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Swiss army knife of convex formulations

A primal problem prototype1

f ı
:= min

xœRp

Ó
f (x) : Ax = b, x œ X

Ô
, (1)

I f is a proper, closed and convex function, and X is a nonempty, closed convex set.
I

A œ Rn◊p and b œ Rn are known.
I An optimal solution x

ı to (1) satisfies f (x

ı
) = f ı, Ax

ı
= b and x

ı œ X .

Example to keep in mind in the sequel

min

xœRp

Ó
ÎxÎ1 : Ax = b, ÎxÎŒ Æ 1

Ô

Broader context for (1):
I Standard convex optimization formulations: linear programming, convex

quadratic programming, second order cone programming, semidefinite
programming and geometric programming.

I Reformulations of existing unconstrained problems via convex splitting:
composite convex minimization, consensus optimization, . . .

1We can simply replace Ax = b with Ax ≠ b œ C for a convex body C without any fundamental change.
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Numerical ‘-accuracy

Exact vs. approximate solutions

I Computing an exact solution x

ı to (1) is impracticable unless problem has a
closed form solution, which is extremely limited in reality.

I Numerical optimization algorithms result in x

ı
‘ that approximates x

ı up to a
given accuracy ‘ in some sense.

I In the sequel, by ‘-accurate solutions x

ı
‘ of (1), we mean the following

Definition (‘-accurate solutions)
Given a numerical tolerance ‘ Ø 0, a point x

ı
‘ œ Rp is called an ‘-solution of (1) if

Y
]

[

|f (x

ı
‘ ) ≠ f ı| Æ ‘ (objective residual),

ÎAx

ı
‘ ≠ bÎ Æ ‘ (feasibility gap),

x

ı
‘ œ X (exact simple set feasibility).2

I When x

ı is unique, we can also obtain Îx

ı
‘ ≠ x

ıÎ Æ ‘ (iterate residual).
I Indeed, ‘ can be di�erent for the objective, feasibility gap, or the iterate residual.
2Very often, X is a “simple set.” Hence, requiring x

ı
‘ œ X is acceptable in practice.ú

ú I will absorb X into the objective f with a so-called indicator function to ease the notation.
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Performance of optimization algorithms

Time-to-reach ‘
time-to-reach ‘ = number of iterations to reach ‘ ◊ per iteration time

The speed of numerical solutions depends on two factors:
I Convergence rate determines the number of iterations needed to obtain an

‘-optimal solution.
I Per-iteration time depends on the information oracles, implementation, and the

computational platform.

Finding the fastest algorithm is tricky!

We will discuss basic tradeo�s in primal-dual optimization in the sequel.
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Outline

The proximal way

The sharp way

Conclusions
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The optimal solution set
Before we talk about algorithms, we must first characterize what we are looking for!

Optimality condition
The optimality condition of min

xœRp {f (x) : Ax = b} can be written as
;

0 œ A

T ⁄ı
+ ˆf (x

ı
),

0 = Ax

ı ≠ b.
(2)

(Subdi�erential) ˆf (x) := {v œ Rp
: f (y) Ø f (x) + v

T
(y ≠ x), ’y œ Rp}.

I This is the well-known KKT (Karush-Kuhn-Tucker) condition.
I Any point (x

ı, ⁄ı
) satisfying (2) is called a KKT point.

I
x

ı is called a stationary point and ⁄ı is the corresponding multipliers.

Lagrange function and the minimax formulation
We can naturally interpret the optimality condition via a minimax formulation

max

⁄
min

xœdom(f )
L(x, ⁄),

where ⁄ œ Rn is the vector of Lagrange multipliers or dual variables w.r.t. Ax = b

associated with the Lagrange function:

L(x, ⁄) := f (x) + ⁄T
(Ax ≠ b)
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Finding an optimal solution

A plausible strategy:
To solve the constrained problem (1), we therefore seek the solutions

(x

ı, ⁄ı
) œ arg max

⁄
min

xœX
L(x, ⁄),

which we can naively brake down into two—in general nonsmooth—problems:

Lagrangian subproblem: x

ú
(⁄) œ arg min

xœX {L(x, ⁄) := f (x) + È⁄, Ax ≠ bÍ}
Dual problem: ⁄ı œ arg max⁄ {d(⁄) := L(x

ú
(⁄), ⁄)}

I The function d(⁄) is called the dual function.
I The optimal dual objective value is dı

= d(⁄ı
).

The dual function d(⁄) is concave. Hence, we can attempt the following strategy:
1. Find the optimal solution ⁄ı of the “convex” dual problem.
2. Obtain the optimal primal solution x

ı
= x

ú
(⁄ı

) via the convex primal problem.

Challenges for the plausible strategy above
1. Establishing its correctness

: Assume f ı > ≠Œ and Slater’s condition for f ı
= dı

2. Computational e�ciency of finding an ‘̄-approximate optimal dual solution ⁄ı
‘̄

3. Mapping ⁄ı
‘̄ æ x

ı
‘ (i.e., ‘̄(‘)), where ‘ is for the original constrained problem (1)
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E�ciency considerations for the dual problem

Subgradient method
1. Choose ⁄0 œ Rn .
2. For k = 0, 1, · · · , perform:

⁄k+1
= ⁄k

+ –kv

k ,
where v

k œ ˆd(⁄k
) and –k is the step-size.

Accelerated gradient method
1. Choose u

0
= ⁄0 œ Rn .

2. For k = 0, 1, · · · , perform:
⁄k

= u

k
+

1
L Òd(u

k
),

u

k+1
= ⁄k

+ flk(⁄k ≠ ⁄k≠1
),

where L is the Lipschitz constant, and
flk is a momentum parameter.

