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PROLOGUE



A Stylized Example

Basis Pursuit:

max {— [ly[l, : @y = v,y € V}
Y Y a given convex closed set

Equivalent formulation:

min { £(0)i= ma {(872,0) = Il } - (v.2) |

rERM




Formal Problem Formulation

min { f(z) = ma

{(Az.y) <y>}+<c,:c>}

(7 a convex function

X
rERM cy

[Nesterov’2005]

Recall the basis pursuit:

min § £(2) i= mae ((7,0) ~ ol } - (v.2) |

yey

Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005
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Main Idea of Smoothing

min{ma:) e { (Az, y) — G(y)—Ah(y)}+<c,:c>}

reR™ y

A smallenough —> min f)\ < (1+¢))min f

yx(z) uniqgue = Vfa(z) = ATyi(z) +c

exists

yi(x) = arg I;leag{@%, y) — G(y) — Ah(y)}



Smoothing by

min { (o) = mase {(Aa.y) = Glu) = 7 ()} + (e o)

reR™ y

Py ) Vfr exissand Vs

IVIr(y) = V(@) < Ly — ]

Z> First-order methods

Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005
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Smoothing by Self-Concordant Barriers

min{fT(x> e { (Az, y) — G(y)—my<y>}+<c,as>}

reR™ y

Py ) Vfr eissand Vf;

Smoothing by

Smoothing by self-concordant barriers

min {fo(-r) — max {(Az,y) - G(y)—aby<y>}+<c,:c>}

TER™ yeint V

If-concordant
by, S€ :> : : o
y oarrier V f existsand V f Lipschitz-like
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Our Contribution

* The framework of barrier smoothing

* A gradient method with performance
guarantee



Benefits of Our Contribution

* The framework of barrier smoothing

— Calculating V f, is easier, compared with
smoothing by proximity functions.

* A gradient method with performance
guarantee

— Analytic, optimal adaptive step-size
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WHY IS CALCULATING THE
GRADIENT EASIER?



Self-Concordant Barriers: Definition

bq is a v-self-concordant barrier for the set ) if
3/2
" (t)] < 2[¢" ()] / —— (self-concordance)

¢(1) < Vol (1]

bo(z) — 0o as x — Of)

(barrier property)

o(t) := bo(x + tv)
Vit € R,z + tv € dom bq

Y. Nesterov and A. Nemirovskii, Interior-Point Polynomial Algorithm in Convex Programming,
1994
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Self-Concordant Barriers: Examples

Q=[lul balr)=—log(x—"¥)—log(u— x)
ba

)
() = —log(x)
=35 bo(X) = —log(det X)

Q:R_|_



Calculating the Gradient Becomes Easy!

(1/3)

bq, is a v-self-concordant barrier for the set () if...

ba(xr) — 00 as x — OS2

min {fau) — max {(Az,y) — G(y) — oby(y)} + (. :c>}

T ERM yey

min {fa(ﬂﬁ) — max {(Az,y) — Gly) — oby(y)} + (c. :c>}

reR” yeint YV
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Calculating the Gradient Becomes Easy!

(2/3)
min {fa(zv) — max {(Az,y) — Gly) — oby(y)} + (c. :c>}

reR” y€int Y

Vi-(z)=A"y:(z) +c

Yo (2) = arg max {(Az,y) — G(y) — oby(y);

yeint Y
<> (G smooth

Yo () 8.t Az = VG(y,(2)) —oVby(y,(x)) =0



Recall: Smoothing by

reR™ y

min { . (0) o= mae {(As,9) = G(0) = 70 (1)) + {er2) |
Vi-(z) = ATy (z) +c
y7(z) := argmax {{Az,y) — G(y) — 7Py (y)}
Another constrained convex optimization problem!

Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005
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Calculating the Gradient Becomes Easy!

(3/3)
min {fam — max {(Az,y) - Gly) — oby(y)} + (e a:>}

rER™ yeint Y
i (@) st Az — VG(y; (1)) — o Vby(ys () =0

Smoothing by self-concordant barriers

Smoothing by proximity functions

min {ﬁ(@ = max {(Az,5) — G(y) ~ 7y ()} + e a:>}

reR™

yr) st (Ax = VG(y (1) = oVby(y (1)), y —ys(x)) <0
Vyey
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HOW TO GET THE ANALYTIC,
OPTIMAL ADAPTIVE STEP-SIZE?



