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Galaxy observablesMaps and masks
• Maps built on resolution Nside = 4096, then 

masked and downgraded to 2048, the analysis 
resolution 

• Joint mask for areas of insufficient depth, as in 
Jack’s analysis 

• K map is smoothed with Gaussian of FWHM = 
5.4’: required to cut off K noise from small scales 

• ‘Fake catalogues’ also built for clustering 
measurements with treecorr (as this requires 
catalogues instead of maps) 

• Catalog item created at centre of each map 
pixel 

• Weight of each object equal to pixel value 

• Same for masks, from which fake random 
catalogues are created
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Figure 6. Pixel signal-to-noise (S/N) kE/s(kE ) maps (top) and kB/s(kB) maps (bottom) constructed from the METACALIBRATION catalog for galaxies in
the redshift range of 0.2 < z < 1.3, smoothed by a Gaussian filter of sG = 30 arcminutes. s(kE ) and s(kB) are estimated by Eq. (16).

the lower noise coming from the higher number density of source
galaxies. Structures that show up in a given map are likely to also
show up in the neighbouring redshift bins, since the mass that is
contributing to the lensing in one map is likely to also lens galaxies
in neighbouring redshift bins. This is apparent in e.g. the structures
at (RA, Dec)=(35�, -48�) and (58�, -55�). Next, we compare the
E-mode maps with their B-mode counterpart in Fig. 6 and Fig. 7.
In general, the B-mode maps have lower overall amplitudes. The
mean absolute S/N of the E-mode map is ⇠1.5 times larger than
the B-mode map at this smoothing scale. For a smoothing scale of
sG =80 arcminutes, this ratio increases to ⇠ 2. There are no sig-
nificant correlations between the E- and the B-mode maps in Fig. 6
and Fig. 7: we find that the Pearson correlation coefficients10 are all
consistent with zero, as expected for maps where systematic effects
are not dominant. Comparing the four tomographic B-mode maps

10 The Pearson correlation coefficient two maps X and Y is defined as
h(X � X̄)(Y � Ȳ )i/(sX sY ), where X̄ and Ȳ are the mean pixel values for
the two maps, the hi averages over all pixels in the map, and s indicates the
standard deviation of the pixel values in each map.

in Fig. 7, there is no obvious correlation between the structures in
one map with maps of neighboring redshift bins. We find that the
Pearson correlation coefficient between the second and third (third
and fourth) redshift bins for the B-mode maps is 8 (5.5) times lower
than that for the E-mode maps. The E and B-mode maps for the
lowest redshift bin 0.2 < z < 0.43 have similar levels of S/N, which
is expected since the lensing signal at low redshift is weak and the
noise level is high.

We now examine the second and third moments of the kE
maps similar to the tests in Sec. 5.2. For direct comparison with
simulations, the measurements are done using the map with the full
redshift range 0.2 < z < 1.3 and in the region of 0� <RA< 100�.
Our results are shown in the right panels of Fig. 4, where the mean
and standard deviation of the 12 noisy simulation results are also
overlaid.

We note that we do not expect perfect agreement between the
simulation and data for several reasons: first, the detailed shape
noise incorporated in the simulations is only an approximation to
the METACALIBRATION shape noise. In particular, there is no cor-
relation of the shape noise with other galaxy properties in our sim-
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Figure 6. Pixel signal-to-noise (S/N) kE/s(kE ) maps (top) and kB/s(kB) maps (bottom) constructed from the METACALIBRATION catalog for galaxies in
the redshift range of 0.2 < z < 1.3, smoothed by a Gaussian filter of sG = 30 arcminutes. s(kE ) and s(kB) are estimated by Eq. (16).
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FIG. 3. The cosmic shear correlation functions ⇠+ (top panel) and ⇠� (bottom panel) in DES Y1 in four source redshift bins, including cross
correlations, measured from the METACALIBRATION shear pipeline (see [92] for the corresponding plot with IM3SHAPE); pairs of numbers in
the upper left of each panel indicate the redshift bins. The solid lines show predictions from our best-fit ⇤CDM model from the analysis of all
three two-point functions, and the shaded areas display the angular scales that are not used in our cosmological analysis (see §IV).
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FIG. 2. Top panels: scaled angular correlation function, ✓w(✓), of redMaGiC galaxies in the five redshift bins in the top panel of Figure 1, from
lowest (left) to highest redshift (right) [94]. The solid lines are predictions from the ⇤CDM model that provides the best fit to the combined
three two-point functions presented in this paper. Bottom panels: scaled galaxy–galaxy lensing signal, ✓�t (galaxy-shear correlation), measured
in DES Y1 in four source redshift bins induced by lens galaxies in five redMaGiC bins [93]. Columns represent different lens redshift bins
while rows represent different source redshift bins, so e.g., bin labeled 12 is the signal from the galaxies in the second source bin lensed by
those in the first lens bin. The solid curves are again our best-fit ⇤CDM prediction. In all panels, shaded areas display the angular scales that
have been excluded from our cosmological analysis (see §IV).
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three two-point functions presented in this paper. Bottom panels: scaled galaxy–galaxy lensing signal, ✓�t (galaxy-shear correlation), measured
in DES Y1 in four source redshift bins induced by lens galaxies in five redMaGiC bins [93]. Columns represent different lens redshift bins
while rows represent different source redshift bins, so e.g., bin labeled 12 is the signal from the galaxies in the second source bin lensed by
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parameters. So the appropriate Bayes factor for judging con-
sistency of two datasets, D1 and D2, is

R =

P

⇣
~D1,

~D2|M
⌘

P

⇣
~D1|M

⌘
P

⇣
~D2|M

⌘ (V.3)

where M is the model, e.g., ⇤CDM or wCDM. The numerator
is the evidence for both datasets when model M is fit to both
datasets simultaneously. The denominator is the evidence for
both datasets when model M is fit to both datasets individu-
ally, and therefore each dataset determines its own parameter
posteriors.

