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Mean-field electrodynamics

decompose: B = B + b
represent mean EMF E = u × b by B: E = α · B + . . .

numerically: testfield method (TFM) et al.
TFMs successful for laminar and turbulent flows
∼ for kinematic & saturated dynamos
−→ quasikinematic TFM (QKIN)

QKIN limited to purely hydro background: B ≡ 0 for B ≡ 0

in general:

split into parts existing/vanishing for vanishing B:

b = b(0) + b(B), E = E(0)
+ E(B)

E(B)
= (u × b)(B) = u(0) × b(B) + u(B) × b(B) + u(B) × b(0)

= u × b(B) + u(B) × b(0)

covered by QKIN not covered
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TFM for isothermal compressible MHD

Basic equations

DAA = U × B + η∇2A + FM, B = ∇× A
DUU = −U ·∇U − c2

s∇ ln ρ+ J × B/ρ+ ∇ · (2νρS)/ρ+ FK,

D ln ρ = −U ·∇ ln ρ−∇ ·U

shear-temporal derivative operators:

DAA = DA + SAy x̂ , DUU = DU + SUx ŷ , D = ∂t + Sx∂y

FM,K external forcings

= equations of main run

to avoid triple correlations: ρ→ ρref = const. or ρ = ρ in Lorentz force
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TFM for isothermal compressible MHD

Equations for fluctuations

ln ρ ≡ H = H + h

DAa = U × b + u × B + (u × b)′ + η∇2a + f M,

DUu = −c2
s∇h +

(
J × b + j × B + (j × b)′

)
/ρref

−U ·∇u − u ·∇U − (u ·∇u)′

+ν
(
∇2u + ∇∇ · u/3

)
+2ν

(
S · ∇h + s · ∇H + (s · ∇h)′

)
+ f K

Dh = −U ·∇h − u ·∇H − (u ·∇h)′ −∇ · u

(·)′ = extraction of fluctuating part
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TFM for isothermal compressible MHD

Background turbulence

“zero problem” = generation of MHD background
[
u(0),b(0), h(0)

]
DAa(0) = U × b(0) +

(
u(0) × b(0)

)′
+ η∇2a(0) + f M

DUu(0) = −c2
s∇h(0) +

(
j (0) × b(0)

)′
/ρref

−U ·∇u(0) − u(0) ·∇U −
(
u(0) ·∇u(0)

)′
+ν
(
∇2u(0) + ∇∇ · u(0)/3

)
+2ν

(
S · ∇h(0) + s(0) · ∇H +

(
s(0) · ∇h(0)

)′)
+ f K

Dh(0) = −U ·∇h(0) − u(0) ·∇H −
(
u(0) ·∇h(0)

)′
−∇ · u(0).

full nonlinear problem; U, ∇H – external parameters
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TFM for isothermal compressible MHD

B dependent problems

DAa(B) −U × b(B) −
(
u(0) × b(B) + u(B) × b(0) + u(B) × b(B)

)′
− η∇2a(B)

= u × B

DUu(B) + c2
s∇h(B) −

(
j (0) × b(B) + j (B) × b(0) + j (B) × b(B)

)′
/ρref

+ U ·∇u(B) + u(B) ·∇U +
(
u(0) ·∇u(B) + u(B) ·∇u(0) + u(B) ·∇u(B)

)′
− ν
[
∇2u(B) + ∇∇ · u(B)/3 + 2S · ∇h(B) + s(B) · ∇H

+ 2
(

s(0) · ∇h(B) + s(B) · ∇h(0) + s(B) · ∇h(B)
)′]

=
(
J × b + j × B

)
/ρref

Dh(B) + U ·∇h(B) + u(B) ·∇H +
(
u(0) ·∇h(B) + u(B) ·∇h(0) + u(B) ·∇h(B)

)′
= −∇ · u(B)
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A. Brandenburg, M. Käpylä, M. Rheinhardt Compressible Test Field Method



TFM for isothermal compressible MHD

B dependent problems

DAa(B) −U × b(B) −
(
u(0) × b(B) + u(B) × b(0) + u(B) × b(B)

