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Benôıt Chachuat (McMaster University) Variational Methods Optimal Control 1 / 17

Motivation

Simplest Problem of CV:

min J(x)
∆
=

Z t2

t1

ℓ(t,x(t), ẋ(t)) dt

s.t. x(t1) = x1, x(t2) = x2

x ∈ Ĉ
1[t1, t2]

nx

⇒

NCOs: Euler & Legendre

d

dt
ℓẋ(t,x∗(t), ẋ∗(t)) =ℓx(t,x∗(t), ẋ∗(t))

ℓẋẋ(t,x∗(t), ẋ∗(t)) �0

for each t ∈ [t1, t2]

Simplest Problem of OC:

min J(u)
∆
=

Z tf

t0

ℓ(t,x(t),u(t)) dt

s.t. ẋ(t) = f(t,x(t),u(t)); x(t0) = x0

u ∈ Ĉ [t0, tf]
nu

⇒

NCOs:

?

Helpful to single out candidate optimal controls

Beware: May provide a nonempty set of candidates, even though the
problem may not have any solution!
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Recalls: Necessary Cond. for Optimality in Linear Spaces

Let D be a subset of a normed linear space (U, ‖ · ‖)

Consider a functional J : D → IR

D-Admissible Directions

A direction ω is admissible for J at u∗ if:

1 δJ(u∗;ω) exists; and

2 ∃δ > 0 such that: u∗ + ηω ∈ D,∀η ∈ Bδ (0)

Necessary Conditions

If u∗ is a (local) minimizer of J on D, then

δJ(u∗;ω) =
∂

∂η
J(u∗ + ηω)

∣

∣

∣

∣

η=0

= 0,

for every D-admissible directions ω at u∗.
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Derivation of the Euler-Lagrange Conditions
Idea: Define the functional J as follows,

u ∈ C [t0, tf]
nu J(u) ∈ IR

∫ tf

t0

ℓ(t,x(t),u(t)) dt

with: ẋ(t) = f(t,x(t),u(t)); x(t0) = x0

Procedure:

Control Variations Around u∗:
◮ v(t; η)

∆
= u∗(t) + ηω(t), with ω ∈ C [t0, tf]

nu

◮ Corresponding response y(t; η) ∈ C1[t0, tf]; guaranteed to exist, be
unique and continuously-differentiable for η ∈ Bδ (0)

First Variation:

δJ(u∗;ω) =

∫ tf

t0

(

ℓ∗
u
[t] + λ(t)Tf∗

u
[t]

)

ω(t) dt − λ(tf)
Tyη(tf; 0)

∫ tf

t0

(

ℓ∗
x
[t] + λ(t)Tf∗

x
[t] + λ̇(t)T

)

yη(t; 0) dt

◮ Guaranteed to exist for every ω ∈ C [t0, tf] and λ ∈ C1[t0, tf]
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Derivation of the Euler-Lagrange Conditions
Idea: Define the functional J as follows,

u ∈ C [t0, tf]
nu J(u) ∈ IR

∫ tf

t0

ℓ(t,x(t),u(t)) dt

with: ẋ(t) = f(t,x(t),u(t)); x(t0) = x0

Procedure:

Specialization:
◮ Adjoint variables to satisfy the ODEs:

λ̇(t)T = −ℓ∗
x
[t] − λ(t)Tf∗

x
[t]

with the terminal conditions λ(tf) = 0

◮ Optimal control to satisfy the algebraic conditions:

0 = ℓ∗
u
[t] + λ(t)Tf

∗

u
[t]

Benôıt Chachuat (McMaster University) Variational Methods Optimal Control 4 / 17

The Euler-Lagrange Conditions
Theorem. Consider the problem

min
u

J(u)
∆
=

∫ tf

t0

ℓ(t,x(t),u(t)) dt

s.t. ẋ(t) = f(t,x(t),u(t)); x(t0) = x0,

for u ∈ C [t0, tf]
nu , with fixed endpoints t0 < tf, where ℓ and f are

continuous in (t,x,u) and have continuous first partial derivatives with
respect to x and u for all (t,x,u) ∈ [t0, tf] × IRnx × IRnu .
Suppose that u∗ ∈ C [t0, tf]

nu is a (local) minimizer for the problem, with
corresponding response x∗ ∈ C1[t0, tf]

nx . Then, there is a vector function
λ∗ ∈ C1[t0, tf]

nx such that the triple (u∗,x∗,λ∗) satisfies the so called
Euler-Lagrange equations for each t0 ≤ t ≤ tf:

