A totally unimodular view of
structured sparsity

Volkan Cevher
volkan.cevher@epfl.ch

Laboratory for Information and Inference Systems (LIONS)
Ecole Polytechnique Fédérale de Lausanne (EPFL)
Switzerland

DISCML (NIPS)
[December 13, 2014]

Joint work with
Marwa El Halabi, Luca Baldassarre and Baran Goézcii @ LIONS
Anastasios Kyrillidis and Bubacarr Bah @ UT Austin

Nirav Bhan @ MIT
(|

&

£ ACTIONS

NF ]

lions@epfl




Outline

Total unimodularity in discrete optimization
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Integer linear programming

Discrete optimization

Search for an optimum object within a finite collection of objects.

B2
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Integer linear programming
Discrete optimization

Search for an optimum object within a finite collection of objects.

Integer linear program By

Many important discrete optimization problems
can be formulated as an integer linear program

Bl e arg max {678 : MB < ¢,8 >0} (ILP)
GZ’IIL

NP-Hard (in general)

> vertex cover, set packing, maximum flow,
traveling salesman, boolean satisfiability. 8
*

Polyhedra & Polytopes

P={BIMB < c,B =0}
(BER™, c€R™)

Polytope: A bounded polyhedron
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Integer linear programming

Discrete optimization

Search for an optimum object within a finite collection of objects.

Integer linear program Ba
Many important discrete optimization problems g
can be formulated as an integer linear program p o

B € arg max {678 : MB < ¢, 8> 0} (ILP) Lo o

Bezm MB<c =73
NP-Hard (in general)
> vertex cover, set packing, maximum flow,
traveling salesman, boolean satisfiability. 3

A general approach Polyhedra & Polytopes

Attempt the following convex relaxation

P ={BIMB < c,B =0}

* Tnp.
B earggrégjgw B:MB<cB>0} (LP) (BER™ ccR™)

Obtains an upperbound Polytope: A bounded polyhedron
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Integer linear programming

Discrete optimization

Search for an optimum object within a finite collection of objects.

Integer linear program Ba

Many important discrete optimization problems
can be formulated as an integer linear program

B e arg max {078 : MB < ¢, >0} (ILP)
GZTIL

NP-Hard (in general)

> vertex cover, set packing, maximum flow, ~
traveling salesman, boolean satisfiability. 8

A general approach Polyhedra & Polytopes

Attempt the following convex relaxation

P ={BIMB < c,B =0}

*carg max {078 : MB < ¢, >0} (LP
A gﬁeR"?{ A B<eB 20} (LP) Observation:

When every vertex of P is integer,
Obtains an upperbound i Y i &
LP is a “correct” relaxation.

I
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A sufficient condition

Polyhedra P = {Mp < ¢, 8 > 0} has integer vertices when M is TU and c is integer

Definition (Total unimodularity) Ba

A matrix M € RIX™ is totally unimodular
(TU) iff the determinant of every square
submatrix of M is 0, or £1. - >

Correctness of LP [23]
When M is TU and c is integer, then the LP

Tg. Mp< > -
e {ET0 M € @ 20 B

has integer optimal solutions (i.e., ILP C LP). Verifying if a matrix is TU is in P [31]

TU matrices are not rare!

> Regular matroids have TU representations [29]
> Network flow problems & interval constraints involve TU matrices [23]

> Incidence matrices of undirected bipartite graphs are TU [23]
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A sufficient condition
Polyhedra P = {Mp3 < ¢, 3 > 0} has integer vertices when M is TU and c is integer

Definition (Total unimodularity) B2

A matrix M € R is totally unimodular
(TU) iff the determinant of every square ]
submatrix of M is 0, or £1. - ™~

Correctness of LP [23]
When M is TU and c is integer, then the LP

T8.MB<c,pB>
TP S e 2 0 B

has integer optimal solutions (i.e., ILP C LP). Verifying if a matrix is TU is in P [31]

Computational complexity of LP

> Polynomial time in [ (i.e., number of constraints) and m (i.e., ambient dimension)

> IPM performs O ( Vilog é) iterations (I > m) with up to O(m?21) operations,
where € is the absolute solution accuracy
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A sufficient condition

Polyhedra P = {Mp3 < ¢, 3 > 0} has integer vertices when M is TU and c is integer

Definition (Total unimodularity) Ba

A matrix M € RX™ is totally unimodular
(TU) iff the determinant of every square
submatrix of M is 0, or %1.

