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Micro- and nanoscale opto-mechanical systems—based on cantilevers |1, 2], micro-cavities |3, 4] or
macroscopic mirrors |5, [6]—provide radiation pressure coupling [1] of optical and mechanical degree
of freedom and are actively pursued for their ability to explore quantum mechanical phenomena
of macroscopic objects |8, |9]. Many of these investigations require preparation of the mechanical
system in or close to its quantum ground state. In the past decades, remarkable progress in ground
state cooling has been achieved for trapped ions |10, [11] and atoms confined in optical lattices
[12, [13], enabling the preparation of non-classical states of motion [14] and Schrodinger cat states
[15]. Imperative to this progress has been the technique of resolved sideband cooling |16, 11, 18],
which allows overcoming the inherent temperature limit of Doppler cooling [19] and necessitates a
harmonic trapping frequency which exceeds the atomic species’ transition rate. The recent advent of
cavity back-action cooling |20] of mechanical oscillators by radiation pressure has followed a similar
path with Doppler-type cooling being demonstrated [1, 2,4, 15, 21], but lacking inherently the ability
to attain ground state cooling as recently predicted |22, 123]. Here we demonstrate for the first time
resolved sideband cooling of a mechanical oscillator. By pumping the first lower sideband of an
optical microcavity [24], whose decay rate is more than twenty times smaller than the eigen-frequency
of the associated mechanical oscillator, cooling rates above 1.5 MHz are attained, exceeding the
achievable rates in atomic species [10]. Direct spectroscopy of the motional sidebands reveals 40-fold
suppression of motional increasing processes, which could enable attaining final phonon occupancies
well below unity (< 0.03). Elemental demonstration of resolved sideband cooling as reported here,
should find widespread use in opto-mechanical cooling experiments and represents a key step to
attain ground state cooling of macroscopic mechanical oscillators [8]. Equally important, this regime
allows realization of motion measurement with an accuracy exceeding the standard quantum limit
by two mode pumping |25] and could thereby allow preparation of non-classical states of motion.

In atomic laser cooling, the lowest temperature which
can be attained for a trapped ion (or atom) whose har-
monic trapping frequency (2, is smaller than its decay
rate v is given by Tp = hry/4kg, the Doppler limit |19].
In this "weak binding” regime [19] (cf. Fig 1a), the
minimum average occupation number in the harmonic
trapping potential is nyin & v/4Qy, > 1, which implies
that the atoms’ harmonic motion cannot be cooled to
the quantum ground state. On the other hand, much
lower occupation can be attained in the resolved side-
band limit. Resolved sideband cooling |16, [17] is possi-
ble when a harmonically bound dipole such as an atom
or ion exhibits a trapping frequency Q. > -, thereby
satisfying the so called ”strong binding condition” [19].
The physics behind resolved sideband cooling can be un-
derstood as follows. Owing to its harmonic motion, a
spatially oscillating excited atom will emit phase mod-
ulated radiation E(t) = E cos (wt + 3 cos(Qmt)) with a
modulation depth given by 8 = k - , where k = 27/},
A is the wavelength in vacuum and x the displacement
amplitude along the emission direction. Consequently
the emission spectrum consists of symmetric sidebands
of frequencies wy — jQy, (where j = +1,+2,...), whose
intensities are weighted by Bessel functions |.J;(3)|?. In-
versely, the absorption spectrum as probed by an ob-
server in the laboratory frame will consist of a series of
absorption lines, broadened due to the finite upper state
lifetime. Cooling can be achieved by tuning the incident
radiation to one of the energetically lower lying sidebands

(wp, = wo — jQm, j = 1,2,..., cf. Fig. 1a). This entails
that the atom absorbs photons of energy Awy, while it
emits on average energy hwg, thereby reducing the ion’s
or atom’s translational energy, leading to cooling. The
lowest average occupancy that can be attained is given
by [18] nmin ~ 7%/169Q2 < 1, implying that the particle
can be found in the ground state most of the time, in
contrast to the "weak binding” case. This powerful cool-
ing technique, first proposed by Dehmelt and Wineland
[17] in 1975, has been called ”cooling by motional side-
band excitation” |16] or "sideband cooling” and has lead
directly to the remarkable demonstration of ground state
cooling of trapped ions [10, [11] and later of atoms in op-
tical lattices [12, [13]. Several interesting extensions of
this method exist [26], including proposed techniques in
which the ion (or atom) is coupled to a mechanical sys-
tem [27, 128].

