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ABSTRACT
Current logic synthesis techniques are ineffective for arithmetic cir-
cuits. They perform poorly for XOR-dominated circuits, and those
with a high fan-in dependency between inputs and outputs. Many
optimizers, therefore employ libraries of hand-optimized arithmetic
components, but cannot optimize across component boundaries. To
remedy this situation, we introduce a new logic synthesis algo-
rithm which analyzes the input circuit based on its behavior on a
set of random assignments of input variables, and outputs a struc-
tural implementation of the input circuit. The method presented
here is similar to the covering algorithm used in multi-level opti-
mizations [4]; however, it is not based on Sum-of-Product form, or
any specific input representation. Our experiments show that our
approach is not only capable of automatically reproducing some
known architectural implementations without any prior knowledge
about the functionality of the circuit, but also, in some cases, it is
able to discover completely new designs which we have not seen
described in literature.

1. INTRODUCTION
Most arithmetic circuits have the following two properties: The

first is an abundance of XOR gates, which are interspersed in the
circuit. As an example consider the compressor tree, which uses
full and half adders as its components. Each of two components
produces two output bits, sum and carry, where the computation
of sum uses solely XOR gates and the computation of carry uses
AND and OR gates. Since the outputs of one component are used
as an input of other component, this results in a circuit with plenty
of XOR gates interspersed throughout the circuit. The second prop-
erty is the high fan-in dependency between circuit inputs and out-
puts, e.g., in an adder the kth output bit depends on the k least
significant bits of both input operands; multipliers have similarly
large support sets.

These two properties are the main reasons for the ineffectiveness
of logic synthesis on arithmetic circuits. The lack of any general

rule to swap the order of XOR or OR operations restricts the mo-
bility of the two gates to a small region, barring the applicability
of techniques such as height-reduction etc. The same is true for
kernel and cokernel extraction algorithms used in multi-level opti-
mization [4], which can operate on a circuit which consists of only
one of the two gates, XOR and OR, along with other gates such as
AND, NOT, etc.

On the other hand, to handle high fan-in dependency, decompo-
sition techniques [1, 3, 2, 11, 12, 16] are used. These approaches
decompose the circuit into smaller blocks. Each block usually acts
as an “information compressor”, meaning that it produces fewer
output bits than it has input bits. After forming a block, either
the complete circuit is rewritten as a function of the block output
bits (in a bottom-up approach) or the inputs of the block are com-
puted (in a top-down approach), and the process repeats. This block
structure tends to reduce the number of signals at each layer of the
circuit, providing it with the general structure of an inverted cone.

A decomposition is called disjoint if each block is decomposed
into blocks with disjoint support set. Non-disjoint decompositions
do not satisfy this property. Effective algorithms to compute the
maximal disjoint decomposition of a circuit exist [2]. Unfortu-
nately, many circuits exist that cannot be described effectively in
terms of fully disjoint decompositions. In some cases, disjoint de-
compositions finds very large blocks. Finding an appropriate im-
plementation of the large blocks is itself a major problem.

Although non-disjoint decomposition does not suffer from the
above limitations, there are no known exact polynomial-time al-
gorithms to compute optimal non-disjoint decompositions. Most
non-disjoint decomposition algorithms are iterative in nature and
require some form of Boolean division in each iteration to rewrite
the circuit in terms of decomposed blocks. Since the result of a
Boolean division is not unique, the performance of these algorithms
highly depend on the chosen quotient (remainder).

In this paper, we present an algorithm which efficiently com-
putes an appropriate architectural implementation of the input cir-
cuit. The presented algorithm, which we call Iterative Layering,
is iterative in nature like the existing algorithms. However, it has
the following characteristics which distinguish it from all the ap-
proaches we know of:

1) The presented algorithm does not rewrite the input expression
after each iteration, and hence, does not use any form of division.

2) Our approach is applicable to any input representation, as long
as the Boolean expression in the given representation can be effi-
ciently converted to Conjunctive Normal Form (CNF), which can
be done for most representations [13].
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3) Iterative Layering is based on sampling. It computes the value
of the input expressions on various assignments of input variables,
and analyzes it; this information is then used to find the appropriate
architectural implementations of the circuit.

4) Similar to covering algorithms used in multi-level optimiza-
tion [4], our algorithm uses set-cover heuristics. However, the no-
tion of kernels is more general here as explained in Section 3.

Although our approach can be applied to any circuits and is not
specific to arithmetic or XOR-dominated circuits, the main advan-
tage of the approach is reflected in arithmetic circuits. This is be-
cause of the effectiveness of less complex algebraic factoring based
approaches on common logic functions.

2. STATE OF THE ART
The performance of arithmetic circuits highly depends on their

input description. For example, if a circuit of a multiplier is de-
scribed in the shift-and-add fashion, synthesis tools are unable to
transform it into a compressor tree based multiplier. Most of the
arithmetic components are studied manually and researchers have
presented manually optimized designs for specific circuits such as
compressor trees [14], etc. However, the use of this approach is
limited to some specific circuits, and cannot be applied to general
arithmetic circuits.

