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The key role of convex optimization in (Big) data sciences

From SP and geophysics to medical and hyperspectral imaging
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The key role of convex optimization in (Big) data sciences

From SP and geophysics to medical and hyperspectral imaging
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sparse signal processing audio-signal processing

Origina! image x* Observed image b

medical imaging

From machine learning and NLP to statistics and bioinformatics

Recommendation systems Topic models

Graphical model selection

From control and power systems to network science

Predictive control, system identification, controller design,...
Google page rank, social networks, transportation networks, power grids, utilities, ...
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Challenges for convex optimization

> High ambient dimension p and “big" data n
> Non-smooth objectives and constraint sets

> Increasingly elaborate observation models
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Challenges for convex optimization

> High ambient dimension p and “big" data n
> Non-smooth objectives and constraint sets

> Increasingly elaborate observation models

This tutorial:

exploiting structures in optimization and stochastic approximation
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Warm up: Convexity

Definition (Convex function)

f:RP - RU {400} =R is said to be convex

e
if, for any x1, x2 € dom(f) and « € [0, 1], il

flaxi + (1 = a)x2) < af(x1) + (1 - a)f(x2). Figure: (Left) Convex (Right) Non-convex
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Warm up: Convexity

Definition (Convex function)

f:RP - RU {400} =R is said to be convex
if, for any x1, x2 € dom(f) and « € [0, 1],

flaxi + (1 — a)x2) < af(x1) + (1 — a)f(x2).

Definition (Convex set)

9 C R? is convex if,
X1, X2 € @ = ax1+(l—a)x2 € Q,Va € [0,1]
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Figure: (Left) Convex (Right) Non-convex
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Warm up: Convexity

Definition (Convex function)

f:RP - RU {400} =R is said to be convex
if, for any x1, x2 € dom(f) and « € [0, 1],

e Fa2)

flaxi + (1 = a)x2) < af(x1) + (1 - a)f(x2). Figure: (Left) Convex (Right) Non-convex

Definition (Convex set)

Q C RP is convex if, o
X1, X2 € @ = ax1+(l—a)x2 € Q,Va € [0,1]

Role/importance of convexity:

> Useful in optimization
> local mini lobal
ocal minima are globa Figure: (Left) Convex (Right) Non-convex
» Convex programs

> relaxations of non-convex problems with
rigorous guarantees cf. Lecture 2 @

> Tractability http://lions.epfl.ch/mathematics_of_data

> often (not always) polynomial time
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Warm up: Norms as convex functions

Definition (Norm)

A function f : R? — R is a norm if, for all vectors x,y € RP, and scalar A € R,

(a) f(x) >0 for all x € R? (nonnegativity)
(b) f(x)=0if and only if x =0 (definitiveness)
(©  FOX) = () (homogeneity)
(d) fOcty) <160 + () (triangle inequality)
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Warm up: Norms as convex functions

Definition (Norm)

A function f : R? — R is a norm if, for all vectors x,y € RP, and scalar A € R,

(a) f(x) >0 for all x € R? (nonnegativity)
(b) f(x)=0if and only if x =0 (definitiveness)
() FOX) = Af(x) (homogeneity)
(d) flx+y) < fx)+F() (triangle inequality)
The g-norms for vectors:
1
L. £-norm (g > 1): xlly = [0 el ] %, and fxfloe = max; |ai].
2. Inner product: xTy = (x,y) = Zle Ty, xTx=|x||3.
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Warm up: Norms as convex functions

Definition (Norm)

A function f : R? — R is a norm if, for all vectors x,y € RP, and scalar A € R,

(a) f(x) >0 for all x € R? (nonnegativity)
(b) f(x)=0if and only if x =0 (definitiveness)
() FOX) = Af(x) (homogeneity)
(d) flx+y) < fx)+F() (triangle inequality)
The g-norms for vectors:
1
L. £-norm (g > 1): xlly = [0 el ] %, and fxfloe = max; |ai].
2. Inner product: xTy = (x,y) = Zle Ty, xTx=|x||3.

The Schatten g-norms for matrices:

1/4q
1. Schatten g-norms: lAlls, == ( le UZ-(A)‘!) ,and ||Alls,, =01(A)
where o;(A) is the i largest singular value of A.

2. Inner product: (A,B) := trace(ATB) = (vec(A),vec(B)), (A, A) = [|A|]2.

cf. Lecture 1 @ http://lions.epfl.ch/mathematics_of_data
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Warm up: (Non-)Smoothness in convex functions

Definition (Subdifferential) f(x)

v € RP is a subgradient of convex function
Q=R atxe€Q if Vy € Q,

f@) 2 )+ (v, y—%)

The subdifferential of f at x, denoted Jf(x) is
the set of all subgradients.
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Warm up: (Non-)Smoothness in convex functions

Definition (Subdifferential) f(x)

v € RP is a subgradient of convex function
Q=R atxe€Q if Vy € Q,

f@) 2 )+ (v, y—%)

The subdifferential of f at x, denoted Jf(x) is
the set of all subgradients. |

)+ vy —x) X

Proposition (Gradient)

If f : Q — R is differentiable and convex, then,

f(x) ={Vi(x)}.
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Warm up: (Non-)Smoothness in convex functions

Definition (Subdifferential) f(x)

v € RP is a subgradient of convex function
Q=R atxe€Q if Vy € Q,

f@) 2 )+ (v, y—%)

The subdifferential of f at x, denoted Jf(x) is
the set of all subgradients. |

P+ vy —x) X

Proposition (Gradient)

If f : Q — R is differentiable and convex, then,

f(x) ={Vi(x)}.

Role of non-smoothness:

y SRV Y X)X

cf. Lecture 1 & 2 @
http://lions.epfl.ch/mathematics_of_data

> Useful in modeling
> sparsity, low-rank, TV...
» Convex optimization
> significantly inefficient vs. smooth
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Towards Big Data: A simple regression model

x : unknown function / hypothesis
a; : input

b; : response / output

w; : perturbations / noise
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Towards Big Data: A simple regression model

x : unknown function / hypothesis
a; : input

b; : response / output

w; : perturbations / noise

b; = x1 (az) + w;

A x1

T <

b
\
.
Linear model: — ||
= A,
-

nxp

bi = Xu (az) + W; = (ai,xh) + w;
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Towards Big Data: A simple regression model

x : unknown function / hypothesis
a; : input

b; : response / output

w; : perturbations / noise

b; = x1 (az) + w;

A x1

T <

b
\
.
Linear model: — ||
= A,
-

nxp

bi = Xu (az) + W; = (ai,xh) + w;

Applications: Compressive sensing, machine learning, theoretical computer science...
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A simple regression model and many practical questions

b; = (a;,x%) + w;

» Estimation: find x* to minimize ||x* — x/||
> Prediction: find x* to minimize Ea w £ (x*(a),xn(a) + w)

» Decision: choose a; for estimation or prediction

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-

xh
a;:
b, :

Wi

unknown function / hypothesis
input

response / output

: perturbations / noise

Convex Optimization for Big Data
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A simple regression model and many practical questions

x : unknown function / hypothesis
L o ) a; : input
bl - <alv X > +w; b; : response / output
w; : perturbations / noise

» Estimation: find x* to minimize ||x* — x/||
> Prediction: find x* to minimize Ea w £ (x*(a),xn(a) + w)

» Decision: choose a; for estimation or prediction

A difficult estimation challenge when n < p:

Nullspace (null) of A: x4+ — b, Vécnull(A)

> Needle in a haystack: We need additional information on x4!

10 / 142
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A simple regression model and many practical questions

x : unknown function / hypothesis
L o ) a; : input
bl - <alv X > +w; b; : response / output
w; : perturbations / noise

» Estimation: find x* to minimize ||x* — x/||
> Prediction: find x* to minimize Ea w £ (x*(a),xn(a) + w)

» Decision: choose a; for estimation or prediction

A difficult estimation challenge when n < p:

Nullspace (null) of A: x4+ — b, Vécnull(A)

> Needle in a haystack: We need additional information on x4!

A difficult computational challenge when n and p are large:

> We need scalable algorithms!

10 / 142
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Swiss army knife of signal models

Definition (s-sparse vector) 8[|, = {7+ af # 0} = s
0’ T o

A vector x € R? is s-sparse, i.e., X € X,
if it has at most s non-zero entries.

RP
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Swiss army knife of signal models

Definition (s-sparse vector) 8[|, = {7+ af # 0} = s
0’ T o

A vector x € R? is s-sparse, i.e., X € X,
if it has at most s non-zero entries.

RP

Sparse representations:

y¥ has sparse transform coefficients x/

> Basis representations ¥ € RP*?
> Wavelets, DCT, ...

> Frame representations ¥ € R™*P,
m > p
> Gabor, curvelets, shearlets, ...

> Other dictionary representations...
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Sparse representations strike back!
b A y"
i — m || ...

>b€R",A€R”Xp,andn<p
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Sparse representations strike back!

b A J 2

”

[HEE EEEEE EECEEE

» beR", A € R"P, and n<p
» W cRPXP, x € RP, and ||x¥|o < s < n
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Sparse representations strike back!

x_ﬂ_

b

(T TTTTTITT]

»beER"”, ACR"™P, and x? €RP, and ||x¥|o <s<n<p
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Sparse representations strike back!

n X1 n sx 1

> beR”, AcR" P, and x! €RP, and ||xi|[p < s<n<p

Impact: Support restricted columns of A leads to an overcomplete system.

Convex Optimization for Big Data 12 / 142
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Enter sparsity

A combinatorial approach for estimating x from b = Ax" + w

We may consider the estimator with the least number of non-zero entries. That is,

X € arg min 1 [|x]|, : [|b — Ax]|, < &k P
g min {]lx] : b — Ax], < (Po)

with some x > 0. If & = ||w]|,, then x% is a feasible solution.

13 / 142
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Enter sparsity

A combinatorial approach for estimating x from b = Ax" + w

We may consider the estimator with the least number of non-zero entries. That is,

€ arg min { ]l : b — Axl, < r} (Po)

with some x > 0. If & = ||w]|,, then x% is a feasible solution.

Po has the following characteristics:

» sample complexity: O(s) x| N 0 ball
X||g over the unit -ba
» computational effort: NP-Hard 0 it

> stability: No

Ixllo
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Enter sparsity

A combinatorial approach for estimating x from b = Ax" + w

We may consider the estimator with the least number of non-zero entries. That is,

€ arg min { ]l : b — Axl, < r} (Po)

with some x > 0. If & = ||w]|,, then x% is a feasible solution.

Po has the following characteristics:

» sample complexity: O(s) x| N 0 ball
X||g over the unit -ba
» computational effort: NP-Hard 0 it

> stability: No

. [I<llo
A convex relaxation:

Ix||5* as the biconjugate (Fenchel
conjugate of Fenchel conjugate) of
|Ix[|o over the unit £oo-ball.

Fenchel conjugate:

F) = s {xTy—se0b.

xedom(f)
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A combinatorial approach for estimating x from b = Ax" + w

We may consider the estimator with the least number of non-zero entries. That is,

€ arg min { ]l : b — Axl, < r} (Po)

with some x > 0. If & = ||w]|,, then x% is a feasible solution.

Po has the following characteristics:
» sample complexity: O(s) .
. Ix||; is the convex envelope of ||x||,
» computational effort: NP-Hard
> stability: No
A convex relaxation:

Ix||5* as the biconjugate (Fenchel
conjugate of Fenchel conjugate) of
|Ix[|o over the unit £oo-ball.

Fenchel conjugate:

F) = s {xTy—se0b.

xedom(f)
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The role of convexity

A convex candidate solution for b = Ax? + w

* i ;b — A < <1¢. CP
x* € arg min {|x|, | %l < Wiy, lIxlloo < 1} (Socp)

Theorem (A model recovery guarantee [53])

Let A € R"XP be a matrix of i.i.d. Gaussian random variables with zero mean and
variances 1/n. For any t > 0 with probability at least 1 — 6 exp (7t2/26), we have

Hx* _th - 24/ 2slog(2) + s

lwlly ==e, when Ixtlo < s.

Observations:
» perfect recovery (i.e., ¢ = 0) with n > 2slog(Z) + %s whp when w = 0.
> e-accurate solution in k = O (\/2p +1 log(%)) iterations via IPM!
using matrix-matrix / matrix-vector operations with matrix sizes n x 2p.2

> robust to noise.

IThere is a subtle yet important caveat here that | am sweeping under the carpet!
2When w = 0, the IPM complexity (# of iterations X cost per iteration) amounts to O(n2p1‘5 log(%)),
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Complexity of basic computational primitives

Definition (floating-point operation)

A floating-point operation (flop) is one addition, subtraction, multiplication, or
division of two floating-point numbers.3

Table: Complexity examples; vectors are in R”. Matrices are in R”*™ or R"*? or RP*P,

Operation [ Complexity [ Remarks
vector addition p flops
vector inner product 2p — 1 flops or = 2p for p large

matrix-vector product

n(2p — 1) flops

or & 2np for p large
2m if A is sparse with m nonzeros

matrix-matrix product

mn(2p — 1) flops

or & 2mnp for p large (naive method)
much less if the matrices are sparsel’2

LU decomposition

2p% + 2p” flops

or & Zp* for p large ]
much less if the matrix is sparse

Cholesky decomposition

%p?’ + 2p? flops

or & %p‘o’ for p large .
much less if the matrix is sparse

Matrix SVD

Cin%p + Cop°® flops

Cy; = 4, Cy = 22 for R-SVD algo.

Matrix determinant

complexity of SVD+p flops

much less for sparse A using Cholesky

Matrix inverse

Cp™©&2 7 flops,

4 < C < 5 using Strassen algorithm

1 Computational complexity depends on the number of nonzeros in the matrices.

2 For multiplying p X p matrices, the best computational complexity result is currently O(p

2.373)'

3In computing, flops, i.e., the plural form of flop, also stands for FLoating-point Operations Per Second, which

measures the rate. We can disambiguate depending on the context.

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh
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A Time-Data conundrum — |

A computational dogma

Running time of a learning algorithm increases with the size of the data.
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A Time-Data conundrum — |

A computational dogma

Running time of a learning algorithm increases with the size of the data.

> Misaligned goals in the statistical and optimization disciplines

Discipline Goal Metric
Optimization | reaching numerical e-accuracy | [|[xF —x*|| < e
Statistics learning e-accurate model Ix* —xF| <e
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A Time-Data conundrum — |

A computational dogma

Running time of a learning algorithm increases with the size of the data.

> Misaligned goals in the statistical and optimization disciplines

Discipline Goal Metric
Optimization | reaching numerical e-accuracy | [|[xF —x*|| < e
Statistics learning e-accurate model Ix* —xF| <e

> Main issue: ¢ and ¢ are NOT the same but should be treated jointly!

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh

Convex nization for Big Data
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A Time-Data conundrum — |l

A stylized formalization of the time-data tradeoff

The goals of optimization and statistical modeling are tightly connected:

x* = < xF—x] 4+ Xt - X
~———~—— ~———

learning quality €: needs “time” t(k) e: needs “data’n

x0: true model in RP
x*: statistical model estimate
xk: numerical solution at iteration k

As the number of data samples n increases,

> ...with a fixed optimization formulation,
x* € argmineesr { %]y 1 b — Axll; < [lwlly, [Ixlloo <1}
> numerical methods take longer time ¢ to reach e-accuracy

> e.g., per-iteration time to solve an n X 2p linear system
> statistical model estimates € become more precise when [|[w||2 = O(+/n)

24/2s10g(L)+5s
- ||[wl|o, with probability 1 — 6exp(—r2/26).

Vn— \/2,510;;(%)4»%5—&

> e =
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A Time-Data conundrum — |l

A stylized formalization of the time-data tradeoff

The goals of optimization and statistical modeling are tightly connected:

¥ —xf < xF—x|] o+ - xE] < E(tk), ),
~———~—— ~——— ~————

learning quality €: needs “time” t(k) e: needs “data’n

x0: true model in RP

x*: statistical model estimate

xk: numerical solution at iteration k

&(t(k),n): actual model precision at time t(k) with n samples

As the number of data samples n increases,

> ...with a fixed optimization formulation,
x* € argmingesr { [x[; ¢ b~ Ax|l, < [lw]l,, [x]lo <1}
> numerical methods take longer time ¢ to reach e-accuracy

> e.g., per-iteration time to solve an n X 2p linear system
> statistical model estimates € become more precise when [|[w||2 = O(+/n)

24/2s10g(L)+5s

Vn— \/2510;;(%)4»%5—&

> e =

||[wl|o, with probability 1 — 6exp(—r2/26).

“Time” effort has significant diminishing returns on ¢ in the underdetermined case*
(cf., [9, 5, 58, 7])

* “Data” effort also exhibits a similar behavior in the overdetermined case when a signal prior is used due to noise!
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Data as a computational resource

A stylized formalization of the time-data tradeoff [7]

The goals of optimization and statistical modeling are tightly connected:

¥ — x| < x*O — x|+ |Ix* = x| < &(tn),
~————
learning quality €: needs “time” £ e: needs “data’n

x!: true model in R?
&(t,n):  actual model precision at time ¢ with n samples

~

Rest of the tutorial:Time t(k) aspects (mostly)
> scalable algorithms
> stochastic approximations E(t’ n)

> communication and synchronization aspects

fc,mnputatiuna] lowerbound

\stalistical lowerbound n
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Smooth unconstrained convex minimization

Problem (Mathematical formulation)

The unconstrained convex minimization problem is defined as:

f* := min f(x)

xERP

> f is a proper, closed and smooth convex function, —oco < f* < 4o0.
> The solution set S* := {x* € dom(f) : f(x*) = f*} is nonempty.
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Example: Maximum likelihood estimation and M-estimators

Problem

Let x% € R? be unknown and b1, ..., bn be ii.d. samples of a random variable B with
p-d.f. pes(b) € P = {px(b) : x ERP}.

Goal: estimate x! from bi1,...,bn.

Optimization formulation (ML estimator)

n
1
Xy := arg min ¢ —— E In [px(b;)] p = arg min f(x)
xERP n xERP

i=1
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Example: Maximum likelihood estimation and M-estimators

Problem

Let x% € R? be unknown and b1, ..., bn be ii.d. samples of a random variable B with
p-d.f. pes(b) € P = {px(b) : x ERP}.

Goal: estimate x! from bi1,...,bn.

Optimization formulation (ML estimator)

n

. . 1 - .

N Z In [px(bi)] p = arg e f(x)
i=1

Theorem (Performance of the ML estimator [36, 65])

The random variable X, satisfies

lim 3 ~Y2 (g —x*) £ Z ~ N(0, 1),

n— oo

where
J = —B [V2In[p(B)]]

-

is the Fisher information matrix associated with one sample.

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh Convex Optimization for Big Data 20 / 142



Example: Maximum likelihood estimation and M-estimators

Problem

Let x% € R? be unknown and b1, ..., bn be ii.d. samples of a random variable B with
p-d.f. pes(b) € P = {px(b) : x ERP}.

Goal: estimate x! from bi1,...,bn.

Optimization formulation (ML estimator)

n

. . 1 - .

N Z In [px(bi)] p = arg e f(x)
i=1

Theorem (Performance of the ML estimator [36, 65])

The random variable X, satisfies

lim 3 ~Y2 (g —x*) £ Z ~ N(0, 1),

n— oo

where
J = —B [V2In[p(B)]]

-

is the Fisher information matrix associated with one sample. Roughly speaking,

H VnJ~1/? (f{ML — xh) Hz ~Tr(I)=p = H)A(ML - thj = O(p/n) |
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Example: Maximum likelihood estimation and M-estimators

Problem

Let x8 € RP be unknown and by, ..., by, be i.i.d. samples of a random variable B with
p.d.f. py(b) € P:= {px(b) : x € RP}.

Goal: estimate XU from by, ..., by.

