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VARIANCE REDUCTION TECHNIQUES AND COORDINATE DESCENT METHODS

Introduction: Coordinate descent methods (CD) have a long history in optimization and related fields. Mainly because they pro-
vide various practical advantages. First, they reduce to a sequence of easier optimization problems. In the simple version of CD this
amounts to one dimensional optimization. Furthermore, coordinate descent methods are often simple to implement and their struc-
ture offers a favorable setup for parallel execution, an application that has drawn attention in recent years.

Outline: In this lecture, we first cover variance reduction techniques for stochastic gradient methods in section 1. We then men-
tion the link with coordinate descent and delve into CD methods. This includes a description of the basic framework for CD in section
2 and main results in 3. Then we describe the class of functions we will work on in sections 4 and 9. We will also point out the link
with classic methods in section 5. Finally, we survey applications and variants of CD such randomized, accelerated, proximal, parallel
and primal-dual in sections in sections 6 — 13.

1 Proximal stochastic variance reduction (SPGD-VR)

We consider the following composite convex minimization problem:

F* = min (F(x) := E[h(x, 6)] + 800} )]

Where f := E[A(x,6)] and g are both proper, closed and convex. Let Vf be L-Lipschitz continuous, g is possibly non-smooth and 6 is a
random vector whose distribution is supported on @.
Next, we consider the following instance of the problem:

xeRP

. ] B l m .
F* := min {F(x) := — Z}: [0 +g(0)
~——
fx
Here the solution set 8* := {x* € dom(F) : F(x*) = F*} is nonempty. Finally, recall that a prevalent choice (in SGD methods) of G is
G i) = Vi (x*) because computation of V f,(x) is m times cheaper than V f(x) = # > Vix).

1.1 Algorithms and convergence

The technique consists in computing in a loop of ¢ iterations the stochastic gradient (G(x/,i;) = Vf; xh-Vv fi xH+V f(ik)) using the
full-gradient computing at X and just averaging after g iterations.

Proximal stochastic variance reduction (SPGD-VR)
1. Choose X° € R?,0 # q € N and stepsize y > 0.
2.Fork=0,1..., perform:
2a. VA = L Y7 VA, x* =%\
2b. For1=0,1...,4—1, perform:

pick i; € {1,...,m} uniformly at random,

G(, if) = Vf;,(x) = Vf,(5) + V"),

x*1 = pr()x,/,,(x - yG(x., i))).

3. % —k+1 _1 Z[ ] X
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Theorem 1.1. Mean of convergence of SPGD-VR. Nitanda, 2014
Set Lyax = maxi<i<mLi, where L; is Lipschitz constant of V f;, and suppose that F is y-strongly convex and that the stepsize satisfies :

1 2Lmu.\'7

= + < 2
P #7’(1 - 2Lma.\'y)q (1 - 2Lma.’(7)q ( )
Then,
E[F&) - F'|<p* (F&) - F). ©)
Proof. The proof is described in detail in [10]. u]
To accelerate the algorithm we can choose s components instead of one for each iteration ¢ and also add an acceleration step.
Accelerated mini-batch proximal stochastic variance reduction (Acc. MB SPGD-VR)
1. Choose X° € R?,0 # g € N and stepsize y > 0, accelerated stepsize 8 = (1 — \uy)/(1 + y).
2.Fork=0,1..., perform:
2a. VA = Lym VA&, X =% x" =)' =x.
2b.For/=0,1...,q— 1, perform:
pick I, c {1,...,m} : mini-batch of size s,
GO 1) = Vi (¥) = Vi, + V&),
X" = prox,(y' - yG(y', 1),
y[+l - xI+1 +ﬁ(x1+l _ XI).
3. X% = x4,
Theorem 1.2. Convergence of the mean for Acc. MB SPGD-VR
Set Lyax = maxi<i<mLi, where L; is Lipschitz constant of V f;, and suppose that :
Y 2 m— 2
1. 0y < Voar = mm{w ZLI'W}for some (0 < a < 1/8.
1 I-a
2. q > WlogT
Then,
E[F&) - F'| <o (F&) - F). @
where p =2a2 +a)/(1 —a) < 1.
Proof. Defining ®;(x) = f(x) + 5 ||x — x°||2
We have
k-1
E[FE) - F'| < (1= yip)'™ @) = F)X) + a(Fx) - Fx) +E| > (1 = Vi) e Jay(F(x) - F(x) ®)
1=1