Subgradient method for the dual
Assume that the following conditions

1. ÎvÎ2 Æ G for all v œ ˆd(⁄), ⁄ œ Rn .
2. Î⁄0 ≠ ⁄ıÎ2 Æ R

Let the step-size be chosen as –k =

R
G

Ô
k .

Then, the subgradient method satisfies

min

0ÆiÆk
dı ≠ d(⁄i

) Æ RGÔ
k

Æ ‘̄

SGM: O
! 1

‘̄2

"
◊ subgradient calculation

GM: O
! 1

‘̄

"
◊ gradient calculation

AGM: O
1

1Ô
‘̄

2
◊ gradient calculation

Impact of smoothness
(Lipschitz gradient) d(⁄) has Lipschitz
continuous gradient i�

ÎÒd(⁄) ≠ Òd(÷)Î2 Æ LÎ⁄ ≠ ÷Î2

for all ⁄, ÷ œ dom(d) and we indicate this
structure as d(⁄) œ FL.

For all d(⁄) œ FL, the gradient method
with step-size 1/L obeys

dı ≠ d(⁄k
) Æ 2LR2

k + 4

Æ ‘̄.

This is NOT the best we can do.
There exists a complexity lower-bound

dı ≠ d(⁄k
) Ø 3LR2

32(k + 1)

2 , ’d(⁄) œ FL,

for any iterative method based only on
function and gradient evaluations.

For all d(⁄) œ FL, the accelerated gradient
method with momentum flk =

k+1
k+3 obeys

dı ≠ d(⁄k
) Æ 2LR2

(k + 2)

2 Æ ‘̄

This is NEARLY the best we can do.
There exists a complexity lower-bound

dı ≠ d(⁄k
) Ø 3LR2

32(k + 1)

2 , ’d(⁄) œ FL,

for any iterative method based only on
function and gradient evaluations.
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Nesterov’s smoothing idea: From O ! 1
‘̄2

"
to O ! 1

‘̄

"

When can the dual function have Lipschitz gradient?
When f (x) is “-strongly convex, the dual function d(⁄) is ÎAÎ2

“ -Lipschitz gradient.

(Strong convexity) f (x) is “-strongly convex i� f (x) ≠ “
2 ÎxÎ2

2 is convex.

d(⁄) = min

x:xœX
f (x) ≠ “

2

ÎxÎ2
2

 ̧              ̊  ̇              ̋

convex &
possibly nonsmooth

+È⁄, Ax ≠ bÍ +

“

2

ÎxÎ2
2

¸   ˚˙   ˝
leads to dœFL

AGM automatically obtains dı ≠ d(x

k
) Æ ‘̄ with k = O

1
1Ô

‘̄

2

Nesterov’s smoother [9]
We add a strongly convex term to Lagrange subproblem so that the dual is smooth!

d“(⁄) = min

x:xœX
f (x) + È⁄, Ax ≠ bÍ +

“

2

Îx ≠ xcÎ2
2, with a center point xc œ X

Òd“(⁄) = Ax

ú
“(⁄) ≠ b (xú

“(⁄): the “-Lagrangian subproblem solution)
1. d“(⁄) ≠ “DX Æ d(⁄) Æ d“(⁄), where DX = max

xœX
1
2 Îx ≠ xcÎ2

2.

2. ⁄k of AGM on d“(⁄) has dı ≠ d(⁄k
) Æ “DX + dı

“ ≠ d“(⁄k
) Æ “DX +

2ÎAÎ2R2

“(k+2)2 .

3. We minimize the upperbound wrt “ and obtain dı ≠ d(⁄k
) Æ ‘̄ with k = O

! 1
‘̄

"
.
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When f (x) is “-strongly convex, the dual function d(⁄) is ÎAÎ2

“ -Lipschitz gradient.

(Strong convexity) f (x) is “-strongly convex i� f (x) ≠ “
2 ÎxÎ2

2 is convex.

d(⁄) = min

x:xœX
f (x) ≠ “

2

ÎxÎ2
2

 ̧              ̊  ̇              ̋

convex &
possibly nonsmooth

+È⁄, Ax ≠ bÍ +

“

2

ÎxÎ2
2

¸   ˚˙   ˝
leads to dœFL

Nesterov’s smoother [9]
We add a strongly convex term to Lagrange subproblem so that the dual is smooth!

d“(⁄) = min

x:xœX
f (x) + È⁄, Ax ≠ bÍ +

“

2

Îx ≠ xcÎ2
2, with a center point xc œ X

Òd“(⁄) = Ax

ú
“(⁄) ≠ b (xú

“(⁄): the “-Lagrangian subproblem solution)
1. d“(⁄) ≠ “DX Æ d(⁄) Æ d“(⁄), where DX = max

xœX
1
2 Îx ≠ xcÎ2

2.

2. ⁄k of AGM on d“(⁄) has dı ≠ d(⁄k
) Æ “DX + dı

“ ≠ d“(⁄k
) Æ “DX +

2ÎAÎ2R2

“(k+2)2 .

3. We minimize the upperbound wrt “ and obtain dı ≠ d(⁄k
) Æ ‘̄ with k = O

! 1
‘̄

"
.
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Computational e�ciency: The key role of the prox-operator

Definition (Prox-operator)

proxg(x) := arg min

zœRp
{g(z) + (1/2)Îz ≠ xÎ2}.

Key properties:
I single valued & non-expansive.
I distributes when the primal problem has decomposable structure:

f (x) :=

mÿ

i=1

fi(xi), and X := X1 ◊ · · · ◊ Xm .

where m Ø 1 is the number of components.
I often e�cient & has closed form expression. For instance, if g(z) = ÎzÎ1, then

the prox-operator performs coordinate-wise soft-thresholding by 1.