Even for well studied circuits, it is not clear whether the archi-
tectural space of these circuits is completely explored. Verma et
al. [18] have shown by using exhaustive enumeration that there ex-
ist better architectural implementations than the manually known
ones, even for common circuits such as multipliers. However, due
to high computational complexity of exhaustive approaches, they
cannot be applied to larger circuits.

A general approach to optimize arithmetic circuits uses the high-
level transformations such as those described by Verma et al. [17].
These transformations operate at the operation level, rather than the
bit level. These transformations are used to move disparate addi-
tion and multiplication operations that occur throughout a dataflow
graph to form large multi-input adders. Bit-level optimizations can-
not be applied in this context, except for the specific methods used
to generate the compressor trees [14].

Decomposition, introduced by Ashenhurst [1] and Curtis [3],
have been a major focus in recent years. Both disjunctive [2, 11, 16]
and non-disjunctive [12, 19] decomposition have been presented in
the past. We have already explained that most decomposition ap-
proaches suffer from two weakness: the first is the rewriting of the
original circuit after each decomposition step which requires co-
factor computation; the second is the dependence of the algorithm
on the input representation of the circuit. Some decomposition ap-
proaches are specific to BDDs [12, 19, 2], while some are specific
to Reed-Muller form [16].

Although our approach is similar to the decomposition approaches,
it does not require rewriting the circuit after each step. Also, the
approach is not specific to any particular representation of input
circuit. Our approach is not only able to generate known architec-
tures for some circuits, but is also able to discover completely new
architectural implementations in some cases.

3. MAIN IDEA
In our approach, we consider the input circuit as a unit which

encodes the information about the input bits into output bits. For
example, a full adder is a unit which takes three input bits and the
information that it computes is the sum of the three input bits. The
goal is to find an appropriate implementation of the unit, which
computes the same information, but using minimum resources (i.e.,
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Figure 1: An overview of the complete algorithm. At each step
the algorithm computes a set of candidate bricks and then se-
lects a subset of them based on some optimization criteria. The
selected bricks form a layer and the overall structure is ob-
tained by stacking these layers.

time or cell area).
Next, we define the notion of Brick. A brick is a small circuit,

not necessarily a subcircuit of the original circuit, with k inputs and
a single output bit (k is usually bounded by a constant). Usually the
brick is used to reduce the complexity of the original circuit unit.
As an example, consider the input expression E = ac + ad +
bc + bd; using a brick p = a + b, the original expression can be
computed like E = pc + pd. This reduces the number of gates
from 7 to 4 (one gate to compute p and 3 gates to compute E).

One can notice that the brick is similar to the kernel used in
multi-level optimization. However, bricks are more general than
the kernels. Unlike multi-level optimization, where the original ex-
pression is the OR of the product of chosen kernels and cokernels,
there can be any complex functional dependency can exist between
a brick and the original expression.

In our algorithm, we construct the architectural implementation
of the circuit using bricks. The algorithm is iterative in nature. At
each step a set of bricks is computed. Some of these are discarded
immediately because they do not help in reducing the complexity
of the original circuit. Among the rest, we select a subset of bricks
which contains all the information about the original circuit, and
is optimal with respect to some metric. The selected bricks form a
layer and the layers are stacked together in order to form the overall
structure of the circuit implementation. An overview of the algo-
rithm is shown in Fig. 1. In the coming sections, we discuss the
steps of the algorithm in detail. Section 4 discusses how to measure
the merit of a brick. Section 5 explains the procedure for comput-
ing candidate bricks of a layer and Section 6 discusses the heuristic
to select the optimal subset of bricks to form a layer.

4. MERIT ESTIMATION OF A BRICK
In this section we discuss how to estimate the merit of a brick.

With each brick, we associate two attributes: information fitness
and information coverage.

4.1 Information Fitness
The information fitness of a brick represents the reduction in

resources to compute the original expression by using this brick.
Note that, the fitness of a brick depends on the existence of other
bricks. As an example consider the expression E = ac+ad+bc+
bd, Using the brick p1 = a + b or p2 = c + d the number of gates
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can be reduced from 7 to 4 as discussed in the previous section.
However, the introduction of brick p2 in presence of p1 reduces the
number of gates only from 4 to 3.

Assume that we are given an input expression E of n input bits,
a set S of already chosen bricks, and a new brick p. The goal is to
assess the reduction in the resources to compute E using p. Unfor-
tunately it is extremely difficult to exactly predict the usefulness of
p in the computation of E, as it will require constructing the circuit
implementation of E with and without using p. However, certain
estimators can be used effectively to approximate the complexity of
the circuit corresponding to a Boolean expression without actually
constructing the circuit. Macii et al. [10] have shown that the size of
the binary decision diagram corresponding to the input expression
and its entropy can be used effectively to predict the complexity of
the corresponding circuit. For simplicity in our approach we use
the BDD size of an expression as the measure of the complexity of
corresponding circuit.

Hence, we construct two BDDs, both corresponding to E—one
which uses the n input bits and the bricks in S as its inputs, while
the second uses the n inputs and the bricks in S ∪{p} as its inputs.
Assume that the size of the two BDDs is α and β respectively. We
also construct the BDD corresponding to the brick p. If this BDD
has size γ, then the use of brick p reduces the BDD size from α
to β + γ. We consider the ratio of two values (i.e., α

β+γ
) as the

information fitness of the brick p.
This reduces the task of computing information fitness to com-

pute the size of the BDD of an expression whose inputs can be
Boolean expressions coming from a set. Ideally, one should con-
sider all assignments of the n input variables and form a table where
inputs are the original n-input bits along with the bricks and the
target expression is E. The BDD can be constructed from the truth
table. However, this approach is infeasible because it requires com-
puting the complete truth table.