which is a lemma proved in [7]
We denote Vi the left part of the previous inequality and W, the right one. We so have, for k > 1, V, < W,.
Fork > 2,

k-2
Wi = (1= vuy) {(1 - VI @ = FYX) + aVy + ) (1= i) e \/,U_)’Vl} + @ VY Vi1 + ey Vi < (1= yy(l = a)Wiey + a vy W,

=1

(6)
Since 0 < uy(1 — @) < 1, the above inequality leads to
W= (- -yt + 2w, @)
l-a
From the strong convexity of g (and f), we can see
Wi = (1 +a)(F(x) - F(x)) + gllx X' < 2+ a)(F(x) - F(x")) (8)
Thus, for k > 2, we have
Vi < Wi < ((1 — (=) V) + 5 fa)(z +a)(F(x) - F(x") C)
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Moreover, as log(l —p) < —pand g > mlog'%", we have

1l-a

log(1 - (1 — @) Vuy)! < —q(1 — @) Vjuy < —log P (10)

and so
(1= (1 - a) Vay)' < 7 (11)
which proves the theorem. o

We see that these theorems of convergence allows us to have a constant stepsize in the algorithm SPGD-VR and moreover we
obtain a linear rate convergence (with p as linear rate).
1.2 Taxonomy of algorithms

After looking at these different algorithms to solve our example of convex composite minimization, i.e,

1 m
F* = min {F(x) = ; F(x) + g(x)} (12)

We now summarize the rate of convergence of each of the mentioned Stochastic Gradient variants in order to obtain an e~ solution.
Where such an approximate solution x, is defined as follows:
f(xd) — f(x*) < e[maxy f — miny f]. We remind the following facts:

e f(x)= # iy fitx) with fu-strongly convex with L-Lipschitz continuous gradient.
o k==L
1"

8 \km

® So= V2a(m—1)+8 Vk

for0<a<1/8

Table 1: Rate of convergence

Gradient descent | Acc. MB SPGD-VR | SPGD-VR SPGD
Linear Linear Linear Sublinear

Table 2: Complexity to obtain e-solution

SPGD-VR Acc. MB SPGD-VR Acc. Prox. Grad.
O((m + )log(1/€)) | O((m + k5=Dlog(1/€)) | O((mx)log(1/e))

m=1

A few remarks :

e 5 =1:Acc. MB SPGD-VR has the same per-iteration cost as SPGD-VR since the size of the mini-batch is zero and it takes only
one components for each g iteration.

o s =m: Acc. MB SPGD-VR has the same per-iteration cost as Acc. Prox. Grad. since it takes all the functions estimating f at each
q iteration.
1.3 Subset of rows vs. Subset of columns

For the moment we mainly focused on using a subset of rows insted of the full data at each iteration like in Figure 1. We managed to
compute an unbiased estimate G(x', i;) of the gradient using :

e asubset of data points : (a;,, b;,),
o the whole decision variable x :

T x>-by). (13)

! - T
G(x, i) = a; (< a;,
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Figure 1: Example of Least squares. In the SGD setting, we want to sample by rows. Intuitively, the 'row geometry’ yields a distribution
for the output variable with the features (x) as the support. The idea of SGD is to sample from that distribution.

However, we can think about using a subset of columns at each iteration like in Figure 2. If we denote the basis vectors by e;, and
the corresponding directional derivatives by V;. We let a; represent the ith column of matrix A and we consider the following unbiased
estimate :

G(K.iy) = pV, f(x)e;, = p <ay.a;x, —b>e;. (14)
We so compute an unbiased estimate G(x', i) of the gradient using :
e asubset of columns (a;, ) and the whole measurement vector b,

e and only the chosen coordinates of decision variable : x} .