Smoothed dual: d“(⁄) = min
x:xœX f (x) + È⁄, Ax ≠ bÍ + “

2 Îx ≠ xcÎ2
2

x

ú
(⁄) = proxf /“

1
xc ≠ 1

“
A

T ⁄
2
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Going from the dual ‘̄ to the primal ‘–I

Optimality condition (revisted)
Two equivalent ways of viewing the optimality condition of the primal problem (1)

mixed variational inequality (MVIP) inclusion

f (x) ≠ f (x

ı
) + M(z

ı
)

T
(z ≠ z

ı
) Ø 0, ’z œ X ◊ Rn

=

;
0 œ A

T ⁄ı
+ ˆf (x

ı
),

0 = Ax

ı ≠ b.

where M(z) :=

Ë
A

T ⁄
Ax ≠ b

È
and z

ı
:= (x

ı, ⁄ı
) is a primal-dual solution of (1).

Measuring progress via the gap function
Acssociated with MVIP, we can define a gap function to measure our progress

G(z) := max

ẑœX ◊Rn

)
f (x) ≠ f (

ˆ

x) + M(z)

T
(z ≠ ˆ

z)

*
. (3)

Key observations:

I G(z) = max

⁄̂œRn
f (x) + Èˆ⁄, Ax ≠ bÍ

 ̧                               ̊  ̇                               ̋

=f (x) if Ax=b,Œ o/w

≠ min

x̂œX
f (

ˆ

x) + È⁄, A

ˆ

x ≠ bÍ
 ̧                              ̊  ̇                              ̋

=d(⁄)

Ø 0, ’z œ X ◊ Rn

I G(z

ı
) = 0 i� z

ı
:= (x

ı, ⁄ı
) is a primal-dual solution of (1).

I Primal accuracy ‘ and the dual accuracy ‘̄ can be related via the gap function.
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Going from the dual ‘̄ to the primal ‘–II

A smoothed gap function measuring the primal-dual gap
We define a smoothed version of the gap function G“—(z) =

max

⁄̂œRn
f (x) + Èˆ⁄, Ax ≠ bÍ ≠ —

2

Îˆ⁄ ≠ ˆ⁄cÎ2
2

 ̧                                                       ̊  ̇                                                       ̋

=f—(x)=f (x)+È⁄̂c,Ax≠bÍ+ 1
2— ÎAx≠bÎ2

2

≠ min

x̂œX
f (

ˆ

x) + È⁄, A

ˆ

x ≠ bÍ +

“

2

Îˆ

x ≠ ˆ

xcÎ2
2

 ̧                                                      ̊  ̇                                                      ̋

=d“ (⁄)

where (

ˆ

xc, ˆ⁄c) œ X ◊ Rn are primal-dual center points. In the sequel, they are 0.
I The primal accuracy ‘ is related to our primal model estimate f—(x)

I The dual accuracy ‘̄ is related to our smoothed dual function d“(⁄)

I We must relate G“—(z) to G(z) so that we can tie ‘ to ‘̄

Our new technique: Model-based gap reduction MGR (cf., [12])
Let Gk(·) := G“k—k (·). We generate a sequence {¯

z

k , “k , —k}kØ0 such that

Gk+1(

¯

z

k+1
) Æ (1 ≠ ·k)Gk(

¯

z

k
) + Âk (MGR)

for Âk æ 0, rate ·k œ (0, 1) (
q

k ·k = Œ), “k—k+1 < “k—k so that G“k—k (·) æ G(·).

I Consequence: G(

¯

z

k
) æ 0

+ ∆ ¯

z

k æ z

ı
= (x

ı, ⁄ı
) (primal-dual solution).
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Going from the dual ‘̄ to the primal ‘–III

Key estimates [12, 13]
As a consequence of MGR, we can obtain

Ó ≠D�ı ÎAx

k ≠ bÎ Æ f (

¯

x

k
) ≠ f ı Æ “kDX ,

ÎAx

k ≠ bÎ Æ 2—kD�ı
+

Ô
2DX ÎAÎ·k ,

where D�ı
:= min{Î⁄ıÎ : ⁄ı œ �

ı} the norm of the minimum norm dual solution.

An uncertainty relation via MGR
The product of the primal and dual convergence rates is lowerbounded by MGR:

“k—k Ø ·2
k

1 ≠ ·2
k

ÎAÎ2

Note that ·2
k = �

! 1
k2

"
due to Nesterov’s lowerbound.

I The rate of “k controls the primal residual: |f (x

k
) ≠ f ı| Æ O (“k)

I The rate of —k controls the feasibility: ÎAx

k ≠ bÎ2 Æ O (—k + ·k) = O (—k)

I They cannot be simultaneously O
! 1

k2

"
!
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Convergence guarantee

Recall: Uncertainty relation
The product of the primal and dual convergence rates is lowerbounded by MGR:

“k—k Ø ·2
k

1 ≠ ·2
k

ÎAÎ2

Note that ·2
k = �

! 1
k2

"
due to Nesterov’s lowerbound.

Theorem [12, 13]
1. When f is strongly convex with µ > 0, we can take “k = µ and —k = O

! 1
k2

"
:

Y
]

[

≠D�ı ÎAx

k ≠ bÎ Æ f (x

k
) ≠ f ı Æ 0

ÎAx

k ≠ bÎ Æ 4ÎAÎ2

(k+2)2µ
D�ı

Îx

k ≠ x

ıÎ Æ 4ÎAÎ
(k+2)µ D�ı

2. When f is non-smooth, the best we can do is “k = O
! 1

k
"

and —k = O
! 1

k
"

:
I

≠D�ı ÎAx

k ≠ bÎ Æ f (x

k
) ≠ f ı Æ 2

Ô
2ÎAÎDX
k+1 ,

ÎAx

k ≠ bÎ Æ 2
Ô

2ÎAÎ(D�ı +
Ô

DX )
k+1 .
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Accelerated gradient method (expanded)

The standard scheme ([11])
The accelerated scheme for minimizing g œ F1,1

L consists of three main steps:
Y
_]

_[

ˆ⁄k
:= (1 ≠ ·k)⁄k

+ ·k⁄ú
k

⁄k+1
:=

ˆ⁄k ≠ 1
Lg

Òg(

ˆ⁄k
)

⁄ú
k+1 := ⁄ú

k ≠ 1
·k

(

ˆ⁄k ≠ ⁄k+1
).

