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Figure 1: Example of bipartite graph between variables and groups induced by the
group structure G1, see text for details.
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Figure 2: Bipartite group graph with loops induced by the group structure G1,
where on each edge we report the elements of the intersection.

function of the nonzero components of a vector in RN , i.e. ◆(x)
i

= 1 if x
i

6= 0 and
◆(x)

i

= 0 otherwise. We let 1
N

to be the N -dimensional vector of all ones and I
N

the N ⇥N identity matrix. The support of x is defined by the set-valued function
supp(x) = {i 2 N : x

i

6= 0}.

Definition 2.1. A group structure G = {G1, . . . ,GM

} is a collection of groups,
with G

j

✓ N and |G
j

| = g
j

for 1  j  M and
S

G2G G = N .

We can represent a group structure G as a bipartite graph, where on one side we
have the N variables nodes and on the other the M group nodes. An edge connects
a variable node i to a group node j if i 2 G

j

. Fig. 1 shows an example. The
incidence matrix AG 2 BN⇥M of the bipartite graph encodes the group structure,

AG
ij

=

⇢

1 if i 2 G
j

0 otherwise .

Another useful representation of a group structure is via a group graph (V,E)

where the nodes V are the groups G 2 G and the edge set E contains e
ij

if G
i

\G
j

6=
;, that is an edge connects two groups that overlap. We define a sequence of
connected nodes v1, v2, . . . , vn, such that v1 = v

n

, a loop.
In order to illustrate these concepts, consider the group structure G1 defined

by the following groups, G1 = {1}, G2 = {2}, G3 = {1, 2, 3, 4, 5}, G4 = {4, 6},
G5 = {3, 5, 7} and G6 = {6, 7, 8}. G1 can be represented by the variables-groups
bipartite graph of Fig. 1 or by the group graph of Fig. 2, which is bipartite and
contains loops.
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Figure 3: (Left) Loopless pairwise overlapping groups. (right) By adding one
element from G1 into G3, we introduce a loop in the graph.

Definition 2.2. A group cover S(x) for a signal x 2 RN is a collection of groups
such that supp(x) ✓

S

g2S(x) g. An alternative equivalent definition is given by

S(x) = {G
j

2 G : ! 2 BM , !
j

= 1, AG! � ◆(x)} .

The binary vector ! indicates which groups are active and the constraint AG! �
◆(x) makes sure that for every non-zero component of x at least a group that covers
it is active. We also say that S(x) covers x. Note that the group cover is often not
unique and S(x) = G is a group cover for any signal x. This observation leads us
to consider more restrictive definitions of group cover.

Definition 2.3. A G-group cover SG

(x) ✓ G is a group cover for x with at most
G elements,

SG

(x) = {G
j

2 G | ! 2 BM , !
j

= 1, AG! � ◆(x),
M

X

j=1

!
j

 G} .

It is not guaranteed that a G-group cover always exists for any value of G.
Finding the smallest G-group cover lead to the following definitions.

Definition 2.4. The group `0-“norm” is defined as

kxkG,0 := min

!2BM

8

<

:

M

X

j=1

!
j

: AG! � ◆(x)

9

=

;

. (1)
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A generalization of sparsity

Group-structure:  a collection of groups of variables
     

Given a signal              , we want to find an approximation    whose support is 
contained in the union of few active groups from the group-structure    

x 2 RN
x̂

G1 = {1}
G2 = {2}
G3 = {1, 2, 3, 4, 5}
G4 = {4, 6}
G5 = {3, 5, 7}
G6 = {6, 7, 8}

x1

x2

x3

x4

x5

x6

x7

x8

x =
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Group-based interpretations

Group models are ubiquitous. 
Examples:

• Genetic Pathways in Microarray data analysis

• Image patches in image processing

• Brain regions in neuroimaging

Group models are motivated by interpretability.

• Which are the pathways that lead to correct diagnosis of cancer?

• Which patches contain foregound objects?