Instead, we consider a sample of the complete assignment space
of n input variables and form a partial table. At the rest of the as-
signments, the value of target expression is considered to be don’t
care. In order to construct the BDD from this table we use a proce-
dure similar to the one used in the BDD package BuDDy [9]: We
first partition the table into balanced sets according to one input,
and then the two sets are partitioned recursively. This partition will
result in a BDD, which can be minimized using the swapping al-
gorithms used in BDD minimization. Bigger samples will lead to
better estimations.

4.2 Information Coverage
In order to define the information coverage of a brick, we need

to define how much information is required to define a Boolean
expression. A completely specified Boolean function f can be rec-
ognized by its on-set or off-set, i.e., by the partition of the Boolean
space of input variables into on- and off-set. This means that, if us-
ing a set S of Boolean functions we can determine whether a point
lies in the on-set or off-set of f , then the set S of Boolean functions
contains at least as much information as f contains. In this case,
we say that there is a functional dependency [8] from the Boolean
functions of S to f .

Lee et al. [8] have presented a method based on SAT to decide
if a functional dependency exists. It is based on the following ob-
servation: If there exist two points in the Boolean space of input
variables, one in the on-set of f and the other in the off-set of f ,
such that all functions in S have identical values on the two points,
then the value of function f cannot be determined from the Boolean
functions in S. On the other hand, if there is no such pair of points,
that means corresponding to each set of values of functions in S
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Figure 2: An example illustrating the relative quantities of in-
formation about a target Boolean function contained in several
bricks.

there is a unique value of f , i.e., the value of f can be uniquely
determined from the values of functions in S. This leads to the
following necessary and sufficient condition for the existence of a
functional dependency from the Boolean functions of S to f : For
each pair of points, where one point of the pair lies in the on-set of
f , and the other point lies in the off-set of f , at least one function
in S must have non-identical values at the two points.

Based on the above observation we define the information cov-
erage η of a brick p with respect to original circuit unit E as a ratio
of two integers. The denominator is the number of pairs (x, y) of
the Boolean space, where one point of the pair lies in the on-set of
E and the other point lies in the off-set of E. The numerator is the
number of these pairs where p also has different value on the two
points of pair. We explain it using the following example:

E = a ⊕ b ⊕ c ⊕ d,

p1 = a ⊕ b, p2 = cd, and p3 = c + d.

Since E = p1 ⊕ (p3p2), there is a functional dependency from
p1, p2, p3 to E. The function E partitions the Boolean space of
input variables into two sets of 8 points corresponding to its on-
and off-set. This means that there are 8 × 8 = 64 pairs of points,
each of which must be covered by one of the three bricks p1, p2 and
p3. Fig. 2 shows the exact number of pairs covered by the three
bricks. Since p1 covers 32 of these pairs compared to 24 pairs
covered by both p2 and p3, p1 contains more information about
E compared to p2 and p3. Although, the exact computation of the
information coverage requires constructing the complete truth table
of the original function E, the following theorem, whose proof we
omit due to lack of space, says that the information coverage of a
brick can be estimated very accurately by choosing a moderate size
sample of the complete truth table.

THEOREM 1. Let the on- and off-set of an expression E be (A∪
C, B∪D), and the on- and off-set of a brick p be (A∪B, C ∪D).
The size of sets A, B, C, D are a, b, c, d respectively. If a sample
of size N is taken from the complete truth table, which contains
at least one point of each set A,B, C, D, and η is the information
coverage of p with respect to E on this sample, then

E(η) =
ad + bc

(a + c)(b + d)
,

Var(η) ≈
a + b + c + d

(a + c)2(b + d)2
·

„
ad(a + d) + bc(b + c)

N
+

(a + b + c + d)(ad + bc)

N2

«
.

Note that the actual information coverage of p is α = ad+bc
(a+c)(b+d)

,
hence, the theorem says that using a sample of size N , the com-
puted information coverage will lie in the region

`
α ± θ( 1

N0.5 )
´

with very high probability.
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5. BRICKS AND THEIR COMPUTATION
In this section we describe how to compute the bricks introduced

in the previous section. An ideal brick must not have a large number
of inputs for two reasons: First, finding an appropriate implemen-
tation of the circuit corresponding to a large expression would not
be easy. Second, there are more candidate bricks with higher num-
ber of inputs; in fact, enumeration based approaches will not work
for bricks with more than 6 inputs. On the other hand, the infor-
mation fitness of a small brick is usually small, meaning it would
be difficult to judge the superiority of one brick over another. This
forces the size of bricks to be as large as possible. In our approach,
we consider only bricks with k or fewer inputs, where k is usually
smaller than 6.

In order to compute the set of candidate bricks for an expression
E with n inputs, we consider all combination of k input bits, and
find the bricks with the chosen set of input bits. For a particular
combination of input bits, the bricks are computed by sampling the
assignment space of the remaining (n − k) inputs. The main idea
behind the sampling is explained below.

