Discretisation

uy (k) Z uy (1 y1(t) Z y1 (k)
Systeme
uz (k) [57] vzt ) ya(t) [a 7] y2(k)
'Z lineaire 'Z >
stationnaire
Tz = Ax + Bu
w, (k) U (t y=Czx+ Du |y,(t) Yy (K
A D

Comment prendre explicitement en compte les convertisseurs ?
Resoudre analytiquement

r = Ax + Bu

Avec un maintien de u entre k et k+ |



Solution de ’équation d’etat
T (t) = Az (t) + Bu ()

Solution générale = solution homogene + solution particuliere

Cas scalaire Cas vectoriel
.  (to) = o .
T (t) = ax (t) T (t) = Ax (t)
r = eatc2 _ €a(t_t0)$0

T __ | N 1 2 1 3
e = ]. - T 2' T —|— 57- —|_ « ..

1 1
r = 1+a(t—t0)+§a2(t—t0)2+§a3(t—t0)3+... 20
x:a0+a1(t—to)+a2(t—t0)2+a3(t—t0)3+...

Par analogie

CE:A0+A1(t—to)—|—A2(t—t0)2—|—A3(t—to)3—|—...
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Solution de PPequation d’état homogene

i (1) = Az (1)
x=Ag+ A1 (t—to) + As (t —to) + A3 (t —t0)° + ...
ZE(to) :AO :B(to) — L0
i:Al—|—2A2(t—t0)—|—3A3(t—t0)2—|—...
i (1) = Az (1)

z (to) = Ax i (to) = Az (to) = Axg

5}3:2A2+6A3(t—t0)—|—...

Ly T (t) = Ax (¢)
£ (to) =242 i (1o) = A (o) = A2z,
A? ,  A? 3
z(t) = I+A(t—to)+§(t—to) —|—§(t—to) + ... | xo

\ 4
N

EeA(t_tO)
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Exponentielle de matrice

A? A®

eA(t—to):[—|—A(t—t0)—|—?(t—to) +§(t—to . Zk' (t — to)"

x(t) = eA(t—t0) 1

z (t) = eArto) g (t)

T (ty) = eAltat) g () = eAlla=t) eAlti—to) g (¢)
to = 1o

T (tg) = eAto—t)eAlti=to) g2 (1)

[ — eA(tO_tl)eA(tl_tO) — M—lM

[eA(tl—to)}_l _ pA(to—t1) — p—A(t1—to)



Solution particuliere de ’equation d’éetat
T (t) = Az (t) + Bu ()
z () = e t7t0)y (1)

AeAlt=t0)y (1) 4 A=)y (1) = A A1)y (1) +Bu (t)

a':(;) fL‘E)

~1
v (t) = [eA(t_to)} Bu (t) = e~ =%) By (¢)
t

o (1) = / e~ A=10) By (1) dr

/ /
x(t) = eA(t—to) /e_A(T_tO)Bu (7)dr = /eA(t_tO)eA(tO_T)Bu (7)dr

to to



Solution complete de Péquation d’etat

i (1) = Az (1) + Bu (t)
t
x () = etz (t) + /6A(t_T)Bu (1) dTt
to

reponse libre  +  reponse forceée
(produit de convolution)



Discretisation

T (t) = Az (t) + Bu (t)
y (t) = Cx (t) + Du(t)

t

z () = ez (o) + /eA(t_T)Bu (1) dr

Convertisseurs AD

to = kh
t=kh+h
t =kh

Convertisseurs DA

u(7) = u(kh)
kh <t <kh+h

to

kh+h
r (kh + h) = ez (kh) + / eAFhTh=T) By (1) dr
kh

y (kh) = Cz (kh) + Du (kh)

kh+h

z (kh + h) = ez (kh) + / eAFTh=T) By (1) dr
N——
kh u(kh)



Discretisation

z (kh+ h) = e*x (kh)

kh+h

/

kh

eAFhth=7) By, (7)dr
N——
u(kh)

n=kh+h—r dn = —dt

x (kh + h) = ez (kh) +

y (kh) = Cx (kh) + Du (kh)

h
/eA”dn Bu (k)
0

0
/eA”Bdn u (kh)
h

r



Solution de P’equation d’état analogique,
linéaire et stationnaire + Discreétisation

y (k) =Cx (k) + Du (k)