G(X,iy) = aj (< af,x > -b;,). (15)

U

Contrary to the unbiased estimate of gradient using rows which is full, in this case G(x', i) is sparse because only coordinates
chosen by i, are nonzero. Hence, we update these coordinates only.

EENRREEN -

Figure 2: Example of Least squares. In the CD setting, we want to sample from the columns that span a lower dimensional space
where most of the variance is present .
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2 Basic coordinate descent framework

2.1 Relationship with stochastic gradient method

Randomized CD methods can be viewed as a special case of stochastic gradient methods, in which G(x*, i) = pV,, f(x*)e;,, where i is
chosen uniformly random from {1, ..., p}, since,

P
E[G(, i) = pEIV; fd)e ] = D Vi, fOd)ey, = V(.

i=1

Nonetheless, a proper theoretical analysis for CD is required because of the following distinctions. First, coordinate descent provides
a descent lemma, so by properly choosing the step-size, we can guarantee f(x**') < f(x*). Although, in some cases, variance of the
gradient estimates can be characterized. As a simple example, variance shrinks to zero as we converge to x* in unconstrained smooth
convex minimization. As we will see, coordinate descent is more than unbiased estimates. Theoretical analysis for CD shows that,
properly constructed biased estimates may be favorable, this is because CD methods can take advantage of geometrical properties like
the directional Lipschitz constants.

2.2 Unconstrained smooth minimization
We assume f is differentiable and the solution set is nonempty and bounded. Then the basic coordinate descent algorithm is as follows:

Choose x° € RP.
Fork =0,1,... perform:
Choose i, € {1,...,p}
Choose step-size y
Update x**! = x* — .V, f(xMe;,

Despite the simplicity of the basic framework, there are many variants relying on different approaches for the selection of coordi-
nates (i) and step size (yy).

2.3 Some variants of coordinate descent methods

Theory for coordinate descent methods moves rapidly, especially in recent years due to practical interest. We present above some of
the main variants. While some of them have a theoretical analysis as support, others are merely motivated by practice.

As an overview of recent research on Coordinate recent we mention synchronous and asynchronous variants. First, we have the
broad category of one-at-a-time strategies which follow the same setup of section 2.2. This means that after a coordinate update we
use the updated iterate to calculate the next coordinate update. In contrast, all-in-one strategies do not use iterates that were generated
before one complete cycle is complete. This is analogous to the difference between Gauss-Seidel and Jacobi methods in solving linear
system (see 3).Theoretical support exists for the former strategy, while the latter is mainly adequate for parallel implementations of
CD methods. Note, however, that all-in-one strategies may not converge.[11]

With respect to coordinate selection, we mention three basic strategies. First, the simplest strategy is the cyclic one e.g. iy, = i + 1
mod p+1. Second, we have have the essentially cyclic strategy where we touch each coordinate i at least once in each p iterations. Finally,
randomized selection plays an important role in the literature (see [6]), in the simplest case we select i, at random and independently
at each iteration.

Concerning the step size selection. We can use a short step, y; is prescribed by global knowledge about properties of f. As in many
other methods, line search chooses y; to approximately minimize f along coordinate direction ix. And when possible, exact line search
chooses y; to exactly minimize f along i.

3 Prior work on coordinate descent

Convergence of coordinatewise minimization for solving linear systems, the Gauss-Seidel method is a classic topic, see [5] for example
or [2] for a modern treatment with respect to CD. An example is presented in section 5.

Nesterov in [6] considers randomized coordinate descent for smooth functions and shows that it achieves a rate O(1/¢) under
Lipschitz gradient condition, and a rate Olog(1/€) under strong convexity. Richtarik and Takac [9] extend and simplify these results,
considering smooth plus separable functions, where now each coordinate descent update applies a proximal operator.