Let B be the set of bits for which we wish to compute bricks and
R be the remaining bits. One possibility, which runs in exponential
time, is to enumerate all cofactors of E with respect to variables
in R and store them in a set S. S, effectively, contains the bricks,
because all information regarding the bits in B is contained in S.
We explain this with the use of an example:

E = ab ⊕ cd ⊕ (a ⊕ b)(c ⊕ d),

B = {a, b, c}, R = {d}.

In this case, R contains only a single variable, hence corresponding
to its two assignments, we can get two elements of S, which are the
cofactors of E with respect to d.

S = {Ed, Ed} = {ab ⊕ bc ⊕ ac, ab ⊕ bc ⊕ ac ⊕ a ⊕ b ⊕ c}.

Hence, there will be two bricks corresponding to the variables a, b, c.
A naive implementation of the above approach does not work be-
cause it suffers from the three main problems. Next, we discuss
these problems one by one and our approach to handle them.

5.1 High Computational Complexity
The first problem is the exponential complexity of the approach:

if there are r elements in R, then we need to consider all 2r assign-
ments of these variables. This could be computationally infeasible
for large r. Although there are 2r cofactors, all of them are Boolean
expressions of k variables, where k is usually small (never exceed-
ing 6). This means that most of these cofactors can be expressed as
a function of other cofactors, i.e., the number of irredundant cofac-
tors is usually very small. Hence, in order to find the irredundant
cofactors we use sampling rather than computing all 2r cofactors.
Consider the following example:

E = (ab + bc + ac) ⊕ de ⊕ (a ⊕ b ⊕ c)(d ⊕ e),

B = {a, d}, R = {b, c, e}.

In this case, there are only two irredundant cofactors, i.e., S =
{ad, a + d}. The first cofactor can be obtained by considering
any of the four assignments (000, 011, 101, 110) of variables in R,
while the second cofactor can be obtained by considering any of
the four assignments (001, 010, 100, 111). This means a random
sampling of the complete assignment space of R is highly likely to
find the irredundant cofactors without considering all assignments
of variables in R.

However, in some cases the random sampling may miss some
irredundant cofactors. For example, consider the following expres-

sion which computes the carry output of a four-bit adder:

E = a3b3 + (a3 + b3)a2b2 + (a3 + b3)(a2 + b2)a1b1+

(a3 + b3)(a2 + b2)(a1 + b1)a0b0, where

B = {a0, b0}.

There is only one assignment of variables a3, b3, a2, b2, a1, b1 for
which E actually depends on bits a0 and b0; random sampling is
quite likely to miss this cofactor.

In our approach, we perform random sampling but also include
an analytical model that helps us to find missing irredundant cofac-
tors. Let S be the set of cofactors found using random sampling;
we want to determine if all the required information about the input
bits B is contained in S. This is effectively the same as deciding if
E is functionally dependent on the expressions in S ∪ R.

First, we add the input bits in R to S and determine if there
is a functional dependency from the functions of S to E using
Lee et al.’s approach [8]. Suppose that the variables in B are
b1, b2, . . . , bm, and the variables in R are r1, r2, . . . , rn. We intro-
duce two sets of dummy variables c1, c2, . . . , cm and s1, s2, . . . , sn.
The original and dummy variables correspond to two assignments
of the original variables. Since all expressions in S are identical in
both cases, we introduce the following constraints:.

ri = si, 1 ≤ i ≤ n,

ej(b1, b2, . . . , bm) = ej(c1, c2, . . . , cm), 1 ≤ j ≤ t

E(b1, . . . , bm, r1, . . . , rn) �= E(c1, . . . , cm, s1, . . . , sn).

Here, t is the number of irredundant cofactors ej ’s in S. These con-
straints will be satisfied if and only if there exist two assignments
of variables on which all expressions in S have identical values, but
E has different values, i.e., E is not functionally dependent on the
Boolean expressions in S. Satisfying assignments also provide the
missing irredundant cofactors.

This application of SAT does not require sampling; however,
omitting sampling will require finding all satisfying assignments
of SAT, which can be exponentially many. We use random sam-
pling to reduce the number of satisfying assignments in the SAT
instance to a small number.

5.2 Pruning the Set of Cofactors
In some cases, enumerating the assignments of bits in R pro-

duces some cofactors which contain no meaningful information
that helps to compute E. For example, consider the expression
E = (a0b1 + a1b0) and B = {a0, b0}. One of the cofactors of E,
which is obtained by the assignment a1 = b1 = 1, is (a0 + b0).
Since knowing the value of this cofactor does not help in comput-
ing the value of the original expression, it should be discarded. To
check for these cases, we consider each cofactor as a brick and es-
timate its information fitness using the estimator discussed in Sec-
tion 4.1. The cofactors whose corresponding bricks have informa-
tion fitness below a threshold are discarded.