(4)

Here, Lg is the Lipschitz constant of Òg and ·k œ (0, 1) is a given momentum term.

Accelerated gradient scheme for the smoothed dual problem
Recall the smoothed dual function d“ . The AGM for this problem can be written as

Y
_]

_[

ˆ⁄k
:= (1 ≠ ·k)⁄k

+ ·k⁄ú
k

⁄k+1
:=

ˆ⁄k
+

“
ÎAÎ2 (Ax

ú
“(

ˆ⁄k
) ≠ b)

⁄ú
k+1 := ⁄ú

k ≠ 1
·k

(

ˆ⁄k ≠ ⁄k+1
).

(5)

Here, Ld :=

ÎAÎ2

“ and Òd“(

ˆ⁄k
) = Ax

ú
“(

ˆ⁄k
) ≠ b.
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Our primal-dual scheme

The primal-dual scheme
Our approach is fundamentally the same as the accelerated gradient method:

Y
___]

___[

ˆ⁄k
:= (1 ≠ ·k)⁄k

+ ·k ˜⁄k

⁄k+1
:=

ˆ⁄k
+

“k+1
ÎAÎ2 (Ax

ú
“k+1 (

ˆ⁄k
) ≠ b)

¯

x

k+1
:= (1 ≠ ·k)

¯

x

k
+ ·kx

ú
“k+1 (

ˆ⁄k
)

˜⁄k+1
:=

1
—k+1

(A

¯

x

k+1 ≠ b).

(6)

Both smoothing parameters “ and — are updated at each iteration.

The correspondance between (5) and (6)
The last step of (6) (vs. (5)) is split into two steps to save a matrix multiplication:

1

—k+1
(A

¯

x

k+1 ≠ b) =

1

—k
(A

¯

x

k ≠ b) +

“k+1
·kÎAÎ2 (Ax

ú
“k+1 (

ˆ⁄k
) ≠ b).

Using ¯

x

k+1
:= (1 ≠ ·k)

¯

x

k
+ ·kx

ú
“k+1 (

ˆ⁄k
) we can show that

;
—k+1 = (1 ≠ ·k)—k
—k+1“k+1 = ·2

k ÎAÎ2.
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The general constraint case

Handling a cone constraint Ax ≠ b œ K
Two steps need to be changed:

Y
]

[
⁄k+1

:= projKú

1
ˆ⁄k

+

“
ÎAÎ2 (Ax

ú
“(

ˆ⁄k
) ≠ b)

2

⁄ú
k+1 := arg max

⁄œKú

)
ÈA¯

x

k+1 ≠ b, ⁄Í ≠ —k+1p(⁄)

*
.

Here, Kú is the dual cone of K, projKú is the projection onto Kú, and p is a chosen
proximity function.
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Augmented Lagrangian idea: From O ! 1
‘̄2

"
to O

1
1Ô

‘̄

2

When else can the dual function have Lipschitz gradient?
We can render f (x) “-strongly convex only on Ax = b by augmenting it:

Augmented Lagrangian: d“(⁄) = min

x:xœX f (x) + È⁄, Ax ≠ bÍ +

“
2 ÎAx ≠ bÎ2

2
Denoting x

ú
“(⁄) as the augmented Lagrangian problem solution, we observe:

I The dual function d(⁄) is 1
“ -Lipschitz gradient.

I The gradient is Òd“(⁄) = Ax

ú
“(⁄) ≠ b.

I The optimal dual objective value does not change: dı
= dı

“ !!!

Augmented Lagrangian smoother
We augment the Lagrange subproblem so that the dual is smooth!

d“(⁄) = min

x:xœX
f (x) + È⁄, Ax ≠ bÍ +

“

2

ÎAx ≠ bÎ2
2,

1. ⁄k of AGD on d“(⁄) has dı ≠ d“(⁄k
) Æ 2R2

“(k+2)2 .

2. We obtain dı ≠ d“(⁄k
) Æ ‘̄ with k = O

1
RÔ
“‘̄

2
.

Tradeo�s in primal-dual optimization | Volkan Cevher, volkan.cevher@epfl.ch Slide 18/ 45



Augmented Lagrangian idea: From O ! 1
‘̄2

"
to O

1
1Ô

‘̄

2

When else can the dual function have Lipschitz gradient?
We can render f (x) “-strongly convex only on Ax = b by augmenting it:

Augmented Lagrangian: d“(⁄) = min

x:xœX f (x) + È⁄, Ax ≠ bÍ +

“
2 ÎAx ≠ bÎ2

2
Denoting x

ú
“(⁄) as the augmented Lagrangian problem solution, we observe:

I The dual function d(⁄) is 1
“ -Lipschitz gradient.

I The gradient is Òd“(⁄) = Ax

ú
“(⁄) ≠ b.

I The optimal dual objective value does not change: dı
= dı

“ !!!

Augmented Lagrangian smoother
We augment the Lagrange subproblem so that the dual is smooth!

d“(⁄) = min

x:xœX
f (x) + È⁄, Ax ≠ bÍ +

“

2

ÎAx ≠ bÎ2
2,

1. ⁄k of AGD on d“(⁄) has dı ≠ d“(⁄k
) Æ 2R2

“(k+2)2 .

2. We obtain dı ≠ d“(⁄k
) Æ ‘̄ with k = O

1
RÔ
“‘̄

2
.