Beck and Tetruashvili [1] study cyclic coordinate descent for smooth functions in general. They show that it achieves a rate of O(1/¢)
under a Lipschitz gradient condition, and a rate Olog(1/€) under strong convexity. They also extend these results to a constrained
setting with projections.

Finally, the general case of smooth plus separable function is not well-understood with respect to cyclic coordinate descent. It is
also a question as to whether these two should behave similarly, and whether the aforementioned results are tight.
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Figure 3: Red dots indicate the trajectory of CD when x” is a vertex but not on either of the solutions. Figure from [11].

4 Cyclic CD does not always converge
4.1 Powell’s example [8]

Consider the following non-convex, continuously differentiable function:

f: R* > R: f(x1, X2, X3) = —(x12x2 + XpX3 + X3X1) + Z?:[(Ixil - 1)37

0, ifx<0,

X2, ifx>0.

This function has two minimizers at vertices (1, 1, 1) and (-1, -1, —1) of the unit cube. Note that this is a non-convex problem, but can

where x2 =

be solved by gradient descent. However, to illustrate the issue with CD consider the cyclic variant with exact minimization. Choose
x" near one of the vertices of the unit cube other than the solutions. Then, x* cycles around the neighborhoods (see Fig.3) of six points
that are close to the six non-optimal vertices [11].

5 Kaczmarz algorithm

Kaczmarz algorithm is a classical iterative method for solving linear systems of equations, Ax = b. A recent twist on this method [2]
looks at the link with coordinate descent. Let us consider a consistent system (e.g., a system that admits a solution) such that A € R"™".
We also have ||aj|l, = 1 fori =1,..., p, where a,.T is the ith row of A. Note that we can pre-process A to satisfy this property.
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(a) Worst case behavior of cyclic variant. (b) Randomized variant behaves better in expectation.

Figure 4: Illustration of cyclic vs randomized variants for Kaczmarz algorithm.

Then the algorithm is as follows:

Choose x” € R?

Fork =0,1,... perform:
Choose i, € {1,...,n} randomly with equal probability.
Update x**! = x* — ((a;,, x*) — b, )a;,

Kaczmarz algorithm chooses a single equation from the system at each iteration (or a block of equations for the block Kaczmarz
algorithm), and projects the current iterate to the solution space of this equation.

5.1 Kaczmarz algorithm and coordinate descent

We seek a least-norm solution of the system Ax = b:

R S
min §||X||z, s.t. Ax =b.

We can derive the Lagrange dual as follows:

The Lagrange function is L(x,y) = %||X||§ — y"Ax + yTb. Then, for x’ that minimizes the Lagrange function with respect to x we have
V.L(X',y) = 0 which gives us x' = A”y. Next, g(y) = L(x',y) = 2IA7yl} — [IA"yI}3 + y"b = —=1|A"y|l3 + y" b. Finally,

maxyezr 8(y) = ;2%5} %HAT)’Hg -b'y.
The coordinate descent step on this dual formulation with step y, = 1 gives:
Yk+1 = Yk - ((aik,ATYk> - by )ej;.
When we multiply both sides by AT, we get:
ATy = ATy — ((a,, ATy") - by )a,.

Finally, the change of variable x* = ATy* yields Kaczmarz algorithm.

5.2 Kaczmarz algorithm cyclic vs randomized strategy

We want to emphasize that the convergence behavior depends heavily on the selection of i. In the worst case for the cyclic variant, the
expected behavior is not well captured. However, the randomized variant performs better in expectation. We illustrate this in Fig.4
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[
P14+ P2 + P3 +

R - lly)

V.F(x):=U!'VF(x)
[ViF(z + Uihi) = ViF (@)|[(i) < Lillhill )

L=[U, U,

Figure 5: Randomized CD optimizes with respect to block of coordinates sampled by the Lipschitz along columns.