Before the data were unblinded, we decided that we would
combine results from these two sets of two-point functions if
the Bayes factor defined in Eq. (V.3) did not suggest strong
evidence for inconsistency. According to the Jeffreys scale,
our condition to combine is therefore that R > 0.1 (since
R < 0.1 would imply strong evidence for inconsistency). We
find a Bayes factor of R = 583, an indication that DES Y1
cosmic shear and galaxy clustering plus galaxy–galaxy lens-
ing are consistent with one another in the context of ⇤CDM.

The DES Y1 data were thus validated as internally con-
sistent and robust to our assumptions before we gained any
knowledge of the cosmological parameter values that they im-
ply. Any comparisons to external data were, of course, made
after the data were unblinded.

VI. DES Y1 RESULTS: PARAMETER CONSTRAINTS

A. ⇤CDM

We first consider the ⇤CDM model with six cosmological
parameters. The DES data are most sensitive to two cosmo-
logical parameters, ⌦m and S8 as defined in Eq. (IV.7), so for
the most part we focus on constraints on these parameters.

Given the demonstrated consistency of cosmic shear with
clustering plus galaxy–galaxy lensing in the context of ⇤CDM
as noted above, we proceed to combine the constraints from
all three probes. Figure 5 shows the constraints on ⌦m and
�8 (bottom panel), and on ⌦m and the less degenerate param-
eter S8 (top panel). Constraints from cosmic shear, galaxy
clustering + galaxy–galaxy lensing, and their combination are
shown in these two-dimensional subspaces after marginaliz-
ing over the 24 other parameters. The combined results lead
to constraints

⌦m = 0.267
+0.030
�0.017

S8 = 0.773
+0.026
�0.020

�8 = 0.817
+0.045
�0.056. (VI.1)

The value of ⌦m is consistent with the value inferred from
either cosmic shear or clustering plus galaxy–galaxy lensing
separately. We present the resulting marginalized constraints
on the cosmological parameters in the top rows of Table II.

The results shown in Figure 5, along with previous anal-
yses such as that using KiDS + GAMA data [67], are an
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FIG. 5. ⇤CDM constraints from DES Y1 on ⌦m, �8, and S8

from cosmic shear (green), redMaGiC galaxy clustering plus galaxy–
galaxy lensing (red), and their combination (blue). Here, and in all
such 2D plots below, the two sets of contours depict the 68% and
95% confidence levels.

important step forward in the capability of combined probes
from optical surveys to constrain cosmological parameters.
These combined constraints transform what has, for the past
decade, been a one-dimensional constraint on S8 (which ap-
pears banana-shaped in the ⌦m � �8 plane) into tight con-
straints on both of these important cosmological parameters.
Figure 6 shows the DES Y1 constraints on S8 and ⌦m along
with some previous results and in combination with exter-
nal data sets, as will be discussed below. The sizes of these
parameter error bars from the combined DES Y1 probes are
comparable to those from the CMB obtained by Planck.

In addition to the cosmological parameters, these probes
constrain important astrophysical parameters. The intrinsic
alignment (IA) signal is modeled to scale as AIA(1 + z)

⌘IA ;
while the data do not constrain the power law well (⌘IA =

�0.7 ± 2.2), they are sensitive to the amplitude of the signal:

AIA = 0.44
+0.38
�0.28 (95% CL). (VI.2)

Further strengthening evidence from the recent combined
probes analysis of KiDS [67, 68], this result is the strongest
evidence to date of IA in a broadly inclusive galaxy sam-
ple; previously, significant IA measurements have come from
selections of massive elliptical galaxies, usually with spec-
troscopic redshifts (e.g. [140]). The ability of DES data to
produce such a result without spectroscopic redshifts demon-
strates the power of this combined analysis and emphasizes
the importance of modeling IA in the pursuit of accurate cos-
mology from weak lensing. We are able to rule out AIA = 0

at 99.76% CL with DES alone and at 99.90% CL with the full



DES Y1 Combined Probes 
DES Collaboration 2018 (Year 1)

4 The Dark Energy Survey and the South Pole Telescope Collaborations

Prior or Data Set Citation

DV(z = 0.106)/rs = 3.047± 0.137 Beutler et al. (2011)
DV(z = 0.15)/rs = 4.480 ± 0.168 Ross et al. (2015)
DM(z = 0.38)rs,fid/rs = 1512 ± 24 Mpc Alam et al. (2017b)
DM(z = 0.51)rs,fid/rs = 1975 ± 30 Mpc Alam et al. (2017b)
DM(z = 0.61)rs,fid/rs = 2307 ± 37 Mpc Alam et al. (2017b)
H(z = 0.38)rs/rs,fid = 81.2± 2.4 km/s/Mpc Alam et al. (2017b)
H(z = 0.51)rs/rs,fid = 90.9± 2.4 km/s/Mpc Alam et al. (2017b)
H(z = 0.61)rs/rs,fid = 99.0± 2.5 km/s/Mpc Alam et al. (2017b)

