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The on-top pair density [Π(r)] is a local quantum chemical property, which reflects the probability of two electrons of
any spin to occupy the same position in space. Simplest quantity related to the two-particles density matrix, the on-top
pair density is a powerful indicator of electron correlation effects and, as such, it has been extensively used to combine
density functional theory and multireference wavefunction theory. The widespread application of Π(r) is currently
hindered by the need for post-Hartree–Fock or multireference computations for its accurate evaluation. In this work,
we propose the construction of a machine learning model capable of predicting the CASSCF-quality on-top pair density
of a molecule only from its structure and composition. Our model, trained on the GDB11-AD-3165 database, is able
to predict with minimal error the on-top pair density of organic molecules bypassing completely the need for ab-initio
computations. The accuracy of the regression is demonstrated using the on-top ratio as a visual metric of electron
correlation effects and bond-breaking in real-space. In addition, we report the construction of a specialized basis set,
built to fit the on-top pair density in a single, atom-centered expansion. This basis, cornerstone of the regression, could
be potentially used also in the same spirit of the resolution-of-the-identity approximation for the electron density.

I. INTRODUCTION

The spinless on-top pair density [OTPD, Π(r), Eq. 1] is a
local quantum chemical quantity, which represents the proba-
bility density for two electrons of any spin to occupy the same
position in real-space:1

Π(r) =
(

N
2

)∫
|Ψ(x1, ...xN)|2 dσ1...dσNdr3...drN |r1=r2=r,

(1)
where σ is the spin variable, r is the space variable and

x = (r,σ).
Because the on-top pair density is the simplest local prop-

erty that is still related to the two-particle density matrix (2-
PDM), Π(r) occupies a prominent place in the history of elec-
tron correlation in density functional functional theory. Al-
ready in the mid-90s it was shown that the on-top pair den-
sity is the fundamental quantity that justifies the accurate re-
sults obtained on some multireference systems with broken-
symmetry LSDA and GGA computations.2 Indeed, chemical
situations such as the stretched H2 molecule suffer from an
apparent dilemma (akin to Löwdin’s symmetry dilemma in
Hartree–Fock):3 preserving the correct spin distribution yields
inaccurate electronic energies, and viceversa.4,5 Concrete ex-
amples of this problem have been already known since the
late 70s, when it was demonstrated that the local spin-density

a)The authors contributed equally to this work.
b)Electronic mail: clemence.corminboeuf@epfl.ch

approximation (LSDA) is only justified for single-determinant
states and that the local spin density philosophy is not compat-
ible with the spin densities of multireference wavefunctions.6

In contrast, Perdew, Ernzerhof, Savin and Burke showed that
despite yielding incorrect spin distribution, broken-symmetry
solutions already at the LSDA level mimicked very closely
the on-top pair density computed with multireference wave-
function theory.2,7 It was later argued that the ability of LSDA
to produce satisfyingly accurate spin-independent quantities
[ρ(r) and Π(r)] is the reason beyond the unexpectedly fair
behavior in many chemical situations of this otherwise very
crude approximation to exact DFT.8

Besides its usefulness to re-interpret the results of approxi-
mate functionals, the on-top pair density has been traditionally
used to combine wavefunction theory and DFT. As early as the
1991, the pioneering work of Moscardó and San-Fabián9,10

showed that it is possible to use the on-top pair density from a
configuration-interaction wavefunction (CID) to help density
functionals to capture the intrinsic two-body nature of the cor-
relation energy. This first result only slightly anticipated the
work of Becke, Savin and Stoll who proposed a complete re-
evaluation of the local spin-density approach and replaced the
spin densities [ρα(r), ρβ (r)] as independent variables with
ρ(r) and Π(r).11 Since the electron density and the on-top
pair density can be evaluated straightforwardly from a mul-
ticonfigurational wavefunction, the proposed substitution al-
lows extending the machinery of Kohn–Sham DFT to multi-
determinant reference states.