Turning to the opto-mechanical setting consisting of
a cavity (optical degree of freedom, with a decay rate
k) with a movable boundary (mechanical degree of free-
dom, with frequency €,,) analogous reasoning can be
made. If the strong binding condition is satisfied, i.e.
Qm > kK, the cavity will also exhibit—owing to its har-
monic motion—an absorption spectrum which possesses
both a carrier at the cavity resonance frequency and
a series of sidebands at wg + jQun,. Their absorption
strength is again proportional to |J;(3)[?, where in the
opto-mechanical case of a whispering gallery mode cav-
ity the modulation index is given by f = wox/QmR,
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FIG. 1: Resolved sideband regime of an opto-mechanical sys-
tem. a Comparison of the “weak binding” regime, where the
mechanical oscillator frequency €2, is smaller than the cavity
decay rate k, and the “strong binding” regime with Q. > k.
The minimum achievable average phonon occupancy of the
mechanical oscillator is denoted by nmin. Note that only
in the limit of well resolved sidebands, ground state cooling
(nmin < 1) is possible. b Scanning electron micrograph of the
opto-mechanical system used in the present study, consist-
ing of an ultra-high finesse toroidal optical micro-cavity with
high-Q radial breathing modes (@ = 30, 000) supported by a
“needle” pillar. Also shown is an image of an intentionally
broken cavity structure, revealing the ultra thin silicon sup-
port pillar with a diameter of 500 nm, which reduces the cou-
pling to the pillar and thus enables high mechanical @ factors.
¢ Schematic of the radiation pressure coupling of optical and
mechanical mode in the toroidal microcavity. d Cavity trans-
mission spectrum of a microtoroid with a mechanical degree of
freedom driven with a coherent drive (via radiation pressure
back-action amplification B] using an auxiliary laser beam,
cf. SI) for different driving amplitudes. The optical cavity de-
cay rate corresponds to x/2m = 3.2 MHz while the mechanical
breathing mode exhibits a frequency of Qm /27 = 73.5 MHz,
thereby placing the system deeply into the resolved sideband
regime. The weights of the sidebands follow the Bessel func-
tion expansion (solid line is a fit).

where R denotes the cavity radius and x the mechani-
cal oscillation amplitude. This factor can be rewritten as
B = ka2 /QmTyt, implying that compared to the atomic
dipole case the coupling is enhanced by the number of

cavity round trips (of time 74) the photon completes
during one mechanical oscillation period. Laser cooling
can be achieved by tuning the incident radiation to the
first lower sideband. Thus the optical cavity resonance
now plays the role of the ion’s optical transition in the
frequency up-conversion process ]. Recent theoreti-
cal work has demonstrated ﬂﬂ, ] that, analogous to
the ion trapping case |19], final occupancies in the me-
chanical degree of freedom below unity can exclusively
be attained in the resolved sideband regime. In brief
and as shown in Refs ﬂﬂ, @], the quantum mechan-
ical cooling limit is due to the fact that cooling pro-
ceeds both by motional increasing and decreasing pro-
cesses. Motional decreasing (increasing) processes consti-
tute absorption on the lower (upper) sideband and emis-
sion on the carrier and occur with a rate R¥SB oc n?A™n
(RYSB « n2A*(n + 1)), where n is the phonon occu-
pancy, A* o ((£/2)? + (A F Qm)z)f1 and 7 an effective
parameter ﬂﬁ] N = woZo/mR with g = /h/MeaQlm
being the zero point motion of the mechanical oscillator
mode. Detailed balance [29] then yields the minimum av-
erage occupancy nmin = AT /(A~ — A1) neglecting reser-
voir heating. In the "weak binding” limit Q,, < & this
prevents ground-state cooling as nyin = £/4Qm > 1,
recovering the Doppler limit. On the other hand, occu-
pancies well below unity can be attained in the resolved
sideband case Q, > & yielding nmi, ~ x2/16Q2, < 1.
Tuning a laser with power P to the first lower sideband
(A = —Qy,), the cooling rate I'e = A~ — AT under these
conditions is given by [4]:
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Here F' denotes the cavity finesse, n the refractive index
of the cavity material, me.g the effective mass of the me-
chanical mode, ¢ the speed of light in vacuo, 7 = k™1
the total photon lifetime and 7. denotes the lifetimes
only due to output coupling. Note that when working
in this regime of a highly detuned laser, the mechanical
frequency shift, or optical spring, is negligible, and the
radiation pressure force is mainly viscous. While several
groups have recently reported radiation pressure cooling
of a mechanical oscillator @, E, @, B], these experiments
have all fallen into the regime of ” weak binding”, owing to
the challenge of simultaneously combining ultra high op-
tical finesse and high frequency vibrational modes. In the
presently reported experiments we have overcome this
limitation by microfabricating optimized silica toroidal
whispering gallery mode (WGM) resonators which can
accommodate the required high-quality optical and me-
chanical modes in one and the same device (Fig. 1b).
The parameters Q,,/27 = 73.5MHz and F = 4.4 - 10°,
corresponding to x/2m = 3.2 MHz, place the system sys-
tem deeply into the resolved sideband regime. The reper-
cussions of this regime on the cavity transmission are
most strikingly observed when using an auxiliary laser



to drive the mechanical motion (using blue detuned light
[3], cf. SI). Indeed, when tuning over the driven cavity, a
series of optical resonances spaced by the mechanical fre-
quencies can be observed, satisfying ,,/x ~ 22 (cf. Fig.
[Ik) which convincingly prove that the device satisfies the
”strong binding” condition.