100Ωbh
2 = 2.208 ± 0.052 Cooke et al. (2016)

TCMB = 2.7255 ± 0.0006 K Fixsen (2009)

redMaGiC clustering Elvin-Poole et al. (2017)
redMaGiC shear profiles Prat et al. (2017)
Cosmic shear Troxel et al. (2017b)

Table 1. BAO and BBN priors, and DES data sets used in this analysis. The BOSS BAO priors report the comoving angular distance
and Hubble expansion relative to a fiducial sound horizon rs,fid = 147.78 Mpc. In practice, our analysis uses the full covariance matrix for
the BAO measurements quoted above as reported in Alam et al. (2017a) Table 8. The parameter DV(z) is defined via ≡ [D2

McH−1]1/3.

and compute the probability to exceed the observed value
assuming the number of degrees of freedom is equal to
the number of shared parameters. In the above expression,
Ctot = CA + CB is the expected variance of the random
variable pA−pB, with CA and CB being the covariance ma-
trix of the shared cosmological parameters. Both matrices
are marginalized over any additional parameters exclusive
to each data set. We evaluate the Probability-To-Exceed
(PTE) Pχ2 of the recovered χ2 value, and turn it into a
Gaussian-σ using the equation

Pχ2 = erf

(

No. of σ√
2

)

(2)

With this definition, a probability of 1− Pχ2 = 68% (95%)
corresponds to 1σ (2σ) difference. As a reminder, we have
adopted 3σ difference (PTE=0.27%) as our threshold for
“evidence of tension,” and 5σ (PTE = 5.96 × 10−7) as
“definitive evidence of tension.”

Figure 1 shows the Ωm–h degeneracy from the
BAO+BBN data (blue and purple ellipses). Also shown are
the corresponding constraints achieved by the DES Y1 anal-
ysis (solid curves). The two are consistent with each other at
0.6σ. A joint analysis of these data sets (yellow and orange
ellipses) results in

h = 0.672+0.012
−0.010 . (3)

Throughout, we quote the most likely h value, and the error
bars are set by the 68% contour of the posterior. This result
is in excellent agreement with and has similar precision to
that of A17 (h = 0.674 ± 0.013) obtained from combining
our same BAO+BBN data set with BAO measurements in
the Ly-α.

We compare our posterior on H0 to constraints derived
from four fully independent datasets. These are:

• Planck measurements of CMB anisotropies as probed
by the temperature-temperature (TT ) and low-l polar-
ization power spectra. The Planck TT+lowP data con-
strains h when adopting a flat ΛCDM cosmology with

Figure 1. Constraints in the Ωm–h plane from the DES and
BAO+BBN data as labeled. We have adopted a definition in
which Ωm includes the contribution from massive neutrinos. All
inner and outer contours enclose 68% and 95% of the posterior
respectively. Solid black lines show the DES Ωm–h degeneracy,
while the blue and purple contours show the BAO+BBN degen-
eracy. The DES+BAO+BBN contours are shown in yellow and
orange. For reference, we have also included the corresponding
contours for the Planck TT+lowP data set (see text).

minimal neutrino mass. Planck finds h = 0.673 ± 0.010
(Planck Collaboration 2015).

• SPTpol has measured anisotropies in the CMB via the
TE and EE angular power spectra (Henning et al. 2017). In
our fiducial cosmological model, they find h = 0.712±0.021.

• The SH0ES collaboration constrains the Hubble param-
eter by using type-Ia supernovae as standard candles. They
find h = 0.732 ± 0.017 (Riess et al. 2016).

• The H0LiCOW collaboration constrains the Hubble pa-

c⃝ 0000 RAS, MNRAS 000, 000–000
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Figure 1. Top: Snapshot of the MBII simulation in a slice of thickness 2h�1Mpc at redshift z = 0.06. The bluish-white colored region
represents the density of the dark matter distribution and the red lines show the direction of the major axis of ellipse for the projected
shape defined by the stellar component. Bottom Left: Dark matter (shown in gray) and stellar matter (shown in red) distribution in the
most massive group at z = 0.06 of mass 7.2 ⇥ 1014h�1M�. The blue and red ellipses show the projected shapes of dark matter and
stellar matter of subhalos respectively. Bottom Middle: Dark matter and stellar matter distribution in a group of mass 3.8⇥1012h�1M�.
Bottom Right: Dark matter and stellar matter distribution in a group of mass 1.1⇥ 1012h�1M�.

Iij =

P
n mnxnixnjP

n mn
, (1)

where mn represents the mass of the nth particle and
xni, xnj represent the position coordinates of the nth parti-
cle with 0 6 i, j 6 2 for 3D and 0 6 i, j 6 1 for 2D. It is to be
noted that in this simulation, all particles of the given type
(either dark matter or star particle) have the same mass.
Hence the mass of a particle has no e↵ect on the inertia ten-
sor. The inertia tensor can also be defined by weighting the

positions of particles by their luminosity instead of mass.
Schneider et al. (2012) used the definition of reduced iner-
tia tensor and investigated the radial dependance of halo
shapes in the N -body simulation by considering only parti-
cles within a given fraction of the virial radius. In this paper,
we are only concerned with the standard unweighted inertia
tensor definition for determining shapes and defer investiga-
tion of other definitions for a future study.