On the momentum of these works, the on-top pair den-
sity has been then mostly applied as ingredient of mixed
electronic structure methods such as multiconfiguration DFT
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(MC-DFT),12 complete active space DFT (CAS-DFT)13–16

and, more recently, multiconfiguration pair-density functional
theory (MC-PDFT).17–19 In these latter works, at least part
of the total electronic energy is obtained non-variationally
through a density functional, whose input is or directly derives
from the on-top pair density of a converged multiconfigura-
tional wavefunction. Among these methods, MC-PDFT has
emerged as one of the closest realizations of the original sug-
gestion to combine multireference wavefunction theory and
DFT through the on-top pair density.11 In the last few years,
this framework has been shown to produce benchmark-quality
results for typically challenging electronic structures,20 in-
cluding charge-transfer complexes,21 main group and transi-
tion metal thermochemistry,22,23 barrier heights,22 and elec-
tronic excitations.24 Complementary to the applications of the
on-top pair density for method development, the success of
MC-PDFT fueled a renewed interest in its potential applica-
tion as a visualization tool, especially in the form of the on-
top ratio [i.e. the ratio between the Π(r) and ρ2(r)/4] and its
partial derivatives.25 These quantities are effective real-space
metrics to identify and visualize the effects of electron corre-
lation, as well as to characterize fundamentally the different
types of bonds and covalent-bond breaking.25,26

While the applications of the on-top pair density demon-
strate its key role in the quantitative and qualitative descrip-
tion of electron correlation, its wide-spread use is severely
limited by the necessity to perform post-Hartree–Fock or,
more commonly, multireference computations to obtain ac-
curate two-particle density matrices. In the last few years,
the recourse to artificial intelligence, more precisely to ma-
chine learning (ML), has been increasingly proposed as an
effective strategy to access fundamental quantum chemi-
cal objects bypassing the bottleneck of computationally de-
manding methods.27–35 In this context, two of us have re-
cently proposed,36 improved37 and demonstrated the large
applicability37,38 of a local machine learning model of the
molecular electron density capable of accurately reproduc-
ing the complex rotational symmetries of the density in real-
space. While applied to date only for the regression of the
ground-state electron density, the architecture of the frame-
work is general and allows, in principles, to target any local
field as long as its decomposition onto an atom-centered basis
set is possible.

In this work, we adapt the electron density learning frame-
work to build a direct mapping between the structure and
composition of a molecule and its CASSCF-quality on-top
pair density. Granting a ready access to the information con-
tained in Π(r), we conceive our model as an effective tool for
the real-space visualization of electron correlation effects and
covalent-bond breaking. To achieve this goal, the framework
is built on the recently introduced GDB11-AD-3165 database
of Kulik and coworkers,39 which consists of 3165 small or-
ganic molecules both at their equilibrium and distorted ge-
ometries. The GDB11-AD-3165 set has not only the advan-
tage of hosting inherently multiconfigurational molecules and
structures, but it also reports accurate CASSCF results, in-
cluding the weight of the dominant electronic configuration
(C2

0) and the precise extent of the active spaces used.

II. THE φ OTPD(r) SPECIALIZED BASIS SET

The symmetry-adapted Gaussian process regression frame-
work (SA-GPR) used in this work was originally proposed by
Csányi and Ceriotti and coworkers41 and is a generalization
of traditional GPR, capable of encoding the complex symme-
tries of Cartesian and spherical tensors of any order through a
hierarchy of kernels. As already demonstrated in the case of
the ground-state electron density,36,37 SA-GPR captures accu-
rately the rotational symmetries of a local scalar field, subject
to the constraint that its angular dependence is described by
a single set of atom-centered spherical harmonics [Y m

l (θ ,φ)].
In this way, any field can be decomposed into a sum of spher-
ical tensor components with rank l, beginning with the spher-
ically symmetric elements (l = 0) and increasingly adding
anisotropy (l > 0). The treatment of the radial part of the field
is subordinated to a much lighter constraint, as the only re-
quirement is for the chosen atom-centered basis functions to
have a similar long-range (r→ ∞) asymptotic behavior.