Tradeo�s in primal-dual optimization | Volkan Cevher, volkan.cevher@epfl.ch Slide 18/ 45



Augmented Lagrangian idea: The tradeo�s

Key estimates
As a consequence of MGR, we can obtain

≠ “
2 ÎAx

k ≠ bÎ2 ≠ ÎAx

k ≠ bÎD�ı Æ f (x

k
) ≠ f ı Æ 0

ÎAx

k ≠ bÎ Æ 2D�ı —k
1≠“—k

.

where D�ı
:= min{Î⁄ıÎ : ⁄ı œ �

ı} the norm of the minimum norm dual solution.

An uncertainty relation via MGR
The product of the primal and dual convergence rates is lowerbounded by MGR:

“—k+1 Ø ·2
k .

Here, we update —k as —k+1 = (1 ≠ ·k)—k . Then —k = �(·2
k ).

Note that ·2
k = �

! 1
k2

"
due to Nesterov’s lowerbound.

I The rate of —k controls the primal residual: |f (x

k
) ≠ f ı| Æ O (—k)

I The rate of —k controls the feasibility: ÎAx

k ≠ bÎ2 Æ O (—k)

I They can be simultaneously O
! 1

k2

"
!
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Augmented Lagrangian idea: The tradeo�s

Our augmented primal-dual scheme
Y
__]

__[

ˆ⁄k
:= (1 ≠ ·k)⁄k

+ ·k ˜⁄k

⁄k+1
:=

ˆ⁄k
+ “(Ax

ú
“(

ˆ⁄k
) ≠ b)

¯

x

k+1
:= (1 ≠ ·k)

¯

x

k
+ ·kx

ú
“(

ˆ⁄k
)

˜⁄k+1
:=

1
—k+1

(A

¯

x

k+1 ≠ b).

(7)

The update rule for parameters:
—k+1 := (1 ≠ ·k)—k and ·k+1 = 0.5·k

Ë 
·2

k + 4 ≠ ·k

È
.

Theorem (convergence guarantee)
The sequence {¯

z

k} generated by (7) satisfies:

≠ “
2 ÎAx

k ≠ bÎ2 ≠ ÎAx

k ≠ bÎD�ı Æ f (x

k
) ≠ f ı Æ 0

ÎAx

k ≠ bÎ Æ 8D�ı

“(k+1)2 .

The worst-case iteration complexity: O
1 Ò

D�ı

“‘

2
.

I We can increase “ to obtain faster convergence
I However, it becomes more di�cult to compute x

ú
“(

ˆ⁄k
)!
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Tree sparsity [7, 4, 2, 15]

Wavelet coe�cients Wavelet tree Valid selection of nodes Invalid selection of nodes

Structure: We seek the sparsest signal with a rooted connected subtree support.

Optimization formulation (TU-relax [5])

min

xœRp
f (x) :=

q
GiœG ÎxGi ÎŒ

s.t. Ax = b.
(8)

This problem possesses two key structures: decomposability and tractable proximity.
When g = p and Gi = {i}, (8) reduces to the well-known basis pursuit (BP):

min

xœRp
ÎxÎ1 s.t. Ax = b. (9)
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Tree sparsity [7, 4, 2, 15]

f (x)-ball G = {{1, 2, 3}, {2}, {3}} valid selection of nodes

Structure: We seek the sparsest signal with a rooted connected subtree support.

Optimization formulation (TU-relax [5])

min

xœRp
f (x) :=

q
GiœG ÎxGi ÎŒ+–Î�xÎTV

s.t. Ax = b.
(8)

This problem possesses two key structures: decomposability and tractable proximity.
When g = p and Gi = {i}, (8) reduces to the well-known basis pursuit (BP):

min

xœRp
ÎxÎ1+–Î�xÎTV s.t. Ax = b. (9)

Adding additional regularizers to BP does not pose any di�culty
I

� is the wavelet transform and – is a regularization parameter
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Tree sparsity example: 1:100-compressive sensing [12, 1]

World [1Gpix] Lac Léman World [10Mpix]

sparse TU-relax

PNSR = 31.83db PNSR = 32.48db

Augmented Lagrangian method
Iterations: 113
PD gap: 1e-8

Applications of (A, A

T
): (684, 570)

Time: < 4days

Tradeo�s in primal-dual optimization | Volkan Cevher, volkan.cevher@epfl.ch Slide 22/ 45



Tree sparsity example: TV & TU-relax 1:15-compression [12, 1]

Original ti� image [2048 ◊ 2048] Original BP

TU-relax TV

TV with BP TV with TU-relax

Regularization:

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.054

0.055

0.056

0.057

0.058

0.059

0.06

0.061

α

l2
 e

rro
r

 

 

tv−BP
min error
tv−TU relax
min error
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Outline

The proximal way

The sharp way

Conclusions
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Revisiting the prox-operator

Prox-operator helps us process nonsmooth terms “e�ciently”

proxg(x) := arg min

zœRp
{g(z) + (1/2)Îz ≠ xÎ2}.

Key properties:
I single valued & non-expansive.
I distributes when the primal problem has decomposable structure:

f (x) :=

mÿ

i=1

fi(xi), and X := X1 ◊ · · · ◊ Xm .

where m Ø 1 is the number of components.
I often e�cient & has closed form expression. For instance, if g(z) = ÎzÎ1, then

the prox-operator performs coordinate-wise soft-thresholding by 1.

Not all nonsmooth functions are proximal-friendly!
If g(z) = ÎzÎı (i.e., the nuclear norm of z) then the prox-operator may require a full
singular value decomposition.

We will discuss how to avoid the prox-operator whenever it is expensive!
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Example: Frank-Wolfe’s method

Problem setting

f ı
:= min

xœX
f (x) (10)

Assumptions
I X is nonempty, convex, closed and bounded.
I f œ F1,1

L (Rp
) (i.e., convex with Lipschitz gradient).

