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1. Introduction: 
 
The Hydropter is a sailing boat using hydrofoils (lifting surfaces operating in liquids). 
The hydrofoils generate enough lift to carry the boat and balance the forces produced 
by the sails at a level of drag far inferior to those obtained with classical hulls: the 
boat flies on the water. The speeds reached by the hydropter exceed largely those 
obtained with standard sailing boats. The main drawback of this type of system is the 
lack of stability with respect to waves and the difficult steering. 
 
This paper presents the procedure of hydropter modeling and describes different 
approaches to control the system. The structure has 4 inputs and 12 states. It is a fast 
and strongly nonlinear system. The control schemes are computed based on a 
simplified model of the system. The hydropter model is derived using Lagrange-Euler 
Approach. 
 
The first control approach is based on optimal control scheme. Linear Quadratic 
Regulator (LQR) theory is used to design a state feedback controller. The goal is to 
use LQR theory to suppress flutter and to maintain stability of the closed loop system. 
The second control approach consists of a standard way to control nonlinear systems. 
The idea is to use optimization-based Model Predictive Control (MPC). Therein, the 
problem of control is formulated as an optimization problem. The goal is to generate 
reference input and state trajectories in order to change dynamically the setpoints. 
  
The paper is organized as follows. Section 2 describes the steps followed to model the 
hydropter. System linearization is briefly reviewed in Section 3. The LQR control 
approach is then presented in section 4 and some results are commented. The Model 
Predictive Control (MPC) is detailed in Section 5 with some implementation results. 
Finally, conclusions are provided in Section 6. 
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2. Hydropter Modeling:  
 

 2.1 Aerodynamic Forces for a hydrofoil: 
 
The figure below shows the section of the hydrofoil. The chord is the line between the 
leading and the trailing edge and the angle between the relative speed and this chord 
is the angle of attack (Aoa). As every other solid moving in a fluid [1] at a certain 
speed, one can represent the sum of all aerodynamic forces acting on the wing with 
two perpendicular forces: the lift force Fl and the drag force Fd that are respectively 
perpendicular and parallel to the speed vector. 
 

 
Figure 1: Section of the hydrofoil and the lift and drag forces  

 

 
 

 
 
The lift, drag and moment coefficients depend on the hydrofoil, the angle of attack 
and a third value that is the Reynolds number. It is representative of the viscosity of 
the fluid but will not be explained more in details. 
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2.2 Orientation of the Hydropter: 
  
Let’s consider: 
 
 
 
 
 
 
 

 
Figure 2: General Coordinate System 

 
 
At each moment, we need to know the position and the orientation of B relative to E.  
 
The transformation consists of three successive rotations:  
 

 
 
 
 
 
 

Earth fixed frame:

Body fixed frame:

Pitch (-π/2<θ<π/2)  
Yaw (-π<ψ<π)  

Roll (-π/2<φ<π/2)  
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2.3 Model derivation using Lagrange-Euler Approach: 
 
The Lagrange-Euler approach is based on the concept of kinetic and potential energy: 
 

 
The kinetic energy due to the translation is immediately: 
 

 
 
Assuming that the inertia matrix is diagonal, the kinetic energy due to the rotation is: 
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The non-conservative forces and moments come from the hydrodynamics.  
 
Finally, isolating the acceleration we obtain: 
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3. System Linearization: 
 
As we have seen previously, the Hydropter model is described by nonlinear 
differential equations. In this section we will show how to perform local linearization 
of nonlinear systems in order to process to a linear control. The procedure [2] 
introduced is based on knowledge of nominal system trajectories specified by the 
states vector and the nominal system inputs. 
 
Consider now the general nonlinear dynamic control system in matrix form: 
 

 
Where x, u and f, are respectively, the n-dimensional system state space vector, the 
r-dimensional input vector, and the n-dimensional vector function. Assume that the 
nominal (operating) system trajectory is known and that the nominal system input that 
keeps the system on the nominal trajectory is given. 
 
The partial derivatives represent the Jacobian matrices given by: 

 
Note that the Jacobian matrices have to be evaluated at the nominal points described 
by x0 and u0.  
 