5.3 Brick Computation from Cofactors
Since the irredundant cofactors computed in previous section

represent the information about the chosen set of input bits, the
bricks must be chosen in such a way that they should be able to
generate all of the cofactors. In order to find the best set of bricks
corresponding to the set of cofactors, we use our algorithm Iterative
Layering on the expressions corresponding to cofactors with even
smaller bricks. This results in an implementation of the cofactors
using input bits. The signals crossing any cut of the resulting cir-
cuit correspond to a potential set of bricks, as they contain all the
information to compute the cofactors. We consider each of the cuts
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Figure 3: An example showing how the bricks are generated
from the generated set of irredundant cofactors.

// The function takes a set P of pairs of
// points, a set of bricks, and returns an optimal set
// of bricks covering all pairs of P.
brickSelection (Set P, Set I) {
Set C = φ

do {
// At each step a brick is chosen for which the product
// of information fitness and coverage is maximum.
p = chooseBestBrick (I);
C = C ∪ {p};
I = I - {p};

// After the addition of each new element in C, the
//attributes, of the bricks in I are modified.
modifyAttributes (I, C);

while(all elements of P are not covered);
return C;}

Figure 4: A heuristic to solve the brick selection algorithm
based on Johnson’s greedy heuristic to solve the set cover.

and the one whose signals correspond to the best set of bricks in
terms of cumulative information fitness is chosen. Since all cofac-
tors are made of k variables (k ≤ 6), the DAG corresponding to the
implementation of cofactors is small, resulting only in a few cuts,
never exceeding 100 in our experiments. For example, consider the
following expression:

E = ab(c ⊕ d ⊕ e) + cd(a ⊕ b ⊕ e),

B = {a, b, c, d}, R = {e},

S = {ab(c ⊕ d) + cd(a ⊕ b), ab(c⊕d) + cd(a⊕b)}.

When we apply our algorithm Iterative Layering to find an im-
plementation of the Boolean expressions in S with smaller bricks
(with 2 inputs), it finds the following implementation.

t1 = a ⊕ b, t2 = ab, t3 = c ⊕ d, t4 = cd,

t5 = t1 + t3, t6 = t2 + t4, t7 = t5t6, t8 = t5t6,

S = {t7, t8}.

Fig. 3 shows various cuts of the implementation DAG. The best cut
is C3, which is crossed by signals t5 and t6. Hence, the chosen
bricks will be t5 and t6. Using these bricks the original expression
E can be computed like E = t6(t5 ⊕ e).

6. BRICK SELECTION HEURISTIC
In this section, we discuss how to select bricks for a layer. The

input is a Boolean expression E and a set of bricks satisfying the
property that E can be written as a function of the bricks. The goal
is to find a subset of bricks such that there is functional dependency
from the chosen set of bricks to E, and the cumulative information
fitness of the chosen bricks is maximum.

We consider all assignments of the input variables, and form a
table T which contains the values of bricks and the input expression
on the assignments of input variables. In this case, the functional
dependency of E on a set of bricks can be verified using the criteria
explained in Section 3. This means that the problem can be reduced
to a problem similar to Set Cover [5], The universe correspond to
the set P of all pair of points, where one point of each pair lies in
the on-set of E, and the other point lies in the off-set of E. The
individual sets of each brick p correspond to the set of these pairs
which are covered by p. The goal is to cover the universe using a
subset of bricks whose cumulative fitness is maximum.

Set cover is NP-hard [5] and is solved using polynomial time
heuristics. We use a slight variation of the greedy heuristic pro-
posed by Johnson [6] which is shown in Fig. 4. The heuristic is
iterative in nature, it starts with an empty collection of bricks, and
in each iteration it includes a brick for which the product of in-
formation fitness and information coverage is maximum. The in-
formation fitness and information coverage of remaining bricks are
modified, and the algorithm continues.

The problem with this approach is the exponentially large size
of table T . Hence, instead of considering all assignments of input
variables, we choose a sample of the complete assignment space
of the input variables. This results in fewer number of pairs in P ,
which needs to be covered by the bricks. The algorithm of Fig. 4 is
applied on this smaller set P . After finding a set of bricks we check
if there exist a functional dependency from the chosen set of bricks
to the input expression E. This is done by solving an instance of
SAT as explained in the earlier sections. If there does not exist such
functional dependency, then the SAT solver returns a pair of points
which is not covered by any of the chosen bricks. The two points of
the pair are added in the table and the whole algorithm is repeated.
The same sample is used to compute the bricks of next layer.

Note that information fitness of bricks is independent of the cho-
sen sample in T , while the preciseness of information coverage of
a brick depends on the size of chosen sample as discussed in Theo-
rem 1. A large sample is preferred. In order to be able to use larger
sample we must reduce the complexity of the algorithm presented
in Fig. 4. Next, we will discuss how to improve the complexity of
algorithm presented in Fig. 4.

From now on, by the on- and off-set of a function we mean the
on- and off-set of the function restricted to the chosen sample. Let
us assume that N is the size of sample (i.e., number of rows in the
table T ), m is the total number of bricks, and r is the number of in-
formation bricks in the set output by the brick selection algorithm.
In the algorithm of Fig. 4 after each iteration the fitness of each
remaining brick is estimated, this will result in O(mr) number of
calls to the estimator function, and cannot be avoided. However,
the computation of information coverage can be improved.