To demonstrate resolved sideband cooling, a grating-
stabilized laser diode is coupled to a high-finesse
whispering-gallery mode (WGM) near 970 nm of a second
sample (Qn /27 = 40.6 MHz, /27 = 5.8 MHz, 'y, /27 =
1.3kHz, meg = 10ng), and locked to the first lower mo-
tional sideband (i.e. A = —Q,,) using a frequency modu-
lation technique and fast feedback (Fig.2la and ST). The
cooling caused by this laser is independently and con-
tinuously monitored by a Nd:YAG laser (A = 1064 nm)
coupled to a different cavity mode. An adaptation of the
Hénsch-Couillaud polarization spectroscopy technique to
the present experiment (cf. SI), allows locking the moni-
toring laser to the centre of the resonance (A = 0) which,
in conjunction with low power levels, ensures that the
readout laser’s effect on the mechanical oscillator motion
is negligible. Simultaneously, it provides a quantum-noise
limited signal (cf. ST), which monitors the displacement
noise of the cavity caused by the thermal excitation of the
toroid’s different mechanical modes (Fig.Bh,b). The sen-
sitivity of this measurement reaches 10~'® m/v/Hz, which
is among the best values achieved to date [30], and a
value already sufficient to detect the zero-point mechani-
cal motion zg = \/h/MegQm ~ 10716 m of typical radial
breathing modes (RBMs).

Increasing the cooling laser power, a clear reduction of
the displacement fluctuations is observed, characteristic
of cooling. Note that our prior work has already demon-
strated unambiguously that cooling in toroidal microcav-
ities is solely due to radiation pressure |3, 4] and thermal
contributions [31] play a negligible role. We thus observe,
for the first time, resolved-sideband cooling of a microme-
chanical oscillator. Simultaneous measurements on other
radially symmetric modes at lower frequencies reveal that
these remain completely unaffected (Fig. Bk). This selec-
tivity is specific to the regime of resolved sideband cool-
ing, in contrast to the ”weak binding” case, where the k-
wide absorption sidebands of different mechanical modes
overlap. As shown in Fig. 3] the highest attained cooling
rate I'c/2m = 1.56 MHz was achieved in the first sample
(Qm/27 = 73.5MHz, /27 = 3.2MHz). Note that of
the 3 mW of launched power in the fibre only a fraction
~ (47202 +1)7! ~ 5-107* is coupled into the cavity
(ie. 1.5 uW) due to the highly detuned laser. Combining
such high cooling rates with the lowest achieved reser-
voir heating rates of I'y,, = 1.3kHz it appears feasible to
achieve a reduction of final (n¢) to initial (ng) occupancy
of ng/ng = (Te+Ty)/Tm > 103, With the demonstrated
1692 /k? = 7700, this value would be sufficient to reach
ny < 0.5 when starting at a cryogenic temperature of
1.8 K, while still satisfying (22, 23] nr/nf < Qm and
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FIG. 2: Schematic of the experiment. a The opto-mechanical
system (toroidal microcavity) is held in an evacuated chamber
(P < 10" " mbar), and is simultaneously excited by a diode
laser that serves for cooling and a Nd:YAG laser for quantum
limited monitoring of the displacement of the cavity’s mechan-
ical modes. b By means of a frequency modulation technique,
the cooling laser is locked far outside the cavity’s WGM reso-
nance to a detuning A = —,,, while the monitoring laser is
locked to the center of a different resonance using a variation
of the Hansch-Couillaud technique (cf. SI). ¢ To this end, the
monitoring laser is polarized such that only a small fraction
of its power couples into the (polarization non-degenerate)
WGM. The stronger orthogonal field component serves as a
local oscillator in a polarization-sensitive detection scheme,
giving rise to quantum noise limited displacement monitoring
(cf. SI). The absolute calibration of the measured displace-
ments is derived from a phase modulation of the probe laser
with a known modulation depth (cf. SI). FPC: fiber polariza-
tion controller, WDM: wavelength division multiplexer, IF:
interference filter, PBS: polarizing beam splitter, \/2, A/4:
optical retarder plates.

T'. < k. Starting from room temperature this would lead
to ng < 100. In the actual experiment, analysis of the
integrated calibrated displacement noise spectra via the
relation neAiQm = [ megQS5,(Q2) dQ indicates however
significantly higher n¢. This discrepancy is attributed
to heating by excess phase noise from the cooling laser,
which was measured to be \/@ ~ 4 prad/v/ Hz at ra-
dio frequencies close to Qy, (cf. SI). The resulting radi-
ation pressure noise limits the achievable occupancy to
Nmin = \/2kBTMegl'mSpROm/hwy ~ 5200 for the pa-
rameters of the second sample, with which the lowest
occupancies were achieved. Note that in this case the



(classical) correlations between the laser noise and the
induced displacement fluctuations can cause ”squashing”
@] artefacts if the diode laser were also used for me-
chanical readout. In contrast, the use of the independent
Nd:YAG laser provides a faithful displacement monitor
with which these induced fluctuations can be revealed.
Such an analysis yields a final occupancy of ns = 5900,
in agreement with the above estimate.