Optimization formulation (ML estimator)

n
1
XML := arg min ¢ —— E In [px(b5)] p = arg min f(x)
xERP n XERP
i=1

Optimization formulation (}/-estimator)

In general, we can replace the negative log-likelihoods by any appropriate, convex g;'s

1 n
min — E 9i(bi; %) .
TEX N
i=1

f()

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh Convex Optimization for Big Data 21 /142



Approximate vs. exact optimality
Is it possible to solve a convex optimization problem?

"In general, optimization problems are unsolvable"” - Y. Nesterov [46]
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> Even when a closed-form solution exists, numerical accuracy may still be an issue.
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Approximate vs. exact optimality
Is it possible to solve a convex optimization problem?
"In general, optimization problems are unsolvable"” - Y. Nesterov [46]

> Even when a closed-form solution exists, numerical accuracy may still be an issue.

» We must be content with approximately optimal solutions.

Definition

We say that x} is e-optimal in objective value if

fx) —fr<e.
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Is it possible to solve a convex optimization problem?

"In general, optimization problems are unsolvable"” - Y. Nesterov [46]

> Even when a closed-form solution exists, numerical accuracy may still be an issue.

» We must be content with approximately optimal solutions.

Definition
We say that x} is e-optimal in objective value if

fx) —fr<e.

Definition

We say that x} is e-optimal in sequence if, for some norm || - ||,

e —x*[| <e,
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Approximate vs. exact optimality
Is it possible to solve a convex optimization problem?
"In general, optimization problems are unsolvable"” - Y. Nesterov [46]

> Even when a closed-form solution exists, numerical accuracy may still be an issue.

» We must be content with approximately optimal solutions.
Definition
We say that x} is e-optimal in objective value if

fx) —fr<e.

Definition
We say that x} is e-optimal in sequence if, for some norm || - ||,

e —x*[| <e,

> The latter approximation guarantee is considered stronger.
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A gradient method

Lemma (First-order necessary optimality condition)

Let x* be a global minimum of a differentiable convex function f. Then, it holds that

Vf(x*) =0.
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A gradient method

Lemma (First-order necessary optimality condition)

Let x* be a global minimum of a differentiable convex function f. Then, it holds that

Vf(x*) =0.

Fixed-point characterization

Multiply by -1 and add x* to both sides to obtain a fixed point condition,

x* =x* — aVf(x*) forall 0 # a €R
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A gradient method

Lemma (First-order necessary optimality condition)

Let x* be a global minimum of a differentiable convex function f. Then, it holds that

Vf(x*) =0.

Fixed-point characterization

Multiply by -1 and add x* to both sides to obtain a fixed point condition,

x* = x* — aVf(x*) forall0# a €R

Gradient method

Choose a starting point x° and iterate
xFHL = xF _ 0, VF(xF)

where ay, is a step-size to be chosen so that x* converges to x*.
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When does the gradient method converge?

Lemma
Assume that
1. There exists x* € dom(f) such that Vf(x*) = 0.
2. The mapping ¥(x) = x — oV f(x) is contractive for some «: i.e., there exists
v € [0,1) such that

[¥(x) =¥ (2)| <Allx -zl for all x,z € dom(f)

Then, for any starting point x° € dom(f), the gradient method converges to x*.
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When does the gradient method converge?

Lemma
Assume that
1. There exists x* € dom(f) such that Vf(x*) = 0.
2. The mapping ¥(x) = x — oV f(x) is contractive for some «: i.e., there exists
v € [0,1) such that
llb(x) =¥ (2)|| < yllx — 2|l for all x,z € dom(f)

Then, for any starting point x° € dom(f), the gradient method converges to x*.

Proof.
If we start the gradient method at x° € dom(f), then we have
ka+1 _ X*H _ ”xk _ an(xk) _ X*H
= [l (") = () (Vf(x*) =0)
< llx* — x| (contraction)

<M —x

We then have that the sequence {xk} converges globally to x* at a linear rate.
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Short (but important) detour: convergence rates
Definition (Convergence of a sequence)

1 .,2 k

The sequence u', u?, ..., u”, ... converges to u* (denoted lim;,_,, u®f = u*), if

Ve>0,3KeN:k>K=|uf—u|<e
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Short (but important) detour: convergence rates
Definition (Convergence of a sequence)

1 .,2 k

The sequence u', u?, ..., u”, ... converges to u* (denoted lim;,_, ., uf = u*), if

Ve>0,3KeN:k>K=|uf—u|<e
Convergence rates: the “speed" at which a sequence converges
> sublinear: if there exists ¢ > 0 such that

Jlu — w*|| = O(k~*)
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1 .,2 k

The sequence u', u?, ..., u”, ... converges to u* (denoted lim;,_, ., uf = u*), if

Ve>0,3KeN:k>K=|uf—u|<e
Convergence rates: the “speed" at which a sequence converges
> sublinear: if there exists ¢ > 0 such that
u* —u*|| = O(x°)
> linear: if there exists a € (0, 1) such that

[u* —u*|| = O(a®)
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Short (but important) detour: convergence rates
Definition (Convergence of a sequence)

1 .,2 k

The sequence u', u?, ..., u”, ... converges to u* (denoted lim;,_, ., uf = u*), if

Ve>0,3KeN:k>K=|uf—u|<e

Convergence rates: the “speed" at which a sequence converges

> sublinear: if there exists ¢ > 0 such that
u* —u*| = 0%~
> linear: if there exists a € (0, 1) such that

[u* —u*|| = O(a®)
> Q-linear: if there exists a constant r € (0, 1) such that
[t

lim
k—oo [[uf —u*||
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Short (but important) detour: convergence rates
Definition (Convergence of a sequence)

1 .,2 k

The sequence u', u?, ..., u”, ... converges to u* (denoted lim;,_, ., uf = u*), if

Ve>0,3KeN:k>K=|uf—u|<e

Convergence rates: the “speed" at which a sequence converges
> sublinear: if there exists ¢ > 0 such that
u* —u*|| = O(x°)
> linear: if there exists a € (0, 1) such that

[u* —u*|| = O(a®)
> Q-linear: if there exists a constant r € (0, 1) such that

Nl |
lim —— =
k—oo [[uf —u*||

> superlinear: If » = 0, we say that the sequence converges superlinearly.
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Short (but important) detour: convergence rates
Definition (Convergence of a sequence)

1 .,2 k

The sequence u', u?, ..., u”, ... converges to u* (denoted lim;,_, ., uf = u*), if

Ve>0,3KeN:k>K=|uf—u|<e

Convergence rates: the “speed" at which a sequence converges

> sublinear: if there exists ¢ > 0 such that
u* —u*| = 0%~
> linear: if there exists a € (0, 1) such that

[u* —u*|| = O(a®)
> Q-linear: if there exists a constant r € (0, 1) such that
[t

lim
k—oo [[uf —u*||

> superlinear: If » = 0, we say that the sequence converges superlinearly.

> quadratic: if there exists a constant p > 0 such that

)
k—oo |luf — ux||2
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Example: Convergence rates

Examples of sequences that all converge to u* = 0:

> Sublinear: u* = 1/k

> Linear: uf = 0.5%

CONVERGENCE RATES

107 \

10
Iteration (k)
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Example: Convergence rates

Examples of sequences that all converge to u* = 0:
> Sublinear: u* = 1/k
> Linear: u* = 0.5%

> Superlinear: uf = k=
10°

CONVERGENCE RATES 5 CONVERGENCE RATES
10
\ INEAR
) - - - SUPERLINEAR
107 \\» T SR N

10 107 by

10 10° |
10° 107 |

10 100 10 10 20 30
Iteration (k) Iteration (k)

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Qui

Convex

ion for Big Data

26 / 142



Example: Convergence rates

Examples of sequences that all converge to u* = 0:
> Sublinear: u* = 1/k
> Linear: u* = 0.5%

> Superlinear: u

k k*k
k
ime ok — 2
» Quadratic: u® =0.5
Y CONVERGENCE RATES N CONVERGENCE RATES CONVERGENCE RATES
10 10
\ AR
\ UpERLINEAR
107 \ 107 N i -
0 107 X
107 107 \
107" 10 \‘
10 w00 10 10 20 30 0
Iteration (k) Iteration (k)
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Example: Convergence rates
Examples of sequences that all converge to u*

=0
> Sublinear: u* = 1/k

> Linear: uf = 0.5%

> Superlinear: u

k __ k— k
k
P k _ 2
» Quadratic: u® =0.5
Y CONVERGENCE RATES N CONVERGENCE RATES CONVERGENCE RA
10 10
N T
\ T SuveRtiear
107 \ 107 \ . H
107 107 \ 10 v RS
107" 107 N\ 10 ‘l ‘\\
107" 107 “ 107 ‘\ X
10 w00 10 10 20 30 0 2 g 10
Iteration (k) Iteration (k) Iteration (k)
Remark

For unconstrained convex minimization as in (1), we always have f(x*) — f* > 0.
Hence, we do not need to use the absolute value when we show convergence results

based on the objective value, such as f(x*) — f* < O(1/k?), which is sublinear.
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Gradient descent methods

Definition
Gradient descent (GD) Starting from x° € dom(f), update {x*};>¢ as

xFH = xF — 0, VI(xF) = x* + ayp.
Notice that p* := —Vf(x*) is the steepest descent (anti-gradient) search direction.

Key question: how to choose oy, to have descent/contraction?
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Gradient descent methods

Definition
Gradient descent (GD) Starting from x° € dom(f), update {x*};>¢ as

xFH = xF — 0, VI(xF) = x* + ayp.
Notice that p* := —Vf(x*) is the steepest descent (anti-gradient) search direction.

Key question: how to choose oy, to have descent/contraction?

We need structure!

We use F to denote the class of smooth |
convex functions.

(The domain of each function will be apparent

from the context.)

L — Lipschitz gradient

4 — strongly convex Self-concordant
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Gradient descent methods

Definition
Gradient descent (GD) Starting from x° € dom(f), update {x*};>¢ as

P = b — 0 Vi(xF) = xF + appF.
Notice that p* := —Vf(x¥) is the steepest descent (anti-gradient) search direction.

Key question: how to choose oy, to have descent/contraction?

We need structure!

We use F to denote the class of smooth |
convex functions.

(The domain of each function will be apparent

from the context.)

L — Lipschitz gradient

4 — strongly convex Self-concordant

Next few slides: structural assumptions
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L-Lipschitz gradient class of functions

Definition (L-Lipschitz gradient convex functions)

Let f : O — R be differentiable and convex, i.e., f € .7-'1(9). Then, f has a Lipschitz
gradient if there exists L > 0 (the Lipschitz constant) s.t.

Vi) = Vi¥)ll2 < Llx = yll2, Vx,y € Q.

Proposition (L-Lipschitz gradient convex functions)

f € FY(Q) has L-Lipschitz gradient if and only if the following function is convex:

i
h(x) = EIIXIB —fx) vxeQ.
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L-Lipschitz gradient class of functions

Definition (L-Lipschitz gradient convex functions)

Let f : @ — R be differentiable and convex, i.e., f € F1(Q). Then, f has a Lipschitz
gradient if there exists L > 0 (the Lipschitz constant) s.t.

IVf(x) = VIi(y)ll2 < LIx - yll2, Vx,y € Q.
Proposition (L-Lipschitz gradient convex functions)
f € FY(Q) has L-Lipschitz gradient if and only if the following function is convex:

i
h(x) = EIIX\@ —fx) vxeQ.

Definition (Class of 2-nd order Lipschitz functions)

The class of twice continuously differentiable functions f on Q with Lipschitz
continuous Hessian is denoted as .7-'2’2(9) (with 2 — 2 denoting the spectral norm)

IV2f(x) = V2f(¥)ll2—2 < Lix —yll2, Vx,y € Q,

> .Fi’m: functions that are I-times differentiable with m-th order Lipschitz property.
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Example: Logistic regression

Problem (Logistic regression [34])

Given a sample vector a; € RP and a binary class label b; € {—1,+1} (i=1,...,n),
we define the conditional probability of b; given a; as:

P(bilay, x, ) o 1/(1 4 e~ bil6F a4y,

where x € RP is some true weight vector, 1 € R is called the intercept. How to
estimate x! given the sample vectors, the binary labels, and j1?
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Example: Logistic regression

Problem (Logistic regression [34])

Given a sample vector a; € RP and a binary class label b; € {—1,+1} (i=1,...,n),
we define the conditional probability of b; given a; as:

P(bilay, x, ) o 1/(1 4 e~ bil6F a4y,

where x € RP is some true weight vector, 1 € R is called the intercept. How to
estimate x! given the sample vectors, the binary labels, and j1?

Optimization formulation

n
1 T
i g log(1 + exp(—bi(a; x + p)))
=1

f(x)
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Example: Logistic regression

Problem (Logistic regression [34])

Given a sample vector a; € RP and a binary class label b; € {—1,+1} (i=1,...,n),
we define the conditional probability of b; given a; as:

P(bilay, x, ) o 1/(1 4 e~ bil6F a4y,

where x € RP is some true weight vector, 1 € R is called the intercept. How to
estimate x! given the sample vectors, the binary labels, and j1?

Optimization formulation

n
1 T
i g log(1 + exp(—bi(a; x + p)))
=1

f(x)

Structural properties
Let A = [a1,...,a,]T (design matrix), then f € F-'', with L = 1 [|ATA|
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Strong convexity

Definition
A convex function f : @ — R is said to be p-strongly convex if

h(x) = £(x) = £ II3

is convex, where p is called the strong convexity parameter.
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Strong convexity

Definition
A convex function f : @ — R is said to be p-strongly convex if

(% 2
h(x) = £(x) — 5 lIxll2
is convex, where p is called the strong convexity parameter.

> The class of k-differentiable p-strongly functions is denoted as fﬁ(Q).
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Strong convexity

Definition
A convex function f : @ — R is said to be p-strongly convex if
(% 2
h(x) = £(x) — 5 lIxll2
is convex, where p is called the strong convexity parameter.
> The class of k-differentiable p-strongly functions is denoted as fﬁ(Q).

> Non-smooth functions can be u-strongly convex: e.g., f(x) = ||x|[1 + %Hx”%
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Strong convexity

Definition
A convex function f : @ — R is said to be p-strongly convex if
h(x) = £(x) = £ II3
is convex, where p is called the strong convexity parameter.
> The class of k-differentiable p-strongly functions is denoted as fﬁ(Q).

> Non-smooth functions can be u-strongly convex: e.g., f(x) = ||x|[1 + g||x||§

f(z) f(z)

af(er) + (1—a)f(xa) af(er) + (1 - a)f(xs)

. ,
Lot = a)er — 203

2

$.1 /’ T2 x

azy + (1 - a)as
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Example: Least-squares estimation

Problem

Let xB € RP and A € R™ P (full column rank). Goal: estimate x9, given A and
b = Ax" + w,

where w denotes unknown noise.
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Example: Least-squares estimation

Problem

Let xB € RP and A € R™ P (full column rank). Goal: estimate x9, given A and
b = Ax" + w,

where w denotes unknown noise.

Optimization formulation (Least-squares estimator)
" 2
min — ||b — Ax||5 .
x€ERP 2

f(x)
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Example: Least-squares estimation

Problem

Let xB € RP and A € R™ P (full column rank). Goal: estimate x9, given A and
b = Ax" + w,

where w denotes unknown noise.

Optimization formulation (Least-squares estimator)
! 2
min — ||b — Ax||5 .
x€ERP 2
f(x)

Structural properties

» Vf(x) = AT(Ax — b), and V2f(x) = ATA.
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Example: Least-squares estimation
Problem
Let xB € RP and A € R™ P (full column rank). Goal: estimate x9, given A and
b = Ax" + w,
where w denotes unknown noise.
Optimization formulation (Least-squares estimator)
1 2
min — ||b — Ax||5 .
x€ERP 2

f(x)

Structural properties

» Vf(x) = AT(Ax — b), and V2f(x) = ATA.
> ApI = V2f(x) = M1, where Ay > X2 > ... > ), are the eigenvalues of ATA.
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Example: Least-squares estimation

Problem

Let xB € RP and A € R™ P (full column rank). Goal: estimate x9, given A and
b = Ax" + w,

where w denotes unknown noise.

Optimization formulation (Least-squares estimator)
! 2
min — ||b — Ax||5 .
x€ERP 2

f(x)

Structural properties

» Vf(x) = AT(Ax — b), and V2f(x) = ATA.
> ApI = V2f(x) = M1, where Ay > X2 > ... > ), are the eigenvalues of ATA.
> It follows that L = A1 and po = Ap. If Ap > 0, then f € .7:2; otherwise f € .7-—2’1.
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Example: Least-squares estimation

Problem
Let xB € RP and A € R™ P (full column rank). Goal: estimate x9, given A and

b = Ax" + w,
where w denotes unknown noise.

Optimization formulation (Least-squares estimator)
! 2
min — ||b — Ax||5 .
x€ERP 2

f(x)

Structural properties
» Vf(x) = AT(Ax — b), and V2f(x) = ATA.
> ApI = V2f(x) = M1, where Ay > X2 > ... > ), are the eigenvalues of ATA.
> It follows that L = A1 and po = Ap. If Ap > 0, then f € .7:2; otherwise f € .7-—2’1.
> Since rank(ATA) < min{n, p}, if n < p, then X\, = 0.
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Self-concordant functions

Proposition

A continuously differentiable function f : Q — R, Q C RP is both p-strongly and
L-Lipschitz (0 < p < L) convex if and only if

L
VxyeQ Cly—xlI3 <)~ £G) - (VA)y —x) < 7 lly — x[3-
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L-Lipschitz (0 < p < L) convex if and only if

L
VxyeQ Cly—xlI3 <)~ £G) - (VA)y —x) < 7 lly — x[3-

Definition (Self-concordant functions)
A convex function f : R™ — R is said to be self-concordant with parameter M > 0, if
[ ()] < Mg (£)*/2 ,where (t) := f(x + tv),

for all t € R, x € domf and v € R” such that x + tv € domf.
If M = 2, then f is said to be standard self-concordant, i.e., f € Fa.
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Definition (Self-concordant functions)

A convex function f : R™ — R is said to be self-concordant with parameter M > 0, if
[ ()] < Mg (£)*/2 ,where (t) := f(x + tv),

for all t € R, x € domf and v € R” such that x + tv € domf.
If M = 2, then f is said to be standard self-concordant, i.e., f € Fa.

» This structure provides local lower and upper bounds

w(lly = xll,) < f(y) = f(x) = (Vf(x),y = x) Sw(lly = xllx), Vx,y € dom(f),

where the second inequality locally holds for ||y — x|, < 1.
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A continuously differentiable function f : Q — R, Q C RP is both p-strongly and
L-Lipschitz (0 < p < L) convex if and only if

L
VxyeQ Cly—xlI3 <)~ £G) - (VA)y —x) < 7 lly — x[3-

Definition (Self-concordant functions)
A convex function f : R™ — R is said to be self-concordant with parameter M > 0, if
[ ()] < Mg (£)*/2 ,where (t) := f(x + tv),

for all t € R, x € domf and v € R” such that x + tv € domf.
If M = 2, then f is said to be standard self-concordant, i.e., f € Fa.

» This structure provides local lower and upper bounds

w(lly = xll,) < f(y) = f(x) = (Vf(x),y = x) Sw(lly = xllx), Vx,y € dom(f),

where the second inequality locally holds for ||y — x|, < 1.
> w-functions: w(7) =7 — In(1 4+ 7) and wy(7) = —7 — In(1 — 7) for 7 € (0, 1].
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Self-concordant functions

Proposition
A continuously differentiable function f : Q — R, Q C RP is both p-strongly and
L-Lipschitz (0 < p < L) convex if and only if

L
VxyeQ Cly—xlI3 <)~ £G) - (VA)y —x) < 7 lly — x[3-

Definition (Self-concordant functions)

A convex function f : R™ — R is said to be self-concordant with parameter M > 0, if
0" ()] < Mg (52 ,where @(t) = f(x + tv),

for all t € R, x € domf and v € R” such that x + tv € domf.

If M = 2, then f is said to be standard self-concordant, i.e., f € Fa.