The local decomposition strategy is not only an efficient
mathematical expedient to represent a scalar field and ensure
its compatibility with SA-GPR, but it is also the foundation
of the scalability and transferability of the model. These two
last properties stem from the combination of the locality of the
decomposed field with the locality of the molecular represen-
tation used within the SA-GPR framework (λ−SOAP) and
allow the linear-scaling prediction of the target property for
a complex molecule, while restraining the training procedure
only to much smaller fragments. This type of LEGO approach
is very similar in spirit to well-established linear scaling tech-
niques in quantum chemistry such as Mezey’s molecular elec-
tron density LEGO assembler (MEDLA)42,43 and adjustable
density matrix assembler (ADMA).44–46

For these reasons, we seek a decomposition of the on-top
pair density [Π(r)] in the form of

Π(r) =
1
2

NAO

∑
abcd

Dabcd χa(r)χb(r)χc(r)χd(r) = ∑
i

ciφi(r), (2)

where Dabcd is the two-particle density matrix at any cho-
sen level of theory (e.g. HF, DFT, CASSCF, CCSD(T), etc.),
χ(r) are atomic orbitals, ci are decomposition expansion co-
efficients [i = {atom,n, l,m}] and φi(r) are a set of suitable
basis functions for the decomposition.

The expansion onto the non-orthogonal basis shown in
rightmost side of Eq. 2 has to be interpreted in the same spirit
as the well-established density-fitting approximation (RI or
resolution-of-the-identity) in the context of the electron den-
sity. We have already demonstrated that the use of specialized
basis sets (auxiliary or RI-basis) optimized for the density-
fitting approximation improves dramatically the regression of
the electron density within the symmetry-adapted framework.
However, as reported for the show-case water molecule in the
top, left panel of Figure 1, common RI-basis functions re-
sult in unacceptable errors in the decomposition the on-top
pair density, introducing instabilities in the shape of spurious
anisotropic features in the field.
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FIG. 1. top, left) Qualitative comparison of fitting performance on the water molecule; isosurfaces: 0.005 e2 ·Bohr−6. (top, right) Comparison
between the φ OTPD(r) and the cc-pVTZ-jkfit40 (RI-basis) for the fitting of the on-top pair density (CASSCF/cc-pvTZ) on the GDB11-AD-
3165 set.39 Height of the histogram correspond to the mean relative percentage error on the GDB11-AD-3165. bottom) Distribution of the
absolute and relative [%] fitting error for φ OTPD(r) on the GDB11-AD-3165 set.

To better understand the reason behind the spectacular fail-
ure of RI-basis sets for the fitting of the on-top pair density, it
is sufficient to consider the form of Π(r) at the Hartree–Fock
level:11

Π
HF(r) =

1
2

NAO

∑
abcd

[DabDcd−
1
2

DadDcb]χa(r)χb(r)χc(r)χd(r)

=
ρ2(r)

4
,

(3)

where Dab is the Hartree–Fock one-particle density matrix
and ρ(r) the electron density. Equation 3 shows that, even
excluding any effect due to electron correlation, the on-top
pair density has higher amplitudes near the nuclei and de-
cays much faster (twice as fast) than electron electron density,
for which the RI-basis were optimized. Unfortunately, simple
solutions such as doubling the exponents of the RI-basis im-
proves only marginally the fitting error (A.E. = 5.8 a.u. on the

water molecule; standard RI-basis A.E. = 33.5 a.u.).
For this reason, we propose here the construction of a spe-

cialized basis [φ OT PD(r)], adapted to reduce the fitting error
on the on-top pair density. Inspired by the work of Neese
and coworkers,47 we divide the optimization procedure in two
distinct phases. A first set of basis exponents (α) for each
angular momentum (up to l = 4) and for each element in
the GDB11-AD-3165 set (H, C, N, O) is generated by opti-
mization of the three coefficients (α0, β , and γ) of the well-
tempered formula:48

αi = βαi−1

(
1+ γ

(
i−2
N +1

)2
)
, i = 2, . . . ,N (4)

The optimization is performed to minimize the fitting error
of the on-top pair density at HF/cc-pVTZ of H2, H2O, H2O2,
C2H2, C2H4, C2H6, C6H6, CH4, NH3, N2H2, and N2 (the
geometries were taken from the original set by Ahlrichs and
coworkers).49 This first crude optimization was then used as
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an initial condition for the complete relaxation of each ex-
ponent with analytical gradients using the BFGS50–53 algo-
rithm. Further details about φ OTPD(r) and its construction are
reported in the Supplementary Material.