A direct consequence of the resolved sideband regime is
the strong suppression of motional increasing processes,
which should lead to a significantly weaker red-sideband
in the spectrum of the light emerging from the cavity
(as analyzed in Ref [23]). To confirm this aspect, the
motional sidebands generated during the cooling cycles
were probed, similar to spectroscopy of the resonance
fluorescence of a cooled ion ﬂﬁ] This is achieved with a
heterodyne experiment, by beating the cooling laser with
a local oscillator (cf. Fig. 4a), derived by down-shifting
part of the cooling laser light using an acousto-optic mod-
ulator at Qaom/27 = 200 MHz. The beat of the local
oscillator and the cooling laser produces a modulation
at Q2aom, while the motional sidebands signals now ap-
pear at Qaonm + Qun, thereby allowing the measurement
of their individual weights. Figure 4b shows the result
of this measurement for two different laser detunings.
While for excitation on cavity line-center (A = 0) the
sideband intensities are equal (i. e. n?A™n ~ n?A* (n+1)
since n > 1 and A~ = A7), detuning the laser to the
lower sideband A = Q,, should lead to a strong suppres-
sion of the red sideband beat by a factor of A~ /AT. In
the experiment with the 40.6-MHz sample, the detuning
is chosen such that the red sideband is still discernible
above the laser noise, corresponding to a suppression of
16 dB, providing an independent confirmation that cool-
ing occurs in the resolved sideband regime. Optimizing
the laser detuning, the red emission sideband could be
reduced even further. It is important to note that the
ability to measure the individual sidebands separately as
demonstrated here is important for future experiments
which venture in the quantum regime. As theoretically
predicted [22, [23]—and in analogy to trapped ions [10]—
the weights of the sidebands allow inferring the average
motional occupation number ] for low occupancies by
measuring the ratio of the red and blue sidebands.

The regime of resolved sidebands has another
important—and counterintuitive—benefit, since the
cooling rate is indeed higher in comparison to the un-
resolved case. Keeping the launched power P as well
as (O, and R fixed, an increase in the cavity finesse in-
creases the cooling rate, until it saturates in the highly
resolved sideband case and approaches an asymptotic
value (cf. SI). The circulating power however continues
to decrease, mitigating undesired effects such as photo-
thermal or radiation pressure induced bi-stability or ab-
sorption induced heating. It is important to note how-
ever, that the final occupancies for very high optical fi-
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FIG. 3: Resolved sideband cooling of the radial breathing
mode. a Time-domain trace of the Brownian motion of the
radial breathing mode as observed by the monitoring laser
in a 2 MHz spectral bandwidth around Qm /27 = 40.6 MHz.
b Full spectrum of the displacement noise at room temper-
ature, recorded with the Nd:YAG laser (red). The different
peaks appearing in the spectrum represents the mechanical
eigenmodes which can be identified using three-dimensional
finite-element analysis. The modes denoted by (1,2,3) are ro-
tationally symmetric mechanical modes, whose strain (colour
code) and deformed shapes are shown in the insets. The back-
ground of the measurement (gray) is due to shot noise, its
frequency dependence results from the reduced displacement
sensitivity (for the same measured noise level) at frequencies
exceeding the cavity’s bandwidth. A signal-to-background ra-
tio close to 60 dB is achieved at room temperature. ¢ Resolved
sideband cooling with the cooling laser tuned to the lower
sideband of the radially symmetric radial breathing mode (3).
As evident only mode (3) is cooled while all other modes (of
which (1) and (2) are shown) remain unaffected. Circles repre-
sent noise spectra with the cooling laser off (red) and running
at 300 uW (blue). Lines are Lorentzian fits. d Cooling rates
exceeding 1.5 MHz obtained with the 73.5-MHz RBM of a
different sample.
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FIG. 4: Motional sideband spectroscopy. a Experimental
setup used to resolve upper and lower motional sideband gen-
erated during interaction of the cooling laser with the cavity,
similar to the spectroscopy of the resonance fluorescence of a
laser-cooled ion IE] The cooling laser interacts with the opti-
cal microcavity whose transmission is subsequently superim-
posed with a second laser beam retrieved from the same cool-
ing laser but down-shifted by 200 MHz using an acousto-optic
modulator (AOM). The beating of the two signals is recorded
using a balanced heterodyne detector, yielding spectral com-
ponents of the lower (upper) sideband at 200 MHz — Q. /27
(200 MHz+ Q) /27). b Beat signals of the upper (anti-Stokes)
and lower (Stokes) motional sideband, for A = 0 (red) and
a detuning close to A = —Qy, (blue). The plotted electrical
power spectral density (PSD) is proportional to the optical
PSD in the sidebands. For zero detuning of the pump with
respect to the optical cavity the motional sidebands are equal
in power. By tuning the laser to the lower sideband, which
induced cooling, 40-fold (16 dB) reduction of the Stokes side-
band is observed as required for achieving ground state cool-
ing.

nesse are bound by the maximum entropy flow which is
given by the cavity decay rate [22], i.e. ng/ns < £/Tn.