» This structure provides local lower and upper bounds

w(lly = xll,) < f(y) = f(x) = (Vf(x),y = x) Sw(lly = xllx), Vx,y € dom(f),

where the second inequality locally holds for ||y — x|, < 1.
> w-functions: w(7) =7 — In(1 4+ 7) and wy(7) = —7 — In(1 — 7) for 7 € (0, 1].
> Local norm: ||yl|x := [yTVQf(x)y] 1/2.
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Example: Poisson imaging

Problem (Poisson imaging [23])

Let x% € RP be an unknown vector and b1, ..., b, be samples of
B; ~ Poisson((a.i,xh))7 fori=1,...,n,

where ay, ...,a, are given. Goal: estimate xb, given ai,...,a, and bi,...,by,.

“http://lions.epfl.ch/scopt
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Example: Poisson imaging

Problem (Poisson imaging [23])

Let x% € RP be an unknown vector and b1, ..., b, be samples of
B; ~ Poisson((ai,xh))7 fori=1,...,n,

where ay, ...,a, are given. Goal: estimate xb, given ai,...,a, and bi,...,by,.

Example: confocal (as many other
photon-limited) images are
Poissonian?

“http://lions.epfl.ch/scopt
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Example: Poisson imaging

Problem (Poisson imaging [23])

Let x" € R? be an unknown vector and by, ..., b, be samples of
B; ~ Poisson((ai,xh))7 fori=1,...,n,
where ay, ...,a, are given. Goal: estimate xb, given ai,...,a, and bi,...,by,.

Optimization formulation

n

R 1

foa. € arg min — % [(ai,x) — biln ((ai,x))]-
i=1

F(x)

Example: confocal (as many other
photon-limited) images are
Poissonian?

“http://lions.epfl.ch/scopt
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Example: Poisson imaging

Problem (Poisson imaging [23])

Let x" € R? be an unknown vector and by, ..., b, be samples of
B; ~ Poisson((ai,xh))7 fori=1,...,n,
where ay, ...,a, are given. Goal: estimate xh, given ai,...,a, and bi,...,by,.

Optimization formulation

n

R 1

foa. € arg min — % [(ai,x) — biln ((ai,x))]-
i=1

)
Structural properties [61]

> f € Fa is self-concordant with domain
O={x:(a;,x)>0,i=1,...,n} and .
self-concordancy parameter Example: confocal (as many other
photon-limited) images are
bi >0, i=1,..., n} Poissonian?

M = 2max {

04
“http://lions.epfl.ch/scopt
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Back to gradient descent methods

Gradient descent (GD) algorithm

L ..,x" .. according to

Starting from x° € dom(f), produce the sequence x
xF = xF — 0, VF(xF) = x* + apF.

Notice that p* := —Vf(xF) is the steepest descent (anti-gradient) direction.
Key question: how do we choose oy, to have descent/contraction?
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Back to gradient descent methods

Gradient descent (GD) algorithm

Starting from x° € dom(f), produce the sequence x!, ..., xF .. according to

xFH1 — xk _ aka(xk) =xF 4+ akpk.

Notice that p* := —Vf(xF) is the steepest descent (anti-gradient) direction.

Key question: how do we choose oy, to have descent/contraction?

Step-size selection
Case 1: If f € F,'' (RP), then:

» We can choose 0 < aj, < % The optimal choice is oy, := %
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> a can be determined by a line-search procedure:
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Back to gradient descent methods

Gradient descent (GD) algorithm

Starting from x° € dom(f), produce the sequence x!, ..., xF .. according to

xFH1 — xk _ aka(xk) =xF 4+ akpk.

Notice that p* := —Vf(xF) is the steepest descent (anti-gradient) direction.
Key question: how do we choose oy, to have descent/contraction?

Step-size selection
Case 1: If f € F,'' (RP), then:
» We can choose 0 < aj, < % The optimal choice is oy, := %

> a can be determined by a line-search procedure:

1. Exact line search: o, := arg minf(xk — an(xk)).
a>0
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Back to gradient descent methods

Gradient descent (GD) algorithm

Starting from x° € dom(f), produce the sequence x!, ..., xF .. according to

xFH1 — xk _ aka(xk) =xF 4+ akpk.

Notice that p* := —Vf(xF) is the steepest descent (anti-gradient) direction.

Key question: how do we choose oy, to have descent/contraction?

Step-size selection
Case 1: If f € F,'' (RP), then:

» We can choose 0 < aj, < % The optimal choice is oy, :=

Sl

> a can be determined by a line-search procedure:
1. Exact line search: o, := arg minf(xk — an(xk)).
a>0
2. Back-tracking line search with Armijo-Goldstein's condition:

F* = avFh) < £ = cal VFENI®, ¢ € (0,1/2].
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Back to gradient descent methods

Gradient descent (GD) algorithm

Starting from x° € dom(f), produce the sequence x!, ..., xF .. according to

xFH1 — xk _ aka(xk) =xF 4+ akpk.

Notice that p* := —Vf(xF) is the steepest descent (anti-gradient) direction.

Key question: how do we choose oy, to have descent/contraction?

Step-size selection
Case 1: If f € F,'' (RP), then:

» We can choose 0 < aj, < % The optimal choice is oy, :=

Sl

> a can be determined by a line-search procedure:
1. Exact line search: o, := arg minf(xk — an(xk)).
a>0
2. Back-tracking line search with Armijo-Goldstein's condition:

F* = avFh) < £ = cal VFENI®, ¢ € (0,1/2].

Case 2: If f € ]-'i‘i(Rp), then:

. 2 g g - L
We can choose 0 < aj < Ton The optimal choice is oy := T

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh

34 / 142



Back to gradient descent methods

Gradient descent (GD) algorithm

Starting from x° € dom(f), produce the sequence x!, ..., x*, ... according to

xFH1 — xk _ aka(xk) =xF 4+ akpk.

Notice that p* := —Vf(xF) is the steepest descent (anti-gradient) direction.

Key question: how do we choose oy, to have descent/contraction?

Step-size selection
Case 1: If f € F,'' (RP), then:

» We can choose 0 < aj, < % The optimal choice is oy, :=

Sl

> a can be determined by a line-search procedure:
1. Exact line search: o, := arg minf(xk — an(xk)).
2. Back-tracking line search wit}fny>A:mijo—GoIdstein's condition:
FG* = aVf(x)) < f(x") = cal| VN2, e € (0,1/2].
Case 2: If f € ]-'i:i(Rp), then:
> We can choose 0 < oy < ﬁQ# The optimal choice is oy := %ﬂ

Case 3: If f € F2(Q), then, a bit more complicated (more later).
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Gradient descent methods: geometrical intuition
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Gradient descent methods: geometrical intuition

Structure in optimization: x* <k

(1) f) 2 f(x) + (V) x = %)
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Gradient descent methods: geometrical intuition

Majorize:
F) < FE) 4 (V) x = 34) + £ x — xH[ o= Qi)

Minimize:
k1

= arg min Q,(x, x¥)
x

: f(x)
= arg n;in X — <x"" - %Vf(x"‘))

1
—xt- LV \_

Structure in optimization: x* k+;1 xk
(1) )= fE) + (VD) x = xF) ;
2 fx Sf(xk)+<Vf(xk)7x—xk>+§Hx—X’“H§

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh Convex Optimization for Big Data

35 / 142



Gradient descent methods: geometrical intuition

Majorize:

1% . L' >L (2)
F0) < FOE) (VL) x = %) + e = %3 = Qu (3, x7) (1)
Minimize:
x"H = argmin Q. (x, x*)
- 1 , I
= argm}in X — (xk - EVf(x”)
=xk - %Vf(xk)
slower

Structure in optimization: x* xk
1) )= f(x") + (V") x - xb) xFH!

(2)  f0) < FE) + (VI x = xF) + %IIX - x"|3
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Gradient descent methods: geometrical intuition

Majorize:
: ) o L ) :
F) < FOE) (VA5 x = %) + Sllx = x5 = Qu(x,x")
Minimize:
xF*1 = arg min Q (x, x*)

b (il
=xF— ZVf(x"') \_/
X

Structure in optimization:
(1) F0) = fx) +(VF(x),x —xF) ;
(2)  fx)< f(xk)+<Vf(xk),x—xk’>+5llx—xk||3

(8)  £0) = Fx) + (V) x = x) + Sl — )3

* k

35 / 142
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Convergence rate of gradient descent

Theorem
fery, a=7T: f(xk)—f(X*)_meo—X*H%
2 Li“ k
€]_—2,1’ == k_ o x <(7) 0 _ . *
f L @ T+n |x* —x*||l2 < A [Ix? — x*||2
k
1 L—p\2
€f2’1, == k_ o x << ) 0 _ *
f L *= 1 [|x® —x*||2 < Itn [|x% — x*||2

L—p _ k-1 . L : A 2
Note that TTn = mrl where K := s the condition number of V<f.
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Convergence rate of gradient descent

Theorem
feFd, a=1: £ = £x) < g 0 = B
2 Li“ k
€]_—2,1’ == k_ o x <(7) 0 _ . *
e T, a= I =l < (752 ) e =l
k
1 L—p\2
€f2’1, _ = k_ o x < ( ) 0 _ *
f L *= 1 [|x® —x*||2 < Itn [|x% — x*||2

L—p _ k-1 . L : A 2
Note that TTn = mrl where K := s the condition number of V<f.

Remarks

> Assumption: Lipschitz gradient. Result: convergence rate in objective values.

> Assumption: Strong convexity. Result: convergence rate in sequence of the

iterates and in objective values.

> Note that the suboptimal step-size choice a@ = % adapts to the strongly convex

case (i.e., it features a linear rate vs. the standard sublinear rate).
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Example: Ridge regression

Optimization formulation

> Let A € R"*? and b € R™ given by b = Ax! + w, where w € R" is some noise.

» A classical estimator of x, known as ridge regression, is

1 P
min f(x) := = ||b — Ax||2 + Z||x||3.
min f(x) i= 2 b~ Ax]l3 + £ lx]3

where p > 0 is a regularization parameter
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» A classical estimator of x, known as ridge regression, is

1 P
min f(x) := = ||b — Ax||2 + Z||x||3.
min f(x) i= 2 b~ Ax]l3 + £ lx]3

where p > 0 is a regularization parameter

Remarks

Dol o
> feFp, with:

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Di ation for Big Data 37 /142



Example: Ridge regression

Optimization formulation

> Let A € R"*? and b € R™ given by b = Ax! + w, where w € R" is some noise.

» A classical estimator of x, known as ridge regression, is

1 P
min f(x) := = ||b — Ax||2 + Z||x||3.
min f(x) i= 2 b~ Ax]l3 + £ lx]3

where p > 0 is a regularization parameter

Remarks
21
> feFp, with:

> L=X(ATA) +p;
> u=XM(ATA) +p;
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Example: Ridge regression

Optimization formulation

> Let A € R"*? and b € R™ given by b = Ax! + w, where w € R" is some noise.

» A classical estimator of x, known as ridge regression, is

1 P
min f(x) := = ||b — Ax||2 + Z||x||3.
min f(x) i= 2 b~ Ax]l3 + £ lx]3

where p > 0 is a regularization parameter

Remarks
21
- f G}—L,u with:
> L=X(ATA) +p;

> u=XM(ATA) +p;
> where A\; < ... < X, are the eigenvalues of ATA.
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Example: Ridge regression

Optimization formulation
> Let A € R"*? and b € R™ given by b = Ax! + w, where w € R" is some noise.
» A classical estimator of x, known as ridge regression, is

1 P
min f(x) := = ||b — Ax||2 + Z||x||3.
min f(x) i= 2 b~ Ax]l3 + £ lx]3

where p > 0 is a regularization parameter

Remarks
21
- f G}—L,u with:
> L=X(ATA) +p;

> u=XM(ATA) +p;
> where A\; < ... < X, are the eigenvalues of ATA.

> The ratio kK = ﬁ decreases as p increases, leading to faster linear convergence.
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Example: Ridge regression

Optimization formulation
> Let A € R"*? and b € R™ given by b = Ax! + w, where w € R" is some noise.
» A classical estimator of x, known as ridge regression, is

1 P
min f(x) := = ||b — Ax||2 + Z||x||3.
min f(x) i= 2 b~ Ax]l3 + £ lx]3

where p > 0 is a regularization parameter

Remarks
21
- f G}—L,u with:
> L=X(ATA) +p;

> u=XM(ATA) +p;
> where A\; < ... < X, are the eigenvalues of ATA.

> The ratio kK = ﬁ decreases as p increases, leading to faster linear convergence.

> Note that if n < p and p = 0, we have p = 0, hence f € ]—'i’l and we can expect
only O(1/k) convergence from the gradient descent method.

ation for Big Data 37 /142
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Example: Ridge regression

Case 1:
n = 500, p = 2000, p = 0

al bound

0 1000 2000 3000 4000 5000
Number of iterations

+ GD

N

f(x) = f* in log-scale
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Example: Ridge regression

Case 1: Case 2:
n = 500, p = 2000,p =0 n =500, p = 2000, p = 0.01X,(ATA)

10
- "heoretical bound 10° = = =Theoretical bound of GD
+ GD Theoretical bound of GD-uL
Ree GD
S X GDyL
10°
107 .
10°!
0 1000 2000 3000 4000 5000 0 250 500 750 1000 1250
Number of iterations Number of iterations
10°
+ GD ° + GD
° x GD
2
g 10
g
<
g
T 10
% 10° X
= Ry
10
10°
10°
0 2 7 0 B) 10 12 0 05 1 15 2 25 3
Time (s) Time (s)
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Theoretical worst-case complexity lower bounds

What is the best achievable rate for a first-order method (i.e., using function and
gradient values, no higher-order information)?
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Theoretical worst-case complexity lower bounds

What is the best achievable rate for a first-order method (i.e., using function and
gradient values, no higher-order information)?

Theorem [46]

It is possible to construct a function f € ]-—zo'l (smooth and with L-Lipschitz
gradient), for which any first-order method satisfies

L
L k0 —x* |2 forall k< (p—1)/2

f(xk) —f(x*) > m
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Theoretical worst-case complexity lower bounds

What is the best achievable rate for a first-order method (i.e., using function and
gradient values, no higher-order information)?

Theorem [46]

It is possible to construct a function f € ]-—zo'l (smooth and with L-Lipschitz
gradient), for which any first-order method satisfies

L
L k0 —x* |2 forall k< (p—1)/2

f(xk) —f(x*) > m

Theorem [46]

It is possible to construct a function in f € .7-'20;;1 (smooth, u-strongly convex, and
with L-Lipschitz gradient), for which any first order method satisfies

||xk _ x*H2 Z (m) k HXO _ x*HZ
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Theoretical worst-case complexity lower bounds

What is the best achievable rate for a first-order method (i.e., using function and
gradient values, no higher-order information)?

Theorem [46]

It is possible to construct a function f € ]-—zo'l (smooth and with L-Lipschitz
gradient), for which any first-order method satisfies

L
L k0 —x* |2 forall k< (p—1)/2

f(xk) —f(x*) > m

Theorem [46]

It is possible to construct a function in f € .7-'20;;1 (smooth, u-strongly convex, and
with L-Lipschitz gradient), for which any first order method satisfies

||Xk _ x*||2 > (m) & “XO — x*HZ

Gradient descent is O(1/k) for ]—';O’] and it is slower for ]—';c;'ll, hence it does not
achieve the lower bounds! '
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Accelerated Gradient Algorithm

Problem

Is it possible to design optimal first-order methods with convergence rates matching
the theoretical lower bounds?
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Accelerated Gradient Algorithm

Problem

Is it possible to design optimal first-order methods with convergence rates matching
the theoretical lower bounds?

Solution [Nesterov's accelerated scheme]

Accelerated Gradient (AG) methods achieve optimal convergence rates at a negligible
increase in the computational cost.
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Accelerated Gradient Algorithm

Problem

Is it possible to design optimal first-order methods with convergence rates matching
the theoretical lower bounds?

Solution [Nesterov's accelerated scheme]

Accelerated Gradient (AG) methods achieve optimal convergence rates at a negligible
increase in the computational cost.

Accelerated Gradient algorithm for

Fpt (AG-L)
1. Set x7 = yV € dom(f) and ¢y := 1.
2. For k=0,1,..., iterate

xkH1 =gk — 1VF(y*)

the1 = (14 (/482 +1)/2

yhtl = kg (t2+11)( xk+1 _ Xk)
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Accelerated Gradient Algorithm

Problem

Is it possible to design optimal first-order methods with convergence rates matching

the theoretical lower bounds?

Solution [Nesterov's accelerated scheme]

Accelerated Gradient (AG) methods achieve optimal convergence rates at a negligible

increase in the computational cost.

Accelerated Gradient algorithm for

Accelerated Gradient algorithm for

it (AG-L) FLl (AG-uL)
;. Set xV =yY € dom(f) and #o := 1. 1. Choose x° = y0 € dom(f)
+Fork=0,1,..., iterate 2. For k=0,1,..., iterate
X =yt 37 1
i = (14 (/42 +1)/2 xZ*i :yZ— sz(yk’“) .
Bl kb1 o (=) (k1 _ ok vl = b oy (xh T — xR
y =x + . (x x") I
where v = L= Vi
VIt i
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the theoretical lower bounds?

Solution [Nesterov's accelerated scheme]

Accelerated Gradient (AG) methods achieve optimal convergence rates at a negligible

increase in the computational cost.

Accelerated Gradient algorithm for

Accelerated Gradient algorithm for

it (AG-L) FLl (AG-uL)
;. Set xV =yY € dom(f) and #o := 1. 1. Choose x° = y0 € dom(f)
+Fork=0,1,..., iterate 2. For k=0,1,..., iterate
X =yt 37 1
i = (14 (/42 +1)/2 xZ*i :yZ— sz(yk’“) .
Bl kb1 o (=) (k1 _ ok vl = b oy (xh T — xR
y =x + . (x x") I
where v = L= Vi
VIt i

NOTE: AG is not monotone, but the cost-per-iteration is essentially the same as GD.
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Global convergence of AG [46]

Theorem (f is convex with Lipschitz gradient)

Iff € ]:i‘l or ]-'it the sequence {x*}1>0 generated by AG-L satisfies

4L

muxo —x*||2, VE > 0.

FeF) —fr <
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Global convergence of AG [46]

Theorem (f is convex with Lipschitz gradient)

Iff € ]:i‘l or ]-'it the sequence {x*}1>0 generated by AG-L satisfies

. 4L .
f(xk) - < m”xo - X ||§, Yk > 0.

AG-L is optimal for ]-",{'1 but NOT for .7-",1;1 with known !

Theorem (f is strongly convex with Lipschitz gradient)
Iff e fé’i, the sequence {x*};>o generated by AGD-puL satisfies

£y - <1 \/%)k X0 —x*[3, vk >0

k

2L 2
IxF —x*|la < 4/ = (1 = \/%) [[x° — x*||2, V& > 0.
17
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Global convergence of AG [46]

Theorem (f is convex with Lipschitz gradient)

Iff € ]:i‘l or ]-'it the sequence {x*}1>0 generated by AG-L satisfies

. 4L .
f(xk) - < m”xo - X ||§, Yk > 0.

AG-L is optimal for ]-",{'1 but NOT for .7-",1;1 with known !

Theorem (f is strongly convex with Lipschitz gradient)
Iff e fé’i, the sequence {x*};>o generated by AGD-puL satisfies

k
Fby = < L<1— \/9 %0 — x*||2, Yk >0
k
Ik — x|z < 4 22 (1_ \/%)2 %0 — x*|l2, Yk > 0.
“

» AG-L's iterates are not guarantee to converge.
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Global convergence of AG [46]
Theorem (f is convex with Lipschitz gradient)
Iff € ]:i‘l or ]-'it the sequence {x*}1>0 generated by AG-L satisfies

. 4L .
f(xk) - < m”xo - X ||§, Yk > 0.

AG-L is optimal for ]-",{'1 but NOT for .7-",1;1 with known !

