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Pontryagin Maximum Principle
Motivations:
© Encompass optimal control problems with path constraints in the
control and/or state variables
© Tighten the necessary conditions for optimality obtained with the
variational approach
Base Problem Formulation:
t
minimize: / 0(x(t),u(t)) dt
to
subject to:  x(t) = f(x(t),u(t)); x(to) =x0, x(tr)=x¢
A P
uec Uy, T]={uecClto, T|™ :u(t) € Uty < t < t5}
@ Prescribed final state x¢ and free final time t
@ Control region U same at all times
@ Autonomous problem: no explicit dependence of £ and f in t
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Variational Approach: Summary

tf
i Y4 t,x(t),u(t)) dt + o(tr, x(t
(u,tf)ECn[ltIJ?T]"uxR /to ( X( ) u( )) ¢( f X( f))

st x(t) = £(t,x(t), u(t));
Yi(tr, x(t)) = 0,

X(to):Xo
k:1,...,n¢,

Necessary Conditions for (u*, t, x*, A*, v*) to be Optimal

@ Euler-Lagrange Equations (H 204 ATE):
x =Ha, A=~ Hy,

0 =Hlu, to <t <t
@ Legendre-Clebsch Condition:
Huu semi-definite positive, ty <t < tf

@ Transversal Conditions:
[x — XO]to =0, [)\ — Oy + uqux] y = 0
[H + ¢ + VT'tlJt] = 0, if t is free

[¥],, = 0, and % satisfy a regularity condition
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Pontryagin Maximum Principle: Statement

Theorem. Suppose that (u*, t) € C[ty, T]™ x [to, T) is optimal, with
corresponding response x* € C1[ty, T]™. Then, there exist
(A5, A*) € Cl[to, T]™ " such that:

Q [No(8), A" ()] #[0,0], to <t < ¢

Q Mo(t) =0, A(t) = —Hy(x*(t), u*(t), \5(£), A*(t)), a.e. in [to, t7],
with: H(x, 1, Ao, A) 2 Aol(x, u) + ATF(x, u)

Q H(x"(1),u™(t), Ag(t), A*(1)) < H(x"(1), v, A5(t), (1)), Vv € U,
a.e. in [to, t{]

Q@ )j(t) = constant > 0,

H(x*(t), u*(t), \§(t), A*(t)) = constant
(= 0 if tf is free)
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Pontryagin Maximum Principle: Remarks

Conditions 1-4. Complete set of conditions to determine (u*,x*, A, A*),
along with t (if free)

Condition 4. Either one of 2 situations:

@ Normal case: Ao(t) >0

> Ao, A1, ..., A, defined up to a constant only
> Need to fix Mg, e.g., Ao(t) =1,Vt

@ Abnormal case: A\o(t) =0

> Ao, A1, ..., An, uniquely defined, but NCO become independent of ¢!
» Abnormal problems are those for which the terminal conditions
x(tr) = xr fail to satisfy a regularity condition

@ Case of a maximize problem:
> Replace by M\o(t) <0
» Do not change inequality sign in condition 3!
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Case Study: Linear Time-Optimal Control

A ["
minimize: J(u, tf) = / dt = tr — to

to
subject to:  x(t) = F(t)x(t) + G(t)u(t); =x(to) =x0, x(tr)=0
ub <u(t) <ul, <<t

o If (u*, tf,x*, A", \§ = 1) is an optimal solution, then
w*(t) € arg min {1 X )T (FE() (D) + G v) tul < v < uU}
o If X*(t)TG(t) vanishes only at isolated times,

ur (1) = u? i X(1)TGi(t) <0

ub i A (0)TGi(t) > 0

@ The optimal control is said to be of bang-bang type:
uj(t) switches instantaneously as /\*(t)TG;(t) changes sign
A (t)TG(t) is called the switching function
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Pontryagin Maximum Principle: Remarks (cont'd)
Conditions 3. Extremely powerful result!