With this notation, the linearized system has the form of: 

 
The states vector is composed by the six degrees of freedom of the system and their 
velocities. And, the system inputs correspond to the different angles of wedging for 
the left and right hydrofoils, the pitch and yaw plans of the system. The structure has 
4 inputs and 12 states. 
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4. Linear Control: 
 
In this chapter, the optimal Linear Quadratic Regulator control [2] is discussed and 
applied to the Hydropter stabilization problem. In this case, the objective is to find a 
control function u(t) to stabilize the system.  
A system is stabilizable if there exists a state feedback control u = Kcx such that the 
closed loop system is exponentially stable. If the system is stabilizable, then the LQR 
problem has a solution. The idea of feedback control is simple. Take the state, 
multiply it by a gain matrix denoted by Kc, and add it back to the system. In 
particular, given the system, 

 
is exponentially stable. This means that there exists an M > 0 and a γ > 0 such that if 
x(t) is the solution to the closed loop system with x(0) = x0, then 

 
 

 
 

  
 

 

 
 
Now, we are going to present and give some remarks about the different results that 
we obtained using LQR control on different cases of simulation. 
Actually, we will focus especially on two cases: the Hydropter perturbations (based 
on kind of sea waves) effect, and the hydrofoils wedging angles control effect. 
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4.1 Open Loop versus LQR Control: 
 

 

 
 

 
 

Figure 3 (a): System states evolution: Open-loop vs LQR Control.  
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Figure 3 (b): System states evolution: Open-loop vs LQR Control. 
 
When we tried to control the system in open-loop, we notice how unstable the system 
is. The red graphs of the above figures display the behavior of the system states over 
the time. It’s obvious to remark the need of having an optimal control via LQR to 
make the system stable. The green graphs show the performances of the system 
controlled by LQR. The system is actually stable with some oscillations due to sea 
wave perturbations. In the next subsection, we will see how we can influence the 
magnitude of these oscillations.  

4.2 LQR control under sea wave perturbations: 
 

 
 

 
 

Figure 4 (a): System states evolution with LQR Control: waves vs no waves. 



Semester Project                                                                                                               Amine Merdassi                                     
Automatic Control Laboratory                                                                                              Summer 2006 

12 

 
 

  
 

 
 

Figure 4 (b): System states evolution with LQR Control: waves vs no waves. 
 

The figures above show the evolution over time of the different states of the system 
under LQR control. The red color is reserved for the no wave perturbations case. In 
fact, we notice how stable the system is in this ideal case. From the green graphs, 
which correspond to the LQR control under sea wave perturbations, we remark some 
oscillations of the different states and despite that the system remains stable over time. 
Trying different weighting matrices Q and R, we found larger amplitude of 
oscillations for some states and a smaller for other states.  
As a conclusion, we should choose our weighting matrices Q and R considering the 
oscillations tradeoffs between the system states.  
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4.3 LQR with hydrofoils control: 
 

 

 
 

 
 

Figure 5 (a): System states evolution with LQR Control: hydrofoils control vs          
no hydrofoils control. 
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Figure 5 (b): System states evolution with LQR Control: hydrofoils control vs          
no hydrofoils control. 

 
These figures above will help us to explore the hydrofoils wedging angles control 
effect on the system oscillations with LQR control under sea wave perturbations. The 
red graphs display the evolution over time of the system states without controlling the 
hydrofoils wedging angles. Comparing to the performances of the system in green 
with hydrofoils LQR control, we notice that controlling the hydrofoils seems very 
important to reduce the sea wave perturbations effect. Actually, despite the fact that 
the system remains stable for the two cases, applying LQR with hydrofoils control 
make the system in a better steady state. 
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5. Nonlinear MPC: 
 
A standard way to control nonlinear systems is to use optimization-based Model 
Predictive Control (MPC) [5] [6]. MPC formulates the problem of input trajectory 
generation as an optimization problem. The generation of the reference trajectories 
uref (t) and xref(t) can be computed via optimization (e.g. nonlinear MPC) or direct 
system inversion (as is possible for example for flat systems) [3] [4]. 
 
Consider the nonlinear dynamic process: 

  
where the state x and the input u are vectors of dimension n and m, respectively. x0 
represents the initial conditions, and F the process dynamics. The predictive control is 
based on repeatedly solving the following optimization problem: 

 
where Φ is an arbitrary scalar function of the states and L an arbitrary scalar function 
of the states and the inputs. Xm(t) represents the measured or estimated value of x(t). S 
is a vector function of the states and inputs that represents inequality constraints and T 
is a vector function of the final states that represents equality constraints. The horizon 
of prediction is noted T. The solution to the problem will be noted (x*, u*). The size of 
the re-optimization interval, δ = tk+1 - tk (sampling time), is lower bounded by the 
performance of the available optimization tools. 
 