Theorem (f is strongly convex with Lipschitz gradient)
Iff e fé’i, the sequence {x*};>o generated by AGD-puL satisfies

k
Fby = < L<1— \/9 %0 — x*||2, Yk >0
k
Ik — x|z < 4 22 (1_ \/%)2 %0 — x*|l2, Yk > 0.
“

» AG-L's iterates are not guarantee to converge.
. 1,1
> AG-L does not have a linear convergence rate for ‘FL’H'
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Global convergence of AG [46]

Theorem (f is convex with Lipschitz gradient)

Iff € ]:i‘l or ]-'it the sequence {x*}1>0 generated by AG-L satisfies

. 4L .
f(xk) - < m”xo - X ||§, Yk > 0.

AG-L is optimal for ]-",{'1 but NOT for .7-",1;1 with known !

Theorem (f is strongly convex with Lipschitz gradient)
Iff e fé’i, the sequence {x*};>o generated by AGD-puL satisfies

k
Fby = < L<1— \/9 %0 — x*||2, Yk >0
k
Ik — x|z < 4 22 (1_ \/%)2 %0 — x*|l2, Yk > 0.
“

» AG-L's iterates are not guarantee to converge.
. 1,1
> AG-L does not have a linear convergence rate for ‘FL’H'

> AG-plL does, but needs to know .
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Global convergence of AG [46]

Theorem (f is convex with Lipschitz gradient)

Iff € ]:i‘l or ]-'it the sequence {x*}1>0 generated by AG-L satisfies

. 4L .
f(xk) - < m”xo - X ||§, Yk > 0.

AG-L is optimal for ]-",1"1 but NOT for _7-",1;1 with known !

Theorem (f is strongly convex with Lipschitz gradient)

Iff e }'é:i the sequence {Xk}kzo generated by AGD-pulL satisfies

k
Fby = < L(l— \/9 %0 — x*||2, Yk >0
k
Ik — x|z < 4 22 (1_ \/%)2 %0 — x*[|2, ¥k > 0.
“

» AG-L's iterates are not guarantee to converge.
. 1,1
> AG-L does not have a linear convergence rate for ‘FL’H'

> AG-plL does, but needs to know .

AGD achieves the iteration lowerbound within a constant!
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Example: Ridge regression

Case 1:
n = 500, p = 2000, p =0

Theoretical bound AGD

Eab
AGD
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Number of iterations
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x) — f* in log-scale
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Example: Ridge regression

Case 1:
n = 500, p = 2000, p =0

"heoretical bound AGD

- i
+ GD
AGD

0 1000 4000 5000

2000 3000
Number of iterations

+ GD
AGD

x) — f* in log-scale

6 8
Time (s)

Case 2:
= 500, p = 2000, p = 0.01)\,(ATA)

10
= = =Theoretical bound AGD
—— Theoretical bound AGD-uL
+ ED
x GD-uL
AGD
o Y AGD-L
g 10 TrTTees
<
Iy
I
X100
=
107

0 200 400 600 800 1000 1200 1400
Number of iterations

2
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Enhancements

Two enhancements

1. Line-search for estimating L for both GD and AGD.
2. Restart strategies for AGD.
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Enhancements

Two enhancements

1. Line-search for estimating L for both GD and AGD.
2. Restart strategies for AGD.

When do we need a line-search procedure?
We can use a line-search procedure for both GD and AGD when
» L is known but it is expensive to evaluate;

> The global constant L usually does not capture the local behavior of f or it is
unknown;
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Enhancements

Two enhancements

1. Line-search for estimating L for both GD and AGD.
2. Restart strategies for AGD.

When do we need a line-search procedure?

We can use a line-search procedure for both GD and AGD when
» L is known but it is expensive to evaluate;

> The global constant L usually does not capture the local behavior of f or it is
unknown;

Line-search

At each iteration, we try to find a constant Lj that satisfies:
: Ly
FOMY) < Qu ML yR) = FF) + (VAR), M = yh) + M = v

1 0
Here: Lo > 0 is given (e.g., Lo := CW) for ¢ € (0, 1].

[l =xO][2
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Enhancements

Why do we need a restart strategy?

> AG-pL requires knowledge of p and AG-L does not have optimal convergence for
strongly convex f.
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Enhancements

Why do we need a restart strategy?

> AG-pL requires knowledge of p and AG-L does not have optimal convergence for
strongly convex f.

> AG is non-monotonic (i.e., f(x¥t1) < f(x*) is not always satisfied).
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Enhancements

Why do we need a restart strategy?

> AG-pL requires knowledge of p and AG-L does not have optimal convergence for
strongly convex f.

> AG is non-monotonic (i.e., f(x¥t1) < f(x*) is not always satisfied).

> AG has a periodic behavior, where the momentum depends on the local condition
number k = L/p.
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Enhancements

Why do we need a restart strategy?

> AG-pL requires knowledge of p and AG-L does not have optimal convergence for
strongly convex f.

> AG is non-monotonic (i.e., f(x¥t1) < f(x*) is not always satisfied).

> AG has a periodic behavior, where the momentum depends on the local condition
number k = L/p.

> A restart strategy tries to reset this momentum whenever we observe high
periodic behavior. We often use function values but other strategies are possible.
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Enhancements

Why do we need a restart strategy?

> AG-pL requires knowledge of p and AG-L does not have optimal convergence for
strongly convex f.

> AG is non-monotonic (i.e., f(x¥t1) < f(x*) is not always satisfied).

> AG has a periodic behavior, where the momentum depends on the local condition
number k = L/p.

> A restart strategy tries to reset this momentum whenever we observe high
periodic behavior. We often use function values but other strategies are possible.

Two restart strategies

1. O’Donoghue - Candes’s strategy [51]: There are at least three options: Restart
with fixed number of iterations, restart based on objective values, and restart
based on a gradient condition.
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Enhancements

Why do we need a restart strategy?

> AG-pL requires knowledge of p and AG-L does not have optimal convergence for
strongly convex f.

> AG is non-monotonic (i.e., f(x¥t1) < f(x*) is not always satisfied).

> AG has a periodic behavior, where the momentum depends on the local condition
number k = L/p.

> A restart strategy tries to reset this momentum whenever we observe high
periodic behavior. We often use function values but other strategies are possible.

Two restart strategies

1. O’Donoghue - Candes’s strategy [51]: There are at least three options: Restart
with fixed number of iterations, restart based on objective values, and restart
based on a gradient condition.

2. Giselsson-Boyd’s strategy [27]: Do not require t;, = 1 and do not necessary
require function evaluations.
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Example: Ridge regression

Case 1:
n = 500, p = 2000,p = 0

x) — f* in log-scale

£G
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F(x) = f* in log-scale
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Example: Ridge regression

Case 1: Case 2:
n = 500, p = 2000,p =0 n = 500, p = 2000, p = 0.01\,(ATA)

2 =
] 5
8 g
2 I
o o

= 2

“ BN
| |

z z

= =

0 1000 2000 3000 4000 5000 0 200 400 600 800 1000 1200 1400
Number of iterations Number of iterations

f(x) — f* in log-scale

f(x) = f* in log-scale
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How can we better adapt to the local geometry?

f(x)

Global quadratic upper bound
Qulx,x")

o o x**! = argmin {/’(xk) I, x5 + Hlx - x“’ui}

Vi) = Vil < Ly — =l sz

L is a global worst-case constant
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How can we better adapt to the local geometry?

f(x)

Local quadratic upper bound

Qui(x,x")

£ o x% = argagn { £64) 4+ (975, x - )+ - w3}

V@) = Vil <Lly—=| a2 J0) < J64) + V)T (- x8) + 5 — xV 3

L is a global worst-case constant @ ‘ applies only locally
( ) ")
S
1
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How can we better adapt to the local geometry?

F(x)

") 1
f(x) < /\x"\+T/\x"\/ux—x’w+7 x — x' 7’, !
— -

T1
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Variable metric gradient descent algorithm

Variable metric gradient descent algorithm

1. Choose xV € R? as a starting point and Hy > 0.
2. For k=0,1,---, perform:

dk = —H, 'Vf(x"),
xFt1 =%k 4y db,

where ay; € (0, 1] is a given step size.
3. Update Hj, ;1 > O if necessary.
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Variable metric gradient descent algorithm

Variable metric gradient descent algorithm

1. Choose xV € R? as a starting point and Hy > 0.
2. For k=0,1,---, perform:

dk = —H, 'Vf(x"),
xFt1 =%k 4y db,

where ay; € (0, 1] is a given step size.
3. Update Hj, ;1 > O if necessary.

Common choices of the variable metric Hy,

> Hy = A1 — gradient descent method.

» Hj, := Dy (a positive diagonal matrix) = scaled gradient descent method.
» Hy = V2f(xF) =—> Newton method.

» H), = V2f(x¥) —> quasi-Newton method.
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Newton method

» Fast (local) convergence but expensive per iteration cost

> Useful when warm-started near a solution
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Newton method

» Fast (local) convergence but expensive per iteration cost

> Useful when warm-started near a solution
Local quadratic approximation using the Hessian

> Obtain a local quadratic approximation using the second-order Taylor series
approximation to f(x* + p):

£G4 B) = F6H) + (o, VFGH) + (B, V2 (x)p)
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Newton method

» Fast (local) convergence but expensive per iteration cost

> Useful when warm-started near a solution
Local quadratic approximation using the Hessian

> Obtain a local quadratic approximation using the second-order Taylor series
approximation to f(x* + p):

£G4 B) = F6H) + (o, VFGH) + (B, V2 (x)p)

» The Newton direction is the vector p* that minimizes f(x’C + p); assuming the
Hessian V2f;, to be positive definite, :

VMNPt = —Vih) e pF= (V)T VAR
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Newton method

» Fast (local) convergence but expensive per iteration cost

> Useful when warm-started near a solution
Local quadratic approximation using the Hessian

> Obtain a local quadratic approximation using the second-order Taylor series
approximation to f(x* + p):

£G4 B) = F6H) + (o, VFGH) + (B, V2 (x)p)

» The Newton direction is the vector p* that minimizes f(x’C + p); assuming the
Hessian V2f;, to be positive definite, :

=
Vxhpt = -VI(xr) e pf=—(V(") VD)
> A unit step-size ay, = 1 can be chosen near convergence:

xktl = xb (VQf(xk)>_1 VixF) .
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Newton method

» Fast (local) convergence but expensive per iteration cost

> Useful when warm-started near a solution
Local quadratic approximation using the Hessian

> Obtain a local quadratic approximation using the second-order Taylor series
approximation to f(x* + p):

£G4 B) = F6H) + (o, VFGH) + (B, V2 (x)p)

» The Newton direction is the vector p* that minimizes f(x’C + p); assuming the
Hessian V2f;, to be positive definite, :

=
Vxhpt = -VI(xr) e pf=—(V(") VD)
> A unit step-size ay, = 1 can be chosen near convergence:

xktl = xb (V2f(xk)>_1 VixF) .

Remark

> For f € ]—'i‘l but f ¢ ]-'i; the Hessian may not always be positive definite.
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Quasi-Newton methods

Quasi-Newton methods use an approximate Hessian oracle and can be more scalable.
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Quasi-Newton methods

Quasi-Newton methods use an approximate Hessian oracle and can be more scalable.
> Useful for f(x) := ZZ;lf,(x) with n. > p.
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Quasi-Newton methods

Quasi-Newton methods use an approximate Hessian oracle and can be more scalable.
> Useful for f(x) := Z::lﬁ(x) with n. > p.

Main ingredients
Quasi-Newton direction:
p" = —H, 'Vf(x*) = —B,V/(x").
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Quasi-Newton methods

Quasi-Newton methods use an approximate Hessian oracle and can be more scalable.
> Useful for f(x) := Z::lﬁ(x) with n. > p.

Main ingredients
Quasi-Newton direction:
p" = —H, 'Vf(x*) = —B,V/(x").

> Matrix Hy, or its inverse By, undergoes low-rank updates:

> Rank 1 or 2 updates: famous Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm.
> Limited memory BFGS (L-BFGS).
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Quasi-Newton methods

Quasi-Newton methods use an approximate Hessian oracle and can be more scalable.
> Useful for f(x) := Z::lﬁ(x) with n. > p.

Main ingredients
Quasi-Newton direction:
p" = —H, 'Vf(x*) = —B,V/(x").

> Matrix Hy, or its inverse By, undergoes low-rank updates:

> Rank 1 or 2 updates: famous Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm.
> Limited memory BFGS (L-BFGS).

> Line-search: The step-size oy is chosen to satisfy the Wolfe conditions:

F(x* 4+ app®) < f(xF) + crap(VF(F), p*) (sufficient decrease)
(VF(xF + agp”), pF) > c2(VF(x*), p¥) (curvature condition)

with 0 < ¢1 < ¢2 < 1. For quasi-Newton methods, we usually use ¢; = 0.1.
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Quasi-Newton methods

Quasi-Newton methods use an approximate Hessian oracle and can be more scalable.
> Useful for f(x) := Z::lﬁ(x) with n. > p.

Main ingredients
Quasi-Newton direction:
p’ = —H;'Vf(x) = By Vf(x").

> Matrix Hy, or its inverse By, undergoes low-rank updates:

> Rank 1 or 2 updates: famous Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm.
> Limited memory BFGS (L-BFGS).

> Line-search: The step-size oy is chosen to satisfy the Wolfe conditions:
F(x* 4+ app®) < f(xF) + crap(VF(F), p*) (sufficient decrease)
(VI(xF + axph), pF) > e2(VF(x"), p) (curvature condition)

with 0 < ¢1 < ¢2 < 1. For quasi-Newton methods, we usually use ¢; = 0.1.

» Convergence is guaranteed under the Dennis & Moré condition [17].
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Quasi-Newton methods

Quasi-Newton methods use an approximate Hessian oracle and can be more scalable.
> Useful for f(x) := Z::lﬁ(x) with n. > p.

Main ingredients
Quasi-Newton direction:
p’ = —H;'Vf(x) = By Vf(x").

> Matrix Hy, or its inverse By, undergoes low-rank updates:

> Rank 1 or 2 updates: famous Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm.
> Limited memory BFGS (L-BFGS).

> Line-search: The step-size oy is chosen to satisfy the Wolfe conditions:
F(x* 4+ app®) < f(xF) + crap(VF(F), p*) (sufficient decrease)
(VFxF + app®), p*) > c2(VF(xF), p¥) (curvature condition)
with 0 < ¢1 < ¢2 < 1. For quasi-Newton methods, we usually use ¢; = 0.1.

» Convergence is guaranteed under the Dennis & Moré condition [17].

> For more details on quasi-Newton methods, see Nocedal&Wright's book [50].

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh i i 51 / 142



Example: Logistic regression

Problem (Logistic regression)
Given A € {0,1}"%P and b € {—1,+1}", solve:

= I)I(l,lél f(x) = % Zlog (1 + exp (—bj(aij + B)))
j=1

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh Convex Optimization for Big Data 52 / 142


http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html

Example: Logistic regression

Problem (Logistic regression)
Given A € {0,1}"%P and b € {—1,+1}", solve:

= 1)1(1,1; f(x) = % Zlog (1 + exp (—bj(aij + B)))
j=1

Real data

> Real data: wba with n = 9888 data points, p = 300 features

> Available at
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html.
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Example: Logistic regression - numerical results

+ Pure Newton |
2 X Quasi-Newton with BFGS

10 O Quasi-Newton with L-BFGS
Accelerated gradient method
Line Search AGD with adaptive restart

10° 10 10° 10° 10

Number of iterations
Parameters

» For BFGS, L-BFGS and Newton's method: maximum number of iterations 200,
tolerance 1076, L-BFGS memory m = 50.

> For accelerated gradient method: maximum number of iterations 20000,
tolerance 10~6.

> Ground truth: Get a high accuracy approximation of x* and f* by applying
Newton's method for 200 iterations.
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Example: Logistic regression - numerical results

+ Pure Newton + Pure Newton
o X Quasi-Newton with BFGS 10? X Quasi- \(‘thn with BFGS
1 O Quasi-Newton with L-BFGS O Quasi-Newton with L-BFGS
° Accelerated gradient method ° Accelerated gradient method
E Line Search AGD with adaptive restart T’f Line Search AGD with adaptive restart
% 4 1
&0 10° B
“ “
= =
L .
| |
% )
=10 =
1076 el Y -2 -1 0 1 2
10° 10’ 10° 10° 10° 10 10 10 10 10
Number of iterations Time (s)
Parameters

» For BFGS, L-BFGS and Newton's method: maximum number of iterations 200,
tolerance 1076, L-BFGS memory m = 50.

> For accelerated gradient method: maximum number of iterations 20000,
tolerance 10~6.

> Ground truth: Get a high accuracy approximation of x* and f* by applying
Newton's method for 200 iterations.
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Performance of optimization algorithms

Time-to-reach € accuracy
time-to-reach € = number of iterations to reach ¢ X time-per-iteration

The speed of numerical solutions depends on two factors:

» Convergence rate determines the number of iterations needed to obtain an
e-optimal solution.

v

Per-iteration time depends on the information oracles, implementation, and the
computational platform.
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Performance of optimization algorithms

Time-to-reach € accuracy
time-to-reach € = number of iterations to reach ¢ X time-per-iteration

The speed of numerical solutions depends on two factors:

» Convergence rate determines the number of iterations needed to obtain an
e-optimal solution.

v

Per-iteration time depends on the information oracles, implementation, and the
computational platform.

In general, convergence rate and per-iteration time are inversely proportional.
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Performance of optimization algorithms

Time-to-reach € accuracy
time-to-reach € = number of iterations to reach ¢ X time-per-iteration

The speed of numerical solutions depends on two factors:

» Convergence rate determines the number of iterations needed to obtain an
e-optimal solution.

v

Per-iteration time depends on the information oracles, implementation, and the
computational platform.

