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PROLOGUE
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A Stylized Example

Basis Pursuit:

Equivalent formulation:
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a given convex closed set



Formal Problem Formulation
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Recall the basis pursuit:

[Nesterov’2005]

Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005

a convex function



Main Idea of Smoothing
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small enough

unique

exists



Smoothing by Proximity Functions
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strongly convex exists and Lipschitz

Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005

First-order methods



Smoothing by Self-Concordant Barriers 
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strongly convex exists and Lipschitz

self-concordant
barrier

exists and            Lipschitz-like

Smoothing by self-concordant barriers

Smoothing by proximity-functions



Our Contribution

• The framework of barrier smoothing

• A gradient method with performance 
guarantee
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Benefits of Our Contribution

• The framework of barrier smoothing

– Calculating           is easier, compared with 
smoothing by proximity functions.

• A gradient method with performance 
guarantee

– Analytic, optimal adaptive step-size
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WHY IS CALCULATING THE 
GRADIENT EASIER?

The Barrier Smoothing Framework
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Self-Concordant Barriers: Definition
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is a    -self-concordant barrier for the set      if

Y. Nesterov and A. Nemirovskii, Interior-Point Polynomial Algorithm in Convex Programming, 
1994

(self-concordance)

(barrier property)



Self-Concordant Barriers: Examples
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… …



Calculating the Gradient Becomes Easy! 
(1/3)
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is a    -self-concordant barrier for the set      if…



Calculating the Gradient Becomes Easy! 
(2/3)
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smooth



Recall: Smoothing by Proximity Functions
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Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005

Another constrained convex optimization problem!



Calculating the Gradient Becomes Easy! 
(3/3)
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Smoothing by self-concordant barriers

Smoothing by proximity functions



HOW TO GET THE ANALYTIC, 
OPTIMAL ADAPTIVE STEP-SIZE?

A Gradient Method
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Overview of the Algorithm

1. Find               such that

2. Compute

3. Update   
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Recall: Smoothing by Proximity Functions
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Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005

exists and Lipschitz

Analytic, optimal, non-adaptive!



Smoothing by Barrier Functions
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exists and            Lipschitz-like

Analytic, optimal, adaptive!

Q. Tran-Dinh, Sequential convex programming and decomposition approaches for nonlinear 
optimization, 2012

when



Performance Guarantee
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With the optimal analytic adaptive step-size: 



Performance Guarantee
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With the optimal analytic adaptive/nonadaptive step-size: 

Smoothing by self-concordant barriers

Smoothing by proximity functions

Y. Nesterov, Introductory Lectures on Convex Optimization, 2004



NUMERICAL RESULTS
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Examples 1/2: Basis Pursuit
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Original problem:

Equivalent dual formulation:



Examples 1/2: Basis Pursuit
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Smoothing by barrier

Smoothing by proximity functions



Examples 1/2: Basis Pursuit
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Smoothing by proximity functions

Smoothing by barriers



Examples 2/2: Quadratically Constrained 
Quadratic Programming (QCQP)
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Original problem:

Equivalent dual formulation:

singular nonsmooth



Examples 2/2: Quadratically Constrained 
Quadratic Programming (QCQP)

29

Smoothing by barrier

Smoothing by proximity functions



Examples 2/2: Quadratically Constrained 
Quadratic Programming (QCQP)
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Smoothing by proximity functions
with line search

Smoothing by barriers
Smoothing by barriers

Smoothing by proximity functions
with line search



Observation
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Better empirical convergence behavior!

Recall the analytic optimal adaptive step-size



CONCLUSIONS & FUTURE WORK
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Comparison
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Convergence
Behavior

Complexity-per-
iteration

Barrier function Proximity function

Solving a nonlinear 
equation

Solving a constrained
convex minimization
problem

[Nesterov’2005]

Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005



Our Contribution

• The framework of barrier smoothing

• A gradient method with performance 
guarantee
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Benefits of Our Contribution

• The framework of barrier smoothing

– Calculating           is easier, compared with 
smoothing by proximity functions.

• A gradient method with performance 
guarantee

– Analytic, optimal adaptive step-size

– Better empirical convergence behavior
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Future Work

• Accelerated gradient method

• Nonsmooth Composite Minimization
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THANKS FOR YOUR ATTENTION!
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