The number of pairs in P can be O(N2), also each pair can be
covered by any number of bricks, hence, the cumulative size of all
sets corresponding to bricks will be O(mN2). In each iteration a
brick is chosen, and sets corresponding to remaining bricks should
be modified by removing the already covered pairs from them. This
can be done in O(mN2), hence, the overall complexity of modify-
ing the sets will be O(mrN2) resulting in the overall complexity
O(mr(N2 + Testimator)) of the brick selection algorithm.

6.1 Complexity Reduction via Implicit Repre-
sentation

We use the specific structure of the sets corresponding to a brick
in order to reduce the complexity of brick selection algorithm. For
a brick p consider the partition of the rows of table into four sets:
A, B, C and D such that (A∪C, B∪D) is the partition of the rows
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Figure 5: The pairs covered by bricks can be described using a
compact implicit representation.

into on- and off-set of E, while (A∪B, C∪D) is the partition of the
rows into on- and off-set of p. The set P corresponds the Cartesian
product of (A ∪ C) and (B ∪ D), i.e., (A ∪ C) × (B ∪ D). This
can be expanded like this:

P = (A ∪ C) × (B × D),

P = (A × D) ∪ (C × B) ∪ (A × B) ∪ (C × D).

Note that, each pair in (A × D) as well as in (C × B) is covered
by the brick p, while none of the pairs in (A × B) and (C × D)
is covered by p. Hence, the set of pairs corresponding to brick
p can be represented like (A × D) ∪ (C × B). An example of
this representation is shown in Fig. 5. Using this representation,
the universal set P of pairs, as well as the sets corresponding to
each brick can be generated in O(mN) time by considering all
the rows of table one by one, and put them in the on- or off-set of
each brick. The computation of pairs covered by a particular brick
requires computing the intersection of the on- and off-set of this
brick with the on- and off-set of E (in order to extract A,B, C, D
from A ∪ C, B ∪ D, A ∪ B, C ∪ D).

At the beginning of the algorithm shown in Fig. 4, the pairs cor-
responding to one Cartesian product ((A∪C)× (B∪D)) are to be
covered. After choosing a brick p the pairs in (A×D) ∪ (C ×B)
are already covered, and the pairs corresponding to two Cartesian
products (A×B) and (C ×D) needed to be covered. The number
of Cartesian products to be covered may increase after each itera-
tion. In general, there can be κ Cartesian products to be covered
which are A1 × B1, A2 × B2, . . . , Aκ × Bκ for pairwise disjoint
Ai’s and Bj ’s. Since the union of Ai’s must be a subset of the
on-set of E, it means κ will never exceed O(N).

If the on- and off-set of a new brick are X and Y , then the ele-
ments of a particular Cartesian product (Ai × Bi) covered by this
brick will be ((Ai∩X)×(Bi∩Y ))∪((Ai∩Y )×(Bi∩X)). Hence,
all the pairs covered by this brick can be represented as the union of
((Ai∩X)×(Bi∩Y ))∪((Ai∩Y )×(Bi∩X)) for various i’s. If this
brick is chosen, then the remaining pairs to be covered can be repre-
sented as the union of ((Ai∩X)×(Bi∩X))∪((Ai∩Y )×(Bi∩Y ))
for various i. Since, all sets are sorted, this can be achieved in lin-
ear time, i.e., in O(N + κ) = O(N) time. This will result in the
overall complexity O(mr(N + Testimator)) of brick selection al-
gorithm, which is better by a factor of N compared to the naive
implementation.

6.2 Space Complexity Reduction based on over-
lapped computation

In the above approach, we need to store the set of covered pairs
corresponding to each brick. Here, we discuss a way to avoid this
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Figure 6: A tree based storage of sample can be used to avoid
the storage of pairs covered by each brick.

extra storage as well as to reduce the average case time complex-
ity. Assume that during the execution of the brick selection algo-
rithm l bricks have already been selected, whose on- and off-sets
are (A1, B1) . . . (Al, Bl). Also assume that the on- and off-set of
E are A0 and B0. In this case the number of new pairs covered by
a new brick p with on-set X and off-set Y will be the ones which
are not covered by any of the chosen bricks. The number of such
pairs can be given by the sum of | A0 ∩ R1 ∩ . . . ∩ Rl ∩ X | ×
| B0 ∩ R1 ∩ . . . ∩ Rl ∩ Y | and | A0 ∩ R1 ∩ . . . ∩ Rl ∩ Y | ×
| B0 ∩ R1 ∩ . . . ∩ Rl ∩ X |, where each of the Ri is either Ai or
Bi. Note that, although there are O(2l) terms in the summation,
many of them are zero. In fact, at most O(N) of these terms can
be non-zero. Hence, it is important to consider only the non-zero
term. These sums are computed for each remaining brick.

Next, we describe how to do this computation without storing
Ai and Bi’s. First we partition the chosen sample into sets, such
that for all points in a set the values of all bricks and of the original
expression E are unique. Since, for each set the values of E along
with all bricks are fixed, the only thing important about a set is its
size and the value of E and bricks on the points of this set, which
can be called a signature of the set. This means, we have a set
of (m + 1)-bit signatures each having a number, which is the size
of the corresponding partitioned set. We store these signatures as
the leaves of a balanced binary tree as shown in Fig. 6. Since, all
the signatures are (m + 1)-bit wide, the maximum height of the
resulting tree can be (m + 1). On the other hand, since there at at
most N signatures, a balanced partitioning may result in a tree with
height O(lgN).