In general, convergence rate and per-iteration time are inversely proportional.
Finding the fastest algorithm is tricky! A non-exhaustive illustration:

Assumptions on f Algorithm Convergence rate Iteration complexity
Gradient descent Sublinear (1/k) One gradient
Lipschitz-gradient Accelerated GD Sublinear (1/k2) One gradient
fe ]:z’l(]iip) Quasi-Newton Superlinear One gradient, rank-2 update
Newton method Sublinear (1/k), Quadratic One gradient, one linear system
Gradient descent Linear (e~ F) One gradient
Strongly convex, smooth Accelerated GD Linear (e_l'7) One gradient
S ]:z"lt(Rp) Quasi-Newton Superlinear One gradient, rank-2 update
Newton method Linear (e_k), Quadratic One gradient, one linear system
Gradient descent Sublinear (1/k) One gradient
Self-concordant, smooth Quasi-Newton Superlinear One gradient, rank-2 update
Newton method Sublinear (1/k), Quadratic One gradient, one linear system

Volkan Cevher, Mario Figueiredo, Mark Schmidt, a Convex on for Big Data 54 / 142



Performance of optimization algorithms

A non-exhaustive comparison:

Assumptions on f Algorithm Convergence rate

Iteration complexity

Sublinear (1/k)
Sublinear (1/k%)
Superlinear
Sublinear (1/k), Quadratic

Gradient descent
Accelerated GD
Quasi-Newton
Newton method

Lipschitz-gradient
feFyt®n)

One gradient
One gradient
One gradient, rank-2 update
One gradient, one linear system

Linear (e~ %)
Linear (e~ %)
Superlinear

Linear (e k), Quadratic

Gradient descent
Accelerated GD
Quasi-Newton

Strongly convex, smooth
¢ 2,1
1 (mp
feFy®)
Newton method

One gradient
One gradient
One gradient, rank-2 update

One gradient, one linear system

Sublinear (1/k)
Superlinear
Sublinear (1/k), Quadratic

Gradient descent
Quasi-Newton
Newton method

Self-concordant, smooth

One gradient
One gradient, rank-2 update
One gradient, one linear system

Accelerated gradient descent:

= yh vy

B+1 E+1 E+1 k
yP = <M o (T — xR,

for some proper choice of a and 1.

igueiredo, Mark Schmi
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Performance of optimization algorithms

A non-exhaustive comparison:

Assumptions on f

Algorithm

Convergence rate

Iteration complexity

Lipschitz-gradient
feFyt®n)

Gradient descent
Accelerated GD
Quasi-Newton

Newton method

Sublinear (1/k)
Sublinear (1/k2)
Superlinear
Sublinear (1/k), Quadratic

One gradient

One gradient
One gradient, rank-2 update
One gradient, one linear system

Strongly convex, smooth
2,1 pp
FeFpLE)

Gradient descent
Accelerated GD
Quasi-Newton

Newton method

Linear (efk)
Linear (e %)
Superlinear

Linear (e_k), Quadratic

One gradient
One gradient
One gradient, rank-2 update

One gradient, one linear system

Self-concordant, smooth

Gradient descent
Quasi-Newton
Newton method

Sublinear (1/k)
Superlinear
Sublinear (1/k), Quadratic

One gradient
One gradient, rank-2 update
One gradient, one linear system

Main computations of the Quasi-Newton method

pf = -B, 'Vf(x"),

where B;l is updated at each iteration by adding a rank-2 matrix.
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Performance of optimization algorithms

A non-exhaustive comparison:

Assumptions on [

Algorithm

Convergence rate

Iteration complexity

Lipschitz-gradient
feFier)

Gradient descent
Accelerated GD
Quasi-Newton

Newton method

Sublinear (1/k)
Sublinear (1/k%)
Superlinear
Sublinear (1/k), Quadratic

One gradient
One gradient
One gradient, rank-2 update
One gradient, one linear system

Strongly convex, smooth

2,1 op
JeFDLER)

Gradient descent
Accelerated GD
Quasi-Newton

Newton method

Linear (e~ %)
Linear (e~ %)
Superlinear
Linear (efk), Quadratic

One gradient
One gradient
One gradient, rank-2 update

One gradient, one linear system

Self-concordant, smooth

Gradient descent
Quasi-Newton
Newton method

Sublinear (1/k)
Superlinear
Sublinear (1/k), Quadratic

One gradient
One gradient, rank-2 update
One gradient, one linear system

The main computational bottleneck of the Newton method is the following

V2f(xF)pk = —Vf(xF).

We can use conjugate gradient algorithms to efficiently solve this linear system.

Volkan Cevher, Ma
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Composite convex minimization

Problem (Unconstrained composite convex minimization)

F* = min {F(x) == f(x) + g(x)}
xXERP
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Composite convex minimization

Problem (Unconstrained composite convex minimization)

F* =

min {F(x) := f(x) + g(x)}
xERP

> f and g are both proper, closed, and convex.
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Composite convex minimization

Problem (Unconstrained composite convex minimization)

F* = min {F(x) == f(x) + g(x)}
xXERP

> f and g are both proper, closed, and convex.
> dom(F) := dom(f) N dom(g) # 0 and —oo < F* < +o0.
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Composite convex minimization
Problem (Unconstrained composite convex minimization)

F* = min {F(x) == f(x) + g(x)}
xXERP

> f and g are both proper, closed, and convex.
> dom(F) := dom(f) N dom(g) # 0 and —oo < F* < +o0.
> The solution set S* := {x* € dom(F) : F(x*) = F*} is nonempty.
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Composite convex minimization
Problem (Unconstrained composite convex minimization)

F* = min {F(x) == f(x) + g(x)}
xXERP

> f and g are both proper, closed, and convex.

> dom(F) := dom(f) N dom(g) # 0 and —oo < F* < +o0.

> The solution set S* := {x* € dom(F) : F(x*) = F*} is nonempty.
Two remarks

> Nonsmoothness: At least one of the two functions f and g is nonsmooth
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Composite convex minimization

Problem (Unconstrained composite convex minimization)

F* = min {F(x) == f(x) + g(x)}
xXERP

> f and g are both proper, closed, and convex.

> dom(F) := dom(f) N dom(g) # 0 and —oo < F* < +o0.
> The solution set S* := {x* € dom(F) : F(x*) = F*} is nonempty.

Two remarks

> Nonsmoothness: At least one of the two functions f and g is nonsmooth
> General nonsmooth convex optimization methods (e.g., classical subgradient methods,
level, or bundle methods) lack efficiency and numerical robustness.
> Require O (e~ 2) iterations to reach a point x} such that F(x%) — F* < e. Hence, to reach
x4 o1 such that F(x( ;) — F* < 0.01, we need 0O(10%) iterations.
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Composite convex minimization

Problem (Unconstrained composite convex minimization)

F* = min {F(x) == f(x) + g(x)}
xXERP

> f and g are both proper, closed, and convex.
> dom(F) := dom(f) N dom(g) # 0 and —oo < F* < +o0.
> The solution set S* := {x* € dom(F) : F(x*) = F*} is nonempty.

Two remarks

> Nonsmoothness: At least one of the two functions f and g is nonsmooth
> General nonsmooth convex optimization methods (e.g., classical subgradient methods,
level, or bundle methods) lack efficiency and numerical robustness.
> Require O (e~ 2) iterations to reach a point x} such that F(x%) — F* < e. Hence, to reach
x4 o1 such that F(x( ;) — F* < 0.01, we need 0O(10%) iterations.

> Generality: it covers a wider range of problems than smooth unconstrained
problems. E.g. when handling regularized M-estimation,

> fis a loss function, a data fidelity, or negative log-likelihood function.
> g is a regularizer, encouraging structure and/or constraints in the solution.
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Example 1: Sparse regression in generalized linear models (GLMs)
Problem (Sparse regression in GLM)

b A x! w
Our goal is to estimate xb € R given {b;}"_, and _ = oy
{ai};_;, knowing that the likelihood function at y; =

given a; and x9 is given by L(bg; (a;,x")), and that
x is sparse.
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Example 1: Sparse regression in generalized linear models (GLMs)

Problem (Sparse regression in GLM)

b A x! w
Our goal is to estimate xb € R given {b;}"_, and _ = oy
{ai};_;, knowing that the likelihood function at y; =
given a; and x9 is given by L(bg; (a;,x")), and that

x is sparse.

Optimization formulation

n
min £ =3 log 28 a5, ) + pulxl, }
=1

g(x)

F(x)

where p, > 0 is a parameter which controls the strength of sparsity regularization.
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Example 1: Sparse regression in generalized linear models (GLMs)

Problem (Sparse regression in GLM)

b A x! w
Our goal is to estimate xb € R given {b;}"_, and _ e g "
{ai};_;, knowing that the likelihood function at y; =
given a; and x9 is given by L(bg; (a;,x")), and that

x is sparse.

Optimization formulation

n
min £ =3 log 28 a5, ) + pulxl, }
=1

g(x)

F(x)

where p, > 0 is a parameter which controls the strength of sparsity regularization.

Theorem (cf. [38, 39, 43] for details)

Under some technical conditions, there exists {p;};=, such that with high probability,

||x* —thz =0 (Sloﬂ) , suppx* = suppx”.
" Reca/IML:HxML—thz = O (p/n).

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh ation for Big Data 59 / 142



Example 2: Image processing
Problem (Imaging denoising/deblurring)
Our goal is to obtain a clean image x given “dirty” observations b € R"*! via

b = A(x) + w, where A is a linear operator, which, e.g., captures camera blur as well
as image subsampling, and w models perturbations, such as Gaussian or Poisson noise.

Optimization formulation

Gaussian : min { (1/2)|]A(x) — bl|2 + p||x[|Tv }
~ O

xXERNXP
f(x) 9(x)

n
1
Poisson : min { — E [(ai, x) — b; In ((as, x))] + p||Ix||Tv }
n ———
i=1

xERNXP
9(x)
f()
where p > 0 is a regularization parameter and || - || v is the total variation (TV) norm:
Ixlloy = {Zi,j %4541 — Xq,5] + |Xi41,7 — X4 Tcmisotr.opic case,
Zi,]’ \/|xi,j+1 — xi,j|? + |[xi41,j — X4,/ isotropic case
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Proximal-gradient method: A quadratic majorization perspective

Definition (Moreau proximal operator [40, 57])
Let g € F(RP). The proximal operator (or prox-operator) of g is defined as:

. 1 2
TroX ,(X) = arg min o~ — X .
prox,(x) g min {g(y) . 2Hy ||2}
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Proximal-gradient method: A quadratic majorization perspective

Definition (Moreau proximal operator [40, 57])
Let g € F(RP). The proximal operator (or prox-operator) of g is defined as:

. 1 2
TroX ,(X) = arg min o~ — X .
prox,(x) g min {g(y) . 2Hy ||2}

Quadratic upper bound for f
For f € fi’l(Rp), we have, Vx,y € R?

F69 ) + VIG) TG =) + Zlix = 31 = Qu(xy)
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Proximal-gradient method: A quadratic majorization perspective

Definition (Moreau proximal operator [40, 57])
Let g € F(RP). The proximal operator (or prox-operator) of g is defined as:

. 1 2
TroX ,(X) = arg min o~ — X .
prox,(x) g min {g(y) . 2Hy ||2}

Quadratic upper bound for f
For f € fi’l(Rp), we have, Vx,y € R?

F69 ) + VIG) TG =) + Zlix = 31 = Qu(xy)

Quadratic majorizer for f + g [24]
Of course, Vx,y € R?,

fx) < Quxy) = [f(x)+9(x) < Qulxy)+9(x) = Pr(xy)
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Proximal-gradient method: A quadratic majorization perspective

Definition (Moreau proximal operator [40, 57])
Let g € F(RP). The proximal operator (or prox-operator) of g is defined as:

. 1 2
TroX ,(X) = arg min o~ — X .
prox,(x) g min {g(y) . 2Hy ||2}

Quadratic upper bound for f
For f € fi’l(Rp), we have, Vx,y € R?

F69 ) + VIG) TG =) + Zlix = 31 = Qu(xy)

Quadratic majorizer for f + g [24]
Of course, Vx,y € R?,

fx) < Quxy) = [f(x)+9(x) < Qulxy)+9(x) = Pr(xy)

Proximal-gradient from the majorize-minimize perspective [24]

k+1

X = argmin Py, (x,x")
X
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Proximal-gradient method: A quadratic majorization perspective

Definition (Moreau proximal operator [40, 57])
Let g € F(RP). The proximal operator (or prox-operator) of g is defined as:

. 1 2
TroX ,(X) = arg min o~ — X .
prox,(x) g min {g(y) . 2Hy ||2}

Quadratic upper bound for f
For f € fi’l(Rp), we have, Vx,y € R?

F69 ) + VIG) TG =) + Zlix = 31 = Qu(xy)

Quadratic majorizer for f + g [24]
Of course, Vx,y € R?,

fx) < Quxy) = [f(x)+9(x) < Qulxy)+9(x) = Pr(xy)

Proximal-gradient from the majorize-minimize perspective [24]

k+1

X = arg min Py (x,x*) = prox,,(x — Vi(x)/L)
X
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Geometric illustration

F(X)“
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Proximal-gradient algorithm

Basic proximal-gradient scheme (ISTA) [13, 25]
1. Choose xU € dom(F) arbitrarily as a starting point.
2. For k=0,1,---, generate a sequence {Xk}kzo as:

xFtH1l .= Proxg (xk - och(xk)) ,

1
where o : = -
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Proximal-gradient algorithm

Basic proximal-gradient scheme (ISTA) [13, 25]
1. Choose xU € dom(F) arbitrarily as a starting point.
2. For k=0,1,---, generate a sequence {Xk}kzo as:

xFtH1l .= Proxg (xk - och(xk)) ,

1
where o : = -

Theorem (Convergence of ISTA [4])
Let {x*} be generated by ISTA. Then:

« o Lpllx® = x*13
2(k+1)

F(xk) -

2
The worst-case complexity to reach F(x*) — F* < ¢ of (ISTA) is O (@) , where
Ro := max ||x° — x*||2.
x*eS*

> A line-search procedure can be used to estimate Ly for L based on (0 < ¢ < 1):

FOFHY) < f(xk) — i\\W(x’“)n?
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A non-exhaustive list of proximal tractability functions

Name Function Proximal operator Complexity
71 norm R proxa;(0) = sign() ® [x[—als | O()
£2-norm G0 = lIxll2 proxq(x) = [1 — a/[lx|l2]4+x O(p)
Support function f(x) := maxycc xTy proxqs(x) = x — amc(x)
Box indicator F(%) 1= t[a,p] (%) ProxXq;(x) = ma, p] (%) O(p)
Positive semidefinite F(X) :=1gp (X) proxq,f(X) = U[E]+U1, where X = o(p3)
cone indicator + usu?
Hyperplane indicator f(x) = tx(x), X = prox,s(x) = 7wx(x) = x + O(p)
{x : alx = b} b—alx
(*ram )= -
Simplex indicator f(x) = x(x),X = proxq,s(x) = (x —v1) forsome v € R, O(p)
{x : x>0, 1Tx = 1} which can be efficiently calculated
Convex quadratic fx) = (1/2)xTQx + prox,s(x) = (ol + Q) 'x O(plogp) —
Tx o(p*)
Square £3-norm Fx) = (1/2) %12 proxay(x) = (1/(1+ a))x o(p)
log-function f(x) := — log(x) prox,s(z) = (2 + 4a)Y/2 4 ) /2 O(1)
log det-function f(x) := — logdet(X prox, X) is the log-function prox ap- (@) p3
af
plied to the individual eigenvalues of X
Here: [x]4 := max{0,x} and ¢ x is the indicator function of the convex set X', sign is the sign function, Sﬁ_ is

the cone of symmetric positive semidefinite matrices.

For more functions, see [12, 54].
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Fast proximal-gradient algorithm

Fast proximal-gradient scheme (FISTA)
1. Choose xU € dom(F) arbitrarily as a starting point.
2. Set y¥ :=x0 and t := 1.

3. For k=0,1,..., generate two sequences {xk}kzo and {yk}kzo as:
xEH1 = prox,, (vF — aVF(yh),
thp1 = (14 /482 +1)/2,
) t—1
yk+1 = xk+1 + t];z+1 (xk+1 _ Xk)‘

where o := L™,

€

Ly R2 L . . "
From O <%) to O (Ro f) iterations at almost no additional cost!.
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Fast proximal-gradient algorithm

Fast proximal-gradient scheme (FISTA)
1. Choose xU € dom(F) arbitrarily as a starting point.
2. Set y¥ :=x0 and t := 1.

3. For k=0,1,..., generate two sequences {xk}kzo and {yk}kzo as:
xEH1 = prox,, (vF — aVF(yh),
thp1 = (14 /482 +1)/2,
) t—1
yk+1 = xk+1 + t];z+1 (xk+1 _ Xk)‘

where o := L™,

€

Ly R2 L . . "
From O <%) to O (Ro /) iterations at almost no additional cost!.

Complexity per iteration

> One gradient Vf(y*) and one prox-operator of g;
> 8 arithmetic operations for t;41 and vi41;

> 2 more vector additions, and one scalar-vector multiplication.

The cost per iteration is almost the same as in gradient scheme if proximal operator
of g is efficient.
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Example 1: Theoretical bounds vs practical performance

2
» Theoretical bound: FISTA := (Qka;%

F* in log-scale

0 200 400 600 800 1000

Number of iterations . . .
restricted descent directions

» (1-regularized least squares formulation has restricted strong convexity. The
proximal-gradient method can automatically exploit this structure.
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Example 2: Sparse logistic regression

Problem (Sparse logistic regression [34])
Given A € R"*P and b € {—1,+1}", solve:

n
[ o= I)I(llél F(x) := % Z log (1 + exp (fbj(aij + B))) + pllx||1
j=1

Real data

> Real data: w8a with n = 49’749 data points, p = 300 features

> Available at
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html.

Parameters
> p=10"%
> Number of iterations 5000, tolerance 10~7.

> Ground truth: Solve problem up to 10=9 accuracy by TFOCS to get a high
accuracy approximation of x* and F™*.
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Example 2: Sparse logistic regression - numerical results

2 10
10 - - -Theoretical bound of ISTA O ISTA
- =~ Theoretical bound of FISTA - Line Search ISTA
O ISTA 10 + FIST
o 1Y Line Search ISTA 6 ISTA with Restart
107 (s + FISTA Line Search FISTA
© RN b ISTA with Restart o 107 Line Search FISTA with Restart
= \ e Line Search FISTA = i
2 Line Search FISTA with Restart 3
gg 107 éﬂ 10 E
8 ;5 107 ]
& &
ot N T I 107 ]
I R &)
= SR N ]
10°
107 4
1% . . . . 10°
0 1000 2000 3000 4000 5000 0 10 20 30 40 50 60 70
Number of iterations Time (s)
ISTA LS-ISTA | FISTA | FISTA-R | LS-FISTA | LS-FISTA-R
Number of iterations 5000 5000 4046 2423 447 317
CPU time (s) 26.975 61.506 21.859 18.444 10.683 6.228
Solution error (x10~7) 29370 2.774 1.000 0.998 0.961 0.985

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh Convex nization for Big Data 68 / 142



Summary of the worst-case complexities

Comparison with gradient scheme (F(x*) — F* <¢)

Complexity Proximal-gradient scheme Fast proximal-gradient
scheme

Complexity [p = 0] (@] (RUQ(Lf/s)) (@] (RU \/Lf/s)

Per iteration 1-gradient, 1-prox, 1l-sv, 1- 1-gradient, 1-prox, 2-sv, 3-
v+ v+

Complexity [p > 0] (@) (n‘log(s_l)) (@) (ﬁlog(s_l))

Per iteration 1-gradient, 1-prox, 1l-sv, 1- 1-gradient, 1-prox, 1l-sv, 2-
v+ v+

Here: sv = scalar-vector multiplication, v+=vector addition.
Rg := max ||x° —x*|| and &k = Ly/py is the condition number.
x*ES*

Need alternatives when
» computing Vf(x) is much costlier than computing prox,

> f is self-concordant

Software

TFOCS is a good software package to learn about first order methods.
http://cvxr.com/tfocs/
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Examples

Example (Sparse graphical model selection)

min { tr(X0) — log det(O) + pl|vec(O)||1 }
o0 M~ 2 o
fG) 9(x)

where © > 0 means that © is symmetric and positive definite, and p > 0 is a
regularization parameter and vec is the vectorization operator.

> Computing the gradient is expensive: Vf(©) = 6~ 1.
> f € Fa is self-concordant. However, if al < © < g1, then f € }'z’i with

L= /p/a? and p= (B2 /p)" L.
Example (¢;-regularized Lasso) |

L1
min = [b — Ax|3 +pljx]
x N~

= Xt 4
100 96
where n > p, A € R"*P js a full column-rank
matrix, and p > 0 is a regularization parameter. L ZXP‘
w
> fe .7-‘2; and computing the gradient is O(n). n>p
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Variable metric proximal-gradient algorithm

Variable metric proximal-gradient algorithm [61]
1. Choose xU € R? as a starting point and Hg > 0.

2. For k=0,1,---, perform:
dk 1= proxyy, 4 &xk — Hka(xk)) — xk,
xktl = xb 4 oy d¥,

where aj € (0,1] is a given step size. Update Hy,; > 0 if
necessary.

H). incorporates both a step-size and a preconditioner.

Variable metric proximal operator
Given H > 0 and g € F(RP). The variable metric proximal operator of g is defined as

proxer, () = arg min {y) + (1/2)(y =) TH 1y - %)}
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Variable metric proximal-gradient algorithm

Variable metric proximal-gradient algorithm [61]
1. Choose xU € R? as a starting point and Hg > 0.

2. For k=0,1,---, perform:
dk = proxy, 4 &Xk - H;‘:Vf(xk)> -
xk+tl = xk 4 apd”,

where o € (0,1] is a given step size. Update Hj 1 > 0 if
necessary.

Hj, incorporates both a step-size and a preconditioner.
Common choices of Hy,

» Hy := A\il, we have ProXgy, = Proxyg and obtain a proximal-gradient method.