As the on-top pair density is a powerful indicator of static
(or left-right,54 or non-dynamical)55 electron correlation, we
choose to build our model on the recently published GDB11-
AD-3165 dataset.39 Figure 1 shows the comparison of the
decomposition error on GDB11-AD-3165 between the opti-
mized φ OTPD(r) and the standard cc-pVTZ-jkfit40 basis. The
on-top pair densities were obtained at the CASSCF/cc-pVTZ
level using the same active spaces as prescribed in the original
reference.39

In the figure, the fitting error of φ OTPD(r) is reported us-
ing two distinct integral metrics: the absolute error AE =∫

dr
∣∣Π(r)−∑i ciφ

fitting(r)
∣∣2 and the relative error RE =∫

dr
∣∣Π(r)−∑i ciφ

fitting(r)
∣∣2 /∫ drΠ2(r). The absolute error

is extremely sensitive to the inaccuracies of the fitting near the
nuclei and, generally, in the regions with high OTPD ampli-
tudes. On the other hand, the relative error is a more fair met-
ric both close and far from the nuclei and, in contrast to the ab-
solute error, does not depend on the system size. Regardless of
the metric chosen, however, φ OTPD(r) is orders of magnitudes
more accurate for the fitting of the on-top pair density than
standard density-fitting basis sets of comparable size. From
a chemical perspective, the GDB11-AD-3165 is divisible be-
tween compounds with marked multiconfigurational character
(often distorted structures) and single-reference molecule (of-
ten at the equilibrium geometry). While this distinction exist
in the dataset, the fitting error does not depend on the charac-
ter of the molecular ground-state (see Supplementary Material
for further details). Since the fitting error persists also after the
learning procedure, reaching a high accuracy in the decompo-
sition step is the cornerstone of any application of the machine
learned on-top pair density.

III. LEARNING CURVES

The optimization of the specialized φ OTPD(r) allows the
efficient projection of the on-top pair density onto a non-
orthogonal, atom-centered (local) basis and promotes its com-
patibility with the symmetry-adapted Gaussian process re-
gression (SA-GPR) framework. To train the model and as-
sess its accuracy, the GDB11-AD-3165 dataset was randomly
split into a training set of 2550 molecules and a test set con-
taining the remaining 615 compounds (∼20 % of the total).
Because of its size and its chemical diversity, the GDB11-
AD-3165 database contains a tremendous number of atom-
centered environments (χ ∼36’000). On the other hand, most
of these local environments are very similar to each other and
are redundant for the regression purposes. The locality of the
molecular representation combined with the relative redun-
dancy of chemistry at a short, atom-centered cutoff allows re-
ducing significantly the computational cost of the regression
by only choosing a subset of the M most different environ-
ments. Akin to our previous work on the electron density,

we set M= 1000 and perform a farthest point sampling in the
environment space to form a basis for the regression of the
on-top pair density.

The performance of the regression model, in terms of mean
absolute and relative errors (as defined in Section II) is sum-
marized in Figure 2. Besides the on-top pair density, the
learning curve of the squared half-densities [(ρ(r)/2)2] are
reported for comparison.
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FIG. 2. Learning curves with respect to fitted on-top pair densi-
ties and squared half-densities (ML error). The learning curves of
(ρ(r)/2)2 are shown for comparison purposes. (top) Mean absolute
error (MAE), (bottom) mean relative percentage error on the test set
(615 molecules). The color code distinguishes the on-top pair density
(red) from the squared half-densities (blue).

In the limit where the on-top pair density is computed at
Hartree–Fock level, Π(r) and (ρ(r)/2)2 has the same value at
every point of space and their learning curve should overlap
perfectly. As reported in upper panel of Figure 2, however, the
absolute error of the two fields differ significantly throughout



This article may be downloaded for personal use only. Any other use requires prior permission of the authors and AIP Publishing.
This article appeared in J. Chem. Phys. 153, 204111 (2020) and may be found at https://aip.scitation.org/doi/10.1063/5.0033326.

the learning. In reality the difficulty of the learning exercise
is very similar for the two fields as shown using the relative
percentage error. The difference between the two metrics is
the direct manifestation of an underlying physical effect: the
presence of electron correlation at CASSCF level decreases
in average the amplitudes of Π(r) with respect to those of two
independent particles.

Overall, the performance of the model on the test set is
more than satisfying with a mean relative error at the full train-
ing set (2550 molecules) of only 3.32 ·10−5 % for Π(r) and
3.14 ·10−5 % for (ρ(r)/2)2. These errors refer to the devi-
ation from the fitted fields and, thus, represent the machine
learning error only. Nevertheless, the fitting error with respect
to the ab-initio reference (see Section II) is orders of magni-
tudes lower than the prediction error, which allows the direct
comparison between prediction and ab-initio results.