)′
− η∇2a(B)

= u × B

DUu(B) + c2
s∇h(B) −

(
j (0) × b(B) + j (B) × b(0) + j (B) × b(B)

)′
/ρref

+ U ·∇u(B) + u(B) ·∇U +
(
u(0) ·∇u(B) + u(B) ·∇u(0) + u(B) ·∇u(B)

)′
− ν
[
∇2u(B) + ∇∇ · u(B)/3 + 2S · ∇h(B) + s(B) · ∇H

+ 2
(

s(0) · ∇h(B) + s(B) · ∇h(0) + s(B) · ∇h(B)
)′]

=
(
J × b + j × B

)
/ρref

Dh(B) + U ·∇h(B) + u(B) ·∇H +
(
u(0) ·∇h(B) + u(B) ·∇h(0) + u(B) ·∇h(B)

)′
= −∇ · u(B)
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TFM for isothermal compressible MHD

reformulation into test problems

must be: formally linear, r.h.s. homogeneous in B
−→ somehow “linearize” quadratic terms

for nonlinearity (quenching): effect of B in main run needed
−→ take over u,b, h from the main run

replace B in turn by one of the four test fields

B(1)
= (cos kz , 0, 0), B(2)

= (sin kz , 0, 0),

B(3)
= (0, cos kz , 0), B(4)

= (0, sin kz , 0),
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TFM for isothermal compressible MHD

“Linearization” of nonlinear terms

e.g.
u(0) × b(B) + u(B) × b(0) + u(B) × b(B)

nonlinear !
formally linear when writing as

u × b(B) + u(B) × b(0) or u(0) × b(B) + u(B) × b

and identifying u,b with fluctuations from main run

likewise for

u(0) ·∇u(B) + u(B) ·∇u(0) + u(B) ·∇u(B)

−→ u(0) ·∇u(B) + u(B) ·∇u or u ·∇u(B) + u(B) ·∇u(0)

5 nonlinear terms −→ 32 variants of the test problems
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5 nonlinear terms −→ 32 variants of the test problems
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TFM for isothermal compressible MHD

Algorithm (nlCOMP)
along with main run

1 solve test problems for test fields B
(i)

, i = 1, . . . , 4

2 form mean EMF, mean ponderomotive force and mean mass source
for each test solution:

E(i) = u × b(B) + u(B) × b(0) (or variant)

F (i) = j × b(B) + j (B) × b(0) + . . . –”–

Q(i)
= −u(0) ·∇h(B) − u(B) ·∇h –”–

3 invert

E(i) = α · B(i)
+ η · J(i)

F (i) = φ · B(i)
+ψ · J(i)

Q(i)
= σ · B(i)

+ τ · J(i)

for transport coefficient tensors
α,η,φ,ψ,σ, τ
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TFM for isothermal compressible MHD

Remarks

equivalence of different variants?
experimentally verified

kinematic version: B → 0
−→main run not needed,
all variants exactly equivalent

test problems linear, unstable
−→ growing solutions,
coefficients temporarily stationary
−→ resetting, interval selection

in turbulence:
coefficients wildly fluctuating
in time and space
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TFM for isothermal compressible MHD

Remarks

equivalence of different variants?
experimentally verified

kinematic version: B → 0
−→main run not needed,
all variants exactly equivalent

test problems linear, unstable
−→ growing solutions,
coefficients temporarily stationary
−→ resetting, interval selection

in turbulence:
coefficients wildly fluctuating
in time and space

comparison of TFM variants

unstable test solution
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Example: “Roberts-forced” magnetic background

b(0) = [− cos x sin y , sin x cos y ,
√

2 cos x cos y ] ∝∇× b(0) (Beltrami)

low ReM: −→ u(0) = 0, αxx = αyy

dependence on

ReM imposed field

ReM & 7: −→ bifurcation, u(0) 6= 0
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√

2 cos x cos y ] ∝∇× b(0) (Beltrami)

low ReM: −→ u(0) = 0, αxx = αyy

dependence on

ReM imposed field

αxx 6= αyy !

ReM & 7: −→ bifurcation, u(0) 6= 0
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