Pertaining to the wider implications of our work, we
note that resolved sideband cooling as demonstrated
here, is a key prerequisite for ground state cooling and is
an enabling step toward observing quantum mechanical
phenomena of macroscopic objects B, @] such as the gen-
eration of non-classical states of motion. The regime of
resolved sidebands is also a prerequisite to a “continuous
two transducer measurement” scheme ﬂﬁ] which allows
exceeding the standard quantum limit by \/Qmn /%, a fac-
tor of ca. 5 for the parameters reported here. Along these
lines, continuous QND measurements of a mechanical os-
cillator should produce squeezed states of mechanical mo-
tion.
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SAMPLE PREPARATION

Silica microtoroids are fabricated from thermally grown oxide on a silicon chip by a combination of wet- and
dry-etching with a CO4 reflow technique as detailed in prior work [24]. Upon completion of these initial steps, the
silicon pillar supporting the toroid is re-etched until sub-micron tip diameters are reached in order to decouple the
toroid’s mechanical mode from the substrate, yielding quality factors of 30,000 for the radial breathing mode. Under
appropriate conditions, no degradation of the optical modes is observed in this step. Since the Nd:YAG laser has
only a limited tuning range, the toroid is subsequently subjected to repeated low-dose radiation from a COq laser to
evaporate minute layers of toroid material, until a suited WGM is tuned into the range accessible with the Nd:YAG
laser. The diode laser is then tuned to a WGM with an ultra high finesse (> 10°) and negligible mode splitting.

LOCKING OF THE COOLING LASER

To achieve resolved sideband cooling, the cooling laser, a grating-stabilized diode laser, has to be locked far-detuned
from the WGM resonance. To this end, it is frequency-modulated by a applying a small rf modulation of frequency
Qmod to the current across the diode. Similar to the Pound-Drever-Hall (PDH) method, the resulting amplitude
modulation of the light transmitted by the cavity is demodulated with a phase chosen to obtain an absorptive error
signal [34]. This creates a steep error signal at detunings corresponding to a mechanical mode’s eigenfrequency Qy,,
while not applying a phase modulation resonant with the mechanical mode. Typically, a modulation frequency of
OQmod = Qm — £/2 is chosen, such that effectively a modulation sideband of the laser is locked to the red wing of
the WGM resonance, while the laser carrier pumps the motional sideband at A = —€,,,. To lock the laser, the error
signal is offset to choose the appropriate detuning, and fed to slow and fast feedback branches, respectively actuating
the grating and the pump current in the diode.

COOLING RATE

For the ring topology of the considered optomechanical system, the cooling rate in the regime I'c < x can generally
be written as [4]

I - 8F?n2wy  1/KTex 1 1 P
Mgy AA2 K2 + 1 \4(A+ Qu)2/k2+ 1 4(A = Q)2 /k2+1)

(S1)

Here F is finesse, n the refractive index, wy optical resonance frequency, meg the effective mass, ¢ vacuum light speed,
Q, mechanical resonance frequency, x cavity linewidth and therefore inverse total photon lifetime, 7.« photon lifetime
due to coupling, A detuning and P launched power. All frequencies are in angular frequency units. Using the finesse
of a circular resonator F' = ¢/nRk and a fixed coupling parameter K = 1/(k7ex — 1), this can be re-written as

_wo 1 K K2 1 1
Fe = Q. Mo R2 2(K +1) A% + (k/2)? <(A + Q)2 + (k/2)2 - (A—Qm)2+ (ﬁ/2)2> P. (52)

Keeping all other parameters other than x and A fixed, it is easy to show that this expressions reaches a maximum
for A = —Q,, and kK — 0,

1 2K
I\(r:nax _ wo

= - " p S3
Q?nmcﬁ'RzK—Fl ( )

The resolved sideband regime is per se most ideally suited for backaction cooling (Fig. [S1l), provided the linewidth is
reduced without changing the cavity radius (or length), i.e. by increasing finesse.

TRANSMISSION OF AN OSCILLATING CAVITY

Assume the cavity is oscillating such that its radius is sinusoidally displaced by

x(t) = zo sin(Qt). (S4)
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FIG. S1: Left: Cooling rate I'c, normalized to I't***, as a function of detuning A and cavity linewidth x, where a mechanical
resonance frequency Q, = 1 was assumed. Thick blue and red lines trace the detunings which provide maximum (blue) or
minimum (red) cooling rates for a given linewidth. Right: Normalized cooling rate achievable for a given linewidth s (with
Qm = 1) when the optimum detuning is chosen.

In the framework of coupled-mode theory @], its intracavity mode amplitude a is described by

alt) = (-% + iwo (1 - %)) alt) + ——et (S5)

Tex

where |a|? is normalized to the intracavity energy, |s|? normalized to the incident power, wg the cavity resonance
frequency, w the driving laser frequency, R the mean radius of the cavity, 7o« the lifetime due to coupling and x the
FWHM linewidth of the cavity in angular frequencies and equal to the inverse total photon lifetime.