Correctness of LP [23]
When M is TU and c is integer, then the LP

max {078 : MB < ¢, > 0}
BER™

B

has integer optimal solutions (i.e., ILP C LP). Verifying if a matrix is TU is in P [31]

Computational complexity of LP

> Polynomial time in [ (i.e., number of constraints) and m (i.e., ambient dimension)

> What if [ is exponentially large?
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A weaker sufficient condition

Submodularity & submodular polyhedron [15]

F :2Y — R is submodular iff it has the following diminishing returns property:
F(Su{e}) — F(S) > F(T U{e}) — F(T),

VS CT CV,Ve € V\ T. The submodular polyhedron is defined as
P(F):={B€R™|VSCV,BT1s < F(S)}

where 15 is the support indicator vector, i.e., (L1s); =1 if ¢ € S, 0 otherwise.

> We cannot verify submodularity in polynomial time [28].

> Submodular polyhedron is TDI: LP is a “correct” relaxation of ILP.

Total dual integrality (TDI) [17]
A system MpJ < cis called TDI when primal objective is finite and the dual problem

min {a”c: a > O,QTM = BT}
a€ER!
has integer optimum solutions for all rational M and ¢, and for each integer 6.

> A polynomial time (in [ and m) algorithm can verify if M3 < ¢ is TDI [12].
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A weaker sufficient condition

Submodularity & submodular polyhedron [15]

F :2Y — R is submodular iff it has the following diminishing returns property:
F(Su{e}) — F(S) > F(T U{e}) — F(T),

VS CT CV,Ve € V\ T. The submodular polyhedron is defined as
P(F):={B€R™|VSCV,BT1s < F(S)}

where 15 is the support indicator vector, i.e., (L1s); =1 if ¢ € S, 0 otherwise.

> We cannot verify submodularity in polynomial time [28].

> Submodular polyhedron is TDI: LP is a “correct” relaxation of ILP.

Total dual integrality (TDI) [17]
A system MpJ < cis called TDI when primal objective is finite and the dual problem

min {a”c: a > O,QTM = BT}
a€ER!
has integer optimum solutions for all rational M and ¢, and for each integer 6.

> A polynomial time (in [ and m) algorithm can verify if M3 < ¢ is TDI [12].

Structure matters! LP is efficiently solvable on the submodular polyhedra P(F).
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In the rest of the talk...

We can use these concepts in obtaining
> tight convex relaxations
» efficient nonconvex projections

for supervised learning and inverse problems
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In the rest of the talk...

We can use these concepts in obtaining
> tight convex relaxations
» efficient nonconvex projections

for supervised learning and inverse problems

b A x1

Running example: — L.-. ﬁ.m _l_

nxXp

Applications: Machine learning, signal processing, theoretical computer science...
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In the rest of the talk...

We can use these concepts in obtaining
> tight convex relaxations
» efficient nonconvex projections

for supervised learning and inverse problems

b
Running example: E

A difficult estimation challenge when n < p:

Nullspace (null) of A:  x%+6 — b, Vdcnull(A)
> Needle in a haystack: We need additional information on x4!
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Outline

From sparsity to structured sparsity

|
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Three key insights

1. Sparse or compressible x? b A xt W
not sufficient alone -m
— ||
Ty
- |
nXp

2. Recovery

tractable & stable

Typical goals:
3. Projection A 1. Find x* to minimize ||x* — x1||

information preserving 2. Find x* to minimize £ (x* (a), xf (a) + w)

3 |
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Swiss army knife of signal models

HthO = {7 xf #0} =s

Definition (s-sparse vector)

A vector x € R? is s-sparse, i.e., X € X,
if it has at most s non-zero entries.

RP

Sparse representations:
v has sparse transform coefficients x"

> Basis representations ¥ € RPX?
> Wavelets, DCT, ...
> Frame representations ¥ € R™*P,
m > p

> Gabor, curvelets, shearlets, ...

> Other dictionary representations...
P

Stide 9/ 45 MU
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Sparse representations strike back!

b

»beR”, AcR"™P and n < p

3 |
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Sparse representations strike back!

x_ﬂ_

[EEE EEEEE EENEEE

>b€R",AGR"X1’,andn<p
> ‘IIGRPXp,thES,ands<n<p
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Sparse representations strike back!

x_ﬂ_

b A

T WTTTTTETT]

»beR", AcR™?, xl €3, ands<n<p
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Sparse representations strike back!

nx1 sx1

»beR", AcR"™P xi e, ands<n<p

Impact: Support restricted columns of A leads to an overcomplete system.

Siide 10/ 45 MR
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Enter sparsity

A combinatorial approach for estimating x’ from b = Ax% + w

We may consider the estimator with the least number of non-zero entries. That is,

x* € arg min 1 ||x||o : [|b — Ax|, < & P
g min {[lx]o - | I, < n} (Po)

with some x > 0. If k = ||w]|,, then x7 is a feasible solution.

siide 11/ 45 HPA
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Enter sparsity

A combinatorial approach for estimating x” from b = Ax% + w

We may consider the estimator with the least number of non-zero entries. That is,

*e i db— A < P,
x arggﬁ}){\lxllo l x|y < w} (Po)

with some k > 0. If k = ||w]|,, then x! is a feasible solution.