6 Randomized coordinate descent algorithm

CD algorithm is as follows:

Choose 6 € R and x° € R?
Fork =0,1,... perform:
Choose i, = Ay
Update x*! = x* — L;(IU,} [V,-kf(x")]#

Where we define the Sharp-operator as [x]* =argmax ., (x,s) — (1/2)|Is|*. As an example, for the ¢, norm we have[x]* =x. Then, we
have A, that generates i € {1, ..., s} with probability L{/ 3'j_, L . This means that for 6 = 0 we get a uniform distribution.

Theorem 6.1 (Convergence of randomized CD. Nesterov, 2012.). The following theorem is due to Nesterov in [6], similar work is
surveyed in [11]. We split the analysis in two cases according to convexity.

1. Without strong convexity:

MRZ (x%) £, — norm
E[f() - f*] < a0 ’ ’

s (Ri(x0)/2 + f(xo) = f*), 6=0.

where Ry(x*) = max |lx — x*|ligy and |Ixllf, = 25, LX)
{an) I fE<f ()
2. With strong convexity: Suppose that f is strongly convex with respect to the norm || - ||1-g with convexity parameter y,_ > 0.
Then
(1= p1-/S ) (F&) = f*), & = norm,

E[f(&") - f*1<
{(1 = 207/(s(1 + @) (R3(x0) + f(xo) — f*), 0=0.
where Sy = Y, LY.
Recall that SPGM only gets the rate of O(1/ Vk) for non strongly convex problems and O(1/k) for strongly convex problems. One
needs the condition that the level set of f defined by x, is bounded.
6.1 An illustration on the Least squares problem

Next, we demonstrate the performance of randomized coordinate the descent on the classic Least Squares problem:
. 1 2
min< f(x) := Elle —-bl;:xeR”’
X

Choosing @ = 0, so coordinates are chosen uniformly random. Then, A := randn(n, p) (e.g. standard gaussian). And, x € R? with
Gaussian i.i.d. entries, normalized to ||x||, = 1. Finally, b := Ax® + w, where w is Gaussian white noise. SNR is 30dB.
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Figure 6: Least squares experiment for randomized coordinate descent.

7 Randomized accelerated CD

Randomized accelerated CD algorithm 1, RACD1:

Choose v’ =x° e R?, ag = 1/s, by = 2.

Fork =0,1,... perform:

2
: 2 _ Yk — Vi) % — STV — YiH
Compute y; > 1/s from equation y; — & = (1 - 2= W and set @} = e and g, = 1 - %£,

Compute y* = a;v* + (1 — a)xk.

Choose i € {1,..., s} uniformly at random.
X = yh = LU [V F T

Updateq ,., % o
v = Bt + (1 = Bry" — EkUik[Vikf(y )]

Update parameters bk+1 = bk/ \/ﬁ_k and iyl = 'ka[“.]

Recall that s is the number of blocks, L; the Lipschitz constant of V;f, and u is the strong convexity constant of f. While the sharp
operator is defined as [x]* =argmax ., (x,s)— (1/2)|Is|/*.

Theorem 7.1 (Convergence of RACDI. Nesterov, 2012). The following theorem is due to Nesterov in [6].

* 2 * ] *
BLA) - 1) < () [2° = Iy + 5 (Fa) - 7)),

1/2 . .
where ||xll; = ( i L,-llx,-ll(zl.)) and L; is Lipschitz constant of V, f.

€
depends on the dimension. In the next section we present another variant that is dimension independent. The next algorithm is
motivated in situations when producing high accuracy solutions can become prohibitively time-consuming. This is a common scenario
in large-scale problems where a much cheaper way to exploit the structure is preferred over accuracy.