The homogeneous solution of the ordinary differential equation (S5 reads

m

an(t) = Ag exp <(—g + iw0> t+ i%g—o Cos(th)> (S6)

with a boundary-condition dependent Ay. One particular solution may have the form ap(¢) = A(t)an(t), satisfying

i S k. _ ;%o wWo ;
At) = — exp ((2 zw()) t—i RO, cos(Qmt) + zwt) . (S7)

Introducing the modulation index

B (S8)

| &
P\

the expansion of the cosine argument into Bessel functions exp (—ifcos(Qmt)) = Z:f_oo(—i)”(]n(ﬂ) exp (inQmt)
allows straightforward integration of (S1), yielding, with A = w — wy,

(=0)"Jn(6)

—+00
s
ap(t) = @n;w k)2 4+ i (A +ny)

exp (i(w + 1)t + 6 cos(Qnt)) . (S9)

The general solution a(t) = an(t) + ap(t) of eq. (SH) converges towards a,(t) on a timescale of 2/x for all Ay, since
an(t) o exp (—kt/2), so that the steady state solution is given by a,. The field transmitted through the taper past



the cavity is given by Souy = se™* — ap/+/Tex and the transmitted power is

2 2
|Sout|2 — |geiwt _ % — s | _ 2Re{s* —iwt _9p }+ |a| (S10)
Tex TeX Tex
with
; : " T (B) I (8) exp (i(n 4+ m)Qt)
—9 * ,—iwt ap — _2ﬂ ¢ n 11
Re{s c Tex} Tox Re ; K/2+ (A 4+ nQy) (S11)
and
2
2 2 ‘n—m i(n—m)Qumt
asl? _ s[5~ n D) Im (Bt (512
Tex Toe |5 (B/2 4 (A + nfly))(£/2 — i(A + mfy))

If only the DC signal is detected, only the terms with m = —n in (S1I) and m = n in (S12) have to be considered.
Then

1 Jn(B)? 1 (3)?
‘Sout = |3|2 (1 —2;1:{6{2 /1/2—|—’L((Al'ng } 7,2 ; I{/2 A)+ ol ) ) = (813)

_ Jn(B)?
= Isl” ( 1+K 2 zn: (k/2)% + (A + nQpy )2 ) (S14)

Therefore, the DC signal consists of a series of Lorentzian dips at frequencies wg + n€2,,, the width of which is given
by the normal cavity linewidth x. The depth of the dips reflects the coupling conditions, while the modulation index
8 = xowo /Ry, determines the relative weights of the sidebands.

In the experiment, both the diode and the Nd:YAG laser are coupled simultaneously to the cavity, as described in
Fig. 2 of the manuscript. The Nd:YAG laser is however locked to the blue wing of the WGM resonance, and a power
sufficient to exceed the threshold for the parametric oscillation instability is sent to the cavity. The diode laser is
then scanned over several hundred megahertz in the frequency region of another WGM resonance. To enhance the
signal-to-noise ratio also for very low powers (at which thermal nonlinearities [36] are sufficiently well suppressed), a
lock-in technique is employed. The side-dips disappeared when the Nd:YAG laser was switched off and their relative
weights changed with the detuning of this laser. From the fitted modulation depths of 3 = (0.94,1.47,1.75) oscillation
amplitudes of 29 = (5.4,8.4,10.0) pm can be inferred. For comparison, a displacement of 25 pm would shift the cavity
resonance frequency by one linewidth.

DISPLACEMENT READOUT

Implementation

Adapting the Hansch-Couillaud polarization spectroscopy technique [37], a dispersive error signal is created by
probing the ellipticity in polarization which is introduced to the light propagating in the taper, when part of the light
(Ecav) couples into one of the (polarization non-degenerate) WGM of the microtoroid. The polarization component
which does not interact with the cavity (ELO) thus essentially serves as a reference for the phase shift introduced by
the cavity. Sufficiently strong, it can be used as a local oscillator, boosting all optical noises above the detector noise.

The polarization analyzer consists only of a A/4-retarder plate, rotated to an angle of 45° with respect to the
subsequent polarizing beam splitter (PBS). The two detected signals represent a decomposition of the elliptically
polarized light into a basis of left- and right-handed circular polarizations. The difference of these two signals therefore
indicates the handedness of the incoming polarization state, which indicates the respective detuning of the laser from
the WGM’s line center. In addition to this scheme [37], in the experiment described here, polarization mode dispersion
(PMD) in the optical fibre has to be compensated by introducing an additional pair of A/4- and A/2-retarder plates
before the polarization analyzer (not shown in schematic Fig. 2 of the manuscript).

The complex transfer function of the taper for the cavity polarization component is given by [35]

Tex — To + 20AT)Tex

t(A) “Beay = Ecay (815)

Tex + To + 21A T Tex .
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where 79 is the intrinsic photon lifetime and 7. the lifetime due to coupling with x = 7, ! +7... Using Jones matrices
Ch, Q, H, Ry, P for the effect of the cavity, quarter- and half-waveplate, a basis rotation and polarization mode
dispersion, the detected fields I, r on the two photodiodes are

(1) = Ry Qa3 R (5 QR PO - () (516)

Adjusting the angles 6;, P can be compensated such that effectively
! — EC&V — 1 11 10 t(A) 0 EC&V _ 1 t(A)ECav + iELO
<r> = R4 QCs - <ELO> NG <—1 1) (0 z> < 0 1) (ELO) NG <—t(A)Ewa +iFro (S17)
Sensitivity

