconclusive

Figure: Minmax saddle (X\; # O for all 4) Figure: Monkey saddle (A; = 0 for some 1)
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The strict saddle property

Definition (Strict saddle)

A twice differentiable function f : R4 — R is (a0, 7, €, 0)-strict saddle if for any point x
at least one of the following is true
LAVIEI 2 e
2. Amin (V2f(x)) < —7.
3. there is a local minimum x* such that ||x — x*|| < & and the function f
restricted to a 20 neighborhood of x* is o strongly convex.

(Informal)

For any point whose gradient is small, it is either close to a local minimum, or is a
saddle point (or local maximum) with a significant negative eigenvalue.
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Perturbed SGD algorithm

Perturbed Stochastic Gradient Descent [6]
Input: Stochastic Gradient Oracle SG(x), initial point xg, num-
ber of iterations T, step size
1.Fort =0to T -1:
sample noise &£ uniformly from unit sphere
update x¢41 + x¢ — N(SG(x¢) + &)

Minibatch SGD

If the noise from the stochastic gradient oracle already has nonnegligible variance in
every direction then the additional noise £ is not needed.

Stochastic Gradient Langevin Dynamics [17]
Input: Stochastic Gradient Oracle SG(x), initial point Xxg, num-
ber of iterations T, step size
1.Fort =0to T -1:
sample noise £ standard Gaussian
update x¢ 41 < x¢t — nSG(x¢) + v/2n€
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Perturbed SGD escapes saddle points

Theorem (Convergence of PSGD [6])
Suppose that f has the following properties
> fis an («a,, €, d)-strict saddle,
> f is B-smooth.
> its Hessian is p-Lipschitz. i.e. HVQf(m) — VQf(y)H <pllz—1yl.
Then there exists a threshold nymq. such that by choosing
> 1 < Nmax/ max{1,log(1/¢)}
> T = O(n~2log(1/¢)).
the algorithm Perturbed SGD outputs with probability at least 1 — ¢ a point xp that

is O(y/nlog(1/nC)) close to some local minimum x*.
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Overparametrization

A few phenomena about neural networks:
> Deep neural networks can fit random labels. [19]

> In practice, simple first-order methods can find global minimizers.

Overparametrization can explain these mysteries!

Overparametrization

Number of parameters > number of training data.
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GD finds global minimizers of overparametrized networks

Theorem (Convergence Rate of Gradient Descent [4])
> f(x;B,W,b): I-hidden-layer network with width m.

> m = Q(g"—s) where n =number of samples.
> Wy is initialized with a normal distribution, 8o ~ Unif[—1,1]™.
> Stepsize n = O(n~2).

With probability at least 1 — §, for the empirical risk R, we have

R (Bt, Wi, bt) < (1 —0)*Rn (8o, Wo, bo) (14)

Linear convergence of GD for overparametrized 1-hidden layer networks.
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Optimization landscape of overparametrized neural networks

Figure: Loss landscape with few parameters (left) vs overparametrized regime (right).
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The generalization error

e Goal: Minimize the misclassification error P(f(x) # vy)
e ERM with cross-entropy loss = few errors on the training set {x;, v} ;.

What about performance on unseen data?

Definition (Generalization error)

Suppose f is trained by ERM on a set Xirain = {Xi, Yi}1 -

Generalization error := True error — Training error

' 1 n
=Plig(x) #y) — — Z Liip(xi)tuid

i=1
We use a sample Xtest = {X;, 7}1}?:/1 to estimate
|
Pif(x) #y) ~ v} Z Lgs p(x0)20:} (test error)
i=1
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The effect of overparametrization on generalization

0.075

—— training error
test error

0.0504
-
e
=
UV ke K ———
0.025
0.0004 =ttt
T T T T T T T T
27 211 215 23 27 211 215
#hidden units #hidden units

Figure: MNIST (left) and CIFAR10 (right)
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Adaptivity may lead to overfit

Training Function

.
! Testing Function
I

Flat Minimum Sharp Minimum

Figure: Sharp Minima vs Flat Minima [10]
e Intuition suggests flat minima has better generalization property than sharp minima

e Empirically, adaptive methods finds sharper minima than ones found by SGD
e The relationship between sharpness of minima and their generalization is open [3]
Slide 40/ 63
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Adaptivity may lead to overfit

e Adaptive learning methods may converge fast but generalize worse

6.0 6.0
5.8 .
=
256 i Adam (Default): 5.47:£0.02
2 b}
354 S .
= Pse6 Adam: 5.35+0.01
&52 =
o g RMSProp: 5.2840.00
c5.0 £5.4 op: 5.28:0.
£ 3
c48 s
a6 g 5.2 HB: 5.13+0.01
4.4 o AdaGrad: 5242002 L T ECT
20 20 60 80 100 ’ 20 20 60 80 100
Epoch Epoch

Figure: Performance of different optimizers in training and development set of a language modeling
problem. The training and test perplexity are the exponential values of training and test losses.[18]

Il  Mathematics of Data | Prof. Volkan Cevher, volkan.cevher@epfl.ch Slide 41/ 63 EPFL



Neural Network Architectures

o Deeper and more complicated models correlates with better performance

e No universal optimizers other than slow and steady SGD

e A long way to go (makes it exciting)...