Po has the following characteristics: |||y over the unit £o-ball
> sample complexity: O(s)

Ix[lo

» computational effort: NP-Hard

> stability: No

Slide 11/ 45 HEAER
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Enter sparsity

A combinatorial approach for estimating x” from b = Ax% + w

We may consider the estimator with the least number of non-zero entries. That is,

*e i db— A < P,
x arggﬁ}){\lxllo l x|y < w} (Po)

with some k > 0. If k = ||w]|,, then x! is a feasible solution.

Po has the following characteristics: |||y over the unit £o-ball
> sample complexity: O(s)

Ix[lo

» computational effort: NP-Hard

> stability: No
Tightest convex relaxation:

Ix]|g™ is the biconjugate (Fenchel
conjugate of Fenchel conjugate)

Fenchel conjugate:

r* (y) *= SUPx:dom(f) xTy - f(X)
A technicality: Restrict x! € [—1,1]7.
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Enter sparsity

A combinatorial approach for estimating x” from b = Ax% +w

We may consider the estimator with the least number of non-zero entries. That is,

x* € arg min 1 [|x]|y : [|b — Ax[l, < & P
g min {[lx]o - | I, < r} (Po)
with some x > 0. If k = ||w]|,, then x% is a feasible solution.

‘Po has the following characteristics: Ix||; is the convex envelope of ||x||,
» sample complexity: O(s)
» computational effort: NP-Hard
> stability: No

Tightest convex relaxation:

Ix]|g* is the biconjugate (Fenchel
conjugate of Fenchel conjugate)

(111

Fenchel conjugate:
F*(¥) = sUPsccdom(py X"y — F(%).
A technicality: Restrict x% € [—1,1]7.
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The role of convexity: Tractable & stable recovery
A convex candidate solution for b = Ax% +w

* i b — A < <1l P
x Earg)ﬁlﬁz{ﬂxﬂl [ x|y < [[wllgs [1%[loo < } (SOCP)

Theorem (A model recovery guarantee [27])

Let A € R"XP be a matrix of i.i.d. Gaussian random variables with zero mean and
variances 1/n. For any t > 0 with probability at least 1 — 6 exp (7t2/26), we have

Hx*—th - 2\/2310g(€)+%s
27| Vn— w/2510g(€)+%s—t

Iwlly ==, when [xE[|o < s.

Observations:
> perfect recovery (i.e., ¢ = 0) with n > 2slog(Z) + %s whp when w = 0.
> e-accurate solution in k = O (\/2p +1 log(%)) iterations via IPM!
with each iteration requiring the solution of a structured n x 2p linear system.?

> robust to noise.

IFor a rigorous primal-dual algorithm for this class of problems, see my NIPS 2014 paper [30].
2When w = 0, the IPM complexity (# of iterations X cost per iteration) amounts to O(n2p1‘5 log(%)),
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The role of the matrix A: Preserving information

Proposition (Condition for exact recovery in the noiseless case)

We have successful recovery with x* € argminyegrr {f(x) : b = Ax, [|X[|co < 1},
ie., § :=x* —x% =0, if and only if null(A) N Ds(x") = {0}.

null (A)

Assume that the constraint ||x||cc < 1 is inactive.
Descent cone: Dy (x") := cone ({x (x4 x) < f(xh)}) .
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The role of the matrix A: Preserving information

Proposition (Condition for exact recovery in the noiseless case)

We have successful recovery with x* € arg mingerr {f(x) : b = Ax, ||x||co < 1},
ie, 8 :=x* —xb =0, if and only if null(A) N Dy(x?) = {0}.

null (A)
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The role of the matrix A: Preserving information

P{x* =x"} =P {null(A) N Ds(x*) = {0} }

Definition (Statistical dimension [2])
Let C C RP be a closed convex cone. The statistical dimension of C is defined as

d(C) :=E [[Iprojc(g)/13] -

Theorem (Approximate kinematic formula [2])

Let A € R"XP, n < p, be a matrix of i.i.d. standard Gaussian random variables, and
let C C RP be a closed convex cone. Let n € (0,1), then we have

n>dC)+cy/p = P{mull(A)NC={0}}>1-—mn;
n<dC)—cy+/p = P{onull(A)NC={0}}<n,

where ¢, := +/8log(4/n).

We can compute d(C) s 2slog(2) + %s for C =Dy, (xH) when xt € 2.