Exponentielle de matrice: Série

2

A AY
<I>:eAh:I+Ah+§h2+...+7h@+...

h 2 )
A A A
[ = ANdnB = |Th+ —=h2 + —p3 1+ ... 4 R
/O o { M T TR T
A A2 A’
U=1714+_"h- h? | B
ST TR e s TR
d=1+ AhU
[ = UhB

Ah Ah Ah Ah
~ — — ... I+ —
vere (1 (L (1))
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Discretisation de systemes stationnaires

Modele linéaire

Modele non linéaire

Linearisation

Contre-

réaction Tangente
i(t) = Azx(t)+ Bu(t) T(t) = Az (t)+ Bu(t)
y(t) = Cx(t)+ Du(t) y(t) = Cz(t)+ Du(t)
h
Discrétisation exacte P = Al I' = / eA"dn B
0

bz (k) + T'u (k)
Cz (k) + Du (k)




Double integrateur: Serie

A B
—— —

2 Az’

h h_l ] h 77_2
F:/ eA”dUB:/ 0 717 dn|:(1):|: n’O 20 |:(1)
0 01 : 0l
- - -
I R [0}: >
0 h 1 - h
1 h R
:z:(k%—l):{o 1]x(k)+ }QL u(k) et yk)y=[1 0 ]az(k)




Algorithme de Leverrier (analogique)

et = L1 [(s[ — A)_l} et O = el

ad] (S] — A) H()Sn_l -+ Hlsn—Q -+ stfn—B + ...+ H,,_1

I-A)~"' = =
(s ) det (sI — A) s*+a18" 1 +ags” %+ ...+ ay
Hy = 1
a; = —tr (AH()) H1 — AHO T CL1I
as — —%t’l“ (AHl) Hg — AHl T CLQI
Up—-1 — _ﬁtr (AHn—2) H,_1 = AHn—Q + an—11

a, = —%tr(AHn_l) H, = AH, {+a,I=0
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Double intégrateur: Leverrier

[—A_lz — _ —
(s ) s? + a1s + as 52 52
1 1/, -
et = 71 /s /S — { Lt } donc e4" = { Loh }
0 1/S 0 1 0 1




Theoreme de Cayley-Hamilton

Soit A une matrice n x n:

fA) =p(A)=agA" '+ A" 2+ .. . +a,_11
Les coefficients «; sont solution de:

f () =pN) 1=1,...,n
Les A\; sont les valeurs propres de A, soit les solutions de:
det (Al — A)=|A\[ - A| =0

Pour des valeurs propres de multiplicite m;

FOO) = PV ()

fma= () = plma=b (\)
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Double intéegrateur: Cayley-Hamilton (p.62)

N——
C
Ah _
Ah e —CV())\l——lel
f (A) ) — Oz()A —+ 041[ €>\2h _ aO)\Q + oy
I[A o0 o 1] [[x -1 .o
=l Lo o= lle 3l v
€>\1h — Ozo)\l 1 — 1 = 1
i6>‘2h—i(oz)\ +a1) —  heM=q —  h=
o ~ o 02 1 — Qg — 0



Solution complete de Péquation d’etat

i (t) = Az (t) + Bu ()

t
x () = etz (t) + /6A(t_T)Bu (1) dr

to

reponse libre  +  reponse forceée
(produit de convolution)
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Discretisation de systemes stationnaires

Modele linéaire

Modele non linéaire

Linearisation

Contre-

réaction Tangente
i(t) = Azx(t)+ Bu(t) T(t) = Az (t)+ Bu(t)
y(t) = Cx(t)+ Du(t) y(t) = Cz(t)+ Du(t)
h
Discrétisation exacte P = Al I' = / eA"dn B
0

bz (k) + T'u (k)
Cz (k) + Du (k)
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Solution de Pequation d’etat discrete lineaire

r(k+1) = &x(k)+Tu(k)
y(k) = Cxz(k)+ Du(k)

z(ko 4+ 3) = Px(ko + 2) + Tu(ko + 2)
x(ko + 3) = ®3x(ko) + ®*Tu(ky) + ®Tu(kg + 1) + Tu(ko + 2)

r(k) = ®FFox (ko) + z_: OF 11 (47)