Consider the 3D case. Let the eigenvectors of the iner-
tia tensor be êa, êb, êc and the corresponding eigenvalues be
�a,�b,�c, where �a > �b > �c. The eigenvectors represent
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Figure 1. Top: Snapshot of the MBII simulation in a slice of thickness 2h�1Mpc at redshift z = 0.06. The bluish-white colored region
represents the density of the dark matter distribution and the red lines show the direction of the major axis of ellipse for the projected
shape defined by the stellar component. Bottom Left: Dark matter (shown in gray) and stellar matter (shown in red) distribution in the
most massive group at z = 0.06 of mass 7.2 ⇥ 1014h�1M�. The blue and red ellipses show the projected shapes of dark matter and
stellar matter of subhalos respectively. Bottom Middle: Dark matter and stellar matter distribution in a group of mass 3.8⇥1012h�1M�.
Bottom Right: Dark matter and stellar matter distribution in a group of mass 1.1⇥ 1012h�1M�.
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shapes in the N -body simulation by considering only parti-
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Figure 5.3.: Schematic picture of short wavelength fluctuations (black solid) in presence of a long
wavelength mode (red solid). According to the spherical collapse argument, the regions exceeding the
density threshold collapse to form virialized haloes.

5.3. Local Lagrangian Bias and the Peak-Background Split
Haloes form out of short wavelength fluctuations, i.e., small scale perturbations in the La-
grangian density field. The amplitude of these short wavelength fluctuations is modulated by
long wavelength fluctuations as shown in Fig. 5.3. This separation into halo scale and large scale
perturbations is denoted peak-background split. In presence of a positive long wavelength
fluctuation, the collapse threshold �c for the short wavelength fluctuation is effectively reduced
�c ! �c � �l. In our above considerations on the mass function we saw the the abundance
of collapsed objects depends on the peak height ⌫ = �c/�. In presence of a long wavelength
mode the peak height is reduced. Since the mass function is a decreasing function of ⌫, the
local abundance of objects is enhanced with respect to the background. Thus we can express
the response of the protohalo number density on the presence of a long wavelength fluctuation
through derivatives of the mass function with respect to the long wavelength amplitude
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where we identified the Lagrangian bias parameters as
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In Ch. 7 we will generalize this concept to a general relativistic framework, where the long
wavelength fluctuation can locally be interpreted as an effective curvature in an otherwise
unperturbed Universe. If the mass function is universal, i.e., a function of peak height only, the
derivative can be rewritten as a derivative with respect to ⌫. The above expression allows for
an evaluation of the Lagrangian bias parameters in terms of any given mass function. Here we
will for definiteness employ the ST mass function Eq. (5.10) and obtain for the first three bias
parameters

b
(L)
1 =

2p

�c [(⌫q)p + 1]
+
⌫q � 1
�c
, (5.17)

(Fig: Tobias Baldauf)
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Figure 1. Top: Snapshot of the MBII simulation in a slice of thickness 2h�1Mpc at redshift z = 0.06. The bluish-white colored region
represents the density of the dark matter distribution and the red lines show the direction of the major axis of ellipse for the projected
shape defined by the stellar component. Bottom Left: Dark matter (shown in gray) and stellar matter (shown in red) distribution in the
most massive group at z = 0.06 of mass 7.2 ⇥ 1014h�1M�. The blue and red ellipses show the projected shapes of dark matter and
stellar matter of subhalos respectively. Bottom Middle: Dark matter and stellar matter distribution in a group of mass 3.8⇥1012h�1M�.
Bottom Right: Dark matter and stellar matter distribution in a group of mass 1.1⇥ 1012h�1M�.
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where mn represents the mass of the nth particle and
xni, xnj represent the position coordinates of the nth parti-
cle with 0 6 i, j 6 2 for 3D and 0 6 i, j 6 1 for 2D. It is to be
noted that in this simulation, all particles of the given type
(either dark matter or star particle) have the same mass.
Hence the mass of a particle has no e↵ect on the inertia ten-
sor. The inertia tensor can also be defined by weighting the

positions of particles by their luminosity instead of mass.
Schneider et al. (2012) used the definition of reduced iner-
tia tensor and investigated the radial dependance of halo
shapes in the N -body simulation by considering only parti-
cles within a given fraction of the virial radius. In this paper,
we are only concerned with the standard unweighted inertia
tensor definition for determining shapes and defer investiga-
tion of other definitions for a future study.

Consider the 3D case. Let the eigenvectors of the iner-
tia tensor be êa, êb, êc and the corresponding eigenvalues be
�a,�b,�c, where �a > �b > �c. The eigenvectors represent
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δg(x) = F [δm(x), δm(y), ...]

δg(x) = F [δm(x)] ≈ b1δm(x) + b2δ
2
m(x) + · · ·

δg(x) = b1δm(x) + b2δ
2
m(x) + bss

2(x) + · · ·

vbc, δbc, θbc (64)

γI
ij(x) =C1sij(x) + C2sik(x)skj(x)+

C1δδ(x)sij(x) + C2δδ(x)sik(x)skj(x) + · · ·

F (k) =

∫

d3q1

(2π)3
Plin(q1)Plin(q2)K(q1,q2) (65)

Plin, PNL (66)

PII(k, z), PGI(k, z) (67)
∫

d3k (P × P ) (68)

→ A(k), B(k), . . . (69)