I Note that Ax ≠ b œ K is missing from our prototype problem

Frank-Wolfe’s method (see [6] for a review)
Conditional gradient method (CGA)

1. Choose x

0 œ X .
2. For k = 0, 1, · · · , perform:I

ˆ

x

k
:= arg min

xœX
Òf (x

k
)

T
x,

(ú)

x

k+1
:= (1 ≠ “k)x

k
+ “k ˆ

x

k ,

where “k :=

2
k+2 is a given relaxation parameter.

When X := {x œ Rn◊p
: ÎxÎı Æ 1}, (ú) corresponds to rank-1 updates!
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Towards Fenchel-type operators

Generalized sharp operators [14]
We define the (generalized) sharp operator of a convex function g over X as follows

[x]

˘
X ,g := argmax

zœX
{Èx, zÍ ≠ g(z)} .

Important special cases:
1. If g = 0, then we obtain the so-called linear minimization oracle.
2. If X = dom(g), then [x]

˘
g = Ògú

(x), where gú is the Fenchel conjugate of g.

Example (Nuclear norm)
Consider g(x) :=

1
2 ÎxÎ2

ı and X := {x œ Rn◊p
: ÎxÎı Æ 1}. Let u and v be the left

and right principal singular vectors of x respectively. Then,

uv

T œ [x]

˘
X := [x]

˘
X ,0 , ÎxÎuv

T œ [x]

˘
g := [x]

˘
Rn◊p,g

where Î · Î is the spectral norm. The computations are essentially the same.
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Revisiting Frank-Wolfe’s method

Problem setting

f ı
:= min

xœX
f (x) (11)

Assumptions
I X is nonempty, convex, closed and bounded.
I f œ F1,1

L (Rp
) (i.e., convex with Lipschitz gradient).

I Note that Ax ≠ b œ K is missing from our prototype problem

Frank-Wolfe’s method (see [6] for a review)
Conditional gradient method (CGA)

1. Choose x

0 œ X .
2. For k = 0, 1, · · · , perform:I

ˆ

x

k
:= arg min

xœX
Òf (x

k
)

T
x © [Òf (x

k
)]

˘
X ,

x

k+1
:= (1 ≠ “k)x

k
+ “k ˆ

x

k ,

where “k :=

2
k+2 is a given relaxation parameter.

Generalized conditional gradient method replaces the indicator function ”X with g:

ˆ

x

k
:= arg min

x

{g(x) + Òf (x

k
)

T
x} = [Òf (x

k
)]

˘
g.
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I f œ F1,1

L (Rp
) (i.e., convex with Lipschitz gradient).

I We will handle Ax ≠ b œ K and nonsmooth f (x) in the sequel!

Frank-Wolfe’s method (see [6] for a review)
Conditional gradient method (CGA)

1. Choose x

0 œ X .
2. For k = 0, 1, · · · , perform:I

ˆ

x

k
:= arg min

xœX
Òf (x

k
)

T
x © [Òf (x

k
)]

˘
X ,

x

k+1
:= (1 ≠ “k)x

k
+ “k ˆ

x

k ,

where “k :=

2
k+2 is a given relaxation parameter.

Generalized conditional gradient method replaces the indicator function ”X with g:

ˆ

x

k
:= arg min

x

{g(x) + Òf (x

k
)

T
x} = [Òf (x

k
)]

˘
g.

Tradeo�s in primal-dual optimization | Volkan Cevher, volkan.cevher@epfl.ch Slide 28/ 45



Exploring the smoothness of the dual function in depth

Definition (Hölder continuous gradients [8])
Let us consider the following unconstrained setup

min

xœRp
g(x).

A convex function g has Hölder continuous subgradients of degree ‹ if there are
nonnegative real constants ‹ and M‹ that satisfy:

ÎÒg(x) ≠ Òg(y)Îú Æ M‹Îx ≠ yÎ‹

where Òg(⁄) is a (sub)gradient of g.
Highlights:
1. ‹ = 1 is the Lipschitz continuous gradients case where L = M‹ .
2. ‹ = 0 is the bounded gradient assumption (recall the subgradient method).

3. Iteration lowerbound for the Hölder class: O
1

(

M‹ Îx

0≠x

ıÎ1+‹

‘ )

2
1+3‹

2
.

4. The condition also ensures a basic surrogate

g(y) Æ g(x) + ÈÒg(x), y ≠ xÍ +

M‹

1 + ‹
Îx ≠ yÎ1+‹

for any x, y œ X .
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Nesterov’s universal gradient methods

Nesterov’s universal gradient methods [10]
In practice, smoothness parameters ‹ and M‹ are usually not known. Nesterov’s
algorithms adapt to the unknown ‹ via an appropriate line-search strategy:

g(y) Æ g(x) + ÈÒg(x), y ≠ xÍ +

M
2

Îx ≠ yÎ2
+

”

2

.

where inexactness parameter ” > 0 depends only on the desired final accuracy.
They are universal since they ensure the best possible rate of convergence for each ‹.

Universal primal gradient method (PGM)3

1. Choose x

0 œ X , M≠1 > 0 and accuracy ‘ > 0.
2. For k = 0, 1, · · · , perform:

x

k+1
= x

k ≠ M≠1
k Òg(x

k
)

where we use line-search to find Mk Ø 0.5Mk≠1 that satisfies:

g(x

k+1
) Æ g(x

k
)+ÈÒg(x

k
), x

k+1 ≠x

kÍ+

Mk
2

Îx

k ≠x

k+1Î2
+

‘

2

Yes, there is an accelerated version.