@ Can be rewritten in the form:

u*(t) € argmin {H(x*(t), v, Ag(t), A*(t)) : v € U}
v
» Yields a minimum condition — Originally, formulated as a maximum
condition (Pontryagin)

» Handles Control bounds in a very natural way: Solve an NLP problem
at each time along [to, t{]!

H(ur(t), v, x*(t))

Huy =0, Huu = 0 @ On interior arcs, u*(t) € int (U),

\ - e () 0" (1), 5 (£). A°(8)) = 0
- Ha (8,0 (5,256, A°(1) = 0

PMP implies the Euler-Lagrange and
Legendre-Clebsch conditions!

v
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Solving Linear Time-Optimal Control Problems

Class Exercise: Characterize the optimal solutions to the problem:

tf
min H(U,tf)é/ dt =t
0

sit. X1 (t) = x(t), x(t) = u(t)
x(0) =xo, x(t) =0
—1<u(t) <1, Vt
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Solving Linear Time-Optimal Control Problems (cont'd)
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Pontryagin Maximum Principle: Extensions (cont'd)

General Terminal Constraints: x(t) € X C R™

@ Suppose that X¢ has dimension n¢ locally at x*(t/")

> nf transversal conditions are given by: x(tf) € X¢

» the complementary ny, — n¢ conditions read:

M) Td =0, Vde Ix(x*(t))

Application: X; = {xe R™:V¥i(x)=--- =V, (x) =0}

9/29

@ If the ny terminal constraints are regular, rank (¥4 (x*(t7))) = nv,

Tx(x*(t)) = {d € R™ : W (x*(t))d = 0}

@ There exist (unique) Lagrange multipliers »* € R™ such that:
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N (1) = v T (x"(17))
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Pontryagin Maximum Principle: Extensions
Non-Autonomous Control Problems:
t
minimize: / 0(t,x(t),u(t)) dt
to
subject to:  x(t) = f(t,x(t),u(t)); =x(to) =x0, x(tr)=x¢
u e Ut, T] 2 {ueClto, TI™ :u(t) € U, tg < t < t;}

Trick:

© Define the extra state variable x,, 41 as follows:

@ Replace:
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Xn,+1(to) = to

£t x(t),u(t)) — xn+1(2), x(2), u(z)),
£(t,x(t), u(t)) = £(xn41(2), x(t), u(t))

© Apply the PMP for autonomous systems!

Maximum Principles

Case Study: Affine-Control Problems

Class Exercise: Discuss the possible values that can be taken by an

optimal solution u*(t) to to the affine-control problem:

min  J(u, tf) £

u,te

st x(
L
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t) =
u-<u

Vt.

/tf Ot x(2)) + u(t) (¢, x(t)) dt

£O(t,x(t)) + u(t)fL(t,x(t));
(t) < uU,

Maximum Principles

x(0) = xo;
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X( tf) = Xf
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Singular Optimal Control: Definition

- /ttf 0t x(£), u(t)) dt

subject to:  x(t) = f(t,x(t),u(t)); =x(to) =x0, x(tr)=x¢

u e Ut, T] 2 {uellto, TI™ :u(t) € U tg < t < t;}

Optimal Solution:
u, X, A A

Singular control problems are obtained when the Hessian matrix
Huu(t, x*(t), -, X*(t), A§(t)) is singular on the control region U J

@ In singular scalar problems, the stationarity condition:
Hy(t, x*(t), u, A*(t)) =0,

is trivially satisfied for any value of u € [ut, uY], over some finite time
interval (01, 02) € [to, tf]
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Solving Singular Control Problems

Class Exercise: Characterize the optimal solutions to the problem:

L 1
minimize:  J(u) é/o E[X(t)]Z dt
subject to:  X1(t) = xo(t) + u(t); x1(0)=1, x1(2)=0
*o(t) = —u(t); x(0)=1 x(2)=0

—10 < u(t) <10, Vte]l0,2].
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Singular Optimal Control: Optimality Conditions
Consider a Singular Arc (01, 6,),