• Which brain regions decode external stimula?
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Definitions I x 2 RN

Group structure: a collection of  subsets of  the ground set

Ground set:

G = {G1, . . . ,GM} Gj ✓ N , 8j = 1, . . . ,M

N = {1, . . . , N}

Binary matrix encoding the group structure AG
ij =

⇢
1 if i 2 Gj

0 otherwise
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function of the nonzero components of a vector in RN , i.e. ◆(x)
i

= 1 if x
i

6= 0 and
◆(x)

i

= 0 otherwise. We let 1
N

to be the N -dimensional vector of all ones and I
N

the N ⇥N identity matrix. The support of x is defined by the set-valued function
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Definition 2.2. A group cover S(x) for a signal x 2 RN is a collection of groups
such that supp(x) ✓

S

g2S(x) g. An alternative equivalent definition is given by

S(x) = {G
j

2 G : ! 2 BM , !
j

= 1, AG! � ◆(x)} .

The binary vector ! indicates which groups are active and the constraint AG! �
◆(x) makes sure that for every non-zero component of x at least a group that covers
it is active. We also say that S(x) covers x. Note that the group cover is often not
unique and S(x) = G is a group cover for any signal x. This observation leads us
to consider more restrictive definitions of group cover.

Definition 2.3. A G-group cover SG

(x) ✓ G is a group cover for x with at most
G elements,

SG

(x) = {G
j

2 G | ! 2 BM , !
j

= 1, AG! � ◆(x),
M

X

j=1

!
j

 G} .

It is not guaranteed that a G-group cover always exists for any value of G.
Finding the smallest G-group cover lead to the following definitions.

Definition 2.4. The group `0-“norm” is defined as

kxkG,0 := min

!2BM

8

<

:

M

X

j=1

!
j

: AG! � ◆(x)

9

=

;

. (1)

4



Definitions II

Group cover:

G-group cover:
S

G(x) ✓ G s.t. |S|  G, supp(x) ✓
[

G2S

G

Minimal group-cover: M(x) smallest group cover

S(x) ✓ G s.t. supp(x) ✓
[

G2S

G

Might not exist!

Might not be unique!
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Group cover:

G-group cover:
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Minimal group-cover: M(x) smallest group cover
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AG
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◆(x)i =

⇢
1 if xi 6= 0

0 otherwise

is a M-dimensional
binary variable

!

Might not exist!

Might not be unique!

Group cover:

G-group cover:

Minimal group-cover:

S

G(x) =

⇢
Gj 2 G : !j = 1, AG

! � ◆(x),
X

j

!j  G

�

M(x) = {Gj 2 G : !̂j = 1}

!̂ 2 argmin
!

n

X

!j : A
G
! � ◆(x)

o

S(x) =
�
Gj 2 G : !j = 1, AG

! � ◆(x)
 



Group ell0 ”norm” and approximations

kxkG,0 := min
!2BM

8
<

:

MX

j=1

!j : A
G
! � ◆(x)

9
=

;

is G-group sparse if  kxkG,0  G

x

G-group sparse approximation of  a signal
x̂ 2 argmin

z2RN

�
kx� zk22 : kzkG,0  G

 



Group ell0 ”norm” and approximations

kxkG,0 := min
!2BM

8
<

:

MX

j=1

!j : A
G
! � ◆(x)

9
=

;

is G-group sparse if  kxkG,0  G

x

G-group sparse approximation of  a signal
x̂ 2 argmin

z2RN

�
kx� zk22 : kzkG,0  G

 

It is sufficient to find the G-group cover for 
the approximation S

G
(x̂) 2 argmax

S ✓ G
|S|  G

(
X

i2I

x

2
i : I =

[

G2S

G
)
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It is sufficient to find the G-group cover for 
the approximation S

G
(x̂) 2 argmax

S ✓ G
|S|  G

(
X

i2I

x

2
i : I =

[

G2S

G
)

x̂I = xI , x̂Ic = 0

Weighted Maximum Coverage problem
S

G(x̂) = {Gj 2 G : !G
j = 1}

(!

G
, y

G
) 2 argmax

!2BM , y2BN

8
<

:

NX

i=1

yix
2
i : A

G
! � y,

MX

j=1

!j  G

9
=

;
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Tractability of Interpretability I

Weighted Maximum Coverage

Solve with Dynamic Programming for loopless pairwise overlapping groups (LPOG)

• Only pairwise overlaps

• No loops
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Definition 2.2. A group cover S(x) for a signal x 2 RN is a collection of groups
such that supp(x) ✓

S

g2S(x) g. An alternative equivalent definition is given by

S(x) = {G
j

2 G : ! 2 BM , !
j

= 1, AG! � ◆(x)} .