The expected complexity of RACD1 for finding an e-solution is of the order O(%/_ maxj <<, L,-) we emphasize that this bound
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8 Randomized accelerated CD: Dimension independence

Randomized accelerated CD algorithm 2 (RACD?2)

Choose 0 e R,V =x"eRP,ay=1/s,by =1,and o = 6/2
Fork =0,1,... perform:
Choose iy = A,
Compute ;4 > 0 from equation y,fHSé = a1bre) Where a,y = a, + Y1 and by = by + p_gYis1 -

Compute a; = it i = 2t y' = awr' + (1 - apx’.
Update
XK+l = yk — ﬁ.kakBi_klvikf(yk)’
1 T8 LT
Pkt =,8/<yk +(1 _ﬁk)Vk Yt iy L U B-_lvikf(yk)'

1-6/2 ik
Lik bir1 ik

The expected complexity of RACD2 for finding an &-solution is of the order O( L\/_ S LY 2). In contrast to RACD], this complexity
€

is independent of the number of blocks.
Next, we demonstrate in Fig 7 the performance of RACD1 with uniform coordinate sampling and varying the strong convexity
constant . The red curve performs on known u We have taken vanilla coordinate descent as a baseline.

1
min {f(x) = 5||Ax -bl:xe R”}

—CD
— =RACD1
RACD1 choosing 1 =0

100 150 200 100 150 200
epoch epoch

Figure 7: Experiment for the performance of RACDI1 by varying strong convexity constant

For this experiment we set A := randn(n, p) - standard Gaussian N(0,I), with n = 1000, p = 500. The parameters x* € R” with
Gaussian i.i.d. entries, normalized to |x¥||, = 1. Finally, we have b := Ax" + w, where w is Gaussian white noise. SNR is 30dB.

From the results in Fig. 7 we observe the vanilla coordinate descent (CD) adapts to the strong convexity without requiring u as an
input. RACD requires i to be known in advance. Otherwise, the convergence rate becomes sub-linear. Recall that this is also the case
for gradient descent and its accelerated variants.

10
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9 Coordinate descent for composite minimization problem

9.1 Composite convex minimization
Consider the following unconstrained composite convex minimization problem:

F* = min{F(x) := f(x) + gx)}

Where f and g are both proper, closed, and convex. Further assumptions are that Vf is L-Lipschitz continuous. While g is possibly
non-smooth. Lastly, The solution set S* := {x* € dom(F) : F(x*) = F*} is nonempty.
Nonetheless, the following examples illustrate the need of an additional assumption for CD to work for composite problems.

9.2 Coordinate descent does not always converge for composite convex problems

Figure 8: Smooth objective function: f(x) = ||x||§

Consider the objective function: f(x) = ||x]|§. f(x) is minimized along each coordinate axis, if and only if x is the global optimum
(Fig.8). By the first order condition we get:

Af(x)
ox, i

o) afoo]T o,

=0, fori=1,... \Y =3 ..
0, fori=1,....p = Vf(x [6x1, *ox,

However, the natural question is whether we can consider the same optimality criterion for non-smooth f(x).

Now, for composite (non-smooth) objective function (Fig.9 F(x) = ||x||§ + |x; — x| the above criterion is no longer valid. Despite
a unique global optimum at (0,0) we can still take points along the non-smooth axis that satisfy the first order condition mentioned
above, consider point (0.5, 0.5) for example.

Next, we illustrate the form of non-smooth composite functions for which the first order optimality criterion holds. It turns out that
the key property to be able to use first order condition is that one term be separable. Consider the function F(x) = ||x||§ + lIxll; (Fig.10).

Denote f(x) := ||x|[3 the smooth part of F(x) and g(x) := [|l; the non-smooth part. Assume that the non-smooth part is separable:
gx) = Zf:l 8i(x;). We observe in Fig. 10 that the non-smooth axis are now aligned with the coordinate axis, making first order condition
valid.

Then, F(x) is minimized along each coordinate axis, if and only if x is the global optimum.

P
FR) = F) 2 (Vf00,X =) + > [g(8) - g(x)] 20, VX eERY.

i=1
10 Coordinate descent for composite minimization problem

10.1 Composite convex minimization
Consider the following unconstrained composite convex minimization problem:

F* = Ee]]g} {(F(x) := f(x) + g(x)}

11
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Figure 9: Objective function: F(x) = ||x||§ +]x1 — X2

Figure 10: Non-smooth function: F(x) = ||x||§ + |||y

12
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f and g are both proper, closed, and convex.