Ha(t, x*(t), u, X (£), \5()) =0, Vue U, Vte (61,062)

@ Successive Time Differentiation:

d9
(X (8), u, N(E), \S(£)) = 0, Vit € (61,65), Vg >0

dta
@ The smallest positive integer o (if any) such that:
o [d? . " "
o |l (0 (21, 50| 0

is called the order of singularity
o If o exists, it is even
@ Generalized Legendre-Clebsch Condition:
c 0 [d?
15 2 | —
(=1) ou [dt"

Hu(t,x*(t), u,)\*(t),)\g(t))] >0
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Solving Singular Control Problems (cont'd)

Optimal Solution Structure:
@ Set of active terminal constraints

@ Sequence of interior/boundary arcs in the optimal control

15
10
1 X0
5 05
— ¥ —_ 0 u* = +10
= HA~107| T v =1 =
~ o0 ~— 05
*: /—’// -k>?l —
£ ~ 0.299 .
5 15 u* = 1* — ;’;\
0
2
-10
25
0 05 1 15 2 0 05 1 15 2 25 3 35 4
*
t x(t)
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Solving Singular Control Problems (cont'd)

Characterizing the optimal solution structure is a very difficult task:

@ Even simple problems can have an infinite number of arcs!

@ Use direct numerical methods to guess the structure

ns = 32 stages ns = 32 stages

(1)

¢ Xz*ft) :

X1 (t)
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Mixed Control-State Constrained Problems

Base Problem Formulation:

T /tfﬁ(x(t),u(t)) dt

subject to:  x(t) = f(t,x(t),u(t)); x(to) = xo,

X(Z‘f) = Xf
gk(t,x(t),u(t)) <0, k=1,...,ng

@ Encompasses the PMP formulation:

ue Uty, T] 2 {uellty, T|™:u(t) € Ut < t < t;}

@ ldea: Form a Lagrangian function,

L(t,%,u, 00, A, 1) 2 H(t,x,u, 20, A) + 1" g(t, %, u)
with:
> H(t, %, 1, M0, A) 2 Nol(t,x,u) + ATE(t, x, u)
> p € Clto, t7]" Lagrange multiplier vector function
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Optimal Control with State Path Constraints

@ State inequality constraints arise frequently in practical applications
» Notoriously hard to solve

» Various forms of the NCOs — Sometimes ambiguous theory!

@ Types of inequality path constraints:

Mixed State-Control Constraints: | Pure State Constraints:

g(t,x(t),u(t)) <0, Vt h(t,x(t)) <0, Vt

@ Explicit dependence in u: @ Implicit dependence in u

via the differential system:
gu(t,x,u) #0

x(t) = £(t,x(t),u(t));

x(to) = Xo

Benoit Chachuat (McMaster University) Maximum Principles Optimal Control 18 /29

Mixed Control-State Constrained Problems (cont'd)
o Let (u*,t) € C[to, T]™ x [to, T) be an optimal solution
o Let x* € C[ty, T]™ be the optimal response

@ Suppose the constraint qualification: rank [ g, diag(g) | = ng,
holds along (t,x*,u*), to <t < tf

Necessary Conditions for Optimality:

There exist (A5, X*) € Ct{tg, T]™*! and p* € C[to, T]" such that:
Q (A5(t), A"(t), u*(t)) # 0, A§(t) = constant > 0
Q u*(t) €arg v@é@jﬂ{?‘((t,x*(t),v,)\S(t),)\*(t)) :g(t,x*(t),v) <0}
x(t) = La(t,x7(t), u*(t), Ag(t), A°(2), (1))
O ¢ A (1) = —Lu(t,x*(8), u™(t), Ag (), A(2), (1))
0 = Lu(t,x"(t),u™(t), Ag(t), A*(t), 7 (t))
Q wi(t) g(t.x* (1), u () =0; pr(t)=0
Q H(tf, x*(tf), w*(t7), N5(t), A" (7)) = 0, if t¢ is free
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Solving Mixed Control-State Constrained Problems