The binary vector ! indicates which groups are active and the constraint AG! �
◆(x) makes sure that for every non-zero component of x at least a group that covers
it is active. We also say that S(x) covers x. Note that the group cover is often not
unique and S(x) = G is a group cover for any signal x. This observation leads us
to consider more restrictive definitions of group cover.

Definition 2.3. A G-group cover SG

(x) ✓ G is a group cover for x with at most
G elements,

SG

(x) = {G
j

2 G | ! 2 BM , !
j

= 1, AG! � ◆(x),
M

X

j=1

!
j

 G} .

It is not guaranteed that a G-group cover always exists for any value of G.
Finding the smallest G-group cover lead to the following definitions.

Definition 2.4. The group `0-“norm” is defined as

kxkG,0 := min

!2BM

8

<

:

M

X

j=1

!
j

: AG! � ◆(x)

9

=

;

. (1)

4

G1 = {1, 2, 3}
G2 = {3, 4, 5}
G3 = {5, 6, 7}

max

!2BM , y2BN

8
<

:

NX

i=1

yix
2
i : A

G
! � y,

MX

j=1

!j  G

9
=

;
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G2 = {3, 4, 5}
G3 = {5, 6, 7}

The DP is polynomial-time O(GM2)
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yix
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8
<
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NX

i=1

yix
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i : A

G
! � y,

MX

j=1

!j  G

9
=

;

Discrete relaxation:
linear program max

!2BM , y2BN

8
<

:

NX

i=1

yix
2
i � �

MX

j=1

!j : A
G
! � y

9
=

;
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kxkG,0 := min

!2BM

8

<

:

M

X

j=1

!
j

: AG! � ◆(x)

9

=

;

. (1)

4

G1 = {1, 2, 3}
G2 = {3, 4, 5}
G3 = {5, 6, 7}

The DP is polynomial-time O(GM2)

max

!2BM , y2BN

8
<

:

NX

i=1

yix
2
i : A

G
! � y,

MX

j=1

!j  G

9
=

;

Discrete relaxation:
linear program max

!2BM , y2BN

8
<

:

NX

i=1

yix
2
i � �

MX

j=1

!j : A
G
! � y

9
=

;

is Totally Unimodular for LPOG AG Polynomial-time solvers



Tractability of Interpretability II

Pareto frontier of WMC: 
set of optimal values as parameter G is varied

P =

(
G,

X

i

x

2
i yi

)M

G=1

Theorem: The discrete relaxation finds only the solutions in the 
intersection between     and the boundary of the convex hull of P P
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P =
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i yi
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G=1

Theorem: The discrete relaxation finds only the solutions in the 
intersection between     and the boundary of the convex hull of P P

• 1D block signals have a 
sparse representation via the 
Haar wavelet coefficients.

• The coefficients are arranged 
hierarchically.

• This hierarchy is a special 
group structure, that we can 
handle exactly.
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Convex relaxations

Latent Group Lasso Norm: 
promotes sparsity at the group level  [Obozinski et al., 2011]

kxkG,{1,2} := inf
v1, . . . ,vM 2 RN

8j, supp(vj) = Gj

8
<

:

MX

j=1

djkvjk2 :
MX

j=1

vj = x

9
=

;

The group cover is defined by the non-zero terms in the optimal decomposition.

S̆(x) :=
�
Gj 2 G : 9 v 2 V(x) s.t. vj 6= 0

 
is the set of  solutions of  (*)

(*)

V(x)

might not contain the minimal group cover for xS̆(x)
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Group-sparse approximation:
x̂ = argmin

z2RN

�
kx� zk22 : kzkG,{1,2}  �

 

Group-support recovery guarantees are given with respect to          and not to 
the underlying discrete problem (WMC).