Overview of the Algorithm

min {fa@:) — max {(Az,y) — G(y) — oby(y)} + (e :c>}

rER™ yCint Y

1. Find y*(z") such that
Az" — VG(yi(a®)) — oVby(ys(z*)) = 0

2. Compute V[, (z") = ATy (z") + ¢

3. Update "1 = 2% — oszfa(:ck)
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Recall: Smoothing by

min { £ (2) = mae {(A,3) = Glo) = 70} + ()
VI and V [,

IV5-(0) = V(@) < Ly — 2
Fow) < F(@) + (V2 (@) y — o) + 5 ly — al* = bound(y: 2

41 () = argmin {bound(y:a))
Yy

Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005

20



Smoothing by Barrier Functions

rER™ yeint Y

min {fa(a?) — max {(Az,y) — Gly) — oby ()} + (e :c>}
V f, existsand V f, Lipschitz-like

\/ —V < _
|| Ja(y) fa(CU)H = , ” ” when ¢y Hy ;]UH <0

fo(y) < fola) + (Vfo(x),y — 2) + ows (67 ca lly — 2]|) == bound (y; 2)

wy(x) := —x —In(1 — x)

k+1 k g k : ok
€T =" — V f-(z") = argmin 1 bound(y; x
cfﬁl (C]fi; ?“k;) f( ) g . { (CU )}

Analytic, optimal, adaptive!

Cﬁl = CA(IEk)a CA = CA(zC) = HATVQby(y:(aj))—lAHlﬂ

Q. Tran-Dinh, Sequential convex programming and decomposition approaches for nonlinear
optimization, 2012 21




Performance Guarantee

With the optimal analytic adaptive step-size:

fo = folry) = min {f,(z)}, ca:= sup {ca(z)}

reR™ redom f,

177 2 — o |

fa(xk)_f; < ok
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Performance Guarantee

With the optimal analytic adaptive/ step-size:

fo = folaz) = min {fo(2)}, ca:= sup {ca(z)}

reR™ redom f,

2

K
O

ZCO—LU

k *
fa(x)_fag gk

Smoothing by self-concordant barriers

4e 42

Smoothing by

fr=fr(27) = min {fr(z)}, [Vf(y) = Vfr(2)] < Ly - 2]
2

By g QLH:BO—:C:';
fr(a®) — f7 < "

Y. Nesterov, Introductory Lectures on Convex Optimization, 2004
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NUMERICAL RESULTS



Examples 1/2: Basis Pursuit

Original problem:

— Py =0,y €
max {—|lyll, : Dy = b,y € '}

Y:=[-1/2,1/2]"

Equivalent dual formulation:

min { (o) = mae {(972.9) ~ Iyl } ~ () }

reR™
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Examples 1/2: Basis Pursuit

= min { 1) i= max {(870,0) = I, } - (b,2)
V= [—1/2,1/2]"

m

Smoothing by barrier by (y) = — Z log(y; — £;) + log(u; — y;)]
1=1

. 1 2
Smoothing by py(y) = 9 |yl
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Examples 1/2: Basis Pursuit
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Examples 2/2: Quadratically Constrained
Quadratic Programming (QCQP)

Original problem:

o {(,Qy) + (b,y) : (By,y) <1, ATy +c=0}
Q>0,B>0B=B"

Equivalent dual formulation:

min { @) = max Lot - 3 Qui) b+ (o)}

TER™ yER™:(By,y)<1

@ singular —> f nonsmooth
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Examples 2/2: Quadratically Constrained
Quadratic Programming (QCQP)

i min {10 i= max (o=t - 3 Qun) b+ (o)}

reR™ (By,y)<1

Smoothing by barrier by(y) = —log (1 — (y, By))

1
Smoothing by proximity functions — pyl(y) = 5 (y, By)
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(f(") = /1]

Examples 2/2: Quadratically Constrained
Quadratic Programming (QCQP)
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Observation

Better empirical convergence behavior!

Recall the analytic optimal adaptive step-size

gt = gk — ° V f-(2") = argmin {bound(z)}
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CONCLUSIONS & FUTURE WORK



Comparison

Barrier function

Convergence 1
. O —
Behavior

Complexity-per- | Solving a nonlinear
iteration equation

Y. Nesterov, “Smooth minimization of non-smooth functions,” Math. Program., Ser. A, 2005
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Our Contribution

* The framework of barrier smoothing

* A gradient method with performance
guarantee
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Benefits of Our Contribution

* The framework of barrier smoothing

— Calculating V f, is easier, compared with
smoothing by proximity functions.

* A gradient method with performance
guarantee

— Analytic, optimal adaptive step-size
— Better empirical convergence behavior
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Future Work

* Accelerated gradient method

* Nonsmooth Composite Minimization
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