Class Exercise: Consider the optimal control problem:

1
minimize: H(U)é/O u(t) dt

subject to:  Xx(t) = —u(t); x(0)=-1
u(t) <0, x(t)—u(t)<0, 0<t<1

Q Is u(t) = x(t), 0 <t <1, acandidate optimal control?
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Pure State Constrained Problems

i /fﬁ(x(t),u(t)) dt

subject to:  x(t) = f(t,x(t),u(t)); x(to) =x0, x(tr) = x¢
he(t,x(t)) <0, k=1,...,np

@ No explicit dependence of hy in the control u
@ ldea: Apply similar concepts as with singular control problems

until the controls u appear explicitly:
(a0, 0Si<oi-1 (A0

ok is said to be the degree (or order) of the state constraint hy

Class Exercise: What is the degree o of the state constraint xo(t) < x5,
subject to the differential system X1 (t) = u(t), x2(t) = x1(t)?

v
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Pure State Constrained Problems

P - /fﬁ(x(t),u(t)) dt

subject to:  x(t) = f(t,x(t),u(t)); x(to) =x0, x(tr) = x¢
he(t,x(t)) <0, k=1,...,np

@ No explicit dependence of hy in the control u
@ ldea: Apply similar concepts as with singular control problems

Differentiate each h, w.r.t. t as many times as needed:

W (t,x) 2 hi(t,x)

hit(t, ) A %hi(t»x) = (hj)x(t,x) £(t,x,u) + (hj)(t,x)

v
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1st-Order State Constraints: Indirect Adjoining Approach
o Let [01,02] be a boundary arc for hg in (u*,x*),
hi(t,x*(t),u*(t)) <0
he(t,x*(t)) =0 = hi (87 ,x*(67)) <0
h(07,x*(6;)) =0

x(t)
hj(t,X) =0

entry time exit time

\
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1st-Order State Constraints: Indirect Adjoining Approach
o Let [01,02] be a boundary arc for hy in (u*,x*),
(t,x*(t),u*(t)) <0
(67, x*(0;)) <0
(b7 (67 )) = 0
@ Activation represented by means of a multiplier function 7x(t),
mk(O)hi(t,x"(8) =0 m(t) = 0 () hie(t,x7(t), u’(£)) < 0

hi
he(t,x*(t)) =0 = hy

@ Interior-point constraint induce jumps in A* and H at 64,
A*(07) = X(07) + mi(hi)x (01, x7(61))
H[07] = H[O7] — mr(hi)e(01, % (61))

with Lagrange multiplier 7 satisfying
7rkhk(01,x*(01)) =0; m> 7’]1((9?_)

E(ta X, u, >‘07 >\a 77) é H(t7 X, u, )‘05 A) + nThl(t7Xa u)

Optimal Control 23 /29

Apply the NCOs for mixed control-state constrained problems, with: J
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First-Order Pure State Constrained Problems (cont'd)
© At each entry time 61,
A(07) = N(60]) + 7 hu (61, %7 (61))
IOy ] = HIOT] = i he(61, %7 (61))
Tehi(01,x"(01)) = 0w = m(67)

Q H(tf, x*(tf), w*(tf), \§(tf), X* (7)) = 0, if t is free

v

Combined (1st-Order) Pure and Mixed State Inequality Constraints:
@ Mix the previous sets of optimality conditions, with
ﬁ(t7 X? u7 AO? A? l‘l‘7 77) é H(t7 x7 u7 AO? A)—i_l'l/Tg(t7 x7 u)+nTh1(t7 X? u)

g, diag(g) 0

@ Strengthened C.Q.: rank hl 0 diag (h)

= ng + np

Caution: A general theorem proving the foregoing NCOs is still lacking! )
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First-Order Pure State Constrained Problems (cont'd)

o Let (u*, tf) € C[to, T)™ x [to, T) be an optimal solution
o Let x* € CAl[to, T]™ be the optimal response