C0
2 : 0.87 

R.E. = 3.15 . 10-5 %

C0
2 : 0.95 

R.E. = 3.20 . 10-5 %

Reference Predicted

Reference Predicted

FIG. 3. Predicted on-top pair density of two illustrative molecules
from test set molecules. The reference field (target of the learning) is
Π(r) fitted on φ OTPD(r). Overall, the main real-space features and
shape of the on-top pair density is well reproduced by the predic-
tions. Isovalues: 0.01 e2 ·Bohr−6 (blue), 0.005 e2 ·Bohr−6 (inner-
most, gray), and 0.001 e2 ·Bohr−6 (outermost, gray). The weight of
the dominant configuration (C2

0) and the relative error of the predic-
tion (R.E.) is reported for each molecule.

Quantifying the prediction error through a well-defined nu-
merical metric, such as the absolute and relative error, is an
objective procedure to estimate the deviation from the targeted
fields, but it tells only little about the impact of such an error
on the shape of Π(r), its real-space properties and its applica-
bility in methods such as MC-PDFT. For this reason, we re-
port in Figure 3 two illustrative examples of the quality of pre-
dicted on-top pair densities in real-space. The two molecules
were selected from the test set following two distinct criteria.
First, both molecules are characterized by a relative predic-
tion error similar to the mean on the test set (last point of
the learning curve). Second, the first molecule is character-
ized by an evident multiconfigurational character (CASSCF
C2

0 : 0.87), while the electronic structure of the other is al-

ready well-described by its most dominant configuration only
(C2

0 : 0.95).
In both molecules, regardless of their multireference char-

acter, the main features and the overall shape of the on-top
pair density is well reproduced by the predictions. This is es-
pecially true for the highest amplitudes, closer to the nuclei
(blue parts in Figure 3, while the prediction error is somewhat
more evident in the low-Π(r) regions (see e.g. the primary
amine group of the first molecule). The slight degradation of
the quality of the regression further from the nuclei has been
already observed in the case of the electron density and it has
to be attributed in part to the incompleteness of the basis set
and in part to fact that the machine learning algorithm tends
to minimize the overall error by reducing the discrepancies in
the high-amplitude regions. Overall, the quality of the regres-
sion is largely sufficient for our goal to apply the predicted
on-top pair densities as real-space metrics, as discussed in the
following section.

IV. A VISUAL METRIC OF ELECTRON CORRELATION
AND BOND BREAKING

The ability to predict from the molecular structure only
both the on-top pair densities [Π(r)] and squared half-
densities [(ρ(r)/2)2] at CASSCF level promotes their ap-
plication as real-space metrics for the evaluation of electron
correlation effects and the characterization of bond-types and
bond-breaking. This kind of application, similar in spirit
to other well-established scalar fields based on the electron
density,56–61 has been proposed and meticulously analyzed for
simple molecules at CASSCF level by Carlson, Truhlar and
Gagliardi.25,26 The key quantity to be computed is the on-top
ratio, which is defined as:

R(r) =
Π(r)

[ρ(r)/2]2
(5)

Figure 4 reports the on-top ratio computed from the pre-
dicted on-top pair densities and squared half-densities of the
same two molecules presented in Figure 3. For visualization
purposes the on-top ratio is projected on the surface of squared
half-densities for the two molecules.

Although, from the quantitative perspective, it can be no-
ticed that the on-top ratio from the predicted quantities is
slightly underestimated on the hydrogen atom of the first
molecule, overall it reproduces well both the shape and the
qualitative distribution of the reference field. More impor-
tantly, because of its correct distribution, the chemical inter-
pretation of the predicted on-top ratio is still possible. As
shown in the Figure, the on-top ratio is very close to 1 (HF
limit) everywhere in the second molecule, where a single elec-
tronic configuration dominates the ground-state. The few re-
gions where the ratio decreases slightly (0.85) are a conse-
quence of dynamic electron correlation, which is partially in-
cluded along with static correlation in the CASSCF computa-
tion. In contrast, the first molecule has a significant multicon-
figurational character, originating from the significantly elon-
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FIG. 4. Predicted on-top ratio [color-code, R(r)] for two illustrative molecules of the test set projected on their squared densities (isovalue
0.025 e2 ·Bohr−6). The reference R is computed using the fitted on-top pair densities and squared half-densities.