3The statistical dimension is closely related to the Gaussian complexity [7], Gaussian width [10], mean width
[32], and Gaussian squared complexity [9].
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Beyond sparsity towards model-based or structured sparsity

> The following signals can look the same from a sparsity perspective!

#' .
§ %

nis

Sparse image Wavelet coefficients Spike train Background substracted
of a natural image image
%% 2)

S sorted index p

" V
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Beyond sparsity towards model-based or structured sparsity

> The following signals can look the same from a sparsity perspective!

| I

Sparse image Wavelet coefficients Spike train Background substracted
of a natural image image

> In reality, these signals have additional structures beyond the simple sparsity

.. af |
| .

Sparse image Wavelet coefficients Spike train Background substracted
of a natural image image

St 15/ 5 MU
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Beyond sparsity towards model-based or structured sparsity

Sparsity model: Union of all s-dimensional
canonical subspaces.

ms

Structured sparsity model: A particular
union of ms s-dimensional canonical
subspaces.

Model-based or structured sparsity

Structured sparsity models are discrete structures describing the interdependency
between the non-zero coefficients of a vector.

3 )
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Three upshots of structured sparsity

Key properties of the statistical dimension [2]
> The statistical dimension is invariant under unitary transformations (rotations).

> Let C1 and C2 be closed convex cones. If C1 C Ca, then d(C1) < d(C2).

1. The smaller the statistical dimension is, the less we need to sample
Example (If Dy, (x%) C Dy, (x") C R, then d(Dy, (x%)) < d(Dy, (x%)). )

f1(x) == max{|z1|, |22|} + |z3]
f2(x) = [Ix[1
xt =[1,-1,0]7

Observations:
1. n1 < ng for x1
2. n1 > ny for 2% = [0,0,1]7

> Reduced sample complexity: phase transition at the statistical dimension

. D
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Three upshots of structured sparsity

Key properties of the statistical dimension [2]

> The statistical dimension is invariant under unitary transformations (rotations).
> Let C1 and C2 be closed convex cones. If C1 C Ca, then d(C1) < d(C2).

2. The smaller the statistical dimension is, the better we can denoise
> Reduced sample complexity: phase transition at the statistical dimension
> Better noise robustness: denoising capabilities depend on the statistical dimension

E |||prox;(x! 4+ ow, o A) — x1||2
max [ / 5 ] < d(XDf(xn))
>0 g

Minimize a bound to the minimax risk via the regularization parameter \ [27]
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Three upshots of structured sparsity

Key properties of the statistical dimension [2]

> The statistical dimension is invariant under unitary transformations (rotations).
> Let C1 and C2 be closed convex cones. If C1 C Ca, then d(C1) < d(C2).

3. The smaller the statistical dimension is, the better we can enforce structure
> Reduced sample complexity: phase transition at the statistical dimension
> Better noise robustness: denoising capabilities depend on the statistical dimension

E |||prox;(x! 4+ ow, o A) — x1||2
max [ / 5 ] < d(XDf(xn))
>0 g

Minimize a bound to the minimax risk via the regularization parameter \ [27]
> Better interpretability: geometry can enhance interpretability

£1-ball: TV-ball: e
Influence the recovered support via customized convex geometry

I
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Outline

Convex relaxations for structured sparse recovery

|
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A simple template for linear inverse problems

Find the “sparsest” x subject to structure and data.

> Sparsity
We can generalize this desideratum to other notions of simplicity

> Structure

We only allow certain sparsity patterns

> Data fidelity
We have many choices of convex constraints & losses to represent data; e.g.,

[b—Ax|l;, <r

I
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A convex proto-problem for structured sparsity

A combinatorial approach for estimating x’ from b = Ax% + w

We may consider the sparsest estimator or its surrogate with a valid sparsity pattern:

* : . p—
x* € arg min {||x]|, : [b— Axlly < s, [x]oc < 1} (Ps)

with some & > 0. If & = ||w]|5, then the structured sparse x! is a feasible solution.

Sparsity and structure together [14]
Given some weights d € R?%, e € R? and an integer input ¢ € Z!, we define

lIx][s :== Hgn{dTw +eTs: M [ﬂ < e, gupp(x) = 8w € {0,1}9}

for all feasible x, co otherwise. The parameter w is useful for latent modeling.

'
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A convex proto-problem for structured sparsity

A combinatorial approach for estimating x’ from b = Ax% + w

We may consider the sparsest estimator or its surrogate with a valid sparsity pattern:

* : . p—
x* € arg min {||x]|, : [b— Axlly < s, [x]oc < 1} (Ps)

with some & > 0. If & = ||w]|5, then the structured sparse x! is a feasible solution.

Sparsity and structure together [14]
Given some weights d € R?%, e € R? and an integer input ¢ € Z!, we define

|x]|s := min{dTw +els: M [‘:} < ¢, Lgypp(x) = 8w € {0, l}d}
w
for all feasible x, co otherwise. The parameter w is useful for latent modeling.