3PGM in [10] uses the Bregman / prox setup.
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Universal primal-dual decomposition methods

Our strategy: Hölder smoothness in the dual
Instead of smoothing, we assume that the dual function d is Hölder continuous for
some ‹ œ [0, 1]:

M‹(d) := sup

⁄,÷

ÎÒd(⁄) ≠ Òd(÷)Îú
Î⁄ ≠ ÷Î‹ , Mú

d := inf

0Æ‹Æ1
M‹(d) < +Œ.

We will solve the dual problem by a new FISTA version [3] of Nesterov’s universal
gradient algorithm [10] and develop new primal strategies to approximate x

ı.

Is this assumption reasonable?
Consider two special cases:
I if X is bounded and d is subdi�erentiable, then Òd is also bounded.
I if f is uniformly convex with convexity parameter µf > 0 and degree q Ø 2, i.e.,

ÈÒf (x) ≠ Òf (y), x ≠ yÍ Ø µf Îx ≠ yÎq

for any x, y œ X , then Òd satisfies Hölder condition with ‹ =

1
q≠1 and

M‹ =

!
µ≠1

f ÎAÎ2
" 1

q≠1 .
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Our universal primal-dual decomposition methods: The dual steps
Dual steps ([14])
I The universal dual gradient step:

⁄k+1
:= ⁄k

+

1

Mk
Òd(⁄k

) = ⁄k +

1

Mk

!
Ax

ú
(⁄k

) ≠ b

"
,

where x

ú
(⁄k

) is computed via the sharp operator:
x

ú
(⁄k

) := arg min

xœRp

)
f (x) + ÈAT ⁄k , xÍ

*
©

#
≠A

T ⁄k$˘

f
.

I The universal dual accelerated gradient step:
Y
]

[

tk := 0.5
!

1 +


1 + 4t2

k≠1
"

ˆ⁄k
:= ⁄k

+

tk≠1≠1
tk

!
⁄k ≠ ˆ⁄k≠1

"

⁄k+1
:=

ˆ⁄k
+

1
Mk

!
Ax

ú
(

ˆ⁄k
) ≠ b

"
.

Line-search condition
The local smoothness constant Mk is computed via a line-search procedure:

d(⁄k+1
) Ø d(⁄k

) + ÈÒd(⁄k
), ⁄k+1 ≠ ⁄kÍ ≠ Mk

2

Î⁄k+1 ≠ ⁄kÎ2 ≠ ”k
2

.

I ”k = ‘ for our universal dual gradient method
I ”k = ‘/tk for our universal dual accelerated gradient method
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On the line-search

Number of line-search iterations
I Each line-search step costs one dual function evaluation.
I (Acc)UniProx requires (1)2 line-search steps per iteration on the average.
I In many cases, we can avoid the search step and find the step-size in one shot by

solving an analytic equation obtained by using a proper bound on d(⁄k+1
).

Example (Nuclear norm)
Consider f :=

1
2 ÎxÎ2

ı with the linear constraint A(x) = b, which leads to the dual
function d(⁄) = ≠ 1

2 ÎA

T
(⁄)Î2 ≠ È⁄, bÍ. Using triangular inequality, we get

U(Mk) : = d(⁄k
)≠ –2

k
2

ÎA

T
(Òd(⁄k

))Î2≠–k
#
ÎA

T
(Òd(⁄k

))ÎÎA

T
(⁄k

)Î+ÈÒd(⁄k
), bÍ

$

Æ d(⁄k
+

1

Mk
Òd(⁄k

)) = d(⁄k+1
).

We can solve the following second order equation

U(Mk) = d(⁄k
) +

–k
2

..Òd(⁄k
)

..2 ≠ ”k
2

to find the step size –k :=

1
Mk

which guarantees the line-search condition.
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The primal steps and the worst-case complexity
Primal steps - averaging steps
I The universal primal gradient step:

(UniProx): ¯

x

k
:=

1 kÿ

i=0

1

Mi

2≠1 kÿ

i=0

1

Mi
x

ú
(⁄i

).

I The universal primal accelerated gradient step:

(AccUniProx): ¯

x

k
:=

1 kÿ

i=0

ti
Mi

2≠1 kÿ

i=0

ti
Mi

x

ú
(⁄i

).

The worst-case complextity
To achieve ¯

x

k such that |f (

¯

x

k
) ≠ f ı| Æ ‘ and ÎA

¯

x

k ≠ bÎ Æ ‘ is:
Y
__]

__[

For (UniProx): O
3

D2
�ı inf

0Æ‹Æ1

1M‹

‘

2 2
1+‹

4
, (optimal for ‹ = 0).

For (AccUniProx): O
3

D
2+5‹
1+3‹

�ı inf

0Æ‹Æ1

1M‹

‘

2 2
1+3‹

4
, (optimal for ‹ = 1).
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Summary of the algorithms and convergence guarantees - I

Universal primal-dual gradient method (UniProx)
Initialization: Choose ⁄0 œ Rn and ‘ > 0. Estimate a value M≠1 < 2M‘.
Iteration: For k = 0, 1, · · · , perform:

1. Primal step: x

ú
(⁄k

) = [≠A

T ⁄k
]

˘
f

2. Dual gradient: Òd(⁄k
) = A

T
x

ú
(⁄k

) ≠ b

3. Line-search: Find Mk œ [0.5Mk≠1, 2M‘] from line-search condition and:
⁄k+1

= ⁄k
+ M≠1

k Òd(⁄k
)

4. Primal averaging: ¯

x

k
:= S≠1

k
qk

j=0 M≠1
j x

ú
(⁄j

) where Sk =

qk
j=0 M≠1

j .