%

v

1
) r" |
© ‘1 M\ 3‘1" y"‘"“

! ‘1 | i { | !
(il T

Figure: Performance of popular architectures on test set in CIFAR10 (left) and CIFAR100 (right).

L Credit to: https://github.com/bearpaw/pytorch-classification
2Credit to: https://github.com /bearpaw/pytorch-classification
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Beyond supervised learning: Generative Adversarial Networks

e Goal: Learn to generate samples from a distribution given a dataset.

Figure: Schematic of a generative model [7, 9]

How to frame this as an optimization problem?
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A notion of distance between distributions

—

X Y

Figure: The Earth Mover's distance

Minimum cost transportation problem (Monge's problem)

Find a transport map T : R* — R? such that T'(X) ~ Y, minimizing the cost

cost(T) := Ex ||X — T(X)| (15)

Might not exist!
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The Wasserstein distance

Definition

Let i and v be two probability measures on R%. Their set of couplings is defined as

T'(u,v) := {n probability measure on R¢ x R% with marginals i, v} (16)

Definition (Primal form of the Wasserstein distance)

W(wv)= il By o=yl an

Theorem (Kantorovich-Rubinstein duality)
W(n,v) = sup{Ee~pnf(x) — Ey~y f(y) : f is 1-Lipschitz} (18)

The coupling 7 is the primal variable, the function f is the dual variable

IHHGITN  Mathematics of Data | Prof. Volkan Cevher, volkan.cevher@epf.ch Slide 45/ 63 EPFL



Minimax formulation of GANs

Ingredients:

eo: fixed noise distribution 6 (e.g., normal)
e: target distribution v (natural images)
e: class of functions G (generators)

e: class of functions F (dual variables)
GANs formulation

min max K f(9(2)) — By f(y) (19)

F is the class of 1-Lipschitz functions = minimization of Wasserstein distance
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General diagram of GANs

Dataset

Dual variable

Generator sample II

Noise vector

Figure: Generator/dual variable/dataset relation in GANs
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Challenges in GANSs training

e Tons of heuristics
e No guarantees of convergence (except some simple settings)
o Difficult to enforce 1-Lipschitz constraint

e Privacy concerns (memorization)

i 55 ~ 2

o o7, ST oToan, N o
,,;?A;,-A«;?;\\ v

A N / )
>0 b . ‘/f,: >0 4. ,/
. NNV N R\ v/
N m“ﬁ(m;, "

(a) SimGD (b) AltGD

Figure: Mode collapse (left). Simultaneous vs alternating generator/discriminator updates (right).
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*Reinforcement Learning Game

actions/decisions Environment

observations

rewards

o Environment: Markov Decision Process (MDP) M = (S, A, T,~, Po, R)

o Agent: Parameterized deterministic policy pg : S — A, where 8 € ©

Beyond supervised learning: Reinforcement Learning
At time step t = 0: Sp ~ Py(-)
fort=1,2,... do:

agent observes the environment's state Sy € S

agent chooses an action A; = ug(St) € A

agent receives a reward Riy1 = R(St, At)

agent finds itself in a new state Syy1 ~ T'(- | St, A¢)
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*Exploration vs. Exploitation in RL

o Challenge: Exploration vs. exploitation!

state
S,

action
A

Environment

o Objective (non-concave): maxgeco J(0) = E [Zil IR

MayM}

> The environment only reveals the rewards after actions
> Exploitation: Maximize objective by choosing the appropriate action

> Exploration: Gather information on other actions
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*Standard Reinforcement Learning

o Markov Decision Process (MDP): M = (S, A, T,~, Po, R)

