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ABSTRACT
Current logic synthesis techniques are ineffective for arithmetic cir-
cuits. They perform poorly for XOR-dominated circuits, and those
with a high fan-in dependency between inputs and outputs. Multi-
pliers are particularly challenging because of the high fanout that
results from the partial product generator. Many optimizers, there-
fore employ libraries of hand-optimized arithmetic components,
but cannot optimize across component boundaries. To remedy this
situation, we introduce a new logic synthesis algorithm that ana-
lyzes the cofactors of the Boolean input expressions. To the best
of our knowledge, this approach is the first general logic synthe-
sis algorithm that can handle complex arithmetic circuits such as
multipliers of non-trivial size without having any prior knowledge
about the functionality of the circuit; it can also optimize larger
composite arithmetic circuits that contain a variety of components.
The approach reduces the delay of the composite circuits by 15–
40% compared to the use of locally optimized library components
without cross-component optimization.

1. INTRODUCTION AND MOTIVATION
Logic synthesis for arithmetic circuits remains an unsolved prob-

lem. Although specific algorithms exist for specific circuits such as
multipliers etc., logic synthesis methods based on algebraic factor-
ing are unable to convert a naive description of these circuits into an
implementation with performance similar to the manually designed
circuits. Most optimizers employ libraries of manually designed
arithmetic components. Arithmetic operations in a large circuit are
replaced by components from the library, reducing the complexity
of the synthesis process; however, this approach has three signifi-
cant drawbacks. Firstly, optimization across component boundaries
is limited, and affects the architectural implemenetation of the com-
ponent minimally; secondly, the architectural choices are limited to
the components in the library; and thirdly, the designer’s choice of
operations dictates the point in the circuit where each library com-
ponent is inserted.

Two factors have historically limited the effectiveness of logic
synthesis tools when applied to arithmetic circuits. Firstly, most
arithmetic circuits are dominated by XOR operations, which are
non-monotonic; this makes covering-based techniques inapplica-
ble for these types of circuits. Secondly, high fan-in dependencies
between inputs and outputs, i.e., most of the output bits depend on
a large fraction of the input bits, inhibits decomposition. For ex-
ample, in an adder, the kth least significant output bit depends on
the k least significant bits of both input operands; multipliers have
similar issues.

Historically, decomposition [2, 8, 4, 14, 15]. has been used to
break high fan-in dependencies. This approach decomposes each
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Figure 1: An illustration of circuit decomposition, which form
the structure of the circuit. Small blocks can be optimized using
exhaustive method.

circuit into smaller blocks. Each block usually acts as a compres-
sor, meaning that it produces fewer output bits than input bits. After
forming a block, either the complete circuit is rewritten as a func-
tion of the block output bits (in a bottom-up approach), or the inputs
of blocks are computed (in a top-down approach), and the process
repeats. This block structure tends to reduce the number of signals
at each layer of the circuit, providing it with the general structure of
an inverted cone. Fig. 1 shows how this decomposition can impose
this type of structure on a circuit.

The various blocks in a decomposition correspond to common
subexpressions of a circuit. This is the main reason why circuit
decomposition effectively reduces high fan-in dependencies. In
fact, the decomposition effectively converts a disjoint collection of
Boolean expressions into a directed acyclic graph (DAG) that im-
plements the circuit. Unlike the DAGs corresponding to original
expressions, where only primary input nodes have multiple fanout,
in the new DAG the intermediate nodes which are blocks may also
have multiple fanout. Furthermore, if the blocks are small in terms
of the numbers of inputs and outputs, then exhaustive architectural
exploration algorithms [22] can enumerate the Pareto-optimal im-
plementations of each block in terms of delay and area.

Mishchenko et al. [15] presented a classification scheme to pro-
vide a better understanding of different approaches to circuit de-
composition. The support of a block is the set of primitive input
bits on which a block’s output bits depend. A disjoint decomposi-
tion ensures that the supports of two blocks, which do not have a
predecessor-successor relationship, do not overlap; in other words,
the DAG that results from the disjoint decomposition is a tree. Non-
disjoint decompositions do not satisfy this property. Effective algo-
rithms to compute the maximal disjoint decomposition of a circuit
exist [4, 13].

Unfortunately, many circuits exist that cannot be described ef-
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Figure 2: A disjoint decomposition can reduce the number of
blocks, but may leave the circuit unbalanced compared to non-
disjoint decompositions.

fectively in terms of fully disjoint decompositions. In some cases,
disjoint decompositions can only find very large blocks, which pro-
vide a macroscopic, but not microscopic, structure on the circuit.
The large blocks themselves are difficult to optimize, and exhaus-
tive enumeration methods cannot optimize them within a reason-
able running time.