Ci, z, L, fred, . . . (70)
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FIG. 2. Top panels: scaled angular correlation function, ✓w(✓), of redMaGiC galaxies in the five redshift bins in the top panel of Figure 1, from
lowest (left) to highest redshift (right) [89]. The solid lines are predictions from the ⇤CDM model that provides the best fit to the combined
three two-point functions presented in this paper. Bottom panels: scaled galaxy–galaxy lensing signal, ✓�t (galaxy-shear correlation), measured
in DES Y1 in four source redshift bins induced by lens galaxies in five redMaGiC bins [88]. Columns represent different lens redshift bins
while rows represent different source redshift bins, so e.g., bin labelled 12 is the signal from the galaxies in the second source bin lensed by
those in the first lens bin. The solid curves are again our best-fit ⇤CDM prediction. In all panels, shaded areas display the angular scales that
have been excluded from our cosmological analysis (see §IV).

conservative scale cuts
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galaxy positions (biasing)

galaxy shapes (intrinsic alignments)
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PGI(k) ∼ −C1Pδδ(k) (31)

PII(k) ∼ C2
1Pδδ(k) (32)

PGI(k, z) ∼ −A(z, L)Pδδ(k, z) (33)

PII(k, z) ∼ A2(z, L)Pδδ(k, z) (34)

δg = b1δ + b2δ
2 + · · · (35)

γI = C1s+ C2s
2 + · · · (36)

δg = b1δ + b2δ
2 + bss

2 + · · · (37)

γI = C1s+ C2(s× s) + Cδ(δs) + · · · (38)

δg = b1δ + b2δ
2 + bss

2 + bvv
2
s + · · · (39)

γI = C1s+ C2(s× s) + Cδ(δs) + · · · (40)

δg = b1δ + b2δ
2 + bss

2 + · · · (41)

γI
ij = C1sij + C2(sikskj) + Cδ(δsij) + · · · (42)

γI
ij = C1sij + C2(sikskj) + Cδ(δsij) + Cttij + · · · (43)

(44)

⟨δg|δg⟩ (45)

⟨δg|γ⟩ (46)

⟨γ|γ⟩ (47)

⟨δg|δg⟩ ∼ wgg (48)

⟨δg|γ+⟩ ∼ wg+ (GI) (49)

⟨γ+|γ+⟩ ∼ w++ (II) (50)

(51)
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P0E|0E(k) =

∫

d3q1
(2π)3

[(

3− 14µ2
q + 19µ4

q

8

)

Plin(q1) [Plin(q2)− 2Plin(q1)]

+

(

8αµq(3µ2
q − 1) + 4(−1 + 3µ2

q) + α2(3− 14µ2
q + 19µ4

q)

8(1 + α2 − 2αµq)

)

Plin(q1)Plin(q2)

]

P0B|0B(k) =

∫

d3q1
(2π)3

[

(

2µ2
q(1− µ2

q)
)

Plin(q1)

(

Plin(q2)− 2Plin(q1)

)

+

(

2αµq(µq − 1)(1− αµq)

k2 + q2 − 2kqµq

)

Plin(q1)Plin(q2)

]

δg(x) = bδm(x)

δg(x) = F [δm(x), δm(y), ...]

δg(x) = F [δm(x)] ≈ b1δm(x) + b2δ
2
m(x) + · · ·

δg(x) = b1δm(x) + b2δ
2
m(x) + bss

2(x) + · · ·

vbc, δbc, θbc (64)

γI
ij(x) =C1sij(x) + C2sik(x)skj(x)+

C1δδ(x)sij(x) + C2δδ(x)sik(x)skj(x) + · · ·

F (k) =

∫

d3q1

(2π)3
Plin(q1)Plin(q2)K(q1,q2) (65)

Plin, PNL (66)

PII(k, z), PGI(k, z) (67)
∫

d3k (P × P ) (68)

→ A(k), B(k), . . . (69)

Ci, z, L, fred, . . . (70)

e.g. McDonald & Roy 2009, Angulo+ 2015;  
Blazek+ 2015, 2019, Schmitz, Hirata, JB+ 2019, Vlah+ 2020
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Figure 8. Joint constraints on cosmology and a single NLA model intrinsic alignment amplitude from subpopulations of the DES Y1 fiducial shear catalogue.
The two sets of confidence contours are defined by a split according to best-fitting SED, roughly corresponding to early (red) and late (blue) type galaxies.

reduces the signal-to-noise of the IA contribution (in the limit
AIA ! 0 one has no ability to constrain ⌘IA), resulting in an ex-
pansion of the uncertainty on ⌘IA.

Under this model all our results are consistent with zero align-
ments in late-type galaxies at any redshift. In contrast, the IA con-
straints from the early-type sample are inconsistent with zero at the
level of ⇠ 2� with cosmic shear alone and ⇠ 6.6� with the full
3 ⇥ 2pt data. We also find marginal (⇠ 1�) evidence of redshift
evolution, with negative ⌘IA resulting in a signal that diminishes at
high redshifts. Though we are the first to report a marginal detection
on redshift evolving IAs in a red galaxy sample, direct comparison
with previous null detections (e.g. Hirata et al. 2007, Joachimi et al.
2011) are complicated by a basic difference in analysis method.
Unlike those studies, we do not explicitly model luminosity depen-
dence in equation 15. The index ⌘IA should thus be interpreted as
an effective parameter, which absorbs both genuine evolution of the
IA contamination in the same galaxies and the changing composi-
tion of the sample along the line of sight.

Considering the final two columns in Table 5, we see a sight
improvement in the �

2 of the NLA fit to the early-type sample,
relative to a case with AIA = 0. More noticeably, the Bayes fac-
tor appears to strongly disfavour the reduced model in this sample.
Though the ��

2 is close to zero, perhaps unsurprisingly, the Bayes
factors appear to favour the unmarginalised zero alignment scenario
in the late-type sample.