ẋ(t) = f(t,x(t),u(t)); x(t0) = x0

λ̇(t) = − ℓx(t,x(t),u(t)) − λ(t)Tfx(t,x(t),u(t)); λ(tf) = 0

0 = ℓu(t,x(t),u(t)) + λ(t)Tfu(t,x(t),u(t))
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The Euler-Lagrange Conditions (cont’d)

Remarks:

Complete set of necessary conditions:
◮ 2 × nx ODEs in the variables x(t) and λ(t), with initial/terminal

conditions
◮ nu AEs in the variables u(t)

But, two-point boundary value problem (TPBVP)!

In the case that f(t,x,u)
∆
= u, the Euler-Lagrange equations reduce

to the Euler equation,

d

dt
ℓu(t,x∗(t), ẋ∗(t)) = ℓx(t,x∗(t), ẋ∗(t)),

with the natural boundary conditions ℓu(t,x∗(t), ẋ∗(t))|tf = 0

In the case that the objective function contains the terminal cost
φ(tf,x(tf)), the adjoint terminal conditions become

λ(tf) = φx(tf,x(tf))
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The Euler-Lagrange Conditions (cont’d)

Remarks:

Advantageous to define the Hamiltonian function,

H(t,x,u,λ)
∆
= ℓ(t,x,u) + λTf(t,x,u)

◮ Euler-Lagrange Equations: ẋ = Hλ , λ̇ = −Hx , 0 = Hu

◮ Autonomous case: d
dt
H = Ht = 0

Beware: Same set of conditions for minimize and maximize problems!
◮ Second-order conditions: Huu � 0 (minimize), Huu � 0 (maximize)

Benôıt Chachuat (McMaster University) Variational Methods Optimal Control 7 / 17



Applying the Euler-Lagrange Conditions

Class Exercise: Single out candidate optimal controls to the problem:

min
u

J(u)
∆
=

∫ 1

0

[

1
2u(t)2 − x(t)

]

dt

s.t. ẋ(t) = 2 [1 − u(t)] ; x(0) = 1.
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Piecewise Continuous Extremals

In either one of two situations:

A continuous control u ∈ C [t0, tf]
nu satisfying the Euler-Lagrange

equations does not exist

Improved results are sought in the more general class of piecewise
continuous controls, u ∈ Ĉ [t0, tf]

nu

Finite partition:

t0 = θ0 < · · · < θN < θN+1 = tf

with u|[θk ,θk+1]
∈ C [θk , θk+1]

nu ,
for each k = 0, . . . ,N t

x(t), u(t)

t0 θ1 θk θN tf

x(·)
u(·)

What conditions must hold at the corner points θ1, . . . , θN of a piecewise
continuous extremal?
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Piecewise Continuous Extremals (cont’d)

Class Exercise: Consider the optimal control problem:

min
u

J(u)
∆
=

∫ 1

0

[

u(t)2 − u(t)4 − x(t)
]

dt

s.t. ẋ(t) = −u(t); x(0) = 1.

Single out candidate optimal controls for this problem?
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Piecewise Continuous Extremals (cont’d)

Regular vs. Non-Regular Problems

A problem is said to be regular if the condition Hu(t,x,u,λ) = 0 has
a unique solution, for each t,x,λ

Only non-regular problems can exhibit corner points!