Secondly, some circuits simply cannot be described in term of a
fully disjoint decomposition, although, in some cases, their subcir-
cuits can. Multipliers fall into this class of circuits. The disjoint
decomposition of a multiplier is the multiplier itself, which yields
no meaningful information in terms of structure and optimization.
The first layer of an m × n-bit multiplier is a partial product gen-
erator, i.e., an array of mn AND gates, and it expands the number
of bits from m + n to mn. No disjoint decomposition is possible
within the partial product generator.

The remainder of the multiplier is a multi-input adder that sums
the partial product bits, which we will refer to as a compressor tree,
whose most favorable implementation uses carry-save arithmetic.
Disjoint decompositions can be applied to compressor trees [19].
Unfortunately, the use of disjoint decompositions, in this context,
requires some prior partitioning of the multiplier into the partial
product generator and the compressor tree. If Boolean equations
are provided for the entire multiplier, the logic synthesizer must
first compute the partition prior to the decomposition.

Disjoint decompositions may also yield circuits that are unbal-
anced. As an example, consider the following Boolean expression:

z = abcd + aefg.

Fig. 2 shows the disjoint and non-disjoint decompositions of the
circuit. The non-disjoint decomposition reduces the number of
blocks, but leaves the circuit poorly balanced and increases the
critical path delay. Although disjoint decompositions can optimize
circuit area, they tend to increase the delay of the circuit in many
cases.

For these reasons, many researchers have turned toward non-
disjoint decompositions in recent years [5, 15, 23]. Unlike dis-
joint decompositions, maximal non-disjoint decompositions are not
unique, and their performance is highly dependent on the partition-
ing of input bit into the support of different blocks.

Decomposition algorithms are either top-down or bottom-up. A
top-down approach starts from a single block, i.e., the original cir-
cuit, and decomposes the block into two or more smaller blocks
at each level; the latter approach starts from the input circuits, se-
lects a subset of them to form a block, and then repeats the process,
with the possibility of using the output bits of previously formed
blocks as input bits to future blocks. In the case of disjoint decom-
positions, the input bits of a previously formed block are discarded,
and new blocks can only be formed from the output bits of previ-
ously formed blocks; in contrast, non-disjoint decompositions may

require that circuit inputs, and internal signals, be inputs to separate
blocks. The performance of the top-down approach depends on the
partitioning of the support set of a bigger block into smaller sets;
the performance of the bottom-up approach depends on the choice
of which input bits are selected as a set to form a block.

As the number of partitions of n input bits is exponential in n, it
is intractable to exhaustively search the partition space at each level
when performing a top-down decomposition. On the other hand, if
k is a constant, the number of combinations of k bits from a set
of n bits is polynomial in k. Thus, exhaustive enumeration of the
partition space is feasible for a bottom-up decomposition, as long
as k is sufficiently small and the method to evaluate the quality of
the block formed from each combination is efficient.

Verma et al. have suggested an effective bottom-up decompo-
sition named Progressive Decomposition [19], which computes a
disjoint decomposition; however, Progressive Decomposition rep-
resents Boolean expressions using the Reed-Muller form. Although
this representation is canonical, it is an inefficient representation for
many arithmetic circuits. Specifically, some circuits exist for which
the representation in sum-of-product or product-of-sum form may
have a linear number of product term, whereas the Reed-Muller
representation has an exponential number of product terms. Effi-
cient algorithms, consequently, become inefficient for problem in-
stances whose input sizes grow exponentially.

Progressive Decomposition also suffers from several theoretical
weaknesses which we describe in Section 3, which render it inap-
plicable for circuits such as multipliers.

This paper presents a bottom-up non-disjoint decomposition that
can be used to structure arithmetic circuits. Progressive Decompo-
sition is a starting point, but its usage is relaxed in situations where
non-disjoint decompositions are deemed to be preferable. The re-
sult is a less complex and more general approach. Additionally,
our method does not use the Reed-Muller form for the circuit rep-
resentation. Although our approach is applicable to any circuit, it is
most useful for arithmetic circuits, due to the existence of numer-
ous successful optimization techniques that are amenable to other
classes of circuits. Although arithmetic circuits tend to be XOR-
dominated, our approach is sufficiently robust to permit the inclu-
sion of any kind of gate in the circuit.

The rest of the paper is organized as follows: In the next section
we summarize related work on logic synthesis methods for arith-
metic circuits. Section 3 summarizes Progressive Decomposition,
which is the starting point of our algorithm. Sections 4 and Sec-
tion 5 introduce our approach, which is then evaluated in Section 6.
Finally, Section 7 concludes the paper.

2. STATE OF THE ART
A general approach to optimize arithmetic circuits is by using

the high-level transformations such as those described by Verma
et al. [20]. These transformations operate at the operation level,
rather than the bit level; for example, basic operations include ad-
dition and multiplication, without specifying their implementation,
e.g., a ripple-carry or parallel-prefix adder. These transformations
are used to move disparate addition and multiplication operations
that occur throughout a dataflow graph to form large multi-input
adders, including the partial product reduction trees of the multi-
pliers. These multi-input adders are then realized using compres-
sor trees. Bit-level optimizations cannot be applied in this context,
except for the specific methods used to generate the compressor
trees [17].