5.2 Robustness to Systematic Errors

In this sub-section we seek to demonstrate that our results do, in
fact, provide meaningful information about IAs and are not the re-
sult of residual systematic errors in our analysis pipeline.

5.2.1 Shape of the Redshift Distributions

Though it has been shown (Troxel et al. 2017) that DES Y1 shear-
only cosmology constraints are insensitive to the precise shape of
the redshift distributions, this is not trivially true for IA constraints
from sub-divisions of the data. The kernels entering the IA spec-
tra differ significantly from those in cosmic shear alone; it is not
inconceivable that the favoured IA parameters derived from these
spectra are more sensitive to the details of the n(z) shape than the

Figure 9. The impact of colour leakage on our fiducial results. The dashed
red and dot-dashed blue lines show the baseline �� and �� + �g� + �g�g
NLA results for the early-type sample. These are identical to the red dashed
and solid lines in Figure 8. The filled pink (dotted) and purple (solid)
contours show the equivalent constraints in this parameter space when all
two-point correlations involving the lowest lensing redshift bin, which was
found to exhibit potentially strong galaxy type cross-contamination, are ex-
cluded.

cosmological parameters. To test this we rerun our six fiducial anal-
ysis chains, replacing the smooth PDFs obtained from BPZ with
histograms of COSMOS redshifts (shown in Figure 4). Since the
means of the two sets of distributions per redshift bin are the same
by construction, the comparison gives us an estimate for how far
reasonable changes to the shape of the n(z) might impact upon our
results. The constraints from this test are not shown, but we find
only minor changes in the contour size, position and shape for each
sample.

5.2.2 Colour Leakage

The previous test offers some reassurance that our photo-z error
parameterisation is sufficient. It does not, however, say anything

MNRAS 000, 000–000 (0000)

JB+ 2019; Samuroff, JB+ 2019 (DES Collaboration)
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Figure 11. Joint constraints on the amplitudes of the IA spectrum in four
tomographic bins for the �� + �g� + �g�g combination. In each case, the
red dashed contours show early-type galaxies, the dot-dashed blue show
late-types and the shaded contours show the mixed Y1 cosmology sample.

see Table 1 for reference), this model allows for no explicit redshift
evolution, with both the indices ⌘1 and ⌘2 in equations 17 and 18
fixed to zero. We show the resulting split-sample IA constraints in
the upper panal of Figure 12 (filled red/blue contours). The equiva-
lent parameter fits using the unsplit Y1 shape catalogue are shown
in Figure 13 (filled dark blue).

There are a number of points worth remarking on here. First,
the best fitting A1 values are consistent with those from the NLA
fits previously, with A1 ⇠ 2.5 for early-types and A1 ⇠ 0 for
late-types. In the split colour samples we report no statistically sig-
nificant constraint detection of non-zero A2. The mixed Y1 sample,
by contrast, favours a negative A2 amplitude at the level of several
�. Interestingly, the comparison in Figure 13 also suggests that the
constraint is driven by the cosmic shear data (compare the dark blue
contours in the upper and lower right-hand panels).

The standard physical interpretation of non-zero A2 is as an
IA contribution due to tidal torquing. Under the sign convention
in equation 18, A2 < 0 implies intrinsic shapes of galaxies are
oriented tangentially relative to matter overdensities. This picture
is consistent with recent results from hydrodynamical simulations
(Chisari et al. 2015), although it is worth bearing in mind that there
is still disagreement between simulations (e.g. Hilbert et al. 2017
and Tenneti et al. 2016 report null detections of a GI correlation
in disc galaxies in the Illustris and MassiveBlack-II simulations re-
spectively). There are a number of other facts to note here, however.
As ever, mapping IA parameter constraints onto physical processes
is non-trivial, as they can very easily absorb features in the data due
to residual systematics. We also re-iterate that, even in the absence
of systematics, possible non-zero values of both A1 and A2 in the
late-type and mixed samples are not straightforward to interpret.
As mentioned above, even in a pure TT scenario, the presence of
A2 6= 0 can generate an effective non-zero A1 amplitude.

We also note that, as in Troxel et al. (2017), the best fitting S8

using the TATT model is shifted down slightly relative to the NLA
fits; this shift is seen to persist in the full 3 ⇥ 2pt combination.
We echo Troxel et al. (2017), however, in warning that this is not
necessarily a sign of bias in the NLA results, but could also be a

Figure 12. Joint constraints on tidal alignment and tidal torque amplitudes
in the TATT model. The three sets of filled contours (dotted red, dashed
blue and solid purple) show the results of fitting the baseline TATT model
to each of the fiducial early-type, late-type and mixed samples used in this
analysis. The unfilled black contours show the same, but with additional
power laws in redshift ⌘1 and ⌘2, which are also marginalised.