S̆(x)



Example
N = {1, . . . , 11}

G1 = {1, . . . , 5}
G2 = {4, . . . , 8}
G3 = {7, . . . , 11}

x = [0 0 1 1 1 0 1 1 1 0 0]>

{ {

{
G1

G2

G3

G1

G2

G3

{4, 5} {7, 8}

6 Discrete vs. Convex Interpretability

The following stylized example illustrates situations that can potentially be en-
countered in practice. In these cases, the group-support obtained by the convex
relaxation will not coincide with the discrete definition of group-cover, while the
dynamical programming algorithm of Prop. 3.2 is able to recover the correct group-
cover.

Let N = {1, . . . , 11} and let G = {G1 = {1, . . . , 5}, G2 = {4, . . . , 8}, G3 =

{7, . . . , 11}} be a loopless pairwise overlapping groups structure with 3 groups.
Consider the 2-group sparse signal x = [0 0 1 1 1 0 1 1 1 0 0]

>, with minimal
group-cover M(x) = {G1,G3}.

The dynamic program of Prop.3.2, with group budget G = 2, correctly identi-
fies the groups G1 and G3. The TU linear program (5), with 0 < �  2, also yields
the correct group-cover. Conversely, the decomposition obtained via (6) with uni-
tary weights is unique, but is not group sparse. In fact, we have S(x) = ˘S(x) = G.
We can only obtain the correct group-cover if we use the weights [1 d 1] with
d > 2p

3
, that is knowing beforehand that G2 might be irrelevant.

Remark 1. Indeed, if the convex relaxation always recovered the correct minimal
group-cover, it would be possible to solve the discrete NP-hard problem in polyno-
mial time.

7 Generalizations

We can generalize (4) by introducing a sparsity constraint K and allowing to in-
dividually select variables within a group. The generalised integer problem then
becomes

max

!2BM
, y2BN

8

<

:

N

X

i=1

y
i

x2
i

: AG! � y,

N

X

i=1

y
i

 K,

M

X

j=1

!
j

 G

9

=

;

. (8)

We can modify the dynamic programming algorithm of Prop.3.2, in order to
solve (8) (see proof in the Appendix).

Proposition 7.1. Given a loopless pairwise overlapping groups structure G, there
exists a polynomial time dynamic programming algorithm that solves (8).

8

Loopless pairwise 
overlapping groups

Minimal Group Cover: M(x) = {G1,G3}



DP solution:
S

G(x̂) = {G1,G3}

Discrete relaxation solution:
S

�(x̂) = {G1,G3} for 0 < �  2

Convex relaxation solution: S̆(x) = G

with

with dj = constant

S̆(x) = {G1,G3} d1 = d3 = 1 and d2 >
2p
3

for G = 2
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Minimal Group Cover: M(x) = {G1,G3}

Need to know beforehand which groups are irrelevant!



Generalization
• Introduce sparsity budget K.
• Allow individual element within a group to be selected.
• Discrete problem still NP-HARD.

maximize

!2BM , y2BN

PN
i=1 yix

2
i

subject to A

G
! � yPM

j=1 !j  GPN
i=1 yi  K

• Hierarchical constraints can be encoded in the Generalized WMC.
• We developed a polynomial-time Dynamic Program to solve the GWMC for 

hierarchical constraints.

• Hierarchical constraints are TU: the discrete relaxation (in both group and sparsity 
budget) allows polynomial solvers.

Generalized Weighted 
Maximum Coverage

max

!2BM , y2BN

8
<

:

NX

i=1

yix
2
i � �G

MX

j=1

!j � �K

NX

i=1

yi : A
G
! � y

9
=

;



Example: Approximation using wavelet tree

• Block signal of size N = 64
• Sparse representation in Haar wavelet coefficients that satisfy hierarchical constraints

Methods:
1. Dynamic Programming (DP)
2. Discrete relaxation with TU 

constraints (TU)
3. Latent Group Lasso with 

groups given as all father-
child pairs: not all 
constraints are satisfied 
[Rao et al., 2012]

4. Hierarchical group lasso 
[Jenatton et al., 2009]
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Conclusions

• Convex relaxations cannot solve the original discrete NP-hard problem and 
give only a subset of the solutions.

• We identified group structures that lead to tractable group-based 
interpretations.

• Totally Unimodular group structures allow efficient relaxations.

• However, some relevant application 
do not have tractable group structures:

➡ e.g. Breast cancer dataset:
group-graph of the top 25 pathways from
the Molecular Signature Database
[Subramanian et al., 2005]
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