Decomposition, introduced by Ashenhurst [2] and Curtis [8],
have been a major focus in recent years. These techniques tend
to be disjunctive, i.e., the Boolean functions are decomposed it-
eratively into block with disjoint support sets. Recent papers by



Bertacco et al. [4], Minato et al. [14] and Verma et al. [19] fall into
this category.

Non-disjunctive decompositions of Boolean functions such as
Bi-decomposition [15] and the BDS optimization system [23] split
larger blocks into smaller ones, and their performance depends on
the heuristics that balance the sizes of the decomposed blocks.

Progressive Decomposition [19] uses factoring methods based
on symbolic algebra to decompose the functions, extracting a dis-
junctive decomposition of a Boolean function from its Reed-Muller
representation. The limitations of Progressive Decomposition are
enumerated in the following section, and the contribution of this pa-
per is a set of techniques that mostly correct them. Despite its short-
comings, Progressive Decomposition yielded several novel results.
Most notably, it is the first general logic synthesis technique to
automatically convert a ripple-carry adder into a carry-lookahead
adder; likewise, it could automatically infer the use of carry-save
arithmetic when synthesizing compressor trees and parallel coun-
ters; and lastly, from a naive implementation, it automatically in-
ferred the structure of a previously hand-optimized implementation
of a leading zero detector [16], a component used in floating point
arithmetic units. Thus, despite its shortcomings, which are empha-
sized and improved upon in this paper, Progressive Decomposition
itself is quite powerful.

This paper presents a bottom-up, non-disjunctive decomposition
that extends Progressive Decomposition. Our implementation uses
compact Binary Decision Diagrams (BDDs) [1] instead of Reed-
Muller form, but our ideas are generally amenable to any circuit
representation that supports efficient algorithms for SAT testing
and cofactor computation. The circuit in our algorithm is built pro-
gressively, but without the stringent stopping criteria that limits the
effectiveness and generality of Progressive Decomposition; specif-
ically, our method permits decomposed blocks to have overlapping
support sets. Our method achieves comparable results to Progres-
sive Decomposition on circuits where the latter has already estab-
lished success, including adders and partial product reduction trees
of parallel multipliers; moreover, it can optimize complete multi-
pliers, and composite arithmetic circuits that have previously been
implemented using sets of library components.

3. PROGRESSIVE DECOMPOSITION AND
ITS SHORTCOMINGS

Fig. 3 illustrates the Progressive Decomposition algorithm [19].
Progressive Decomposition selects a subset B of input bits of a
Boolean function, and produces a circuit, called a block, that con-
denses information about the input bits of B down to a smaller set
of output bits B′, called Leader Expressions. The complete circuit
is then rewritten with the leader expressions replacing those in B.
This naturally imposes a hierarchical structure on the circuit being
optimized.

Progressive Decomposition ensures that the blocks that it forms
satisfy the following two properties:

Information Condensation. The input-to-output ratio of each
block is never below 1. This ensures that the replacement of B with
the leader expressions computed by the block does not increase the
number of inputs to the remainder of the circuit. The overall goal is
to reduce the number of input bits at each layer as much as possible.

Disjunctive Decomposition. Any two blocks, which do not
have a predecessor-successor relationship in the decomposed struc-
ture, must have disjoint support set.

Progressive Decomposition terminates when no further blocks
satisfying these two properties can be found. Next, we describe the
method to construct each block.

Choice of Input Bits: The correct choice of input bits to form
a block is critical to achieving a well-optimized circuit. All combi-

nations of k input bits, where k is a small constant, are considered;
blocks are formed for each combination. The block that yields the
smallest expression size, after rewriting the original expression in
terms of leader expressions, is then chosen.

Leader Expressions Computation: Progressive Decomposi-
tion uses factoring based on symbolic algebra to compute leader
expressions. The problem of merging leader expressions is reduced
to the Ideal Membership Problem, which is solved using a known
algorithm that runs in exponential worst-case time [3].

Minimization of Leader Expressions: Redundant leader ex-
pressions are removed, and relations among the leader expressions
are computed for use in later steps.

Rewriting the Input Expression: New variables are intro-
duced for each leader expression; the original expression is rewrit-
ten in terms of the new variables.

Progressive Decomposition suffers from several drawbacks. The
first is that it is based on the Reed-Muller form, which can be ex-
ponentially large compared to other compact representations, such
as factored form [6], for many circuits of interest.