In our case, the choice of cost function for the MPC scheme is: 

 
The setpoints correspond to the final states to which the system must be driven. The 
weighting matrices R and Q are chosen so as to obtain the desired dynamics. 
The control problem is of the tracking type: the Hydropter structure must be driven 
smoothly from some initial configuration to another predefined configuration. 
Actually, we have decided to make the Hydropter accelerating in the x direction from 
an initial constant speed state. The other speeds and accelerations are zero initially. 
 
In the following subsections, we will treat the results given by trying divers’ case of 
simulations. These results come in the form of reference inputs and states trajectories 
generated as a solution of the MPC optimization algorithm. In our analysis, we will 
focus mainly on how to handle some important parameters of the nonlinear MPC 
optimization problem like prediction horizon T and cost weighting matrices R and Q.  
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5.1 MPC Horizon effect:  
 

 
 

(a) 
 

 
 

(b) 
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(b) 

 
 

Figure 6: MPC generated trajectories with different Horizon (20 s & 16 s):  
(a) Inputs, (b) States. 

 
The choice of prediction horizon (T) for the nonlinear MPC scheme is not obvious. 
Too short a prediction horizon tends to lead to stability problems, while too long 
horizon is not desirable from a computational point of view. The figures above 
display two kinds of graphs: so, we have the generated reference inputs and states 
trajectories, in magenta with a prediction horizon of 16 seconds, and in red color with 
a prediction horizon of 20 seconds. The sampling time δ = 2 [s]. 
Despite the fact that for a longer horizon, the computational tools take more time to 
generate the reference trajectories, we notice that through the generated trajectories, 
the system try to slowly accelerate comparing to a shorter horizon in order to keep the 
system in a better steady state over the time. As a conclusion the prediction horizon 
must be chosen according to how fast the available computational tools are. 
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5.2 MPC weighting matrices effect: 
 

 
 

(a) 
 

 
 

(b) 
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(b) 

 
 

Figure 7: MPC generated trajectories with different Cost function:  
(a) Inputs, (b) States. 

 
The cost function of the nonlinear MPC scheme is characterized by two weighting 
matrices Q and R. These matrices influence the states oscillations amplitudes over the 
time. In fact, these oscillations can lead the system to an unstable state. The figures 
above display two different reference trajectories generated by the nonlinear MPC. 
The red graphs show that through the weighting matrices Q and R we can improve the 
dynamic behavior of some states by reducing their oscillation amplitudes comparing 
to those in green color. Moreover, the red generated reference trajectories perform in 
a smoother and more stable way. But for this, the price to pay is the system’s 
acceleration. It seems that the system becomes slower despite the fact that we have 
the same prediction horizon. Hence, we conclude that a tradeoff must be done through 
these weighting matrices Q and R between the stability of the system over the time 
and the acceleration wanted. 
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6. Conclusion: 
 
This paper treated the Hydropter sailing boat in terms of modeling and control 
approaches. The modeling was described using Lagrange equations. The Control part 
presented an LQR control for stabilization problem and a nonlinear MPC scheme for 
reference trajectories generation to a setpoint change.  
The MPC methodology is widely used in the process industry where system dynamics 
are sufficiently slow to permit its implementation. In contrast, applications of 
predictive control to fast dynamical systems are rather limited: First, the 
computational burden of the nonlinear optimization limits the frequency of re-
optimization, and second, when the re-optimization interval is large relative to the 
system dynamics, the predictions are quite sensitive to modeling errors and 
disturbances.  
For small deviations from the optimal solution, a linear approximation of the system 
and a quadratic approximation of the cost are quite reasonable. In such a case, the 
theory of neighboring extremals (NE) provides a closed-form solution to the 
optimization. Thus, as a future step it would be interesting to implement a cascade 
control combination of predictive control and linear time-varying state feedback based 
on NE for the control of such a fast nonlinear system. 
 

    Amine Merdassi 
June 15, 2006  
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8. Appendix: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Matlab .m Files. 
 