Vfis L-Lipschitz continuous.

e g is possibly non-smooth.

e S*:={x*edom(F): F(x*)=F*}#0.

As mentioned in section 9.2 we need g(x) be separable. That is, g(x) = X" | gi(x;), where g;: R — R for all i. This form includes
unconstrained optimization (g(x) = constant), box constrained: g(x) = Y| 1j45,(x;)) and ¢, norm regularization: g(x) = ||x||7 where
qg=1.

We can also extend to g being block-separable: p x p identity matrix can be partitioned into column sub-matrices U;, i = 1,...,s
such that g(x) = 3\_, g(U x).. Block-separable examples include group-sparse regularizers.

10.2 Composite convex problems with separable g

Next, we mention relevant examples of problems in statistics, machine learning and optimization where the framework we presented
below, composite convex with a separable term, is applicable.

The following problems are ubiquitous and withing such context coordinate descent was proven quite useful. This is, perhaps, the
motivation behind seeking a more formal understanding of CD methods.

10.2.1 LASSO

1

min =||Ax — b|* + AlIx||; .

x 2 —_——
—_——

1 8(x)

10.2.2 Support vector machine (§VM) with squared hinge loss
mxin C Z max{y;(w! x — b), 0}* + %HX”2 .

——
fx)

8(x)
10.2.3 SVM: dual form with bias term

1
QJin > Z xix;yiy i K(wi, w;) — Z X; .
L] i
——
f(x) 20

10.2.4 Logistic regression with £, norm regularization

1
min — Z log(1 + exp(=b;w! x) + AUIXZ .
X V4 i ——

fx)

8(x)

10.2.5 Semi-supervised learning with Tikhonov regularization

min E (x; = y)* + X Lx.
——
ie{labeled data} fx)
SN—— —

800

10.2.6 Relaxed linear programing

min ¢’x st. Ax=b = min ¢'x +Ax-b|>.
x>0 x>0 S~~~ — ¥ {—

8% )

13
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11 Randomized proximal coordinate descent algorithm

F* := irelllag {F(x) = f(x) + Z gi(xi)}

i=1

Randomized proximal coordinate descent algorithm (PCD):

Choose x° € R” and (y,)ay € 10, +oo[.
Fork =0,1,... perform:
Pick i, € {1,..., s} uniformly at random.
Update coordinate i:
1
xi = argmin g,(v) + (v, V;, f(X)) + e Al

ik
ver”ik

Theorem 11.1 (Linear convergence rate [11]). Suppose that f is uniformly Lipschitz continuously differentiable and strongly convex with
modulus p > 0. Set Liy,x = Max <<, L; and suppose that ay = 1/ Ly, for all k. Then

E[F(x) - F*] < (1 - L“

)k(F(xO) —F*).

max

Recall that we need the following condition: the level set of F defined by x, is bounded.
Next, we illustrate performance for proximal coordinate descent for the LASSO problem (Fig.).

min {f(x) . %lle — bl + Xl i x € R”}

0 5 10 15 20 0 5 10 15 20
epoch epoch

Synthetic problem setup Figure 11: Proximal coordinated descent applied to the LASSO problem.

e A :=randn(n, p) - standard Gaussian N(0,1), with n = 1000, p = 500.

e x% € R? is 50-sparse with Gaussian i.i.d. entries, normalized to |[x¥|, = 1.

e b := Ax" + w, where w is Gaussian white noise. SNR is 30dB.

e 0 =0, so coordinates are chosen uniformly random.

o 1:=1072

14
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12 Accelerated parallel proximal block-coordinate descent algorithm
¢ Randomized block-coordinate descent algorithm:

e Strong convexity.

e Level sets are bounded.

o Slow convergence if Ly, is large.