Second, the algorithm to select input bits to optimize progres-
sively is complex and computationally intensive, which restricts the
use of this technique to small circuits. The selection of input bits
with which to form blocks is exhaustive; for each set of bits consid-
ered, the Ideal Membership Problem must be solved several times,
often for large Boolean expressions. The criteria for selecting the
best combination of input bits is not completely sound, as it mea-
sures the size of the rewritten Boolean expression, which may not
be an exact indicator of the circuit’s overall delay.

Often, when Progressive Decomposition fails to reduce the num-
ber of input bits at each step, it simply stops. As an example, con-
sider two-bit multiplication, i.e., 〈a1a0〉 × 〈b1b0〉. Assume that the
leader expressions of input bits a0 and b0 are to be computed. Since
the second output bit of the multiplier is (a0b1 ⊕ a1b0), the leader
expressions of a0 and b0 must contain all information about a0 and
b0 which is required to compute this expression. For a1 = 0, b1 =
1 the value of the expression is a0, and for a1 = 1, b1 = 0 the
value of the expression is b0. This means the leader expressions of
a0 and b0 must be able to generate both a0 and b0, which forces a0

and b0 to be leader expressions. Thus, the leader expressions are
the same as the initial set of inputs. Depending on its implementa-
tion, Progressive Decomposition would either stop, assuming that
the circuit has been optimized as far as possible, or it would be-
come stuck in an infinite recursive loop. In the case of a multiplier,
the leader expressions of any combination of input bits are always
the same as the original set of bits. The method proposed in this
paper is designed to handle such cases efficiently by allowing non-
disjoint decompositions.

Progressive Decomposition, it should be noted, can optimize the
partial product reduction tree of a multiplier, but it cannot optimize
the complete multiplier, as described above. For an m×n-bit mul-
tiplier, the partial product generator expands m + n input bits into
m× n partial product bits. Progressive Decomposition, by design,
always tries to condense the input bits into fewer expressions, so it
generally performs poorly for circuits with high fanout.

In fact this is a key problem of all disjoint decomposition tech-
niques. Similar phenomena, furthermore, tend to occur in many
composite arithmetic circuits. For example, Progressive Decompo-
sition can optimize the circuit in Fig. 1 approximately halfway, but
cannot produce the best implementation shown in Fig. 8.

To summarize, input condensation and disjunctive decomposi-
tion are overly restrictive, and limit the effectiveness of Progressive
Decomposition; they must be relaxed if Progressive Decomposition
is to be extended to handle multipliers and composite arithmetic
circuits.



Figure 3: Progressive decomposition iteratively builds larger
blocks from smaller ones, with each block having a input-to-
output ratio of at least one. Between any two blocks, either the
support set of one block is completely contained in the support
set of the other, or the support sets of the two blocks are dis-
joint.

Figure 4: The algorithm described in this paper permits blocks
with overlapping support sets between blocks that do not have a
predecessor-successor relationship, and permits the formation
of blocks whose input-to-output ratio is less than one.

4. MAIN IDEA
This section presents a new approach that overcomes the major

drawbacks of Progressive Decomposition. In principle, any input
representation can be used, as long as a minimization algorithm for
that representation exists. Our implementation uses BDDs and re-
quires efficient methods to solve SAT and to compute the Restrict
operator for the generalized cofactors. We use the algorithm sug-
gested by Coudert and Madre [7] to implement this operator.

In our approach, most leader expressions are computed using
random sampling as discussed in Section 5.2; the remaining ones
are computed by checking the functional dependency of the orig-
inal expression on the set of leader expressions: as discussed by
Lee et al. [10], the problem at hand is reduced to an instance of
SAT. Although SAT is NP-complete, the solver is called once to
compute the set of leader expressions of one group, unlike Progres-
sive Decomposition, which solves the Ideal Membership Problem
repeatedly.

To select the appropriate input bits for each block, we use a
heuristic based on the delay estimator of a circuit proposed by
Macii et al. [12], rather than running a detailed timing analysis al-
gorithm for each combination of input bits. Given a small constant,
k, we consider all combination of k input bits. The delay estimator
suggests which input bits are likely to occur on the critical path,
and those bits are chosen as the inputs of the next block; this ap-
proach is much more accurate than using the size of a function’s
Reed-Muller representation as a proxy for circuit delay.

Leader expressions that do not help to reduce the circuit delay
can be discarded. One such example is a leader expression that
is simply an input bit. The resulting decomposition may not be

// The function takes the list of input expressions,
// and creates an architectural implementation using
// a bottom-up approach.
decomposeCircuit (List L) {
do {

// This step uses a simple delay estimator to choose
// the right combination, which leads to the smallest
// delay, when chosen as the input of a block.
combinations = generatePrunedSet (L, k);
rightComb = chooseComb(combinations, delayEstimator);

// Here we decide (1) whether a leader expression is
// a real leader expression, and (2) disjunctive or
// non-disjunctive decomposition should be performed.
LE = generateLEsViaAssignments(L, rightComb);
LE = LE ∪ generateMissingLEs (L, rightComb, LE);
LE = pruneLEs (L, LE);

L = rewriteExpr(L, LE); }
while(all elements in L are not literals); }

Figure 5: An overall description of our algorithm.

disjoint, i.e., distinct blocks may have overlapping support sets.
Our algorithm does not minimize the number of leader expressions,
which permits the input-to-output ratio to be less than one. The re-
laxation of this restriction is critical to permit our method to handle
complete multipliers.