Corner Conditions

A corner point can only occur at a time instant θ such that:

x∗(θ−) = x∗(θ+)

λ∗(θ−) = λ∗(θ+)

H(θ−,x∗(θ),u∗(θ−),λ∗(θ)) = H(θ+,x∗(θ),u∗(θ+),λ∗(θ))
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The Mangasarian Sufficient Conditions
Theorem. Consider the problem

min
u

J(u)
∆
=

∫ tf

t0

ℓ(t,x(t),u(t)) dt

s.t. ẋ(t) = f(t,x(t),u(t)); x(t0) = x0,

for u ∈ C [t0, tf]
nu , with fixed endpoints t0 < tf, where ℓ and f are

continuous in (t,x,u), have continuous first partial derivatives with
respect to x and u.

Suppose that:

ℓ and f are [strictly] jointly convex in (x,u), for all
(t,x,u) ∈ [t0, tf] × IRnx × IRnu

The triple u⋆ ∈ C [t0, tf]
nu , x⋆ ∈ C1[t0, tf]

nx and λ⋆ ∈ C1[t0, tf]
nx

satisfies the Euler-Lagrange conditions

λ∗(t) ≥ 0, for all t ∈ [t0, tf]

Then, u⋆ is a [strict] global minimizer
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Applying the Euler-Lagrange Conditions

Class Exercise: Find a global minimizer u∗ ∈ C[
t0, tf] for the problem:

min
u

J(u)
∆
=

∫ 1

0

[

1
2u(t)2 − x(t)

]

dt

s.t. ẋ(t) = 2 [1 − u(t)] ; x(0) = 1.
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Recalls: Method of Lagrange Multipliers in Linear Spaces

Let J and G1, . . . ,Gng be functionals defined in a normed linear space
(U, ‖ · ‖) and have continuous Gâteaux derivatives

Suppose that:

u∗ is a (local) minimizer of J subject to G1, . . . ,Gng ≤ 0

there exist ng independent directions ω1, . . . , ωng ∈ U such that:
∣

∣

∣

∣

∣

∣

∣

δG1(u
∗;ω1) · · · δG1(u

∗;ωng )
...

. . .
...

δGng (u
∗;ω1) · · · δGng (u

∗;ωng )

∣

∣

∣

∣

∣

∣

∣

6= 0

Then, there exists ν∗ ∈ IRng such that:

δJ(u∗;ω) +

ng
∑

k=1

ν∗kδGk(u∗;ω) = 0, ∀ω ∈ U

νkGk(u∗) = 0, νk ≥ 0
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Problems with General Terminal Constraints

Consider the problem to find (u, tf) ∈ C [t0,T ]nu × IR to:

min
u,tf

∫ tf

t0

ℓ(t,x(t),u(t)) dt + φ(tf,x(tf))

s.t. ẋ(t) = f(t,x(t),u(t)); x(t0) = x0

ψk(tf,x(tf)) ≤ 0, k = 1, . . . , nψ

where ℓ and f are continuous in (t,x,u), have continuous first partial
derivatives with respect to x and u.

Application of the method of Lagrange multipliers with:

U
∆
= C [t0,T ]nu × IR

J(u, tf)
∆
=

∫ tf
t0
ℓ(t,x(t),u(t)) dt + φ(tf,x(tf))

Gk(u, tf)
∆
= ψk(tf,x(tf)), k = 1, . . . , nψ
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Problems with General Terminal Constraints (cont’d)

Euler-Lagrange Equations (H
∆
= ℓ+ λTf):

ẋ = Hλ

λ̇ = −Hx

0 = Hu







, t0 ≤ t ≤ tf;

Legendre-Clebsch Condition:

Huu semi-definite positive, t0 ≤ t ≤ tf;

Transversal Conditions:
[

H + φt + νTψt

]

tf

= 0, if tf is free
[

λ− φx + νTψ
x

]

tf

= 0

[

νTψ
]

tf

= 0, ν ≥ 0, if ψ is inequality

ψ satisfy a regularity condition
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Solving Problems with Terminal Constraints

Class Exercise: Find candidate solution to the following problem:

min
u

J(u)
∆
=

∫ 1

0

1
2u(t)2 dt

s.t. ẋ(t) = u(t) − x(t); x(0) = 1

x(1) = 0
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