» Hj, := D (a positive diagonal matrix), Proxgy, can be transformed into Proxy
(by scaling the variables) and we obtain a proximal-gradient method.

> Hj, := V2f(x*)~1!, we obtain a proximal-Newton method.

> H; ~ V2f(x*)~!, we obtain a proximal quasi-Newton method.
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Proximal-Newton method for composite self-concordant min.

Proximal-Newton algorithm (PNA)?
1. Choose x¥ € dom(F) as a starting point.
2. For k=0,1,---, perform:

By =VI(xF) (H,"!=By)
k — k -1 k k ; ;
d = PproXg-i (x -B, Vf(x )) —x", (PN direction)
Ak = ||d||lxk, (PN decrement)
g = (1+ X)L, (step-size)
xkt1 = xF 4 apd

Complexity-per-iteration

> Evaluation of V2f(x*) and Vf(x*) (closed form expressions).

> Computing Proxyy, 4 requires to solve a strongly convex program.

> Computing proximal-Newton decrement )y, requires (d*) TV f2(x*)d".

“Recall: fis Mj-self concordant if " (1)) < Mf«p”(t)S/2 with @(t) := f(x + tv).
Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh
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Overall analytical worst-case complexity

The worst-case analytical complexity: F/(x*) — F* < ¢

0\ _ 1
#iterations(k) = {%J +0 (ln In (‘:ﬁ))

\
global convergence local convergence \\
q \\
// 0\

| Global convergence |
KLocol quadratic convergence |

Global convergence
Sublinear rate
Line search can accelerate the
convergence

quadratic convergence region

Qy = {x" | Ay <0219}
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Example: Graphical model selection

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(©)||1 }
os0 M~ 2 0 o
f(®) 9(®
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Example: Graphical model selection

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(©)||1 }
os0 M~ 2 0 o
f(®) 9(®)

Computational cost
> Vf(©) = vec(X — @;1) and V2f(©F) = 9;1 ® 9;1 (®-Kronecker product).

> Compute the search direction dy.

k _\%Ecgrlljl)rh1<1 {(I/Z)trace((@kU)Q) + trace(QkU)},

where Qy, := p~ (0,320 — 20}). Then d¥ := —((O4Z —1)Oy, + pO,UO}).

> The proximal-Newton decrement Ag:

Ak = (p — 2trace(Wy,) + trace(W%))l/Q7 Wy, := Ok(Z + pUy).
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Example: Graphical model selection

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(©)||1 }
os0 M~ 2 0 o
f(®) 9(®)

Computational cost

> Vf(©) = vec(X — @;1) and V2f(©F) = 9;1 ® 9;1 (®-Kronecker product).

» Compute the search direction d; via dualization:

= argmin 1/2)trace((©,U)2) + trace(Q;,U },
o= pugmin _ {(1/2)trace(©,1)?) + trace( Q)

where Qy, := p~ (0,320 — 20). Then d¥ := —((O,Z —1)O;, + pO,U.O}).

> The proximal-Newton decrement Ag:
Ak = (p — 2trace(Wy,) + trace(\?\/'zk))l/Q7 Wy, := 04(Z + pUy).
Only need matrix-matrix multiplications
No Cholesky factorizations or matrix inversions

cf. Lecture 5 @ http://lions.epfl.ch/mathematics_of_data
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Test on the real-data: Lymph and Leukemia
e PNA vs. QUIC:

> QUIC subproblem solver: special block-coordinate descent algorithm.

> PNA subproblem solver: general proximal-gradient algorithms.

On the average x5 acceleration (up to x15) over Matlab QUIC
e Convergence behavior:

p = 0.5 - Gene data (Genetic regulatory network)
Sparsity: 1.3%

Sparsity: 2%

T

.

roximal-Newton
roximal-Newton (LS)

= Proximal-Newton
o Proximal-Newton (LS)
uic N 10° auic
10 15 20
# evaluation of F(x*)

0
Lymph [p = 587] ~ 350,000 variables

Y
'
'
'
'
[
'
'
]
[
[
[
'
'

.

\
5 10

25 30
# evaluation of F(x")

Leukemia [p = 1255] ~ 1.5 millions variables

4Details: Composite self-concordant minimization, Journal of Machine Learning Research, vol. 16, 2015
Volkan Cevher, M igueiredo, Mark Schmi
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Swiss army knife of convex formulations
Our primal problem prototype: A simple mathematical formulation®

f* := min {f(x):Ax:b, XEX},

xERP
» f:RP - RU{+oo} is a proper, closed and convex function, and X is a
nonempty, closed convex set.
» A € R"XP and b € R" are known.

> An optimal solution x* satisfies f(x*) = f*, Ax* = b and x* € X.

5We can simply replace Ax = b with Ax — b € C for a convex cone C without fundamental changes.
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Swiss army knife of convex formulations

Our primal problem prototype: A simple mathematical formulation®

f* := min {f(x):Ax:b, XEX},

XERP

» f:RP - RU{+oo} is a proper, closed and convex function, and X is a
nonempty, closed convex set.

» A € R"XP and b € R" are known.

> An optimal solution x* satisfies f(x*) = f*, Ax* = b and x* € X.
Example to keep in mind in the sequel

x* := arg min {||x||1 :Ax = b, [[x]|lo < 1}
x€ERP

5We can simply replace Ax = b with Ax — b € C for a convex cone C without fundamental changes.
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Swiss army knife of convex formulations

Our primal problem prototype: A simple mathematical formulation®

XERP

f* := min {f(x):Ax:b7 XEX},

» f:RP - RU{+oo} is a proper, closed and convex function, and X is a
nonempty, closed convex set.

» A € R"XP and b € R" are known.

> An optimal solution x* satisfies f(x*) = f*, Ax* = b and x* € X.

Example to keep in mind in the sequel
x* := arg min {HX||1 :Ax = b, [[x]|lo < 1}
xERP

Broader context

> Standard convex optimization formulations: linear programming, convex
quadratic programming, second order cone programming, semidefinite
programming, and geometric programming.

» Reformulations of existing unconstrained problems via convex splitting:
composite convex minimization, and consensus optimization, . . .

5We can simply replace Ax = b with Ax — b € C for a convex cone C without fundamental changes.

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh Convex ation for Big Data
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Numerical e-accuracy

Exact vs. approximate solutions

» Computing an exact solution x* is impracticable unless problem has a closed
form solution, which is extremely limited in reality.

> Numerical optimization algorithms result in x} that approximates x* up to a
given accuracy € in some sense.

> In the sequel, by e-accurate solutions x}, we mean the following

6Very often, X' is a “simple set.” Hence, requiring x: € X is acceptable in practice.™

* 1 will absorb X' into the objective f with a so-called indicator function in the next slide to ease the notation.
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Numerical e-accuracy

Exact vs. approximate solutions

» Computing an exact solution x* is impracticable unless problem has a closed
form solution, which is extremely limited in reality.

> Numerical optimization algorithms result in x} that approximates x* up to a
given accuracy € in some sense.

> In the sequel, by e-accurate solutions x}, we mean the following
Definition (e-accurate solutions)
Given a numerical tolerance € > 0, a point x} € R? is called an e-solution if

[f(xf) — f*| <€ (objective residual),
|[Axr —b|| < e (feasibility gap),
x;eX (exact simple set feasibility).

> When x* is unique, we can also obtain ||x} — x*|| < € (iterate residual).

> Indeed, € can be different for the objective, feasibility gap, or the iterate residual.

6Very often, X' is a “simple set.” Hence, requiring x: € X is acceptable in practice.™

* 1 will absorb X into the objective f with a so-called indicator function in the next slide to ease the notation.
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The optimal solution set

Before we talk about algorithms, we must first characterize what we are looking for!
Lagrange function and the minimax formulation

We can naturally interpret the optimality condition via a minimax formulation

max min £(x, ),
A x€&dom(f)

where XA € R is the vector of Lagrange multipliers or dual variables w.r.t. Ax =b
associated with the Lagrange function:

L(x,A) = f(x) + AT(Ax — b).
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The optimal solution set

Before we talk about algorithms, we must first characterize what we are looking for!
Lagrange function and the minimax formulation

We can naturally interpret the optimality condition via a minimax formulation

max min £(x, ),
A x€&dom(f)

where XA € R is the vector of Lagrange multipliers or dual variables w.r.t. Ax =b
associated with the Lagrange function:

L(x,A) = f(x) + AT(Ax — b).

Optimality condition

The optimality condition of min {f(x) : Ax = b} can be written as
XxERP

0 € ATX* +9f(x*),
0 =Ax*—b.

(Subdifferential) 9f(x) := {v €R? : f(y) > f(x) +vT(y — x), Yy € RP}.
> This is the well-known KKT (Karush-Kuhn-Tucker) condition.
> Any point (x*, \*) satisfying the optimality condition is called a KKT point.

> x* is called a stationary point and A* is the corresponding multipliers.
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Finding an optimal solution

A plausible strategy

To solve the constrained problem: min{f(x) : Ax = b}, we therefore seek the
X

solutions
(x*,\*) € argmax min L(x, A),
A x

which we can naively break down into two—in general nonsmooth—problems:
Lagrangian subproblem:
x*(A) € argmin{L(x, ) := f(x) + (\,Ax — b)}.
xX
Dual problem:
P A € argmax {d(X) = L(x"(X), M)}

> d(-) is called the dual function, and the optimal dual value is d* = d(\*).
Since d(-) is concave, we can attempt the following strategy:
1. Find the optimal solution A\* of the “convex” dual problem.

2. Obtain the optimal primal solution x* = x*(A*) via the Lagrangian subproblem.
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Finding an optimal solution

A plausible strategy

To solve the constrained problem: min{f(x) : Ax = b}, we therefore seek the
X

solutions
(x*,\*) € argmax min L(x, A),
A x

which we can naively break down into two—in general nonsmooth—problems:
Lagrangian subproblem:
x*(A) € argmin{L(x, ) := f(x) + (\,Ax — b)}.
xX
Dual problem:
P A € argmax {d(X) = L(x"(X), M)}

> d(-) is called the dual function, and the optimal dual value is d* = d(\*).
Since d(-) is concave, we can attempt the following strategy:
1. Find the optimal solution A\* of the “convex” dual problem.

2. Obtain the optimal primal solution x* = x*(A*) via the Lagrangian subproblem.

Challenges for the plausible strategy above
1. Establishing its correctness
2. Computational efficiency of finding an é-approximate optimal dual solution AX

3. Mapping X — x} (i.e., €(¢)), where € is for the original constrained problem
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Finding an optimal solution

A plausible strategy

To solve the constrained problem: min{f(x) : Ax = b}, we therefore seek the
X

solutions
(x*,\*) € argmax min L(x, A),
A x

which we can naively break down into two—in general nonsmooth—problems:
Lagrangian subproblem:
x*(A) € argmin{L(x, ) := f(x) + (\,Ax — b)}.
xX

Dual problem:
P A € argmax {d(X) = L(x"(X), M)}
> d(-) is called the dual function, and the optimal dual value is d* = d(\*).
Since d(-) is concave, we can attempt the following strategy:
1. Find the optimal solution A\* of the “convex” dual problem.

2. Obtain the optimal primal solution x* = x*(A*) via the Lagrangian subproblem.

Challenges for the plausible strategy above

1. Establishing its correctness: Assume f* > —oo and Slater’s condition for f* = d*

2. Computational efficiency of finding an é-approximate optimal dual solution AX

3. Mapping X — x} (i.e., €(¢)), where € is for the original constrained problem
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Efficiency considerations for the dual problem

Dual subgradient method
1. Choose X0 € R™.
2. For k=0,1,---, perform:
>\k+1 — )\k +akvk,
where v € 9d(\F) and «y, is the step-size.

Subgradient method for the dual
Assumptions:
1. ||v]j2 < G for all v € d(N), A € R™.
2. X —=X|2 <R

- _ _R
3. Step-size: aj = G
Conclusion: o
min d* — d(\?) < fG
0<i<k vk

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh
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Efficiency considerations for the dual problem

Dual subgradient method
1. Choose X0 € R™.
2. For k=0,1,---, perform:
>\k+1 — )\k +akvk,
where v € 9d(\F) and «y, is the step-size.

Subgradient method for the dual
Assumptions:
1. ||v]j2 < G for all v € d(N), A € R™.
2. X —=X|2 <R

P _ _R
3. Step-size: aj = T
Conclusion: o
min d* — d(\?) < R—g E.
0<i<k vk

SGM: O (E%) X subgradient calculation
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Efficiency considerations for the dual problem

Dual gradient method Impact of Lipschitz gradient
1. Choose XU € R™.
2. For k=0,1,---, perform: e d is differentiable concave and has

AL — k. %Vd(kk), Lipschitz continuous gradient if:
where L is the Lipschitz constant. IVd(\) — Vd(n)ll2 < LA —nll2, Yn, .

e We denote: d € Fy.
e If d € F[, then the gradient method
Subgradient method for the dual with step-size 1/L obeys:
jons: 2LR?
Assumptions: a — d(/\k) < =
1. ||vll2 £ G for all v € dd(\), X € R™. k+4
2. []X° - X*[l2 < R
3. Step-size: aj =

-

G

2

Conclusion:

min d* — d(\?) <
0<i<k :

oy}
@

T

<eE

S

|~

sGM: O
GM: O

) X subgradient calculation

I
= N

~—a

t) X gradient calculation
€
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Efficiency considerations for the dual problem

Dual gradient method
1. Choose XU € R™.
2. For k=0,1,---, perform:
MFL = 2P LVd(AF),
where L is the Lipschitz constant.

Subgradient method for the dual
Assumptions:
1. ||v]j2 < G for all v € 9d(X), A € R™.
2. []X° - X*[l2 < R
3. Step-size: aj =

-

G

2

Conclusion:

min d* — d(\?) <
0<i<k :

oy}
@

T

<eE

S

|~

sGM: O
GM: O

) X subgradient calculation

I
= N

~—a

t) X gradient calculation
€

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh

Impact of Lipschitz gradient

e d is differentiable concave and has
Lipschitz continuous gradient if:

(IVd(A) = Vd(n)l2 < L|IA = nllz, Vn, A
e We denote: d € Fr,.

e If d € Fy, then the gradient method
with step-size 1/L obeys:

d* —d(\F) <

This is NOT the best we can do.
e There exists a complexity lower-bound:
: 3LR?
d* —d(\F) > ——_ vde Fy,
O 2 B L
for any iterative method based only on
function and gradient evaluations (p > 1).
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Efficiency considerations for the dual problem

Dual accelerated gradient method

1. Choose A0 = \0 ¢ R™.
2. For k=0,1,---, perform:

Nt =}k 4 Ly d(3F),

5\k+1 — )\k-‘rl +pk()\k+1 _ )\k)’
where pj is a momentum parameter.

Subgradient method for the dual

Assumptions:

1. ||v]j2 < G for all v € d(N), A € R™.

2. X —=X|2 <R

e _ _R
3. Step-size: aj = T
Conclusion: o
min d* — d(\?) < R—g €
0<i<k k

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh

Impact of Lipschitz gradient

e d is differentiable concave and has
Lipschitz continuous gradient if:

Vd(A) = Vd(n)ll2 < LIX = nll2, Yo, A

e We denote: d € Fr,.
e For all d € Fy, the accelerated gradient

method with py = ﬁi—é obeys:

A

€

. 2LR?
d* — d(\F) < 4_
(k +2)2

This is NEARLY the best we can do.
e There exists a complexity lower-bound:
\ 3LR?
4 — d(F) > —
32(k + 1)2
for any iterative method based only on
function and gradient evaluations (p > 1).

,Vd € Fr,

We can use an averaging scheme to
recover a primal solution [42, 67].
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Primal-dual algorithms via model-based gap reduction technique

To characterize the primal and dual optimality of mi/r% {f(x) : Ax = b}, we define:
x€
> The feasible set: D := {x € X : Ax = b}.
> The primal-dual gap function:
G(z) = f(x) — d(X)

where z := (x, \).

Properties of the primal dual gap function

G defined has following properties:
1. G(z) >0 for all x € D and X € R™.
2. G(z*) = 0 iff z* := (x*, \*) is the primal and dual optimal solutions.

3. G is convex but generally nonsmooth.

cf. Lectures 7 and 8 @ http://lions.epfl.ch/mathematics_of_data
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Smoothing techniques

Smoothing functions

Let bc : C C R? — R be continuous and p-strongly convex (with = 1). We call b¢
the prox-function.

Examples:
> b(x) = % [|x||3 is a prox-function of RP.

> b(x) = Zle x;log(x;) + p is a prox-function of A, := {x € Ri, 17x = 1}.
Since G is nonsmooth, our idea is to smooth G using smoothing functions.

Smoothing the primal-dual gap function

Given two smoothness parameters v > 0 and 8 > 0, we define an approximation of G:

G,3(z) := fg(x) — dy(X), where
500 = e {760+ (ax = 5,3 = S B} =60 + 5 1A% = bl % /()

dy(\) = min {£60) + (ATA, %) +70(Ax) } & d(N).

Result: d, is Lipschitz continuous. Hence, G,z is composite when f is proximal.
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The primal-dual steps

In order to evaluate G 3, we need to solve:
x%(A) = argmin {f(x) +(ATHTx + ’)b(AX)} (primal step)
xeX
Ap(x) = B~1(Ax —b) (dual step).

> Primal step: Requires the solution of the convex subproblem.
> Dual step: Requires one matrix-vector multiplication.

Decomposable structure of f and X: Parallel computation

e Decomposable structure

m
:Zfi(xi) and X =X X -+ X X.

i=1
e Choose b(Ax) := Z:n:l bi(Aix;), then x3(N) := [x2 [ (A), -+, x% (M)

3,4(0) = arg min {fi(x0) + (A7) T+ b Ao }

e Choose b(Ax) := 3 21 1 Il — x5 13,

()

[xfy,l()‘)7 e ’xfy,m()‘)]:
x5,(A) = PIOXy—1fi 4, (xlC = »y—lAiT/\) .

where ¢y, is the indicator function of X’;.
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A special case

The augmented Lagrangian (AL) smoothing

We can choose b(Ax) := % [|[Ax — b||§ The primal step becomes an AL step:

x*(}) := arg min {f(x) T (AT, x) + g |Ax — b||§},
xeX

> x*(\) can be computed approximately by first-order methods.
> A warm-start reduces the iterations of such first-order algorithms.

> Large ~ leads to less number of iterations but increases the difficulty of
computing x*(\).
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Key estimates

Model-based gap reduction condition

A sequence {ik}kzo C X x R™ satisfies the model-based gap reduction condition if:

G’Yk+1/3k+1 (ik+1) < (1 —7k)Gypy (ik) + Vs

where 1, < 0 or (¢ > 0 and ¢y, — 0T), 7, € (0,1) and Y Bx+1 < kB for k > 0.

Theorem (Bounds on the objective residual and primal feasibility)

We can generate a sequence {z*} in X x R™ with 2¥ := (x*, \F) such that:

{ If(XF) = f*] < O (k) or O (By),
|AX* — b|| < O(By).

Uncertainty principle
The parameters (v, Bk, Tx) are updated such that:
B = QrE)-
For the augmented Lagrangian smoother, we have v, = v > 0, and 8; = O(72).

> Optimal rate for {r;}: 72 = Q (k%)

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh Convex Optimization for Big Data 85 / 142



Accelerated gradient method (expanded)

The standard scheme ([49])

The accelerated scheme for minimizing g € ]-'i‘l consists of three main steps:

Xk = (1 — 7R)AF + TR,
ARSI L%Vg(j\k)

* o 1 3k k+1
My == Ak k),

Here, L, is the Lipschitz constant of Vg and 7, € (0,1) is a given momentum term.

Accelerated gradient scheme for the smoothed dual problem

Recall the smoothed dual function d with —d,, € fé’l. The AGM for this problem
can be written as

Ak = (1 — 1)\ + TR

NFL o 3 (A (3F) — b) (1)
* I 1 /3

Neyr = AL T—k(kk—)\k+l).