The Restrict operator computes the generalized cofactor of one
Boolean expression with respect to another, and replaces occur-
rences of leader expressions by new variables in the non-disjoint
decomposition. For example, let F be the original expression, and
g be a leader expression. The Shannon expansion of F with respect
to g is

F = g(E | g) + g(E | g),

where (E | g) and (E | g) are the generalized cofactors of E with
respect to the leader expression g. Since the generalized cofac-
tors are not unique, a different cofactor may give a different result.
In the future, we hope to extend the method presented in this pa-
per to sidestep the computation of generalized cofactors. If F is
sufficiently small, we convert it to Reed-Muller form, and rewrite
it using the leader expressions, as in Progressive Decomposition.
Fig. 4 illustrates the algorithm and emphasizes the points where it
differs from Progressive Decomposition.

5. OUR APPROACH
This section describes our algorithm in detail; Fig. 5 shows the

various subroutines used in our algorithm. The following subsec-
tions summarize each of these subroutines in detail.

5.1 Choosing the Input Bit Combination
The performance of a bottom-up decomposition depends on the

chosen group of input bits to each block. A collection is a set of
sets; at each layer, there will exist several blocks corresponding to
several sets of input bits. A collection is a set of whose elements
are the k-bit sets of input bits that have been chosen, where k is a
small constant. Ideally, all combinations of k input bits would be
chosen and all their collections should be considered as the inputs
of blocks at a level. In other words, the inputs of block at a level
should be chosen at once. However, this would result in an exhaus-
tive exponential search. In contrast, we use a greedy heuristic that
progressively determines the best group of input bits for a block
at each stage. Note that the heuristic is well suited for arithmetic
circuits, which usually have effective online algorithms; this means
that the information of some of the bits can be encoded into fewer
bits without affecting the other bits.

The first step is to choose a combination of k input bits to form
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leader expressions. All combinations are considered. For each
combination of bits, we estimate the impact on the complexity of
the expression when these bits form a block; the subset that has the
highest impact on complexity is chosen.

To estimate the impact on complexity, our algorithm constructs a
block X for the chosen set of input bits B. Fig. 6 shows the reduced
expression E′ after choosing a set of input bits and replacing their
leader expressions by new variables in the original expression, E.
The complexity of X must be determined, along with the complex-
ity of the reduced expression, E′. Contrary to Progressive Decom-
position, our algorithm considers various assignments of values to
the chosen bits, and computes the original expression given these
assignments. Since the number of chosen bits is small, at most 6 in
our experiments, this is not computationally intensive. The average
complexity of the reduced expression E is a reasonable measure of
the complexity of E′.

For example, consider the adder shown in Fig. 6, and suppose
that the four bits corresponding to the two least significant bits of
both integers are chosen. For each assignment of these bits, the
complexity of the circuit is the same as the complexity of a four-
bit adder; however, if a different set of four bits are chosen, e.g.,
the right-hand side of Fig. 6, then the complexity of the circuit is
estimated to be approximately the same as that of a six-bit adder. It
follows that the first choice is better than the second.

We use a method described by Macii et al. [12], to estimate the
delay as a function of number of variables, size, entropy and density
(i.e., the difference between the expected value of the expression
and 0.5). This method is imprecise, but effectively computes the
relative delays of two circuits in comparison with one another; this
is precisely what we need.

The input bits may not have the same delay; thus, we must also
consider the complexity of the block X that has been formed. Our
algorithm models the circuit as a multiplexer whose control bits are
the chosen bits and whose input values are the E′

i, i.e., the reduced
expression E under various assignments of the chosen bits. Next,
we estimate the delays of E′

is and of the chosen bits, and based
on that estimate, the delay of the multiplexer. The combination for
which this delay turns out to be minimum is selected.

5.2 Computation of Leader Expressions
Let E be the input expression, B be the set of bits for whom we

wish to compute leader expressions, and R be the remaining bits.
One possibility, which runs in exponential time, is to enumerate
all possible assignments of variables in R, compute E using these

values, and store the resulting expressions for each assignment in
a set S. S, effectively, contains the leader expressions, because all
information regarding the bits in B is contained in S. The final
step is to remove all of the redundant leader expressions from S,
including those that are dependent on others. The problem with
this approach, as stated above, is its exponential time complexity.