A convex candidate solution for b = Ax" + w

We use the convex estimator based on the tightest convex relaxation of ||x||,:

x* €arg  min || : [|b— Ax|l, < &
xedom<\|~us>{ ’ 2 <}

with some £ > 0, dom(||-||,) := {x: [|x||, < co}.

. V
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Tractability & tightness of biconjugation

Proposition (Hardness of conjugation)

Let F(s) : 2P — RU {+co} be a set function defined on the support s = supp(x).
Conjugate of F over the unit infinity ball | x| <1 is given by

g*(y)= sup |y|Ts— F(s).

s€{0,1}»
Observations:
> F(s) is general set function
Computation: NP-Hard
> F(s) = Ix|ls
Computation: ILP in general. However, if
> MisTU
> (M, c)is TDI

then tight convex relaxations with an LP (“usually” tractable)
Otherwise, relax to LP anyway!

> F(s) is submodular

Computation: Polynomial-time
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Tree sparsity [21, 13, 6, 33]

|

Wavelet coefficients Wavelet tree Valid selection of nodes Invalid selection of nodes

Structure: We seek the sparsest signal with a rooted connected subtree support.

Linear description: A valid support satisfy Sparent > Schilq over tree T

T1 =Ts>0

supp(x) *

where T is the directed edge-node incidence matrix, which is TU.

i )
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Tree sparsity [21, 13, 6, 33]

|

Wavelet coefficients Wavelet tree Valid selection of nodes Invalid selection of nodes

Structure: We seek the sparsest signal with a rooted connected subtree support.

Linear description: A valid support satisfy Sparent > Schilq over tree T

T1 =Ts>0

supp(x) *

where T is the directed edge-node incidence matrix, which is TU.

Biconjugate: ||x||}* = minse[071]p{ILTs : Ts >0, x| < s}

for x € [—1,1]P, oo otherwise.

Siide 22/ 45 MO
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Tree sparsity [21, 13, 6, 33]

6r ={{1,2,3},{2},{3}} valid selection of nodes

Structure: We seek the sparsest signal with a rooted connected subtree support.

Linear description: A valid support satisfy sparent > Schild over tree T

T oupp(x) = Ts >0 ‘

where T is the directed edge-node incidence matrix, which is TU.

- . . *
Biconjugate: ||x||3* = mingepo 1o {17s: Ts >0, |x| < s} = ZQGNH [lzg [ oo

for x € [—1,1]P, oo otherwise.

The set G € G are defined as each node and all its descendants.
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Tree sparsity example: 1:100-compressive sensing [30, 1]

World [1Gpix] Lac Léman World [10Mpix]

sparse

tree-sparse

PNSR = 31.83db PNSR = 32.48db

I
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Tree sparsity example: TV & TU-relax 1:15-compression [30, 1]

Original _ Orial

Regularization:

tv-BP

= min error
tv=TU relax
= min error

o005

ooso-

00871

oossl-

o085
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Group knapsack sparsity [35, 18, 16]

sparse
1

supp ()

Structure: We seek the sparsest signal with group allocation constraints.

Linear description: A valid support obeys budget constraints over &

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in G;.
When B is an interval matrix or ® has a loopless group intersection graph, it is TU.

Remark: We can also budget a lowerbound ¢, < B”'s < ¢,.

3 |
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Group knapsack sparsity [35, 18, 16]

1 1 1 1 0 O 0
0 1 1 11 0 0
BT =
i ‘ o --- 0 0 1 1 --- 1 1 (p—A+l)><p
| \

Structure: We seek the sparsest signal with group allocation constraints.

Linear description: A valid support obeys budget constraints over &

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in Gj.
When B is an interval matrix or ® has a loopless group intersection graph, it is TU.

Remark: We can also budget a lowerbound ¢, < B"s < ey.

Ixlli if x € [<1,1]7, BT|x| < cu,

Biconjugate: ||x||i* = i
o0 otherwise

For the neuronal spike example, we have ¢, = 1.
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Group knapsack sparsity [35, 18, 16]

c o9

(left) [Ix[I5™ < 1 (middle) [[x[|T" < 1.5 (right) [|x[|{" < 2 for ©& = {{1,2},{2,3}}

Structure: We seek the sparsest signal with group allocation constraints.

Linear description: A valid support obeys budget constraints over &

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in G;.
When B is an interval matrix or ® has a /oopless group intersection graph, it is TU.