¢ No strong convexity: choose a group of blocks + acceleration. R R
Accelerated parallel proximal coordinate descent algorithm (APPROX) S c {1,..., s}: uniform block sampling, v = E[|S]], o =
(o1,...,0%) €RY.L

Choose v’ = x° e R” and a = 7/5s.
Fork =0,1,... perform:
Compute y* = (1 — ap)x* + ayvk.

Generate a random set of blocks S; ~ S.

For i € Sy, perform:

SO

<! = argmin [(" - yf.‘,V,-f(yk)> + I = villG + &)}

veRPi 27

Update: xX*! = y* + (saz)/r(0**! —v¥).

Update parameters: aj, = (/@ + 4a? — a})/2.
e Uniform block sampling means (V(i, j) € {1,...,s}>) PG € S)=Ped).
e Algorithm can be executed in parallel.
121 O(1/k?) rate convergence
Theorem 12.1 ([4]). Suppose that the expected separable over-approximation holds, i.e.,

1
BU G+ o)l < £+ (<, Vo) + S1IE ) (16)

where hg = Y,.s Uih; and ||h|% = Y5, oillhill,. Then

2
@’
2

E[F(x") - F*] < .
((k — D1 + 25)2

T 0 gy, Lo oa 2)
(1= S)ra - 7+ 51 =12 )
¢ Condition (16) means that the function x = f(x + hg) has 7/s-Lipschitz continuous gradient in || - ||,

13 Coordinate descent primal-dual algorithm
13.1 Composite minimization problem with linear operator
Consider the following composite minimization problem with linear operator
min {00 + g00 + h(Ax)}.
e f, g and h are proper, closed and convex.
e Vfis Lipschitz continuous.
e A cR¥P,
This problem can be transformed to finding saddle points of the Lagrangian function
Lx,y) = f(0) +g(x) + (y, Ax) = h*(y),

where h*: y - sup, (y,z) — h(z) is the Fenchel-Legendre transform of 4.

15
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13.2 Examples
13.2.1 Total variation + ¢, regularized least squares regression

!
min —||Mx — b]|§ +ar|xll; + a(l = r)l|Ax],,; .
xeRP 2 —_— —,

| —
160 8(x) h(Ax)

13.2.2 Dual SVM

1 N
min >~ IADGXI; — e"x+ Z to.cn () + tyr ().

(SR —— £ |

N —_— h(1d x)
Jx) 200
Coordinate descent primal-dual algorithm
Choose o = (074, ...,0,), T = (11,...,7,), X" € R?, y° € R? and initialize

(Vie(l,....p) W) =% ui ALy ).
(Vjellong) 20 =1/m)) Tie) Y90

Fork =0,1,... perform:
Choose iy € {1,..., p} at random and uniformly.

Compute:
§¥*1 = prox,» (z° + D(0)AX¥)
X+ = proxrg(x"' = D(@)(Vf(X) + 2AT g% — wh)).

Update: For i = iy, and for each j € J(it):

x’,‘” — )—(;wl

Y0250
Wil = Wit Yo AT ()~ yi0)
z/j(_+1 =7+ anj(y;;ﬂ(i) _y’j‘_(i)).

Otherwise

k kookel _ ok 1 kil g ;
X =5k Wi = wh z;" =1, yl;+ O =y;" .

Remarks e At iteration k, quantities (X**!, §**!) do not need to be explicitly computed and only the coordinates

xh+1

X' and  §TL j€ Ji)

are needed to perform the update.
e When g is separable, the other coordinates do not need to be computed.
Convergence results

Theorem 13.1 ([3]). Suppose that
1. Foreveryi€{l,...,p)}, there exists B; > O such that

(Vx e RP)Mu e R”)  f(x +Um) < f(x) + (U, Vf(x)) + %Ilullﬁ,-)-
2. Foreveryie{l,...,p},
1

T < 5
Bi +p( ZjeI(i) ij'jAZ;«Aj,‘)

where p(B) is the spectral radius of B.
Then
1. x* - x*.

2. yi()) =y for every j € {1,...,q} and every i € I(j).
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