During the execution of the brick selection algorithm, we needed
to compute the aforementioned sums for all remaining bricks. We
compute these sums by traversing the tree. In the beginning all
sums are assumed to be zero, during the traversal these sums are
incremented one by one. First we partition the leaves of the above
constructed tree into sets corresponding to R0∩R1∩. . .∩Rl, where
R0 is the either the on- or off-set of E, and each of the remaining
Ri is either the on- or off-set of ith chosen brick. This can be done
by considering all leaves individually.

Next, we traverse all paths from leaves to root one by one. As-
sume that a path starts from a leaf which belongs to the set R0 ∩
R1 ∩ . . . ∩ Rl. In the path if we come across an edge which is
annotated by p for one of the remaining bricks, that means this leaf
belongs to the R0 ∩ R1 ∩ . . . ∩ Rl ∩ X, where X is the on-set
of p, while if the edge is annotated with p, then this leaf belongs
to the R0 ∩ R1 ∩ . . . ∩ Rl ∩ Y , where Y is the off-set of p, and
must be added to the corresponding set. The overall worst case time
complexity still remains the same O(mr(N + Testimator)), but in
practice the algorithm works significantly faster than the previous
implementation.
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Figure 7: Example execution of the max84 circuit, generated
by Iterative Layering.

7. EXPERIMENTAL RESULTS
We have implemented the Iterative Layering algorithm in C++.

SAT instances with fewer than 20 variables are solved by exhaus-
tive enumeration of all possible assignments of input variables;
SAT instance with 20 or more variables are solved using the BDD
package BuDDy [9].

The input expressions are represented in the blif format, and the
output is a VHDL description of the optimized circuit. We compare
the circuits produced by Iterative Layering to circuits produced us-
ing Progressive Decomposition [16], and library or manually opti-
mized implementations of each circuit using known good designs
from prior literature. All of the circuits are synthesized using a
common standard cell library for UMC 90nm CMOS technology,
with the optimization strategy to minimize delay.

The benchmarks are divided into three categories: basic arith-
metic components, MCNC benchmarks, and composite arithmetic
circuits. Table 1 shows the results of our experiments.

7.1 Arithmetic Components
The first arithmetic component is a 16-bit Ripple Carry Adder.

Both our algorithm and Progressive Decomposition transform it
into an implementation similar to that of Carry Lookahead Adder
which has almost the same performance as the library implementa-
tion. The direct synthesis of the manually optimized circuit yields
similar results.

The second component is a 12-bit 3-input adder built from two
Ripple Carry Adders in sequence. Due to the mixture of XOR and
OR gates, techniques based on algebraic factorization fail to opti-
mize this circuit, which is reflected by the poor performance of the
synthesis of original circuit; however, both Iterative Layering and
Progressive Decomposition transform the first adder into a carry-
save adder to compute the sum more efficiently.

The next three circuits are 8×8, 9×9, and 10×10-bit shift-and
add multipliers. Direct implementation of these circuits results in a
higher delay and area compared to a library implementation, which
uses a standard partial product generator followed by a Wallace-
style compressor tree for partial product reduction. Progressive
Decomposition cannot proces these circuits because of exorbitantly
large input expressions in Reed-Muller Form. Iterative Layering, in
contrast, automatically converts the shift-and-add multiplier into a
Wallace-style design that uses a compressor tree, achieving compa-
rable delay and area to the optimized library implementation.

Max84 computes the maximum of four 8-bit integers. The naive
implementation uses a binary tree of comparators. Progressive de-
composition was unable to optimize this circuit. Iterative Layer-
ing, however, was able to automatically infer a better circuit struc-
ture which is 40% faster than the original. Fig. 7 illustrates the
execution of the new circuit. To the best of our knowledge, no
manual designer has implemented this particular circuit architec-
ture before. We have verified its correctness by considering every
possible combination of input bits. We are currently analyzing the
resulting architecture and its extension for larger bitwidth integers.

7.2 MCNC Circuits
The first MCNC benchmark was 9symml. Compared to the

naive implementation, Progressive Decomposition improved the crit-
ical path delay by 7%, but increased the area; Iterative Layering, in
contrast, achieved a reduction in critical path delay of 11%, coupled
with a reduction in area of 26%. For the next three MCNC bench-
marks, sqrt8, rd64 and rd73, the commercial synthesis tool’s op-
timization strategy was fairly effective and Iterative Layering was
unable to improve them.

For the last MCNC benchmark, t481, Progressive Decomposi-
tion and Iterative Layering both improved the critical path by 50%
and the area by 60% compared to the commercial synthesis tool;
this result indiciates that these decomposition methods have the
potnetial to significantly improve upon the state-of-the-art.

7.3 Compound Circuits
Next, we turn our attention to three compound arithmetically-

intensive circuits. Progressive Decomposition was unable to opti-
mize any of them because they yielded very large representations
when converted to Reed-Muller Form. The first compound cir-
cuit is taken from the adpcmcoder benchmark [7] benchmark and
computes (delta+0.5)×step

4
, where delta is a 3-bit integer and step

is a 16-bit integer. The manual implementation was produced by
clustering the four additions nodes together according to the trans-
formations described by Verma et al. [17] to form a compressor
tree. Our approach, in contrast, was able to effectively infer these
transformations, but at the bit-level, rather than the operation level.