MNRAS 000, 000–000 (0000)



Implementation

• Accurate 
• Fast 
• Consistent between probes/effects 
• Flexible and expandable 
• Shared tools with other collaborations



FFT methods and FAST-PT 
McEwen, Fang, Hirata, JB 2016; Fang, JB, McEwen, Hirata 2017 

see also: Schmittfull, Vlah, McDonald 2016; Simonovic+ 2017 
FAST-PT on github: JoeMcEwen/FAST-PT

1 Introduction

Observational cosmology has entered a new era of precision measurement. Current and up-
coming surveys [1–5] are enabling us to probe large-scale structure in more detail and over
larger volumes, and hence to better constrain the underlying cosmological model. A parallel
effort is underway to understand the astrophysical effects that are both signals and contami-
nants in these measurements. For example, weak gravitational lensing has become a powerful
and direct probe of the dark matter distribution [6, 7], but it also suffers from systematic
uncertainties, such as galaxy intrinsic alignments (IA), which must be mitigated in order
to make use of high-precision measurements. Similarly, connecting observable tracers (e.g.
in spectroscopic surveys) with the underlying dark matter requires a description of the bias
relationship [8–12] and the effect of redshift-space distortions (RSDs) [13–15]. Developments
in CMB measurements provide another illustration, as the range of observables has expanded
from early initial detections of temperature anisotropies by COBE [16–24]. Current and fu-
ture measurements [25–30] will be able to investigate more subtle effects, such as the kinetic
Sunyaev-Zel’dovich (kSZ) [31, 32] and CMB spectral distortions [33, 34].

While modern cosmology has advanced significantly using our understanding from linear
perturbation theory, nonlinear contributions become significant at late times and at smaller
scales. In the quasi-linear regime, many relevant cosmological observables are usefully de-
scribed using perturbation theory at higher order. Significant effort has been devoted to
understanding structure formation via a range of perturbative techniques (e.g. [35–45]). In
this work, we consider integrals in standard perturbation theory (SPT), although the methods
and code we develop have a broader range of applications.

The next-to-leading-order (“1-loop”) corrections in these perturbative expansions are typ-
ically expressed as two-dimensional mode-coupling convolution integrals, which are generically
time consuming to evaluate numerically. Recent algorithmic developments have dramatically
sped up these computations for scalar quantities – those with no dependence on the direction
of the observer, such as the matter density or real-space galaxy density. The new algorithms
[46, 47] take advantage of the locality of evolution in perturbation theory, the scale invariance
of cold dark matter (CDM) structure formation, and the Fast Fourier Transform (FFT); and
work is underway to apply them to 2-loop power spectra as well [48]. In a previous paper, we
introduced the FAST-PT implementation of these methods in Python [46].

However, there are many interesting 1-loop convolution integrals for tensor quantities –
those with explicit dependence on the observer line of sight, such as those arising for redshift-
space distortions. In this case, we need convolution integrals with “tensor” kernels:1

I(k) =

Z
d
3q1

(2⇡)3
K(q̂1 · q̂2, q̂1 · k̂, q̂2 · k̂, q1, q2)P (q1)P (q2) , (1.1)

where K(q̂1 · q̂2, q̂1 · k̂, q̂2 · k̂, q1, q2) is a tensor mode-coupling kernel, k = q1 + q2, k = |k|,
and P (q) is the input signal – typically the linear matter power spectrum – logarithmically
sampled in q. Due to the dependence on the direction of k, the decomposition of these kernels
is more complicated than in the scalar case. In this work, we generalize our FAST-PT algorithm

1The kernel K can be expressed as a sum of polynomials in the relevant dot products. “Tensor” refers
to the general transformation properties of the cosmological quantities being considered under a symmetry
operation – in this case, rotations in SO(3). For instance, the momentum density is a rank 1 tensor (a vector)
while the IA field is a rank 2 tensor. The scalar case (rank 0) considered in [46] is thus a specific application
of this more general framework.
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to evaluate these tensor convolution integrals, achieving O(N log N) performance as in the
scalar case.

This paper is organized as follows: in §2 we provide the mathematical basis for our
method (§2.1), introduce our algorithm (§2.2), and discuss divergences that may arise and
how they are resolved (§2.3). In section §3 we apply our method to several examples: the
quadratic intrinsic alignment model (§3.1); the Ostriker-Vishniac effect (§3.2); the kinetic
polarization of CMB (§3.3); and the 1-loop redshift-space power spectrum (§3.4). Section
§4 summarizes the results. An appendix contains derivations of the relevant mathematical
identities. The Python code implementing this algorithm and the examples presented in this
paper is publicly available at https://github.com/JoeMcEwen/FAST-PT.

2 Method

In this section we extend the FAST-PT framework to include the computation of convolution
integrals with tensor kernels in the form of Eq. (1.1)

Our approach is similar to the scalar version of FAST-PT. We first expand the kernel into
several Legendre polynomial products – the explicit dependence on the direction k̂ requires
an expansion in three angles rather than one. Second, products of Legendre polynomials are
written in spherical harmonics using the addition theorem, where the required combinations of
spherical harmonics are constrained by Wigner 3j symbols and preserve angular momentum.
Third, the integral of each term in the expansion can be further transformed into a product
of several one-dimensional integrals in configuration space, which can be quickly performed
by assuming a (biased) log-periodic power spectrum and employing FFTs.

We will first provide the theory in §2.1 and then briefly introduce our algorithm in §2.2.
Finally, in §2.3 we will discuss physical divergence problems that can arise and the way to
solve them through the choice of appropriate biasing of the log-periodic power spectrum.