1=k

reponse libre +  reponse forcee
(produit de convolution)
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Matrice de transfert discrete

bz (k) + T'u (k) Cl nulles
Cx (k) 4+ Du (k)

2X(2) —PX(2) =TU(2)
Y(2) =CX(z)+ DU(z2)

—P)X (2
) = CX{(

= (2 — @) TU(2)
(2) = C |[(zI — ®)"'TU(2)| + DU(z)
= |C(2I —®)"'T'+ D|U(z) = H(2)U(z)

) = TU(2)
z)+ DU (z)

y(k) Ul(z)

Modéle d’état +
linéaire discret

\ ZC




Algorithme de Leverrier (discret)

H(z)=C(zI-®) 'T+D
(2] — @) = adj (zI — D) _ Hoyz" '+ Hiz" 24+ Hyz" 3+ ...+ H, 4
det (zI — P) 24 a1z L4 axz" %24+ +ap
Hy = 1
ay = —tr ((I)H()) H1 = (I)Ho nE a1]
as — tr ((I)Hl) H2 — (I)Hl T &2[
Up—-1 — —n—tT ((I)Hn 2) Hn—l — (I)Hn—Q T an—ll
an, Ltr (OH,,_1) H, ®H,_1+a,l =0
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Double intéegrateur: Matrice de transfert

1 h _
(I):{O 1} H(z)=C(2I-—®) 'T'+D
1 adj(zI — D) Iz+ Hy 1 z—1 h
(21 =) " = —d) 2 — 2 _ —1
det (zI —®) z?+a1z+ay 2z2—2z+1 0 =z
ap = —tr(®)=-2
1 h 1 0 —1 h
mo= wvara ) 0] e[} 0]
as = —%tr(CI)Hl):—%tr[_(l) _(1)]:1
Hy, = @H1+a21:[_(1) _(1)]+[é (1)]:[8 8] cqfd
2—1 h || K?/2 1
H(z)=|1 0] 2
0 z=11]] A |(2-1)
h? /2 1 (z—1)h%/2+h% B2 241
HE =m0 n ]| P kAL :
(z —1) (z—1) 2 (z-1)



Stabilite

H(z)=C(zI—-®) 'T+D

~ Cadj(zl —@)r o H*(z)
H(z) = det(2] — @) K det(zl — )
- Hii(2) ... Hi(2) * (2
H(z) = : f = [Hij (2)] = [deth(rZI()CI))}
 Hpi(2) -+ Hpe(2)

Poles z; des H;; solution de: det (2 — ®) =0

Valeurs propres v; de ® solution de: det (A — ®) =0
<i = Vg

Asymptotiquement stable si: |v;| < 1pouri=1,...,n
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Entrainement discret

iquu(t) i - |0 i]a}%—{g]u y () y(k) { =(k+1)
A— — 25—

y = 1 0= y(k)

o [T R -] i -y

_O eah _ CL_ (eah_l) _

__ _ah

R G - S

22 +a1z4+ay (z—e)(z—-1) 0

H(z)=C(2I—®) 'T'+D

A — ®| =

24

=A-1)(A—e")=0— 4

= &x (k) +Tu(k)

exemple: 4.1.12

z—1

Inutile ! Les valeurs propres donnent la méme info




Systemes discrets lineaires et stationnaires

Solution .
z(k+1) = &z (k)+Tu(k) z (k) = " Mx (ko) + »  @F 1 Tu (1)
y(k) = Cx(k)+ Du(k) Réponse libre K0 J
Répon;er forcée
Matrice de transfert et stabilite
Y (2)=|C(z:I—®) 'T+D|U(z)=H(2)U(z)
 H ... Hq, |
poo| T = [
: : Y det (21 — ®)
- Hp () -+ Hpr(2) i

Poles z; des H;; solution de: det (2 — ®) =0
Valeurs propres v; de ® solution de: det (A — ®) =0
<q — U4

Asymptotiquement stable si: |v;| < 1pouri=1,...,n
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