Instead, we randomly sample subsets of the complete assignment
space of R, knowing that random sampling may miss some leader
expressions. For example, the following expression computes the
carry output of a four-bit adder:

E = a3b3 + (a3 + b3)a2b2 + (a3 + b3)(a2 + b2)a1b1+

(a3 + b3)(a2 + b2)(a1 + b1)a0b0, where

B = {a0, b0}.
There is only one assignment of variables a3, b3, a2, b2, a1, b1 for
which E actually depends on bits a0 and b0; random sampling is
quite likely to miss this leader expression. The probability of miss-
ing the expression, furthermore, increases exponentially with the
bitwidth of the input integers.

Instead, we perform random sampling but we include an ana-
lytical model that helps us to find missing leader expressions; this
problem is reduced to that of determining functional dependencies,
which, in turn, is modeled using SAT [10]. Let S be the set of
leader expressions found using random sampling; we want to de-
termine if all of the required information about the input bits B is
contained in S. This is effectively the same as deciding whether
using the values of expressions in S and the value of bits in R one
can uniquely determine the value of the original expression E; in
other words, the task is to determine if E is functionally dependent
on the expressions in S ∪ R.

First, we add the input bits in R to S and determine if E can
be written as a function of the expressions in S; if not, then S is
missing some leader expressions. Suppose, for example, that two
assignments of variables exist for which all expressions in S have
the same value, but E has a different value; then E is not a function
of the expressions in S and more information is needed to uniquely
compute E. The corresponding assignment of variables in R will
generate the missing leader expressions.

Lee et al. [10] provide an approach based on SAT to determine
the functional dependency. Suppose that the variables in B are
b1, b2, . . . , bm, and the variables in R are r1, r2, . . . , rn. We intro-
duce a set of dummy variables c1, c2, . . . , cm, and s1, s2, . . . , sn.
The original and dummy variables correspond to two assignments
of the original variables. Since all expressions in S are identical in
both cases, we introduce the following constraints:.

ri = si, 1 ≤ i ≤ n,

ej(b1, b2, . . . , bm) = ej(c1, c2, . . . , cm), 1 ≤ j ≤ t

E(b1, . . . , bm, r1, . . . , rn) �= E(c1, . . . , cm, s1, . . . , sn).

Here t is the number of leader expressions in S. Satisfying as-
signments provide the missing leader expressions, and S contains
all of the leader expressions if and only if there are no satisfying
assignments.

This application of SAT does not require sampling; however,
omitting sampling may lead to multiple satisfying assignments that
lead to the same leader expression. We use random sampling to re-
duce the number of satisfying assignments in the SAT instance to a
small number. In the sampling phase of our experiments, we choose
10, 000 random assignments of variables, which yields more that
90% of the leader expressions.

5.3 Pruning the Set of Leader Expressions
Here, we remove redundant leader expressions and determine
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whether a non-disjunctive decomposition is necessary. We also
minimize the set of leader expressions when doing so helps to re-
duce the complexity of the circuit.

If a leader expression is the same as an input bit, then a non-
disjunctive decomposition is required. This is because that particu-
lar bit is needed somewhere else in the circuit in its raw form. All
such leader expressions are removed from the set.

In some cases, enumerating the assignments of remaining bits
produces leader expressions that contain no information that helps
to compute E. For example, consider the expression (a0b1+a1b0),
and let us compute leader expressions of a0 and b0. The assignment
of a1 = b1 = 1 yields (a0 + b0) as a leader expression, which
cannot be used effectively to compute the original expression; this
type of useless leader expression can be safely discarded.

To check for these cases, we compute the generalized cofactor
of the original expression with respect to the underlying leader ex-
pression and its complement. If any of the two cofactors are at least
as complex as the original, we deduce that the underlying leader
expression contains no meaningful information that can help us to
compute the original expression. Consider the following example:

E = (a + b)x + (ab + c)y,

g = a + b + c,

E | g = 0,

E | g = (a + b)x + (ab + c)y.

Since E | g = E, we can safely discard g.
The removal of redundant leader expressions uses a reduction to

a SAT instance, as in the preceding section. We wish to determine
whether a particular leader expression can be written as a function
of the others. Since the number of variables here is small, this SAT
instance will be small as well.

5.4 Rewriting the Expression Using Leader
Expressions

The final step is to rewrite the original expression in terms of
the leader expressions. This is done as the Shannon expansion of
the original expression with respect to the leader expressions us-
ing the Restrict operator. We use the implementation of Restrict
operator given by Coudert and Madre [7]. Since generalized co-
factors are not unique, the rewritten expression may depend on the
order in which the cofactors of each leader expression are com-
puted. We estimate the delays of the cofactors with respect to each
leader expression; based these delays, we then estimate the delay
of the original expression, implemented using a Shannon expan-
sion, as illustrated in Fig. 7. The leader expression for which the
delay of the Shannon expansion is minimal is selected first during
the rewriting process.
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Figure 8: The circuit shown in Fig. 1 can be transformed using
arithmetic identities in such a way that the additions and sub-
tractions can be clustered together resulting in a larger com-
pressor tree.