Remark: We can also budget a lowerbound ¢, < B”'s < ¢,.

x|l if x € [-1,1]7, BT x| < e,

Biconjugate: ||x||3* = -
00 otherwise

For the neuronal spike example, we have ¢, = 1.
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Group knapsack sparsity example: A stylized spike train

> Basis pursuit (BP): ||x]1
> TU-relax (TU):

Ixll1 if x €[-1,1)", BT |x| < ¢, & o4

=I5 = .
9] otherwise 02
0.1 0.2 03 0.4
n/p
Figure: Recovery for n = 0.18p.
od od od
og o og
04 04 0d
07 07 07
1.
T T o T i 0 COa
xH xgp solution sy solution
h_ b
relative errors: m = .200 w = .067

(B [EXIP
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Group knapsack sparsity: A simple variation

sparse

Structure: We seek the signal with the minimal overall group allocation.

i if x € [-1,1]7, BT |x| < w1,
Objective: 1Ts — [[x|lo = 4 PPwezs @ T x € [=1,1] x| <w
otherwise

Linear description: A valid support obeys budget constraints over &

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix or ® has a loopless group intersection graph, it is TU.

iconi maxges ||xgll1 if x € [-1,1]P,
Biconjugate: |x||%* = geo lIxgll [ 1]
0 otherwise

Remark: The regularizer is known as exclusive Lasso [35, 26].
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Group cover sparsity: Minimal group cover [5, 25, 19]

sparse group sparse

Lsupp(x)

roup “support
indicator vector

Structure: We seek the signal covered by a minimal number of groups.
Objective: 17s — dTw
Linear description: At least one group containing a sparse coefficient is selected

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix, or ® has a loopless group intersection graph it is TU.

Slide 28/ 45 I
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Group cover sparsity: Minimal group cover [5, 25, 19]

6 = {{1, 2}, {2,3}}, unit group weights d = 1.

Structure: We seek the signal covered by a minimal number of groups.
Objective: 17s — dTw
Linear description: At least one group containing a sparse coefficient is selected

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix, or ® has a loopless group intersection graph it is TU.

Biconjugate: ||x||5* = minwe[o,l]M{dTw : Bw > |x|} for x € [—1, 1]P, 0o otherwise
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Group cover sparsity: Minimal group cover [5, 25, 19]

6 = {{1, 2}, {2,3}}, unit group weights d = 1.

Structure: We seek the signal covered by a minimal number of groups.
Objective: 17s — dTw
Linear description: At least one group containing a sparse coefficient is selected

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix, or ® has a loopless group intersection graph it is TU.

Biconjugate: ||x||5* = minwe[o,l]M{dTw : Bw > |x|} for x € [—1, 1]P, 0o otherwise
. M M

= miny,err{);_, dillVilloo : x =Y. | vi,Vsupp(vi) C Gi},

3 |
PN i]l A TU view of structured sparsity | Volkan Cevher, volkan.cevher@epfi.ch Slide 28/ 45 I




Group cover sparsity: Minimal group cover [5, 25, 19]

6 = {{1, 2}, {2,3}}, unit group weights d = 1.

Structure: We seek the signal covered by a minimal number of groups.
Objective: 17s — dTw

Linear description: At least one group containing a sparse coefficient is selected

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in G;.
When B is an interval matrix, or ® has a loopless group intersection graph it is TU.

ok

o= minwe[o,l]M{dTw : Bw > |x|} for x € [—1, 1]P, 0o otherwise

* . M M
2 ming,ero {2 dillvilloo s x = M vi, Ysupp(vi) C G,
Remark: Weights d can depend on the sparsity within each groups (not TU) [14].

Biconjugate: |x||
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Budgeted group cover sparsity

sparse group sparse

supp(x)

1

group “support
indicator vector

Structure: We seek the sparsest signal covered by G groups.
Objective: dTw — 1Ts

Linear description: At least one of the G selected groups cover each sparse coefficient.

Bw>s1Tw< @

where B is the biadjacency matrix of ©, i.e., By = 1 iff i-th coefficient is in G;.

When ﬁﬂ is an interval matrix, it is TU.
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Budgeted group cover sparsity

sparse group sparse
Laupp(x)

w

=1}
5 = {1,2,3,4,5} I
Gy = {5,6,7,8}

Gs = {6,8}

aroup “support
indicator veetor

Structure: We seek the sparsest signal covered by G groups.
Objective: dTw — 1Ts

Linear description: At least one of the G selected groups cover each sparse coefficient.

Bw>s1Tw< G

where B is the biadjacency matrix of ©, i.e., By = 1 iff i-th coefficient is in G;.
When [f} is an interval matrix, it is TU.