2.1 Transformation To 1D Integrals

In general, the kernel function K can be decomposed as a summation of terms

K(q̂1 · q̂2, q̂1 · k̂, q̂2 · k̂, q1, q2) =
X

`1,`2,`,↵,�

A
↵�
`1`2`

P`(q̂1 · q̂2)P`1(k̂ · q̂2)P`2(k̂ · q̂1)q
↵
1 q

�
2 , (2.1)

where P` are the Legendre polynomials, and the A
↵�
`1`2`

coefficients specify the components
of a particular kernel. For general angular dependences the sum may require an infinite
number of terms. However the kernels that appear in CDM perturbation theory and galaxy
biasing theory are composed of a finite number of terms in a polynomial expansion. This
decomposition leads us to consider integrals of the form

f(k) =

Z
d
3q1

(2⇡)3
P`(q̂1 · q̂2)P`1(k̂ · q̂2)P`2(k̂ · q̂1)q

↵
1 q

�
2P (q1)P (q2) . (2.2)

The product of Legendre polynomials can be decomposed into spherical harmonics by
the addition theorem. Using the result presented in Appendix B.1, we can write the product
of three Legendre polynomials in terms of spherical harmonics and Wigner 3j symbols:

P`(q̂1 · q̂2)P`2(q̂1 · k̂)P`1(q̂2 · k̂)

=
X

J1,J2,Jk

C
J1J2Jk
`1`2`

X

M1,M2,Mk

YJ1M1
(q̂1)YJ2M2

(q̂2)YJkMk
(k̂)

✓
J1 J2 Jk

M1 M2 Mk

◆
, (2.3)
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where

aJ1J2Jk
⌘

s
(2J1 + 1)(2J2 + 1)

4⇡(2Jk + 1)

✓
J1 J2 Jk

0 0 0

◆
. (2.11)

The derivation of Eqs. (2.10) and (2.11) is provided in Appendix (B.2). Fourier transforming
back to k-space, we obtain

T
↵�
J1J2JkMk

(k) =

Z
d
3
rT

↵�
J1J2JkMk

(r)e�ik·r

=aJ1J2Jk

Z
r
2
drH̄

↵�
J1J2

(r)

Z
d
2r̂Y

⇤
JkMk

(r̂)e�ik·r

=aJ1J2Jk

Z
r
2
drH̄

↵�
J1J2

(r)

Z
d
2r̂Y

⇤
JkMk

(r̂)4⇡

X

`0m0

(�i)`
0
j`0(kr)Y ⇤

`0m0(k̂)Y`0m0(r̂)

=aJ1J2Jk

Z
r
2
drH̄

↵�
J1J2

(r)4⇡

X

`0m0

(�i)`
0
j`0(kr)Y ⇤

`0m0(k̂)�`0Jk�m0Mk

=4⇡(�i)JkaJ1J2Jk

Z
r
2
drH̄

↵�
J1J2

(r)jJk(kr)Y ⇤
JkMk

(k̂) , (2.12)

where in the third equality we have used the plane wave expansion (Eq. A.5), and in the fourth
equality used the orthogonality relation between spherical harmonics (Eq. A.3). Combining
the results from Eq. (2.9), (2.12), (2.11), we arrive at

I
↵�
J1J2Jk

(k) = 4⇡(�i)JkaJ1J2Jk

Z
r
2
drH̄

↵�
J1J2

(r)jJk(kr)
X

Mk

YJkMk
(k̂)Y ⇤

JkMk
(k̂)

= (�i)Jk(2Jk + 1)aJ1J2Jk

Z
r
2
drH̄

↵�
J1J2

(r)jJk(kr)

= (�1)Jk+(J1+J2+Jk)/2

r
(2J1 + 1)(2J2 + 1)(2Jk + 1)

64⇡9

✓
J1 J2 Jk

0 0 0

◆

⇥

Z
r
2
drJ

↵�
J1J2

(r)jJk(kr) , (2.13)

where J1 + J2 + Jk must be even for the 3j symbol to be non-zero, and J
↵�
J1J2

(r) is defined by

J
↵�
J1J2

(r) ⌘

Z 1

0
dq1 q

2+↵
1 P (q1)jJ1(q1r)

� Z 1

0
dq2 q

2+�
2 P (q2)jJ2(q2r)

�
. (2.14)

Combining Eq. (2.13) and (2.3) we can rewrite the integral (2.2) as

Z
d
3q1

(2⇡)3
P`(q̂1 · q̂2)P`1(k̂ · q̂2)P`2(k̂ · q̂1)q

↵
1 q

�
2P (q1)P (q2)

=
X

J1,J2,Jk

C
J1J2Jk
`1`2`

I
↵�
J1J2Jk

(k) =
X

J1,J2,Jk

B
J1J2Jk
`1`2`

Z
r
2
drJ

↵�
J1J2

(r)jJk(kr) , (2.15)
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For 1-loop calculations: 1000 k values in ~0.1s

(e.g. FFTLog: Talman 1978, Hamilton 2000)



FAST-PT as a PT engine
• galaxy biasing (SPT, LPT), intrinsic alignments 
• nonlinear structure growth, BAO evolution 
• redshift-space distortions 
• streaming baryon velocities 
• ... your modeling needs? … 

• python and C versions 
• incorporated into CosmoSIS, CosmoLike, CCL 
• Euclid tools through IST:Nonlinear 

• FAST-PT - github: JoeMcEwen/FAST-PT 
• $ pip install fast-pt 
• Core Cosmology Library - github: LSSTDESC/CCL



Summary
• Astrophysical effects including intrinsic 

alignments and galaxy bias must be understood 
for future cosmology analyses. 

• Effective perturbative expansions provide a 
valuable modeling tool. Implementation for 
Euclid in progress - let’s talk! 

• Simulation and measurement efforts also critical. 

• We can use these “systematics” to probe 
underlying astrophysics and fundamental physics.