Small input expression are converted to Reed-Muller form and
are rewritten, as done by Progressive Decomposition. The motiva-
tion to rewrite the original expressions in terms of leader expres-
sions is to help find the next group of leader expressions; if we
could modify our algorithm to compute the leader expressions in
such a way that only the leader expressions found so far are re-
quired, then this rewriting step would become unnecessary; how-
ever, we have not yet found an efficient way to do so.

6. EXPERIMENTAL RESULTS
We have implemented our algorithm in C++ using the BDD pack-

age BuDDy [11]. Our tool takes the input expressions in a simpli-
fied blif format featuring four logic gates, (AND, OR, NOT, XOR).
The user may also provide information regarding the place of an in-
put bit within an integer. The tool outputs a VHDL description of
the optimized circuit. We compare the circuits produced by our
algorithm to Progressive Decomposition and library/manually op-
timized versions of each circuit. All the circuits are synthesized
using a common standard cell library for UMC 90nm CMOS tech-
nology, with the optimization strategy to minimize delay.

We have divided our benchmarks into two categories: basic arith-
metic components and composite arithmetic circuits. Table 1 shows
the results of our experiments compared to a baseline circuit de-
scription. The multiplier (a component) and the composite circuits
show that our method is more general than Progressive Decompo-
sition in the circuits that it can optimize; meanwhile, the remain-
ing three components, an adder, ternary adder, and barrel shifter,
show that our approach achieve comparable results to Progressive
Decomposition for circuits where the latter is able to terminate.
Progressive Decomposition effectively optimizes the delay of the
ternary adder, but increases the delay of the adder and the barrel
shifter; it does, however, effectively reduce the area of the adder.

The first arithmetic component is a 16-bit Ripple Carry Adder.
Both our algorithm and Progressive Decomposition transform it
into an implementation similar to that of Carry Lookahead Adder;
the manually optimized circuit is taken from a well-established
component library, and appears to be a prefix adder. The logic



Benchmark Original Progressive Our Algorithm Library / Manual
Decomposition Optimization

Delay Area Delay Area Delay Area Delay Area
(ns) (µm2) (ns) (µm2) (ns) (µm2) (ns) (µm2)

16-bit Adder 0.24 3152 0.26 (+ 8%) 2966 (– 6%) 0.24 ( 0%) 3960 (+ 25%) 0.23 (– 4%) 2030 (– 35%)
12-bit Ternary Adder 0.64 2776 0.33 (– 48%) 3826 (+ 38%) 0.33 (– 48%) 3930 (+ 41%) 0.31 (– 51%) 3676 (+ 32%)
8 × 8-bit Multiplier 0.93 7610 – – 0.55 (– 40%) 6047 (– 20%) 0.57 (– 38%) 6200 (– 18%)
16-bit, 4-stage Barrel Shifter 0.14 5408 0.16 (+ 14%) 5504 (+ 2%) 0.14 ( 0%) 5395 ( 0%) 0.13 (– 14%) 5900 (+ 9%)

adpcmcoder [9] 0.85 5678 – – 0.46 (– 46%) 5121 (– 10%) 0.49 (– 42%) 4901 (– 14%)
G721 [9] (fmult) 0.94 5142 – – 0.82 (– 12%) 7998 (+ 55%) 0.83 (– 11%) 7113 (+ 38%)
Sum-of-Absolute Differences (SAD) [18] 0.61 5377 – – 0.50 (– 18%) 11503 (+ 113%) 0.78 (+ 28%) 3913 (– 27%)

Table 1: Results of our arithmetic optimizations on all benchmarks. The – on several entries mean that the corresponding algorithm
ran out of time, or was unable to decompose the circuit.

synthesizer is also able to improve the original circuit architecture
using algebraic factorization.

The second component is a 12-bit ternary adder built from two
Ripple Carry Adders conjoined in sequence. Due to the mixture
of XOR and AND/OR gates, techniques based on algebraic factor-
ization fail to optimize this circuit, which is reflected by the poor
performance of the synthesis of original circuit; however, both our
algorithm and Progressive Decomposition transform the first adder
into a carry-save adder to compute the sum more efficiently. The
library design is slightly faster than the ones produced by our algo-
rithm and Progressive Decomposition due to small variations in the
design of the final adder, i.e., a hybrid adder is used in the library
design.