> S: state space
> A: action space

> T:8x%x8xA—[0,1]: state transition dynamics

v

~v € (0,1): discounting factor

v

Py : S — [0, 1]: initial state distribution

> R:S8 x A— R: reward function

o Agent’s (deterministic) policy: p: S — A

Reinforcement Learning Game

fort=1,2,... do:
agent observes the environment's state Sy € S
agent chooses an action A; = u(S;) € A

agent receives a reward R:y1 = R(St, A¢), and finds itself in a new state S;4+1
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*Standard Reinforcement Learning

o Discounted return:

oo
Z:ZVt_lRt

t=1

o State and state-action value functions:

VE(s) = E[Z|S1 = s, M]
Q#(Sva) = E[Z I S1 57A1 ZG;M,M]

o Performance objective:

mEXJ(,U,) = SPD [VH(s)] = SLBD [Q" (s, u(s))]
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*Deterministic Policy Gradient

o Deterministic policy parametrization:

{re : 0 € ©}

o The off-policy performance objective:

Ieneaé{ J(O) == J(ug) = SLE’D [Q* (s, po(s))]

o The off-policy gradient:

Q

VoJ(0) ~ Esup [Voro(s)VaQ " (s,)|a=py (s

D Va@? (5. a)Vano(s)

Q

> biased gradient estimate

> function approximation Q? for critic
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*An optimization interpretation

o Objective (non-concave): maxgeco J(0) = E [Zil VIR, ug,/\/(}
o Exploitation: Progress in the gradient direction
Oer1 — O+ Vel (6r)
o Exploration: Add stochasticity while collecting the episodes
> noise injection in the action space [15, 13]
a = pg(s) + N (0,021
> noise injection in the parameter space [14]

6 =06+ N(0,021)
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*Deep learning optimizers: lll-Conditioned Curvature

When optimizing a high-dimensional function, it is possible that the gradients in some
dimensions are much larger than some others.

Using the same learning rate for all dimensions might cause either overshoot in
dimensions of large gradients or slow convergence in ones of small gradients.

© ZZ

Figure: Examples of well-conditioned curvature (left) and ill-conditioned curvature (right).
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*AdaGrad [5]

AdaGrad
Input: global learning rate {«/}%N:Bl, damping coefficient §
1. initialize 0, r + 0O
2.Fort=0,1,... N-1:
obtain the minibatch gradient g;
updater < r+g: © g+

update 0441 <+ 0 — 5_:‘\/;gt

> Adaptive learning rate.
> ‘Effective learning rate’ decreases monotonically if v; is a constant (early stop).

> Suitable for the sparse gradient cases.
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*RMSProp [16]

> To solve the early stop, average can be used in place of accumulation.

> A decaying coefficient 7 can be used to maintain an online average estimate.

> Recent gradients have more weight when calculating the average.

AdaGrad

RMSProp

Input: global learning rate {7}?’:61,
damping coefficient &

Input: global learning rate {7}?7:61, damping
coefficient d, decaying coefficient 7

1. initialize g, r + 0O
2.Fort=0,1,... ,N-1:
obtain the minibatch gradient g
updater < r + g; © g

update 9t+1 — 0 — (Hit\ﬁg}

1. initialize g, r + 0O
2.Fort=0,1,.. ,N-1:
obtain the minibatch gradient g
update r <— 7r + (1 — 7)g: © ¢

update 9t+1 — 0 — 76:t\ﬁgt
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*Adam [11]

> Now there are two ways to accelerate training:

> Momentum e.g. HB SGD
> Adaptive learning rate e.g. AdaGrad, RMSProp

> How about mixing them together?

Adam

Input: global learning rate {ﬁ/}é\’:?)l, damping coefficient §, first
order decaying parameter (31, second order decaying parameter

B2

1. initialize 6g, m; < 0, mo < O
2.Fort=0,1,... ,N-1:
obtain the minibatch gradient g;
update m; < Simi + (1 — B1)g:
update ma < famg + (1 — B2)8t © ét
correct bias mq < - B;HAmg — - B’“

mj
Tt Ve

update 041 < 0y —
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*Summary: A Uniform Framework

Ory1 =0 — atH;IgAt + BtH;IHt—l(et —0¢—1)
Gi=Ht ©OHt,D: =gt O gt

SGD HB AdaGrad RMSProp Adam
Gy | | Gi_1+ Dy T7Gi—1+ (1 —7)D; 162Bt Gio1+ 1:2% Dy
2 2
Qg Yt Tt Tt t Yt i:g}
1
BL(1-8t"
Bt 0 p 0 0 #
1

> Two ways to accelerate SGD: momentum and adaptive learning rate.

> The ‘effective learning rate’ of the algorithm is octh_l.

> The ‘effective momentum’ of the algorithm is ﬂth_lHt,l.

> H; is the preconditioner of the stochastic gradient g;.

lions@epfl
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