Theorem [14]
¯

x

k and ¯⁄k
:= S≠1

k
qk

j=0 M≠1
j ⁄j obtained by UniProx satisfy (with ⁄0

= 0):

Y
_]

_[

≠ÎA

¯

x

k ≠ bÎD�ı Æ f (

¯

x

k
) ≠ f ı Æ ‘

2 ,

ÎA

¯

x

k ≠ bÎ Æ 4M‘D�ı

k+1 +

Ò
2M‘‘
k+1 ,

dı ≠ d(

¯⁄k
) Æ M‘D2

�ı

k+1 +

‘
2 .
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Summary of the algorithms and convergence guarantees - II

Accelerated universal primal-dual gradient method (AccUniProx)
Initialization: Choose ⁄0 œ Rn , ‘ > 0. Set t0 = 1. Estimate a value M≠1 < 2M‘.
Iteration: For k = 0, 1, · · · , perform:

1. Primal step: x

ú
(

ˆ⁄k
) = [≠A

T
ˆ⁄k

]

˘
f ,

2. Dual gradient: Òd(

ˆ⁄k
) = A

T
x

ú
(

ˆ⁄k
) ≠ b,

3. Line-search: Find Mk œ [Mk≠1, 2M‘] from line-search condition and:
⁄k+1

=

ˆ⁄k
+ M≠1

k Òd(

ˆ⁄k
),

4. tk+1 = 0.5[1 +


1 + 4t2

k ],
5. ˆ⁄k+1 = ⁄k+1 +

tk≠1
tk+1

(⁄k+1 ≠ ⁄k),
6. Primal averaging: ¯

x

k
:= S≠1

k
qk

j=0 tjM≠1
j x

ú
(⁄j

) where Sk =

qk
j=0 tjM≠1

j .

Theorem [14]
¯

x

k and ⁄k obtained by AccUniProx satisfy (with ⁄0
= 0):Y

___]

___[

≠ÎA

¯

x

k ≠ bÎD�ı Æ f (

¯

x

k
) ≠ f ı Æ ‘

2 ,

ÎA

¯

x

k ≠ bÎ Æ 16M‘D�ı

(k+2)
1+3‹
1+‹

+

Ò
8M‘‘
k+2 ,

dı ≠ d(⁄k
) Æ 4M‘D2

�ı

(k+1)
1+3‹
1+‹

+

‘M‘
M0

(k + 1)

1≠‹
1+‹ .

The dual may NOT converge!

Tradeo�s in primal-dual optimization | Volkan Cevher, volkan.cevher@epfl.ch Slide 36/ 45



The general constraint case

Handling to the constraint Ax ≠ b œ K
Dual steps need to be changed:
I The universal dual gradient step:

⁄k+1
:= proxM≠1

k h

1
⁄k +

1

Mk

!
Ax

ú
(⁄k

) ≠ b

"2
.

I The universal dual accelerated gradient step:Y
_]

_[

tk := 0.5
!

1 +


1 + 4t2

k≠1
"

ˆ⁄k
:=

¯⁄k
+

tk≠1≠1
tk

!
¯⁄k ≠ ˆ⁄k≠1

"

⁄k+1
:= proxM≠1

k h

!
ˆ⁄k

+

1
Mk

!
Ax

ú
(

ˆ⁄k
) ≠ b

""
.

Here, h is defined by h(⁄) := sup

rœK
È⁄, rÍ.
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Example: Robust matrix completion with ¥ 1 : 50 subsampling

Problem formulation
Let � ™ {1, · · · , p} ◊ {1, · · · , q} be a subset of indexes and M� = (Mij)(i,j)œ� be
the observed entries of a missed matrix M. P� is the projection on the subset �.

f ı
:= min

XœRp◊q

Ó
f (X) :=

1

2

ÎXÎ2
ı : ÎP�(X) ≠ M�Î1 Æ ·

Ô
. (12)

# iteration
100 101 102 103 104

|f
(X

)
−
f
⋆
|

10-2

10-1

100

UniProx
AccUniProx

# iteration
100 101 102 103 104

d
is
t(
P
Ω
(X

)
−
M

Ω
,K

)

10-3

10-2

10-1

UniProx
AccUniProx

# iteration
0 2000 4000 6000 8000 10000

∥X
−
M

∥ F
∥M

∥ F

10-2

10-1

100

UniProx
AccUniProx

Figure: The performance of UniProx and AccUniProx algorithms for (12).

Setup

I Synthetic data p = 1000, q = 4000, and rank r = 6

I Number of samples n := |�| = 9 · 10

4

I Input parameters ⁄0
= 0

n and ‘ = 2 · 10

≠2
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Example: Nuclear-norm constrained matrix completion - I

Problem formulation
Let � ™ {1, · · · , p} ◊ {1, · · · , q} be a subset of indexes and M� = (Mij)(i,j)œ� be
the observed entries of a missed matrix M. P� is the projection on the subset �.

f ı
:= min

XœRp◊q

Ó
1

2

ÎP�(X) ≠ M�Î2
F : ÎXÎı Æ Ïı

Ô
(13)

Setup

I Synthetic data of size p = 400, q = 2000 with rank r = 10 .
I Number of samples n := |�| = 7.5 · 10

4.
I Ïı

= ÎMÎı is assumed to be known.
I Input parameters ⁄0

= 0

n and ‘ = 2 · 10

≠6.
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Example: Nuclear-norm constrained matrix completion - II

# iteration
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Figure: The performance of (Acc)UniProx and Frank-Wolfe algorithms for (13).
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Conclusions
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Conclusions

I Our contributions for the prototype primal problem (1):
I new proximal primal dual algorithms via the model-based gap reduction technique
I new universal primal-dual algorithms via sharp operators
I guarantees on primal optimality and feasibility of the iterates for all

I Uncertainty relations for the proximal way
I primal optimality of the algorithmic iterates competes with their feasibility
I clear benefits of the augmented Lagrangian

I The prox-operator vs. the sharp-operator
I tradeo�s abound (also along the Augmented Lagrangian + ADMM / AMA)
I time-winner is unclear due to modern data processing systems
I warm-starts / hybrid strategies ?
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