Biconjugate: ||x||3" = min,¢ (o yym {[1%|l1 : Bw > Ix[,17w < G}

for x € [—1, 1]?, 0o otherwise.
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Budgeted group cover example: Interval overlapping groups

> Basis pursuit (BP): ||x]|1

> Sparse group Lasso (SGLg):

(1=a) Y Vldllxgll + allxgls

ge6
> TU-relax (TU):

Ixllg" = min {llx[ly : Be > [x], 1"
,1]M

01 02 03 04 05

n/p

for x € [—1,1]P, oo otherwise.

Figure: Recovery for n = 0.25p, s = 15, p = 200, G = 5 out of M = 29 groups.

ol o od o o
ol od od ol od
o od od o od
o] of of o] o
1 L1 1 L I LU
Eg mh ™ o NS M D S EJmus e} R T A
x . xpgp solution beGL solution thGLoo solution thU solution
x4 —x x4 —x, [[x% —x Il x4 —x:
relative errors: I hBPHQ — 128 1 hSGLHZ = .181 # = .085 % = .058
1812 <512 <512 1512
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Group intersection sparsity [20, 34, 3]

sparse group sparse

Lsupp(x) w

Structure: We seek the signal intersecting with minimal number of groups.

Objective: 1Ts — dTw

Linear description: All groups containing a sparse coefficient are selected

His <w,Vk eP

1 ifj=kjiegG;

X , which is TU.
0 otherwise

where H(i,j) = {

ICLHEIN A TU view of structured sparsity | Volkan Cevher, volkan.cevher@epfl.ch

Stide 31/ 45 M

|




Group intersection sparsity [20, 34, 3]

6 = {{1,2},{2,3}}, unit group weights d = 1
(left) intersection (right) cover.
Structure: We seek the signal intersecting with minimal number of groups.
Objective: 17s — dTw
Linear description: All groups containing a sparse coefficient are selected

‘ Hps<w,Vke 9P ‘

1 ifj=kjegG;

X , which is TU.
0 otherwise

where H(i,j) = {

Biconjugate: ||x||** = minwe[o’l]M{dTw : Hilx| < w,Vk € P}
for x € [—1,1]?, co otherwise.
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Group intersection sparsity [20, 34, 3]

6 = {{1,2},{2,3}}, unit group weights d = 1
(left) intersection (right) cover.
Structure: We seek the signal intersecting with minimal number of groups.
Objective: 17s — dTw (submodular)
Linear description: All groups containing a sparse coefficient are selected

‘ Hps<w,Vke 9P ‘

1 ifj=kjegG;

X , which is TU.
0 otherwise

where H(i,j) = {

Biconjugate: [[x||5* = mincfo jur{d7w : Hylx| < w,Vk e $}= 3 llag]l
for x € [—1,1]?, co otherwise.
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Group intersection sparsity [20, 34, 3]

6 = {{1, 2,3}, {2}, {3}}, unit group weights d = 1.

Structure: We seek the signal intersecting with minimal number of groups.
Objective: 17s — dTw (submodular)

Linear description: All groups containing a sparse coefficient are selected

‘ His <w,Vk eP ‘

1 ifj=kjeqs

. , which is TU.
0 otherwise

where H(i,j) = {
. . *ok 5 T *

Biconjugate: ||x||5" = min, o u{d” w: Hi|x| <w,Vk € P}= dem l|zg || oo

for x € [—1, 1]?, co otherwise.

Remark: For hierarchical &y, group intersection and tree sparsity models coincide.
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Beyond linear costs: Graph dispersiveness

(left) [|x]|5* = 0 (right) ||x]|2* < 1 for & = {{1,2}, {2,3}} (chain graph)

Structure: We seek a signal dispersive over a given graph G(3,E)
Objective: 17s — Z(i,j)ef sisj (non-linear, supermodular function)

Linearization:

Ix||s = minze{0’1}|g| {Z(i,j)eé' zij t zij > si+ 85— 1}

When edge-node incidence matrix of G(B, E) is TU (e.g., bipartite graphs), it is TU.
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Beyond linear costs: Graph dispersiveness

(left) ||x]|5* = 0 (right) ||x]|;* < 1 for &€ = {{1, 2}, {2, 3}} (chain graph)

Structure: We seek a signal dispersive over a given graph G(%, )
Objective: 175 — Z“J)Eg sisj (non-linear, supermodular function)

Linearization:

Il = min, ¢ yy1814D 2 sy ee 2 25 2 si+ 55— 1}

When edge-node incidence matrix of G(B,E) is TU (e.g., bipartite graphs), it is TU.
Biconjugate: ||x||** = Z(i 7)eg(|$i| + |zj| — 1)4 for x € [—1,1]P, co otherwise.