In the case of displacements slow enough so that intracavity power can adiabatically follow, the Hansch-Couillaud
error signal h(A) = |I|2 — |r|? reads

872 e A
h(A) = 0 o V/ PeavPLo- S18
(&) T2+ 270Tex + T4 (1 + 4A272) Lo (818)

If the cavity is probed on resonance w — wg = 0, small displacements z from an original resonator radius R will
cause a detuning of A = woz/R and therefore a signal of

%h(wox/R) cx = ﬂ\/PcavPLO -x (S19)

0 Texk2R

can be expected. In the case of critical coupling 7ex = 2/k and for a strong local oscillator PLo > Pe.y, the local
oscillator’s shot noise in the differential signal v/21/nPro/2/(hw) can be used to estimate the shot-noise limited
sensitivity to

(S20)

A
Tmin = )
87T \/11 Py | ()

with the (ring) resonator finesse F = ¢/knR and the intracavity laser wavelength A = 2m¢/nw. Assuming shot-noise
limited operation, typical parameters F = 40,000, n = 0.5, Peay = 1pW and A = 1064nm/1.4 already yield a
sensitivity of Zymin = 5- 107 m/v/Haz.

We have confirmed experimentally that the readout laser is shot-noise limited, and that the electronic noise in the
detection system is overwhelmed by the laser noise by more than 10 dB at all frequencies of interest.

It is important to consider the response of the Hansch-Couillaud signal also at frequencies exceeding the cavity
bandwidth for measurements on high-frequency mechanical modes. Assuming small displacement fluctuations § =
zowo/RQ < 1 at Fourier frequency €, the expression (89) for the intracavity field can be expanded in 8 and only
terms in zeroth and first order in 3 retained:

ap(t) = ap(t) + O(B") = ap(t) + a1(t) + O(B%) = ... (S21)
with
ao(t) = S;Ti: /_jg(if); (S22)
v =2 (Gt - TR ) oo
+ % - (iJ1(8) exp (+iQumt) — iJ_1(8) exp (—z’th))> = (523)
A (sl )
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Using Jo(8) = 1 and J1(8) = 3/2 for small 3 and the definition (S8)), one finds

Ecav( 1 T wo 1 ( exp (+i2t) exp (—idt) ))

a(t) = (S25)

Tex \K/2+iA R 2 /24 iA \k/2+i(A+Q) k/2+i(A-Q)

The detected fields behind the polarization analyzer are

(7{) R Q. (—a/wc—ﬁEcav) _ 1 (—a/\/E+Ecav +¢ELo) ' (526)

ELO % a/\/ Tex — Ecav + iELO

If the readout laser is locked to line center, w = wy, the signal on one photodiode reads

1| Feay 2 o Wo etidt e~ iKY . 2
o L | Bea2 (4 mowo - B +iF 527
d 2’ TCX/-;( R 2 (n/2+iQ k)2 — i + Heav 1810 (527)
for a strong local oscillator |Epo| > |Ecav| (and rigorously for critical coupling 7ex = 2/x) simplifying to
1 .ELOEcav 2 Zo Wo eJriQt efiQt
~ ] 2 . 2R, —_ 7Y — = S28
1oe =3 e{l Tex AR 2 (Ii/2+iQ k)2 — i (528)
VPrLoPeay 2 2) sin(Q2t) — Q cos(Qt
i + Y0 e 220 (k/2) sin(§2t) cos(Qt) (520)
Tex Kk R (5/2)2 + 02
An analogous calculation for r yields
ProPeay 2 2)sin(Qt) — Q Qt
) — oY Ti0Pis 20, (/2)sin(@) = Qcos(2) s0)

Tex KRV (k/2)2 + Q2 ’

reproducing the adiabatic response in the corresponding limit <« /2. This modulated optical power generates
a modulated (differential) photocurrent I = enh/(hw). After amplification by a transimpedance amplifier of gain
g[V/A], the power Pyt = |gI|?/ Riorm (With Rierm the termination resistance) of the radio-frequency signal is spectrally
analyzed. Then the sine and cosine terms add in quadrature, and

k/2)% 4+ Q? 1
o) (= G (531

This reduced response of the readout signal has to be considered when the measured photocurrent spectral density is
converted to a displacement spectral density. It is also the reason why the shot-noise limited sensitivity is not flat in
Fourier frequencies, instead it scales as

A / 02
xmin(Q) = 871_}_\/% 1+ W (832)

Calibration

To calibrate the measured displacements, the light of the readout laser is phase-modulated using an electro-
optic modulator. If the modulation depth is d¢p and the modulation frequency €2, the field sent to the cavity
can approximately written as Feay (1 + %"eim — 5T“’e’mt) and the local oscillator, which also gets modulated, as

Ero(l+ %2 — 2%2.¢71) The field detected by one photodiode then reads

1 1 1 dp 1 1 o
l=— 1 Ecav - 1__—, Ecav e
\/§<( Texfi/2+iA) 3 ( Texn/2+z(A+Q)> c

dep 1 1 —iQt . 00 ot 0P _ion
- ([1-—————— | Eqve * 14 ¥ — et Fro.
2 ( Tex /2 + (A —Q)) ‘ rritt g 2 ¢ Lo (533)
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If the laser is locked to line center, A = 0 and