gated N-H bonds in the primary amine (1.24 Å and 1.43 Å
respectively, while the standard length is ∼ 1.00 Å). In the
region of these two hydrogen, the on-top ratio drops signif-
icantly and approaches zero. This behavior is not surpris-
ing, as at most 1 electron (homolytic bond breaking) would
be present on each of the dissociating hydrogens and the Π(r)
reflects the probability of two electrons sharing the same posi-
tion in space. These examples concretely demonstrate how the
predicted on-top pair densities and squared half-densities are
sufficiently accurate to access valuable real-space information
about correlation effects and bond-breaking in molecules.

V. CONCLUSION

The centrality of the on-top pair density for the description
of electron correlation in atoms, molecules and materials is
well reflected by the immense research effort put in the anal-
ysis of its properties and applications. In this work, we have
proposed a machine learning model of Π(r) capable of yield-
ing accurate on-top pair densities given the molecular struc-
ture only. Bypassing the demanding CASSCF computations,
our model becomes a powerful tool for the visualization and
the analysis of electron correlation effects (both static and dy-
namic). In principles, the predicted densities and on-top pair
densities could be also used as ingredients for electronic struc-
ture methods such as MC-PDFT. Nevertheless, this kind of
application is substantially limited by the necessity to use the

wavefunction to compute the kinetic energy contribution to
the total electronic energy.

The regression of Π(r) is also the first concrete demonstra-
tion of the generalizability to any real-space field of the SA-
GPR framework. While the machine learning machinery re-
mains the same regardless of the chosen target, it is imperative
to develop efficient decomposition schemes capable of mini-
mizing the fitting error of the target field onto a single basis
set. In this respect, we have reported the construction of a spe-
cialized basis set for the fitting of the on-top pair density and
any general field which behaves as the square of the electron
density.

Taking advantage of its locality, the current model is trans-
ferable and allows the regression of the on-top pair den-
sity of organic molecules of any size, as long as their local
atomic environments are contained within the GDB11-AD-
3165 database. The construction rules of GDB11-AD-3165
(i.e. singlet, neutral molecules only with maximum 6 heavy
atoms) result into some limitations for the transferability of
the current model, since structural patterns such as fused aro-
matic rings and electronic patterns such as open-shell radicals
and charged species are not included. Transition metal com-
plexes are also not yet compatible with the current form of
the framework. Nevertheless, these limitations could be eas-
ily lifted in the future by the optimization of specialized basis
functions for the transition metal centers and the extension of
the training set to any compound of interest, including charged
compounds, radicals and transition metal complexes.
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As a second advantage of its locality, the model is not re-
stricted to molecules in gas-phase, but it could be applied as
a tool to identify and visualize the effects of strong correla-
tion in molecular materials, organic crystals and molecules in
solution. This kind of application demands, however, the con-
struction of a training set ad-hoc, since it would be crucial
for the model to capture the complex effects of intermolecular
interactions on Π(r).
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Appendix A: Computational Details

The molecular geometries for all compounds were taken
as published in the GDB11-AD-3165 database.39 The on-
top pair densities and the squared half-densities were com-
puted at CASSCF62/cc-pVTZ63 level as implemented in
OpenMolcas.64 The size and the composition of the active
spaces were taken from the original reference.39 The visual-
ization of all the scalar fields and the generation of Figures
was performed with a slightly modified version of the Par-
aview 5.6.0 software.65 Basis set generation and optimization
were performed with an in-house code, which is provided on
GitHub (put here the github). The projection integrals of the
on-top pair density onto the specialized basis set and the basis
overlap integrals were computed numerically on a (99, 590)
MHL66-Lebedev67 grid with a crowding factor of 5.0.

The tensorial λ -SOAP kernels41 were computed with the
following parameters: environment cutoff rcut = 4 Å, Gaus-
sian smearing σ = 0.3 Å, angular cutoff lcut = 6, radial cutoff
ncut = 8, environmental kernel exponent ζ = 2. A subset of
M = 1000 reference environments was taken to reduce the di-
mensionality of the regression problem, and the regularization
parameter η was set to 10−6.
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