3 |
(LRIl A TU view of structured sparsity | Volkan Cevher, volkan.cevher@epfl.ch Slide 32/ 45 I




Outline

Enter nonconvexity

i ; i L]
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An important alternative
Problem (Projection)

Define M ¢ = {x: eTs<s,dTw< G M {‘:} <e¢ 5= Lgppx) -

The projection of x onto M, ¢ in £q4-norm is defined as Py pm, o (X) : RP — RP,
Py M, (%) € argmin{||x — ul|f : u € M; ¢}
ueR?

> X = P, (%) is the best model-based approximation of x.
> The interesting cases are ¢ = 1,2.

Observation: Model-based approximation corresponds to an ILP

> NP-Hard in general (weighted max cover formulation [5])
» TU structures play a major role

> Pseudo-polynomial time solutions via dynamic programming

. V
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An important alternative

Problem (Projection)

Define M ¢ = {x: eTs<s,dTw< G M {‘:} <e¢ 5= Lgppx) -

The projection of x onto M, ¢ in £q4-norm is defined as Py pm, o (X) : RP — RP,
Py M, (%) € argmin{||x — ul|f : u € M; ¢}
ueR?

> X = P, (%) is the best model-based approximation of x.

> The interesting cases are ¢ = 1,2.

Observation: Model-based approximation corresponds to an ILP

> NP-Hard in general (weighted max cover formulation [5])

» TU structures play a major role

> Pseudo-polynomial time solutions via dynamic programming
Model-based CS [6, 22]: n = O(log| M, ¢|) with iid Gaussian (dense)

> n = O(s) for tree structure

> iterative projected gradient descent x*+1 ¢ Pa, M, ¢ (xk +AT(b - Ax’*‘))
Model-based sketching [4]: n = o (slog(p/s)) with expanders (sparse)

> n = O(slog(p/s)/loglog(p)) for tree structure (empirical: n = O(s))

> iterative projected median descent x*t1 ¢ 7317M5’G(xk +M(b — AxF))
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Tree sparsity example: Pareto frontier [8, 5]

0 200 400 50 100 150 200 250
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Tree sparsity example: Pareto frontier [8, 5]

9 T

T
—e—Tree model

Approximation Error

0 5 10 15 20 25

Sparsity s

. |
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Tree sparsity example: Pareto frontier [8, 5]

9 T

T
g —6—Tree model
—a T ax

gk 4

Approximation Error

ol L | | |- | L o0
0 5 10 15 20 25

Sparsity s
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Tree sparsity example: Pareto frontier [8, 5]

9 T T

g —6—Tree model
—=& TU-relax
8 —+ HGL (.

Approximation Error

ol L | | |- | L 20
0 5 10 15 20 25

Sparsity s
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Tree sparsity example: Pareto frontier [8, 5]

T
L —o—Tree model
—=a TU-relax
8 —+ HGL (s

Approximation Error

o)t ! | I | | I | !

0 5 10 15 20
Sparsity s

Just kidding, they are the same.
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Tree sparsity example: Pareto frontier [8, 5]

lions@epfl

9 T T
g —6—Tree model
—a TU-relax
8r —+ HGL (. |]
— HGL ¢,
7k 4
. 6 [ )
&
= 5r 1
2
g 4t g
=
3k 4
2l 4
1k 4
ol L 1 | | - L
0 5 10 15 20 25
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Tree sparsity example: Pareto frontier [8, 5]

lions@epfl

9 T T T T T
g —o—Tree model
—a TU-relax
81 —+ HGL £, |1
— HGL 4,
7k 4
. 6 b
5
5]
=
._é ol |
&
<
3k 4
Pis 4
1h 4
ol L 1 | | - L
0 5 10 15 20 25
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Sparsity s

Volkan Cevher, volkan.cevher@epfl.ch

Slide 35/ 45 I

|




CLASH [22]

Combinatorial Selection
+
Least Absolute Shrinkage

CLASH set:

'z
P

Retains the same theoretical guarantees combinatorial origami

Model-CLASH set:

ILP and matroid structured models...
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Outline

Conclusions

|
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Conclusions

Our work: TU modeling framework & convex template & non-convex algorithms
> Many more convex programs (not necessarily norms)
> TU models: tight convexifications, non-submodular examples
> Easy to design and “usually” efficient via an LP
> London calling...
Alternatives:
1. Atomic norms [11, 10]
> Given a set A, use the biconjugation of g(x) = info<i<. t + tya(x), for ¢ > 0
> Reverse engineer the set to obtain structured sparsity7 -

> “Usually” tractable since the norm is reverse engineered
2. Monotone submodular penalties and extensions [3]

> Tight convexification via Lovasz extension

> Reverse engineer the submodular set function (not always possible)
3. £4-regularized combinatorial functions [24]

> Tight convexification (also explains latent group lasso like norms)

> Not always efficiently computable

> Reverse engineered and may loose structure, e.g., group knapsack model
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