The third component is an 8×8-bit shift-and-add multiplier. The
logic synthesizer is unable to optimize the original circuit. Pro-
gressive Decomposition was unable to process this circuit because
of exorbitantly large input expressions in Reed-Muller form. Even
if the size was not a problem, Progressive Decomposition would
not have been able to optimize it due to the reasons outlined ear-
lier in the paper. Our algorithm, in contrast, produced a circuit that
was marginally faster and smaller than the library implementation.
Our algorithm is able to exploit the correlation among the partial
product bits, which apparently were ignored by the library imple-
mentation.

The fourth component is a 16-bit Barrel-shifter. Although the
circuit is not arithmetic in nature, it is considered because of high
fan-in dependency between inputs and outputs. Progressive De-
composition was unable to find any block with an input-to-output
ratio of less than one, and was therefore unable to optimize it. Ad-
ditionally, the conversion to the XOR-dominated Reed-Muller form
increases the delay compared to a more traditional implementation
based on multiplexers. Since the synthesis tools can already op-
timize this type of circuit using algebraic factorization, the delays
and areas of the three implementations other than Progressive De-
composition were comparable.

Next, we turn our attention to the three compound circuits. The
first compound circuit comes from the adpcmcoder [9] bench-
mark and it computes (delta+0.5)×step

4
, where delta is a 3-bit integer

and step is a 16-bit integer. Progressive Decomposition could not
handle the large input expression. The manual implementation was
produced by the transformations of Verma and Ienne [21], and was
significantly faster than the original; four distinct addition opera-
tions were clustered together to form a 4-input adder at the bottom
of the circuit; the compressor tree that implements this multi-input
adder was generated using the 3-greedy algorithm of Stelling et
al. [17]. Our approach, in contrast, has no prior knowledge that the
desired circuit is a compressor tree, and therefore, is much more
general than the methods used to produce the manually optimized
version. Altogether, the result produced by our method is slightly

faster and slightly larger than the manual design.
The second composite circuit is shown in Fig. 1. Progressive

Decomposition partially optimizes the circuit, but leaves a large
expression in Reed-Muller form that could not be synthesized. Our
algorithm, on the other hand, found an implementation which is
12% faster than the original implementation. Since, the circuit
is not a standard component, there are no library implementations
available; we manually tried to improve the delay of the circuit by
clustering some separated additions using algebraic identities. The
result was marginally slower (0.01 ns) than the method produced
by our algorithm, but significantly smaller. It is important to note
that the logic synthesis method described in this paper only opti-
mizes for delay, and does not give any consideration to area when
making decisions.

The third composite circuit is the Sum-of-Absolute Differences
(SAD) computation, which is used in a variety of video coding
algorithms such as H.264. The manually optimized implemen-
tation was suggested by Vassiliadis et al. [18], and uses a slower
implementation of absolute difference, but it helps in clustering ad-
ditions. Since in the chosen circuit there are only two absolute
differences are being added, the penalty for having a slower abso-
lute difference did not pay off. Our approach, however produces a
circuit which is almost 18% faster than the naive implementation.
Progressive Decomposition was unable to optimize this benchmark
due to its high computational complexity.

The primary goal of the optimization method presented in this
paper is to effectively improve naive implementations of a circuit
so that they resemble optimized implementations, thus, alleviating
the need for the designer to perform time-consuming manual opti-
mizations by hand; our goal is not to improve the quality of circuits
that have already been optimized by hand. Thus, we care more
about the ability of our technique to automatically discover good
circuit designs, such as transforming a Ripple Carry into an Carry
Lookahead adder, rather than optimizing the latter, for example, by
adjusting the group size.

The runtime of our approach, as implemented here, depends on
the size of the BDD. For the circuits listed in Table 1, the longest
running benchmark was adpcmcoder, which required approxi-
mately 28 minutes. Although it optimized an 8 × 8-bit multiplier,
it failed to terminate for a 16 × 16-bit multiplier. Consequently,
some scalability issues must still be resolved before the proposed
technique becomes useful in practice; we intend to address these
issues in the future.

7. CONCLUSIONS AND FUTURE WORK
This paper has introduced a new method for logic synthesis of

arithmetic circuits. It addresses many of the shortcomings of Pro-
gressive Decomposition by using a non-disjunctive decomposition



method instead, while building larger blocks from smaller ones pro-
gressively. It sidesteps the theoretical weaknesses and computa-
tional complexities that plague Progressive Decomposition’s use in
practice. For an adder, ternary adder, and barrel shifter, our method
achieved comparable results to Progressive Decomposition; it was
also able to optimize a multiplier and three composite circuits for
which Progressive Decomposition was ineffective. Although the
algorithm proposed here is based on BDDs, it can easily adapt
to any circuit representation that has efficient algorithms for mini-
mization, SAT, and generalized cofactor computation. At present,
the size of the BBDs that we use limits the scalability of the pro-
posed approach in the case of large-bitwidth multipliers. We hope
to overcome this limitation in the future through the use of a more
compact representation and by employing techniques with faster
running times for each of the main steps in the algorithm.
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