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Chapter 1: 
 
From Quantum Mechanics to 
Classical Mechanics 

Chapter 1 - Exercises: 
 
1)  Derive formulae (1.6) and (1.7) (p.4) following the recipe given in the script: 

insertion of  Ansatz (1.5) into the time-dependent electronic-nuclear Schrodinger 
equation, multiplication from the left with   and integration over all electronic 
coordinates r.  

2)  Derive formulae (1.13) and (1.14) (p.7) by inserting Ansatz (1.12) into Eq. (1.11) and 
separating real and imaginary parts. 

3)  Show that the diagonal elements of  the first-order nonadiabatic coupling vectors 
              zero for real electronic wavefunctions        and       . 

 
4) Derive the formula 
 
 
 
 
 
     Recipe: start with the time-independent Schrodinger equation for     , multiply from 
the left by         and do the derivative with respect to        . 
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Nonadiabatic Coupling Vectors  

5.5. Conclusions 59

Figure 5.4: Comparison between CASSCF and KS orbitals of thymine. Left: Major single particle
transition contributing to S1 according to CASSCF. Right: Major single particle transition contributing
to S1 according to TDDFT. The lengths of the NAC vectors as shown is proportional to their actual
magnitudes.

systematically underestimates the excitation energies by �0.8-1.8 eV. In contrast, CASSCF gives quite

accurate excitation energies, exhibiting deviations from the given reference values of less than 0.8 eV.

The performance of TDDFT could probably be improved using other approximations for the exchange-

correlation functional. Hybrid or asymptotic corrected functionals are both likely to improve the quality

of the TDDFT excitations energies.

Concerning the calculation of the NAC vectors, for the small molecules H2O and CH2NH+
2 we find

a very good correlation for the direction of the vectors computed with CASSCF and TDDFT. In the

case of thymine, the correlation is worse, but the descriptions of the collective molecular displacement

associated to the non-adiabatic transitions are nevertheless in good agreement with one another.

The agreement between the two methods is worse for the lengths of the NAC vectors. In all cases,

CASSCF predicts stronger NACs between S1-S0 surfaces than TDDFT. On average the difference of

the NAC vector magnitudes amounts to 10-40% (see Tables 5.2 and 5.3), but in the case of water, it

becomes larger. For this molecule we measured a ratio of 10:1 between the CASSCF and TDDFT NAC

vectors.

Surprisingly, the discrepancies in the magnitudes of the vectors cannot be straightforwardly associ-

ated with differences in the energy gaps between the surfaces of interest. On the contrary, the energy
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Nonadiabatic coupling vectors 
Between S0 and S1.   
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Figure 5.1: S1-S0 NAC vectors of H2O computed by CASSCF (left) and TDDFT (right). The lengths
of the NAC vectors as shown is proportional to their actual magnitudes.

Method �E � L L⇥ RMS C
TDDFT-FD 6.261 0.005 0.0325 0.0075 0.0251 0.9998

0.010 0.0325 0.0075 0.0251 1.0000
0.020 0.0325 0.0075 0.0251 1.0000
0.100 0.0316 0.0073 0.0252 1.0000
0.200 0.0302 0.0069 0.0253 1.0000

CAS(6,6) 7.437 - 0.3031 0.0844 (ref) (ref)
experiment a 7.4 - - - - -

Table 5.1: S1-S0 NAC vectors of H2O computed by TDDFT and CASSCF. a Experimental value was
taken from Ref. [82]. � is given in Bohr; L, L, and RMS are given in Bohr�1; �E is given in eV.

For CH2NH+
2 we computed not only the coupling between S1 and the ground state, but also the NAC

vector between the two excited states S2 and S1. CASSCF overestimates the first singlet excitation en-

ergy (Table 5.2) by about 0.7 eV with respect to the high-level ab initio value, while TDDFT again

underestimates the energy by about 0.8 eV. In contrast, the energy gap between S2 and S1 is overesti-

mated by more than 1.8 eV by TDDFT, whereas it is better described by CASSCF, which underestimates

the gap by only 0.2 eV. Comparing the qualitative appearance of the NAC vectors (Fig. 5.2), it is evident

that the two methods CASSCF and TDDFT agree well in the qualitative description of the nuclear mo-

tion associated with the transitions between both S2-S1 and S1-S0. In both cases, the associated mode

can be characterized as a twist around the N-C bond. Also with respect to the relative magnitudes both

methods agree, and predict the S2-S1 coupling to be much larger than the S1-S0 coupling. Regarding the

absolute lengths (Table 5.2), TDDFT predicts about 10% smaller couplings than CASSCF in the case

of S1-S0. In the case of S2-S1, TDDFT underestimates the length by 30%. If we consider the scaled

vectors, the underestimation rises up to 30 % for the S1-S0 coupling and turns into an overestimation of

about 25% in the case of S2-S1, due to the much larger S2-S1 gap in TDDFT.

The displacement parameter exhibits the same trend as in the case of water, and displacements larger

Water 

Polar Representation of  the Nuclear Wavefunction 

Illustration of  a complex nuclear wavefunction χ(R), represented in terms of  real 
and imaginary part (χ(R) = Re[χ(R)] + i Im[χ(R)]; upper panel) and in terms of  the  
two real functions A(R) and S(R) (χ(R) = A(R)exp[iS(R)/    ]; lower panel). 
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Illustration for Dephasing/Decoherence of  Nuclear Wavepacket 

http://homepages.physik.uni-muenchen.de/~Florian.Marquardt/dephasing/dephasing.html  

Particle in a bath 

χ1(t) = A1 sin ω1t +δ1( ) = sin(ϕ1(t))
χ1(t) = A1e

iϕ1(t )

Adapted from: 

I(t) = Ae−t/τ 2
τ2: dephasing time 
Measurable by time-resolved 
Spectroscopy 
(Fourrier-Transform -> 
frequency spectrum) 