@ Suppose the constraint qualification: rank[ h%l diag (h) } = np,
holds along (t,x*,u*), to <t < ¢t

Necessary Conditions for Optimality:

There exist (A5, A*) € C[to, T]™ 1, n* € C[to, T]™, ©* € R™ s.t.
@ (A(1), X*(1),m7(t) #0, Nj(t) = constant > 0
Q u*(t) e a'gv’é‘.i{lu{H(t’ x*(t), v, A5 (£), A*(2)) : () Thi(t, x*(t), v) < 0}
x'(t) = La(t,x(t), u*(t), Ag(t), A™(2), m*(t))
Q { A (t) =—Lx(t,x*(t), u"(t), A§(t), X (t), n*(t))
0 = Ly(t,x*(t),u(t), A5(t), A*(t),n*(t))
Q 77(t)"h(t,x"(t),u* (1)) =0; n*(t) >0; 9*(t) <0

v
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Solving Pure/Mixed Path Constrained Problems

Class Exercise: Consider the optimal control problem:

N
minimize:  J(u) :/ e u(t) dt
0
subject to:  x(t) = u(t); x(0)=0
1-x(t)—(t—2)<0, 0<t<3
0<u(t)<3, 0<t<3

0, 0<t<1™
Q Isu(t)=4 —2(t—2), 1T <t<2  acandidate optimal control?
0, 2T <t < 3™
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Solving Pure/Mixed Path Constrained Problems

Class Exercise: Consider the optimal control problem:

A 3
minimize: H(U):/ e u(t) dt
0

subject to:  x(t) = u(t); x(0)=0
1-x(t)—(t—2)<0, 0<t<3
0<u(t)<3, 0<t<3

X* — |
‘ h(t,‘x) =0--

2 25 3

0 0.5 1 15 2 25 3 i 0 0.5 1 15
t t
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General Constrained Optimal Control Problems (cont'd)

Optimal Solution Structure:
@ Sequence of active/inactive path constraints and junction times
@ Set of active terminal constraints
@ Use direct numerical methods to guess the optimal solution structure

Identifying Candidate Optimal Solutions:
© Postulate an optimal solution structure
@ Check whether a pair (u*,x*), final time t;, functions (A5, A*) and
multipliers (p*, n*, v* can be found that satisfy all the NCOs
© Go back to step 1

Conditions at a Junction Time, 6 € (to, t/):
x*(07) = x*(07)
A(07) = A% (07)

H(0,x"(0),u*(67), \5(8), X*(8)) = H(6,x"(6), u*(67), A5(6), A*(6))
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Benoit Chachuat (McMaster University) Maximum Principles

Optimal Control 28 / 29

General Constrained Optimal Control Problems

Extended Problem Formulation:

tf
@ Cost functional: / (x(t),u(t)) dt + o(tr, x(tf)
to
@ Terminal constraints: o (tr, x(t) <0, k=1,...,ny
(instead of x(tf) = x¢)
@ Suppose the constraint qualification: rank [ 4, diag(¢) | = ny,
holds at (t/, x(t))

Modified/Extra Necessary Conditions for Optimality:

There exist Lagrange multipliers v* € R™ such that:
@ ¥(t,x* (1) <0 v () P(,x () =0 v*(t) >0
@ [N —Xip—vTo] =0

.
t

o [H + NS + I/*T’l,[)t} =0, if tyis free

f

v
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General Constrained Optimal Control Problems (cont'd)

Consider the scalar optimal control problem to

minimize:  J(u) == [ (pa(t)]? + Pe(t)]?) dt

subject to: x1(t) = x2(t); x1(0) =0
(t) = —xao(t) + u(t); x2(0) = -1
(t) + 0.5 — 8[t — 0.5]* < 0,Vt
—20 < u(t) <20,Vt

S

Optimal Solution (CVP 100 Stages)

Optimal Solution (CVP 100 Stages)
ult) — ‘ ‘ ‘ ‘

15

25

X2(t)

Xz(t) —
path constraint —

) 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 06 0.8 1

t t
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