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Regular, Terminal-Constrained Problems
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sit. x(t) = f(t,x(t),u(t)); x(to) = %o
wk(tﬁX(tf)) =0, k= 1,...,n¢,
Necessary Conditions for (u*, ¢, x*, A*, v*) to be Optimal
@ Euler-Lagrange Equations (H S04 ATE):
x =Hx, )I\:—Hx, 0 =Hy, to <ttt

@ Transversal Conditions:

[A— ¢x+uT¢x] —0

[x — x0] o = 0 .

[H + ¢ + uT@bt] L= 0, if tr is free
f

[4],, = 0, and 4 satisfy a regularity condition
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Direct vs. Indirect Methods

Direct Methods

Discretize the control problem, then apply NLP techniques to the resulting
finite-dimensional optimization problem

@ A priori knowledge of the solution structure not required

@ But, approximate solution only (due to control parameterization)

Indirect Methods (or PMP-based Methods or Variational Methods)

Seek a solution to the (closed system of ) necessary conditions of optimality

@ Discretization of the control profile not needed

@ But, need to guess the optimal solution structure too

Recommendation: First approximate the solution with a direct approach,
then refine this solution with an indirect approach!
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Indirect Methods
General Idea: Split the NCOs into 2 subsets:

@ Those NCOs that are enforced at each iteration

@ The remaining NCOs that are modified, at each iteration, via
successive linearization, until convergence

» E.g., quasi-linearization, control vector iteration, indirect shooting

Indirect Shooting Approach
Q Guess the values of A*(tp), v* and t;
© lteratively update these estimates to meet the transversal conditions

A+t + K
P —0

C+ATE + gp + K ah,
subject to:  x(t) = f(¢t,x(t), u(t)); =x(to) = xo
A(t) = —x(t,x(2), u(t) = A()) (£, x(2), u(t)); - Alto) = Ag
0 = Lu(tx(2), u(t)) + A1) fu(t, x(2), u(t))

F(AS, vk, ) 2

—tk
t=t!

v
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Indirect Shooting Approach: Algorithm Indirect Shooting Approach: Application

Initialization: Class Exercise: Consider the optimal control problem:
@ Choose initial estimates AJ, 1/, t°, termination tolerance € > 0; Set k « 0 minimize:  J(u) = /1 %U(t)2 d
Main Step: 0
@ Calculate the defect F(A§, vk, t5); If |[F(AE, v¥, t4)|| < €, Stop subject to: X(t) = u(t)[1 —x(t); x(0) =-1; x(1)=0
k . T .
@ Calculate the defect gradient Va, F(AX, v¥, t5), V,F(AX, v, t£) and @ Formulate the defect F(A§, %, t¥) in the indirect shooting approach
thF()‘éa Vk7 tfk)
© Calculate the search direction via solution of the linear system,
T T
Vo F(Ag, vk, tfk)_l_ dj
VL E(AS, V5, tf) d; | = -F(g, v 1)
T k
Vi F(AL, vk, t) Iy
© Update the estimates,
)\éﬂ — )\g T dﬁ, vyl d,’; tfk+1 —th+ dtl:
@ Increment k — k + 1, and return to step 1
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Indirect Shooting Approach: Application Indirect Shooting Approach: Remarks
Class Exercise: Consider the optimal control problem: @ The methods applies readily in the case of a fixed terminal time, or in
1 the absence of terminal constraints
minimize:  J(u) EN / %u(t)2 dt > Keep only the relevant transversal conditions!
0
. k ok 1k k ok 1k
subject to:  x(£) = u(t)[1 — x(8)]; x(0) = —1; x(1) =0 @ The defect gradient V F(Ag, v, t7), VLF(Ag, V", t£) and

thF()\é,Vk, tfk) is needed to perform the Newton iteration

A1) =0 =0 e . .
’ ‘ ‘ ‘ ‘ 2 0 » Use forward or reverse sensitivity analysis
0.6 - T . .
ozl T Prre | 3\(: —] > Or,. apply a quasn—.Newton method with Broyden update scheme to
:*:<L ol v estimate the gradient
04 -
[ or - . - - .- . .
2 3 . o Difficulty 1. Find good initial estimates (A3, 10, t9) of (A§, v, t})
06| V)52 =-345x102 AT 1 . e e
* m);{g)i ?gé“ O E— ] » Very high senS|t|V|t.y towarQs the-transv-ersal .con-dltlons
oal ' A1) _115 = 8 | S o6t ] » Calculate good estimates via a direct discretization approach!
x(1)=0— o8| ]
R ‘ ‘ terates —— B ‘ ‘ ‘ ‘ o Difficulty 2. Hard to apply in the presence of singular arcs and/or
-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0 0.2 0.4 0.6 0.8 1 .
A(0) t path constraints

» Optimal arc sequence not known a priori
» Optimality conditions at junction times give rise to multi-point
boundary value problems (MPBVP)
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