Here, Ly > 0, (e.g., Lq := ||A||? or Ly := 1) and Vd,(\¥) = Ax* (3F) — b.
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Our primal-dual scheme

The primal-dual scheme (http://lions.epfl.ch/decopt)

Our approach is fundamentally the same as the accelerated gradient method:

A\ = (1 = Te) A% + 77 (dual acceleration step)

ARFL = Rk %(A s (AF) —b) (primal acceleration step) )
L= (1= )%k + ThX 4y ()

My = Bk+1 (AxF+T —b) (dual gradient update).

Both smoothing parameters v and 3 are updated at each iteration.

The correspondance between (1) and (2)

The last step of (2) (vs. (1)) is split into two steps:

, 1
o (Agh —b) = a(Ax’v —b)+ 7}’:*1 (AxZ,,, (3F) = b).

Using xF+1 .= (1 — 73,)%F + 7x%  (AF) we can show that:

Ye+1

{5k+1 = (1 — 7%)Bk

Brt1Ve+1 = ¢ La-
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Convergence guarantee and an extension
Theorem [60, 59]
1. When f is strongly convex with x> 0, we can take v; = 0 and 5 = O (i)

k2
—Dp+||AxF —b|| < f(xF)—f* <0
|AxF —b|| < ALALE p
= (k+1§)2 A
5 4
Ik — x| < 5L DA

2. When f is non-smooth, the best we can do is v = O (Z) and B, = O (%)

b CpD
—Das||AxF —b|| < f(xF) - fr < S,
Cy(Dpx++/Dx) )

”Axk 7bH k+1

| /\

where Cp and Cy are two given positive constants depending on different schemes.

Handling a cone constraint Ax —b €

AAL = brojies ()\ + HAHz(Ax (AF) — b))

Nipr = arg max (AR — b, A) — Bri1b(V) } -

Here, IC* is the dual cone of IC, proji« is the projection onto K*, and b is a chosen
proximity function.
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Example: An application of the convergence guarantees

Problem (Consensus optimization)

Constrained reformulation via a product space trick with z* = [x%,...,%x"]:
1 n
F* = min {F(z) = — E fi(xi) 1 xi — % =0,(4,7) € E}
z:=[x1,...,Xp] ER™P n £ 1 :
i=

for some user-defined graph G = (V, E) with vertices V and edges E.
Interpretation of the convergence guarantees
By using our algorithm in a decentralized but synchronized fashion, we obtain

[P = 1 <O(/k) and Y Ik —%FI2 <O/, i=1,...,n—1.
(i,7)€E
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Tree sparsity [33, 18, 2, 69]

|

Wavelet coefficients Wavelet tree Valid selection of nodes Invalid selection of nodes

Structure: We seek the sparsest signal with a rooted connected subtree support.

Optimization formulation (TU-relax [21])

min f() = g, %0, e
s.t. Ax =b.

This problem possesses two key structures: decomposability and tractable proximity.
When g = p and G; = {i}, this problem reduces to the well-known basis pursuit (BP):

min [|x[|1 s.t. Ax=b.
xERP
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Tree sparsity [33, 18, 2, 69]

f(x)-ball 6 = {{1,2,3},{2},{3}} valid selection of nodes

Structure: We seek the sparsest signal with a rooted connected subtree support.

Optimization formulation (TU-relax [21])

min £(x) i= g, e o]l
s.t. Ax =b.

This problem possesses two key structures: decomposability and tractable proximity.
When g = p and G; = {i}, this problem reduces to the well-known basis pursuit (BP):

min ||x||1 s.t. Ax=Db.
xERP
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f(x)-ball 6 = {{1,2,3},{2},{3}} valid selection of nodes

Structure: We seek the sparsest signal with a rooted connected subtree support.

Optimization formulation (TU-relax [21])

min Fx) =36 e 1%g:lloo ol x|y
s.t. Ax =b.

This problem possesses two key structures: decomposability and tractable proximity.

When g = p and G; = {¢}, this problem reduces to the well-known basis pursuit (BP):

min ||x||1+p||¥x|Tv st. Ax=b.
xERP

Adding additional regularizers to BP does not pose any difficulty (¥ is the wavelet
transform and p is a regularization parameter).
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Tree sparsity example: 1:100-compressive sensing [59, 60, 1]

Problem dimensions: (p = 10, n = 107)

World [10Mpix]

Lac Léman

World [1Gpix]

sparse tree-sparse

PNSR = 31.83db PNSR = 32.48db

Augmented Lagrangian smoothing:
> lterations: 113
> Primal-dual gap: 1le—8
> Number of (A, A”T) applications: (684, 570)
> Time: < 4 days.

o1 / 142
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Tree sparsity example: TV & TU-relax 1:15-compression [62, 1]

Original BP

Original tiff image [2048 x 2048]

Regularization:

—tv-BP
o -
* min error
5 —tv-TU relax|
£ * min error
@ 0,057 H
o
aose 1
aoss 1
\ , \ , , \ | | ,
0 m oz 3 o o o o7 o 3 d
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Primal-dual methods: The zoo

e Plenty ... many of them are relatively popular, which are not covered here.

cf. Lectures 7 and 8 @ http://lions.epfl.ch/mathematics_of_data

e Primal-dual methods are rooted in Arrow-Hurwitz’s method, when applied to the
composite convex problem: min f(x) + g(Kx), which is equivalent to:
xERP

mxin max {f(x) + (Kx,z) — g"(z)}.

> Chambolle-Pock’s algorithm [8], and its variants, e.g., He-Yuan's variant [30].
> Primal-dual Hybrid Gradient (PDHG) method and its variants [22, 28].

> Proximal-based decomposition (Chen-Teboulle's algorithm) [10].

e Primal dual methods are rooted in splitting techniques from monotone inclusions:
> Primal-dual splitting algorithms [3, 6, 11, 64, 14, 15].

» Three-operator splitting [16], parallel variants, ...
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Primal-dual methods: The zoo (cont.)

e Primal dual methods are rooted in splitting techniques when applied to the dual:

> Alternating minimization algorithms (AMA) [26, 64].

> Alternating direction methods of multipliers (ADMM) [20, 31].

> Accelerated variants of AMA and ADMM [15, 29]

» Preconditioned ADMM, Linearized ADMM and inexact Uzawa algorithms [8, 52].
e Primal-dual second order decomposition methods:

> Dual (quasi) Newton methods [66].

> Smoothing decomposition methods via barriers functions [41, 63, 68].

> Look forward to our new ADMM/AMA methods (coming up soon!)
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Example: Poison imaging reconstruction

Poisson imaging reconstruction based on patches

n

_min {3 (k0 - D s (1690 + gl }

=1 9(x)

f(x)
> K is a blur operator, b € VA the observed vector of photon counts.

> p > 0 is a regularization parameter, and ||x||s = ||#(mat(x))||, is the nuclear
norm of H(mat(x)), where H constructs a patch based mapping, see [37].

Example [62]: An application to the confocal microscopy problem

Enhanced Algorithm 2
= = =PADMM

' =+= Enhanced PADMM
50 100 150 200 0 50 100 150 200 0 50 100 150 200
#iteration (jyrox= 5) #iteration (jyrox= 10) #iteration (Jprex= 50)

Note that I + KK is Fourier diagonalizable, which makes ADDM efficient [23].
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Revisiting the prox-operator
Prox-operator helps us process nonsmooth terms “efficiently”

prox, (x) := argmin {g(z) + (1/2)[l2 — x|*}.

Key properties:
> single valued & non-expansive.

» distributes when the primal problem has decomposable structure:

f(x) = Zfl(xz), and X := X1 X -+ X X
=1

where m > 1 is the number of components.

> often efficient & has closed form expression. For instance, if g(z) = ||z||1, then
the prox-operator performs coordinate-wise soft-thresholding by 1.
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Revisiting the prox-operator
Prox-operator helps us process nonsmooth terms “efficiently”

prox, (x) := argmin {g(z) + (1/2)[l2 — x|*}.

Key properties:
> single valued & non-expansive.

» distributes when the primal problem has decomposable structure:

f(x) = Zﬂ(xz), and X := X1 X -+ X X
=1

where m > 1 is the number of components.

> often efficient & has closed form expression. For instance, if g(z) = ||z||1, then
the prox-operator performs coordinate-wise soft-thresholding by 1.

Not all nonsmooth functions are proximal-friendly!

If g(z) = ||z||« (i.e., the nuclear norm of z) then the prox-operator may require a full
singular value decomposition.

We can sometimes avoid the prox-operator!
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Example: Frank-Wolfe’s method
Problem setting

f* := min f(x)
Assumptions T

> X is nonempty, convex, closed and bounded.
> f e fé’l(Rp) (i-e., convex with Lipschitz gradient).
> Note that Ax — b € K is missing from our prototype problem

Frank-Wolfe's method (see [32] for a review)

Conditional gradient method (CGA)

1. Choose x? € X.

2. For k=0,1,---, perform:
%k := arg min Vf(xk) Tx,
xeX
L= (1= p)xF + R,

is a given relaxation parameter.

where v := ﬁ

Volkan Cevher, Mario Figueiredo, Mark Schmidt, and Quoc Tran-Dinh ation for Big Data
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Example: Frank-Wolfe’s method
Problem setting

f* := min f(x)
Assumptions T
> X is nonempty, convex, closed and bounded.
> f e fi’l(Rp) (i-e., convex with Lipschitz gradient).

> Note that Ax — b € K is missing from our prototype problem

Frank-Wolfe's method (see [32] for a review)

Conditional gradient method (CGA)
1. Choose xV € X.

2. For k=0,1,---, perform:
%k := arg min Vf(xk) Tx, ()
xeX
xFHL = (1= )xb +

is a given relaxation parameter.

where v := ﬁ

When X := {x € R"*P : ||x||« < 1}, (*) corresponds to rank-1 updates!
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Towards Fenchel-type operators

Generalized sharp operators [67]
We define the (generalized) sharp operator of a convex function g over X as follows

% o = argmex {(x, z) — g(a)} -

Important special cases:
1. If g =0, then we obtain the so-called linear minimization oracle.

2. If X =dom(g), then [x}g = Vg*(x), where g* is the Fenchel conjugate of g.

Example (Nuclear norm)

Consider g(x) := %HXHE and X := {x € R"*P: ||x[|« < 1}. Let u and v be the left
and right principal singular vectors of x respectively. Then,

uw’ el =[x, Ixllav” € xlf =[x,
where || - || is the spectral norm. The computations are essentially the same.
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Revisiting Frank-Wolfe’s method

Problem setting

f* := min f(x)
Assumptions &
> X is nonempty, convex, closed and bounded.
» f€ J'—i’l(Rp) (i-e., convex with Lipschitz gradient).

> Note that Ax — b € K is missing from our prototype problem

Frank-Wolfe's method (see [32] for a review)
Conditional gradient method (CGA)
1. Choose xV € X.

2. For k=0,1,---, perform:
%k = arg min Vf(x*)Tx = [Vf(x/‘)h,7
xeEX <
L= (1= yp)xF + R,

where v := % is a given relaxation parameter.

+2

Generalized conditional gradient method replaces the indicator function ¢x with g:

** := argmin{g(x) + Vf(x*) "x} = [V/(<*)]5-
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Revisiting Frank-Wolfe’s method

Problem setting

f* := min f(x)
Assumptions e
> X is nonempty, convex, closed and bounded.
S ]-'é’l(Rp) (i.e., convex with Lipschitz gradient).

> We will handle Ax — b € K and nonsmooth f(x) in the sequel!

Frank-Wolfe's method (see [32] for a review)
Conditional gradient method (CGA)

1. Choose x" € X.

2. For k=0,1,---, perform:

Xt i=argmin V) Tx = [V,

xFHL = (1 — ) %P+ e RE,

where v := ki is a given relaxation parameter.

=

Generalized conditional gradient method replaces the indicator function ¢y with g:

%" := argmin{g(x) + Vf(x*) Tx} = [V/(<*)]5-
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Exploring the smoothness of the dual function in depth

Definition (Holder continuous gradients [45])
Let us consider the following unconstrained setup

min g(x).
e 9(x)

A convex function g has Hélder continuous subgradients of degree v € [0, 1] if there
are two constants v and M, > 0 that satisfy:

Vg(x) = V¥« < My lx —y|*
where Vg is a (sub)gradient of g.
Highlights:
1. v =1 is the Lipschitz continuous gradients case where L = M,,.

2. v =0 is the bounded gradient assumption (recall the subgradient method).

Ml,||x0—x*|\1+'/) 2
= o

3. lteration lowerbound for the Holder class: O(( 1+3v

4. The condition also ensures a basic surrogate

M, ,
9(y) < g(x) +(Vg(x),y = %) + T lIx = ylI'*

for any x,y € X.
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Nesterov’s universal gradient methods

Nesterov's universal gradient methods [48]
In practice, smoothness parameters v and M, are usually not known. Nesterov's
algorithms adapt to the unknown v via an appropriate line-search strategy:
M é
9() < 9(x) + (Vox),y = %)+ S Ix vl + 3.
where inexactness parameter § > 0 depends only on the desired final accuracy.

They are universal since they ensure the best possible rate of convergence for each v.

"PGM in [48] uses the Bregman / prox setup.
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Nesterov’s universal gradient methods

Nesterov's universal gradient methods [48]
In practice, smoothness parameters v and M, are usually not known. Nesterov's
algorithms adapt to the unknown v via an appropriate line-search strategy:
M é
9() < 9(x) + (Vox),y = %)+ S Ix vl + 3.
where inexactness parameter § > 0 depends only on the desired final accuracy.

They are universal since they ensure the best possible rate of convergence for each v.

Universal primal gradient method (PGM)”
1. Choose x? € X, M_1 > 0 and accuracy € > 0.
2. For k=0,1,---, perform:

k k —1 k
xkHl = x - M, " Vg(x")

where we use line-search to find My > 0.5M),_1 that satisfies:

M .
g+ 1) < () + (Vgach), a1 —xcb) 4 TE e 41242

"PGM in [48] uses the Bregman / prox setup.
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Nesterov’s universal gradient methods

Nesterov's universal gradient methods [48]
In practice, smoothness parameters v and M, are usually not known. Nesterov's
algorithms adapt to the unknown v via an appropriate line-search strategy:
M é
9() < 9(x) + (Vox),y = %)+ S Ix vl + 3.
where inexactness parameter § > 0 depends only on the desired final accuracy.

They are universal since they ensure the best possible rate of convergence for each v.

Universal primal gradient method (PGM)”
1. Choose x? € X, M_1 > 0 and accuracy € > 0.
2. For k=0,1,---, perform:

k k —1 k
xkHl = x - M, " Vg(x")

where we use line-search to find My > 0.5M),_1 that satisfies:

M .
g+ 1) < () + (Vgach), a1 —xcb) 4 TE e 41242

Yes, there is an accelerated version.

"PGM in [48] uses the Bregman / prox setup.
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Universal primal-dual decomposition methods

Our strategy: Holder smoothness in the dual

Instead of smoothing, we assume that the dual function d is Hélder continuous for
some v € [0, 1]:

Vd(\) - Vd
My (d) = sup WAV Z VAL = e ) < oo,
A7 [IA ==l 0<v<1

We will solve the dual problem by a new FISTA version [4] of Nesterov's universal
gradient algorithm [48] and develop new primal strategies to approximate x*.

Is this assumption reasonable?

Consider two special cases:
> if X is bounded and d is subdifferentiable, then Vd is also bounded.

> if f is uniformly convex with convexity parameter pf > 0 and degree ¢ > 2, i.e.,
(VI(x) = Vi), x —y) 2 pyllx =yl
for any x,y € X, then Vd satisfies Holder condition with v = ﬁ and

M, = (7 AI2) 7T
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Our universal primal-dual decomposition methods: The dual steps

Dual steps ([67])

> The universal dual gradient step:
1 1
MFL = AF 4 —vd(\F) = A+ — (Ax*(\F) - b
where x*(\¥) is computed via the sharp operator:
*(AF) = ' AT )b = [—ATAR]E,
X" (V) = arg min {f(x) +( x)}=] I;
> The universal dual accelerated gradient step:
e =05(1+ (/1448 )
N = Ak BT (e fe1)
k+1 . 3k 4 L AR
A i= Ak 4+ - (Ax*(AF) = b) .

Line-search condition
The local smoothness constant M}, is computed via a line-search procedure:
k+1 k k k+1 k My, k+1 k2 O
dOFHY) 2 dOF) + (VAR), ML = xF) = AR - 3k - 2,
> 0, = € for our universal dual gradient method

> d = €/ty, for our universal dual accelerated gradient method
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On the line-search

Number of line-search iterations
> Each line-search step costs one dual function evaluation.
> (Acc)UniProx requires (1)2 line-search steps per iteration on the average.
> In many cases, we can avoid the search step and find the step-size in one shot by
solving an analytic equation obtained by using a proper bound on d(\*t1).

Example (Nuclear norm)
||x||2 with the linear constraint A(x) = b, which leads to the dual

Consider f := %
= [AT(A)||? — (A, b). Using triangular inequality, we get

function d(X) f%|
a2
U(My) : = d) = EIAT(VAO)) 1P~ [|ATVANDIIATAD)[I+(VAAF), b)

< d(\F+ MLW(M)) = d(\Fth.
k

We can solve the following second order equation
Qg 2 6k
UMy) = dOF) + = | vdm)||” - =

:= L which guarantees the line-search condition.

to find the step size ay, := i
104 / 142
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The primal steps and the worst-case complexity
Primal steps - averaging steps
> The universal primal gradient step:

k Lk
(UniProx):  xF:= (Z Mi) %x*()\’)

i=0 i=0
> The universal primal accelerated gradient step:

k k
o\ -1 . ,
(AccUniProx):  xF:= (Z %) Z %x*()\’).

i=0 i=0

The worst-case complextity
To achieve X* such that |f(X*) — f*| < € and ||[AX* — b| < € is:

2

M, v

For (UniProx): (@] (Di* <1nf< (7) o ) ) (optimal for v = 0).
0<v<1 €

2450 M Pt
For (AccUniProx): O <DX*+3” <inf (—V> e , (optimal for v = 1).
0<
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Summary of the algorithms and convergence guarantees - |

Universal primal-dual gradient method (UniProx)
Initialization: Choose \0 € R™ and ¢ > 0. Estimate a value M_1 < 2M.,.
Iteration: For £k =0,1,---, perform:
1. Primal step: x*(\*) = [fAT)\k]?
2. Dual gradient: Vd(\*) = ATx*(\*) —b
3. Line-search: Find M}, € [0.5M}_1,2M,] from line-search condition and:
NHL = X\F 4 M-IV d(AF)

4. Primal averaging: X" := Sk_l Z;:O Mj_lx* (M) where Sj, = E;:O Mj_l.

Theorem [67]
%F and MF .= Sk_l Z?:o Mj_l)\j obtained by UniProx satisfy (with A% = 0):

—|AX* —b|[ Dy < f(xF)—f* <&,
_ 4Mc Dy« M,
|AXF —b|| < =FEpE 4 4/ 2k+f,
- M.D?,
d"—d(¥) < At 45
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Summary of the algorithms and convergence guarantees - |l

Accelerated universal primal-dual gradient method (AccUniProx)
Initialization: Choose A’ € R™, € > 0. Set ty = 1. Estimate a value M_; < 2M.
Iteration: For £k =0,1,---, perform:

1. Primal step: x*(\F) = [fATS\k]JE,
2. Dual gradient: Vd(3*) = ATx*(A\F) — b,
3. Line-search: Find M, € [My_1,2M,] from line-search condition and:
ML = 3k 4 MoV d(AR),
4. tg1 = 0.5[1 + y /1 + 42],
Ak = A1 + A (>\k+1 = k),
6. Primal averag/ng. xF =5 1 Ej:o tij_lx* (M) where S, = Zj:o t_iMj_l.

CI!