The second composite circuit is taken from the G721 bench-
mark [7] and corresponds to a customized 11-bit floating-point mul-
tiplier. Iterative Layering reduced the critical path delay by 12%,
while increasing the area by 55%. The third composite circuit is a
Sum-of-Absolute Differences (SAD) unit used in a variety of video
coding algorithms such as H.264. The manually optimized imple-
mentation was suggested by Vassiliadis et al. [15], and is optimized
for area, rather than delay. Compared to the commercial synthesis
tool, Iterative Layering improves the critical path delay by 18%.

7.4 Discussion
The primary goal of Iterative Layering is to effectively improve

naive implementations of known circuits into known good imple-
mentations. Iterative Layering was particularly successful in this
respect with the addition and multiplication components. Given
its ability to find good implementations of well-understood cir-
cuits, we hoped to be able to use it for circuits that are less well-
understood. In this case, Iterative Layering was also successful, as
it automatically found an architecture for the Max84 benchmark
which, to the best of the authors’ knowledge, has not been discov-
ered before. In the future, we hope to use Iterative Layering to help
us design new arithmetic components for use in larger applications.

The runtime of Iterative Layering depends on the size of SAT
instances which are generated during its execution. For the circuits
listed in Table 1, the longest running benchmark was adpcmcoder,
which required approximately 20 minutes.

8. CONCLUSIONS AND FUTURE WORK
Iterative Layering has been presented as a pre-synthesis opti-

mization strategy for a wide variety of circuits. Unlike prior de-
composition algorithms, Iterative Layering does not rewrite the cir-
cuit after computing a layer and is not tied to any specific cir-
cuit representation. We have emphasized arithmetic circuits in our
experiments because there is strong evidence that they present a
formidable challenge for commercial synthesis tools. Our experi-
ments show that Iterative Layering has the ability to automatically
infer known circuit implementations from prior literature on hand-
optimized arithmetics.
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Benchmark Original Progressive Our Algorithm Library / Manual
Decomposition Optimization

Delay Area Delay Area Delay Area Delay Area
(ns) (μm2) (ns) (μm2) (ns) (μm2) (ns) (μm2)

16-bit Adder 0.24 3152 0.26 (+ 8%) 2966 (– 6%) 0.24 ( 0%) 3960 (+ 25%) 0.23 (– 4%) 2030 (– 35%)
12-bit Ternary Adder 0.64 2776 0.33 (– 48%) 3826 (+ 38%) 0.33 (– 48%) 3930 (+ 41%) 0.31 (– 51%) 3676 (+ 32%)
8 × 8-bit Multiplier 0.93 7610 – – 0.55 (– 40%) 6047 (– 21%) 0.57 (– 38%) 6200 (– 18%)
9 × 9-bit Multiplier 1.09 8986 – – 0.57 (– 48%) 8198 (– 9%) 0.60 (– 45%) 7589 (– 16%)
10 × 10-bit Multiplier 1.27 11637 – – 0.62 (– 51%) 8570 (– 26%) 0.67 (– 47%) 8087 (– 31%)
Max84 0.46 1755 – – 0.28 (– 40%) 1331 (– 24%) – –
16-bit, 4-stage Barrel Shifter 0.14 5408 0.16 (+ 14%) 5504 (+ 2%) 0.14 ( 0%) 5395 ( 0%) 0.13 (– 7%) 5900 (+ 9%)

9symml 0.28 1608 0.26 (– 7%) 2312 (+ 44%) 0.25 ( – 11%) 1195 ( – 26%) – –
sqrt8 0.14 614 0.18 (+ 29%) 722 (+ 18%) 0.14 ( 0%) 614 ( 0%) – –
rd84 0.22 1035 0.24 (+ 9%) 883 (– 15%) 0.22 ( 0%) 921 ( – 11%) – –
rd73 0.17 674 0.16 (– 6%) 917 (+ 36%) 0.16 ( – 6%) 1061 ( 57%) – –
t481 0.36 997 0.18 (– 50%) 402 (– 60 %) 0.18 ( –50 %) 402 ( – 60%) – –

adpcmcoder [7] 0.85 5678 – – 0.46 (– 46%) 5121 (– 10%) 0.49 (– 42%) 4901 (– 14%)
G721 [7] (fmult) 0.94 5142 – – 0.82 (– 12%) 7998 (+ 55%) – –
Sum-of-Absolute Differences (SAD) [15] 0.61 5377 – – 0.50 (– 18%) 11503 (+ 113%) 0.78 (+ 28%) 3913 (– 27%)

Table 1: Results of our arithmetic optimizations on all benchmarks. The – on several entries mean that the corresponding algorithm
ran out of time, or was unable to find an implementation of the circuit.

The runtime of Iterative Layering, at present, is still a concern,
primarily due to the limitations of the used SAT solver. In the fu-
ture, we intend to switch to more advanced SAT solvers and to
restructure the algorithm to reduce the number of calls to SAT.
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