5 11 5 11 ‘
02 = I3 + = 2Re{ ;" <1 - —7,) Boa ¢ (—iEpLo) — 22 <1 - —7,) Beave ™ (—iBpo)+

Tex K/2 + i 2 Tex K /2 — i
(o) 2 ()
Tex K 2 Tex K 2
(k/2) cos(2t) + Qsin(Q
= i3 + =00 O/ o Pro 2 L2 - /2)> Lo, (535)

such that the Hansch-Couillaud signal resulting from this phase modulation is
2 (k/2) cos(02t) + Qsin(02)

V PLOPcav
dpQ—

T

(S36)

Comparison with the signal (S30)) arising from harmonic displacement of amplitude g, one can infer that phase
modulation by dp leads to the same signal as a harmonic displacement of amplitude zowo/RQ2—independent of
cavity bandwidth, coupling conditions and readout power (note again that that sin- and cos-quadratures of the
modulation add in quadrature). This can be used to calibrate the measured spectra by injecting a phase modulation
of known depth at one particular frequency.

Experimentally, the modulation is produced using a fibre-coupled LiNbO3-waveguide, to which a modulated voltage
is applied. The depth of modulation for a certain applied voltage was derived by measuring the relative strengths
of radio-frequency sidebands of a heterodyne beat of the modulated Nd:YAG laser with an independent diode laser
at 1064 nm. A value of 17°/V was found, in good a agreement with the specified value. We have checked that the
residual amplitude modulation created in the modulator is negligible.

LASER NOISE HEATING

While the cooling laser, an external cavity grating-stabilized semiconductor laser, exhibits low intensity noise, its
output was found to contain significant excess frequency noise even at the relevant Fourier frequencies above 10 MHz,
as reported also by other groups [38]. Measurements against an independent cavity indicate frequency noise on the
order of 200 Hz/ v/ Hz for the Fourier frequencies of interest, corresponding to a phase noise of about 4 urad/ v/ Hz. To
estimate the resulting heating effect it is first assumed the laser carries a sinusoidal phase modulation of depth d¢ at
a Fourier frequency of ,,, the resonance frequency of the mechanical oscillator. Using the Bessel expansion for small
dp, the incoming light field can be written as

1) , 1) . _
Sin(t) = (1 + 7‘Pe+mmt . 7(106152,1115) seivt ($37)

with the incoming amplitude s normalized such that |s|> = P is the optical power. Then the intracavity mode
amplitude a (with |a|? normalized to intracavity energy) can be written as |35]

1 ) +iQmt 2 ) —1Qmt 2 iwt
a(t) = : pert2 et *_ (S38)
K/241A K24+ 0(A+ Q) K24 0(A = Q) Tex
In the deeply resolved sideband regime x < €2, this simplifies to
1 6()0 e+i(lmt/2 Seiwt
t) = . S39
alt) <—mm T Tox (S39)
if a detuning A = —,;, is assumed. The intracavity energy therefore contains a modulation o sin(2y,t) of amplitude

8¢ /Qm|s|? for critical coupling 7.x = 2/x. This gives rise to a modulated force of amplitude 6F = ¢ P/Qy, R, with
R the cavity radius. Substituting d with the measured phase noise spectral density, a noise force spectral density

(SD) of

_ S, p?
SFnoise = QIQHRQ

(S40)



13

is obtained. This value can be considered constant for Fourier frequencies around €2, as long as I'eg < k. An analogous
approach yields a random force of spectral density S;P?/Q32 R? for a laser with a relative (i. e. normalized to I?)
intensity noise spectral density S;. In the case of the employed laser we have measured that S, exceeds St by nearly
four orders of magnitude, so that S; can be negelected. Comparison with the thermal force SD Sy, = 2kgTmesl’
then yields a power-dependent temperature of the laser

1 8,P?

T' Ser — "7 . o 1o
9 T D kg men] Q2 R2

(541)
Simultaneously, the laser cools the mode by modifying its susceptibility to the different noisy forces, with a rate I'coo) =
WP/Q3 meg R? in the approximations described above. For a reservoir temperature T, the effective temperature of
the mode is

Teff = I (T + Tlaser) . (842)
cool
The apparent contradiction of such a calculation with the properties of the intensive thermodynamical variable “tem-
perature” is resolved by realizing that the quoted temperatures are effective temperatures representing uncorrelated
random forces, which can be added in quadrature. For the optimum laser power of Popy = v/2kgTmegl' /S, - RQm,
the lowest achievable phonon occupancy is therefore found to be

ROy
Nmin = 2kBTmCHFS@W (843)

With 7' = 300K, meg = 10ng, I'/27 = 1.3kHz, /S, = 4purad/v Hz, kg = 1.4-10723J/K, R = 38 ym, Q,,,/271 =

40.6 MHz, h = 1.05-1073* J s and w/27 = 300 THz, a minimum phonon number of about 5200 is found.
[