Theorem [67]
x* and A* obtained by AccUniProx satisfy (with A\° = 0):
—|ARE —b||Dpx < fRF)—f* < §,

= 16 M D M,
IARF —b|| < AMeDar | [8Mec
(k+2) T+v
d

.
P g T Y

(k1) TF¥

IN

The dual may NOT converge for (v = 0)!
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The general constraint case

Handling to the constraint Ax — b € K

Dual steps need to be changed:
> The universal dual gradient step:
1
AL — prox . ()\ + — (Ax*(\F —b).
PIOXp—tn \ M T 3, ( ) )
» The universal dual accelerated gradient step:
t =05 (1+ /1+42_))
Sk = 2k 4 B=itd (5\1@ _ ;\k71)
’ o .
AL — prole:lh (/\k + Mik (Ax*()\k) - b)) .
Here, h is defined by h(\) := sup (A, r).
reiC
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Example: Robust matrix completion with =~ 1 : 50 subsampling

Problem formulation
Let @ C{1,---,p} x {1,---, q} be a subset of indexes and M, = (Mij)(iJ)EQ be
the observed entries of a missed matrix M. Pq is the projection on the subset €.

. 1
f*:= min {f(X) = = [|X]12 : |[Pa(X) — Mg|l1 < T}.
X ERPX4 2

G UniProx
- AccUniProx|

\ ®o
oo
X oo
-
00000 o
o4

\\'& \\-M***Mm

102} [ UniProx 109)
—#-AccUniProx|
o ot 00 A0 600 000 10000
# iteration

- o o,

#0800 -F-B-Q oo b g - o u
. 3‘\2\6‘»\%%\ o *r%&:g:&jk;‘ﬁm

= %

g 10" 107 107 10t 10° 10"
# iteration

Figure: The performance of UniProx and AccUniProx algorithms.

107
# iteration

Setup

> Synthetic data p = 1000, ¢ = 4000, and rank r = 6
> Number of samples n := || =9 - 10*
> Input parameters A9 = 0™ and e = 2 - 102
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Example: Nuclear-norm constrained matrix completion - |

Problem formulation

Let @ C {1,---,p} X {1,---, g} be a subset of indexes and Mg = (M) ; jieq be
the observed entries of a missed matrix M. Pq, is the projection on the subset €.

i 1
f*:= _min {fn%(X)fMQH%:||X||*gso*}
Xerrxa (2

Setup

> Synthetic data of size p = 400, ¢ = 2000 with rank r = 10 .
> Number of samples n := |Q| = 7.5 - 10%.
> @* = ||[M]|« is assumed to be known.

> Input parameters A0 = 0™ and e = 2-106.
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Example: Nuclear-norm constrained matrix completion - |l

UniProx
~¥~AccUniProx
Frank-Wolf

olfe
—k FW with linesearch

 10°
|
)
= H- -
Bt
.
10 oL
0 50 100 150 200 | 250 300 50
# iteration time (s)
-G UniProx ke -G UniProx
—3%-AccUniProx —-AccUniProx
Frank-Wolfe 10f Wolfe
—s FW with linesearch ~#e_FW with linesearch
= |
= ol
==
jad

i
»* i S S,
o
-6 @' § K
O o-"o- 66
107
10° 10' 107 10° 104 0 50 100 150 200 250 300 350
# iteration time (s)

Figure: The performance of (Acc)UniProx and Frank-Wolfe algorithms.
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Statistical learning

Problem (Risk minimization for prediction)

Let (a1, b1),...,(an, bn) € RP X R be i.i.d. random variables with an unknown
probability distribution. Let £ : R X R — R be a given loss function, and F be a set of
prediction rules fx parameterized by x € X C RP. Find a vector x* € X such that

R(x*) := Eq L(b, fx* (a)) (risk)
is small. Let x? be the true minimizer of R.

Optimization formulation (Empirical risk minimization)

The risk R is not tractable because the distribution of (a, b) is unknown. We consider
minimizing the empirical risk:

n
. 1
x* € arg min { Rp(x) := — E L(bi, fx(ai))
xXEX n
i=1
> Notice that we can only obtain a numerical approximation X, of x* such that

Rn(ﬁe) S Rn(x*) + €n,

for some €, > 0.
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Statistical learning contd.

Fact: Uniform law of large numbers (cf. [19] for details)
Under some conditions, when n — oo,

E sup {|R(x) — Rn(x)|} := pn — 0.
xXEX

Performance of Statistical Learning [5]

Recall that X is a numerical approximation of x* and that x is the true minimizer of
R on X. Then, the excess risk satisfies

R(%¢) — R(x!) = E[R(%e) — Ru(Xe)] + E [Ru(Xe) — Rn(x*)] +
E [Rn(x*) — Ru(x")] +E [Ra(x") — R(x)]
Spn+€n+0+pn

A stylized formalization of the time-data tradeoff

R(%.) — R(x}) < €n +2 Pn <e
~
learning quality needs “time” t(k) needs “data”n
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Stochastic convex optimization: General setting

Data science applications often involve to solve the following stochastic problem:

P o= min {F(x) = B¢ {J(x. O} + 960}

where f :RP x Q — R is such that for a fixed realization £ € Q2 of the random variable
&, f(+,€) is convex, g is also a convex function (regularization term), and

Fx) =B {J(-6)} = / F(€)dP(€)
Q
is the expectation over £ with a given distribution P on its support 2.
Basic assumptions

> One can generate iid samples {{;},~ of &.

> Given (x,£), one can evaluate V/(x,£): Vf(x) = E¢ {Vf(x,{)} € of (x).
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Stochastic convex optimization: General setting

Data science applications often involve to solve the following stochastic problem:

F* o= min {F(x) = B {ix0}+90},

where f :RP x Q — R is such that for a fixed realization £ € Q2 of the random variable
&, f(+,€) is convex, g is also a convex function (regularization term), and

Fx) =B {J(,0)} = / (-, €)dP (&)
is the expectation over £ with a given distributio: P on its support 2.
Basic assumptions
> One can generate iid samples {fi}izo of £.
> Given (x,£), one can evaluate V/(x,£): Vf(x) = E¢ {Vf(x,é)} € of (x).
Two strategies: Monte-Carlo methods

> Stochastic approximation (SA): Robbins-Monro [56], Polyak and Juditsky [55],
Nemirovskii et al. [44], Lan [35], etc.

> Empirical risk minimization (ERM): Let {¢;}} ; is n-iid samples of £&. Then:

XERP

F* := min {F(x) = f(x) + g(x) = Tlllzzlf(x,gz) + g(x)}.
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Stochastic approximation algorithms
The classical stochastic approximation (SA) algorithm

Choose x° € RP and compute:

xktl.— pI‘OXakg(xk — oy G(xk, fk)),

where G(x*, &%) is a stochastic subgradient of f at (x*,€;) and o, > 0 is a step-size.

Convergence [44]: O(1/k) under the assumptions of Lipschitz gradient, strongly
convex and E{HG(X,f)Hg} < M for all x € domF.

A robust SA algorithm [44]

e Main steps: one averaging step and one stochastic gradient step

k k
_ -1 i
xF .= ( E ai) E a;x’, and xFt1 .= proxakg(xk fakG(xk,gk)).
i=0

i=0
e Step-size selection: There are two strategies

1. Constant step: oy := ﬁ, where D is the diameter of domF'.
2. Varying step: oy := Mg—%.

e Convergence rate: DM
E{Fx")-F*} < O(l)ﬁ.
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The empirical risk minimization

The composite empirical risk minimization (ERM) formulation

In machine learning and data sciences, we are interested in the following composite
empirical risk minimization problem:

F* := min
xERP

{P69 =169+ 900 = = 3 4169 + 9060 }-
=1

where 7 is the number of data points (n > 1), f; is convex for i =1,...,n and g is a
convex regularizer.

Here: fi(x) = f(x,¢&;) is a realization of a function f(x,-) of the random variable &.

Common settings

Loss functions:

> Least squares: fi(x) := % (alx — b;)?

> Hinge loss: f;(x) := max {07 1-— biaij}

» Logistic loss: f;(x) := log(1 + exp(b;al'x)).
Regularizers:

+ g(x) = pllxll, or g(x) = & [x|I3 for given p = 0.

» g(x) := tx(x) - the indicator function of a convex set X.
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Stochastic gradient descent for ERM: A review

Empirical risk minimization

Consider the non-composite problem

7+ = min {700 = ;fi(x)}.

where f; : RP — R is convex.

The big data case: n is very very big.
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Deterministic vs stochastic approach

e Standard gradient algorithms: Each iteration, it performs

<= xb o, Vi(xF),

which requires a full gradient of f

Vi(x) = % 3 Vi),
=1

> It needs n single gradient term Vf;(x) at each iteration k.
> Quasi-Newton methods still require O(n).

» Convergence with constant «y, or line-search.
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Deterministic vs stochastic approach (cont.)

e A simple stochastic method operates on a single Vf;(x) term at each iteration &
xktl = xb — ap Vi, (x"),
where 4, € {1,...,n} is a random index to select one component of f.

> Gives unbiased estimate of true gradient Vf(x)

1 n
B[VA.(9) = Y VA = Vix).

G =1

» The computation of a stochastic approximate gradient is independent of n.
> As in subgradient method, we require aj;, — 0.
» Classical choice is o, = O(1/k).
Observations:
> It is n times cheaper per-iteration than the standard gradient method
> It attempts to minimize the risk (e.g., in data streaming) to obtain xB

> It can approximately solve a deterministic optimization problem (i.e., x! = x*)
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Convex optimization zoo

e Convergence rate of subgradient methods in the nonsmooth case:
» Deterministic subgradient method: O(1/ k).
> Stochastic subgradient method: O(1/Vk).
They are both the same up to constants, which can be large.
Observation: Stochastic iterations are n times faster, but how many iterations?

e Convergence rates under different assumptions.

Algorithm ‘ Assumptions ‘ Exact ‘ Stochastic
Subgradient Convex Oo@/VE) | 0(/Vk)
Subgradient | Strongly convex O(1/k) O(1/k)
> Good news for non-smooth problems:
> stochastic algorithms can be as fast as deterministic ones
> We can solve non-smooth problems n times faster!
> Bad news for smooth problems:
> smoothness does not necessarily help stochastic methods.
Algorithm |  Assumptions | Exact | Stochastic
Gradient Convex O(1/k) O(1/Vk)

Gradient Strongly convex | O((1 — u/L)*) O(1/k)
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Stochastic vs. Deterministic Gradient Methods
e Deterministic gradient method [Cauchy, 1847]:

e Stochastic gradient method [Robbins & Monro, 1951]:

e Plot of convergence rates in smooth/strongly convex case:

stochastic

deterministic

log(excess cost)

time
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Speeding up stochastic gradient methods

o Improving performance: We can try accelerated/Newton-like stochastic methods:
> These do not improve on the worst-case convergence rates.

> But may improve performance at start if noise is small.

e Improving speed:
Large step-size:
> Choose o, = O(1/kY) for v € (0.5, 1) [Moulines& Bach, 2011]: more robust than O(1/k).
> Constant step-size @ achieves rate of O(p*) 4+ O(a) [Nedic & Bertsekas, 2000].
Averaging:
» Gradient averaging improves constants (‘dual averaging’), see [Nesterov, 2009].

> Averaging in smooth cases achieves the same asymptotic rate as optimal
stochastic Newton method [Polyak & Juditsky, 1992].

» Averaging and constant step-size achieves O(1/k) rate for stochastic Newton-like
methods without strong convexity [Bach & Moulines, 2013].
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Motivation for hybrid methods for smooth problems

stochastic stochastic

deterministic deterministic

log(excess cost)
log(excess cost)

time time
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Convex optimization zoo

Convergence rate

Algorithm ‘ Rate ‘ Grads
Stochastic Gradient O(1/k) 1
Gradient O((1 — p/L)*) N
Stochastic averaging gradient (SAG) | O((1 — min{ 1(&1_ , ﬁ})k) 1

e L; is the Lipschitz constant over all Vf; (L; > L).

e SAG has a similar speed to the gradient method, but only looks at one training
example per iteration [Le Roux et al., 2012].

Extensions
Recent work extends this result in various ways:
> Similar rates for stochastic dual coordinate ascent [Shalev-Schwartz & Zhang, 2013]
» Memory-free variants [Johnson & Zhang, 2013; Madavi et al., 2013]
> Proximal-gradient variants [Mairal, 2013]
> ADMM variants [wong et al., 2013]
> Improved constants [Defazio et al., 2014]

> Non-uniform sampling [schmidt et al., 2013]
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Comparing full gradient and stochastic gradient methods

> quantum (n = 50000, p = 78) and rcvl (n = 697641, p = 47236)

10° 4
¢
—H fiac}
-1 a
3 | €107 -
g g %
£ £
Q Q
l¢) l¢)
2 2
2 2 1024 @ L
£ £
o o
> >
o o A
9 1o} 3
8 £ s ]
3
T T T T 1 074 T T T T
0 10 20 30 40 50 0 10 20 30 40 50
Effective Passes Effective Passes

> |AG = incremental aggregated gradient [Blatt et al, 2007]
> AFG = accelerated full gradient [Nesterov, 1983]

> SG = stochastic gradient [Robbins & Monro, 1951]

» ASG = average stochastic gradient [Nemirovskii et al, 2009]
> L-BFGS = limited memory BFGS
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Comparing full gradient and stochastic gradient methods

> quantum (n = 50000, p = 78) and rcvl (n = 697641, p = 47236)

Objective minus Optimum

2 ‘ 0
Effective Passes Effective Passes
> |IAG = incremental aggregated gradient [Blatt et al, 2007]

> AFG = accelerated full gradient [Nesterov, 1983]

» SG = stochastic gradient [Robbins & Monro, 1951]

> ASG = average stochastic gradient [Nemirovskii et al, 2009]

> L-BFGS = limited memory BFGS

> SAG-LS = stochastic average gradient with line-search [Schmidt et al., 2013]
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Coordinate gradient descent methods

Problem setting

> f:RP — R is convex and smooth, where p > 1 is relative large.

Assumptions

> Block decomposition: x = [x1, - ,Xm], where x; € RPi such that
m
E - Di = DP-
=1

» Coordinate Lipschitz gradient: V;f(x) = %(x) = UTVf(x) is Li-Lipschitz

i

continuous, i.e.:
[Vif(x 4+ Uidi) = Vif (x)[l« < Li [|ds]|, Vdi € RP?, x € RP,

where U; € RP*Pi such that I = [Uy,..., Uy,] the identity matrix in RPS,

Sharp operator

, we recall the sharp-operator: [x]! := arg max{(x,z) — (1/2) ||z||*}.
z

For any norm || -

81| - ||« is the dual norm of || - ||
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Coordinate gradient descent algorithm

Conceptual coordinate descent method (CDM) [47]
o Initialization: Choose x° € RP.

e lteration: For k =0, --- , kmax, perform:
1. Choose a coordinate i € {1,..., m} a priori.
2. Update:

= b — g [Vif ()],

where o > 0 is a given step-size and [-]# is the sharp-operator.

Three unspecified steps:
1. The choice of norms: Depending on the function f (e.g., L;)

> weighted or without weighted Euclidian norms
> a general £,-norm.

2. The choice of coordinate i;: There are many possibilities, e.g.,

> sequential: Based on |V, f(x*)|, which requires the m-terms V,f.
> Cycling: Hard to prove convergence.
> Random: Convergence on the expectation or probability.

3. The choice of step-size aj,: There are at least two strategies

> constant step-size: Depending on, e.g, Lipschitz constant.
> adaptive step-size: Often work better.
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Different strategies
Randomized coordinate descent method (Nesterov's method)

B

L
> Choose i}, based on P{i; = j} = mijLB forje {1,---,m} and 8 > 0.
=11
> If =0, ie P{i=j}= % for j € {1,---,m}, it is uniform random coordinate
descent.

Theorem: Convergence guarantees

Let {x*} be the sequence generated by CDM using Nesterov's strategy. Then:

B} = 7 < g [ D01 | Bpe),
j=1
where R, (xY) := max{ ZL7 Hx — X ||2]1/2 s (%) Sf(xo)}.

With 8 =0, i.e. using unlform random strategy, we have:

B{f(x*)} — f* Sm ZL" R2(x :>o<%>
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Convergence rate of coordinate descent: Details

e Step-size strategies
> The steepest descent choice is j = arg max,;{|V;f(x)|} (Gauss-Southwell).

» Convergence rate (strongly-convex, partials are Lj-Lipschitz):

O((1 = u/L;D)").

> Lj is typically much smaller than L across all coordinates:
> Coordinate descent is faster if we can do D coordinate descent steps for cost of one

gradient step.
e Extension and improvements: various. Here are few examples:
> Projected coordinate descent (product constraints) [Nesterov, 2010; Beck, 2013]
» Proximal coordinate descent (separable non-smooth term) [Richtarik & Takac, 2011]

» Composite convex settings and linear constraints [Necoara et al, 2012; Necoara & Patrascu, 2014;
Beck, 2014].

> Frank-Wolfe coordinate descent (product constraints) [LaCoste-Julien et al., 2013]
> Accelerated version [Nesterov, 2010; Fercoq & Richtarik, 2013]

> Parallel variants [Richtarik & Takac, 2012; Necoara & Clipici, 2013]
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Randomized linear algebra

Problem setting
Consider problems of the form
min f(Ax)
X

where bottleneck is matrix multiplication and A is low-rank.

Randomized linear algebra techniques

> Randomized linear algebra approaches uses
A~QQTA),

or choses random row/columns subsets.
> Now, we work with f(Q(QT A)x) instead of f(Ax).

> When does it work well? Q formed from Gram-Schmidt and matrix
multiplication with random vectors gives very good approximation bounds, if
singular values decay quickly. [Halko et al., 2011; Mahoney, 2011]

> But, it may work quite badly if singular values decay slowly.
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Motivation for parallel and distributed optimization

Motivation
We must use parallel and/or distributed computation.
> We can not make large gains in serial computation speed.

> Datasets no longer fit on a single machine.

Two major issues:
> Synchronization: we cannot wait for the slowest machine.

» Communication: we cannot transfer all information.

Embarrassing parallelism

> Many optimization problems are embarrassingly parallel: Split tasks across m
machines, solve independently, combine.

» Decomposition methods we discussed readily fit into this setting.

> E.g., computing the gradient in deterministic gradient method,

n n/m 2n/m

1

=N Vi = - ZVﬂ(x + > VR ).
i=1 i=(n/m)+1

> These allow optimal linear speedups: You should always consider this first!
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Asynchronous computation

Asynchronous computation

> Do we have to wait for the last computer to finish? NO!
> HOW?: Updating asynchronously saves a lot of time.

> One posibility: stochastic gradient method on shared memory
X1 = X — Vi (Xp—7)-

> You need to decrease step-size in proportion to asynchrony.

> Convergence rate decays gracefully with delay 7 [Niu et al., 2011].
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Reduced communication
Parallel coordinate descent
> It may be expensive to communicate x.
> One possibility: using parallel coordinate descent

xj, = x5 — o, Vi f(x), I=1,...,7.

Here, we only need to communicate single coordinates, and need to decrease
step-size for convergence.
Speedup is based on density of graph [Richtarik & Takac, 2013].

Decentralized gradient

> We may need to distribute the data across machines, but may not want to
update a “centralized” vector x.

> One possibility: decentralized gradient method

> Each processor has its own: data samples fi, f2, ... fn and vector x..
> Each processor only communicates with a limited number of neighbors nei(c).

1 Q¢
8= T o, a0 c — V 7 c)-
*¢ = Tnei(o)] 2:( )x o Z filxe)
¢’ €nei(c =1

> Gradient descent is special case where all neighbors communicate.
> With modified update, rate decays gracefully as graph becomes sparse [shi et al., 2014].

» Can also consider communication failures [Agarwal & Duchi, 2011].
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Conclusions

b4
ﬁ'g;u"{‘-or’ /; Z:
r"aﬁ?!«f"‘ 22

And, this is how you solve Big Data problems. ..
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