REPRESENTATIONS OF SPACES
WOJCIECH CHACHOLSKI AND JEROME SCHERER

ABSTRACT. We explain how the notion of homotopy colimits gives rise to
that of mapping spaces, even in categories which are not simplicial. We
apply the technique of model approximations and use elementary properties
of the category of spaces to be able to construct resolutions. We prove that
the homotopy category of any monoidal model category is always a central
algebra over the homotopy category of Spaces.

1. INTRODUCTION

Let C be a category with a chosen class of weak equivalences W (W is a
collection of morphisms in C that satisfies the “2 out of 3” property and con-
tains all isomorphisms). What does it mean that one can do homotopy theory
on (C,W)? For us it means three things. First, we should be able to perform
basic operations in C such as push-outs/pull-backs and more generally colim-
its/limits. Second, the derived versions of these functors (hocolims and holims)
should exist. Third, these derived functors should yield a certain action of the
category of simplicial sets Spaces on (C, W) and lead to mapping spaces. Our
attitude is that colimits/limits and their derived functors are the fundamental
ingredients of homotopy theory and the rest should follow from their proper-
ties. This is an alternative to the approach of Hovey presented in [11] and more
in the spirit of what we believe we have learned from Bousfield, Dwyer, Kan
and others, [1] and [5].

In this paper we study the following functor:

®; : Spaces x C — Ho(C) K ®; X := hocolimgeX

where Ho(C) = C[W™'] and ¢X : K — C is the constant functor indexed by
the simplex category of K (see 2.6) whose value is X. We would like ®; to be
the composition of the localization functor Spaces x C — Ho(Spaces) x Ho(C)
and a functor denoted by the same symbol ®; : Ho(Spaces) x Ho(C) — Ho(C)
(homotopy invariance). The latter should be a homotopy left action (see 2.11
and 2.15), which implies in particular that, for any X € Ho(C), the functor
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— ®; X : Ho(Spaces) — Ho(C) has a right adjoint map(X, —). This is in our
view the universal characterization of what mapping spaces should be.

How can this be realized? In order to insure the existence of the localized
category C[W ™! and the derived functors hocolims and holims satisfying the
above conditions, we need to be able to do some homotopical algebra on (C, W).
One way of formalizing this is to assume that (C, W) can be given a Quillen
(simplicial) model structure [15]. Dwyer and Kan explained in [6] how to enrich
such a category with an action of Spaces using the so called “hammocks”. They
also introduce the technique of taking (co)simplicial resolution of the source
(target), further developed by Hovey in [11], as well as Hirschhorn in [10] to
obtain mapping spaces. Alternatively one could try to find conditions under
which a model category is Quillen equivalent to a simplicial model category,
as defined by Quillen in [15, Section II.1]. This has been done by Dugger in
[4] and Rezk, Shipley, and Schwede in [16]. These approaches however do not
seem to emphasize the fundamental role of homotopy colimits and limits. In
this context we should mention also the work of Heller [9].

Since in our view hocolims and holims are so important, we need a suitable
set up in which such constructions can be effectively studied. It turns out
that for that purpose, instead of putting additional assumptions on a model
category (cellularity [10], realization axiom [16], etc...), it is more advantageous
to relax some of the requirements. The aim of this paper is to explain the less
restrictive approach of model approximations as introduced in [2]. Recall:

Definition 1.1. A left model approximation of (C,W) is a pair of adjoint
functors [ : M = C : r satisfying the following conditions:

(1) M is a model category;

(2) 1 is left adjoint to r;

(3) if f is a weak equivalence in C, then rf is a weak equivalence in M;

(4) if f is a weak equivalence between cofibrant objects in M, then [f is a
weak equivalence in C;

(5) for any A € C and cofibrant X € M, if X — rA is a weak equivalence
in M, then its left adjoint [X — A is a weak equivalence in C.

A pair of adjoint functors [ : C &2 M : r is a right model approximation of
(C,W) if the duals r¥ : M = C°% : [V form a left model approximation of
(CP,W).

Model approximations have several crucial properties. A category admitting
a model approximation (left or right) can be localized with respect to weak
equivalences to form the homotopy category Ho(C) [2, Proposition 5.5]. Weak
equivalences in such categories are saturated, i.e., a morphism in C belongs to W
if and only if the induced morphism in Ho(C) is an isomorphism. The category
Ho(C) can be identified with a full subcategory of Ho(M) via the functor r or [,
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depending on whether the approximation is left or right ([2, Proposition 5.5]).
A left model approximation [ : M & C : r leads to a “cofibrant replacement”
in C given by the adjoint [QrA — A of a cofibrant replacement QrA — rA
in M [2, Remark 5.10]. In a dual way a right model approximation leads to
a fibrant replacement. These replacements can be used to construct derived
functors. If F: C — D is a functor for which the composition F'l sends weak
equivalences between cofibrant objects in M to isomorphisms in D, then the
left derived functor of F'is given by A — F(IQrA) [2, Proposition 5.9, Remark
5.10]. In the same way right model approximations can be used to construct
right derived functors. A left model approximation [ : M = C : r induces
a natural left model approximation on the category of functors Fun(7,C), for
any small category I (see Theorem 6.5). A cofibrant replacement of this model
approximation is thus good for constructing the total left derived functor of
colimy : Fun(,C) — C. The same applies to right model approximations.

To make the approach of model approximations viable we need one more
thing. We need to show that a model approximation leads in a natural way
to an action of Spaces. The purpose of [2] was to introduce simple geometric
techniques to study hocolims and holims. In this paper we are going to illustrate
how to use these techniques further, which is what motivated us originally. We
did not want to just state and prove some properties of mapping spaces, but
more importantly we meant to explain an approach and provide coherent tools
to study them. This will be illustrated by proving the following theorem (see
Proposition 9.4 and 10.7):

Theorem. Assume that (C,W) admits a left model approzimation. The
functor ®; : Spaces x C — Ho(C) is homotopy invariant and, for any X € C,
—®; X : Ho(Spaces) — Ho(C) has a right adjoint map(X, —).

Assume that (C,W) admits both a left and a right model approximations.
Then, for any space K, the functor K ®;, — : Ho(C) — Ho(C) is left adjoint to
X — holimgcX.

As an application we prove a conjecture made by Hovey in [11, p. 119] about
the homotopy category of a monoidal model category. This has been proved
independently by Cisinski in his work on Grothendieck derivators, [3].

The plan of the article is as follows. Section 2 is a list of basic definitions and
notation. In particular we recall what an action of Spaces on a model category
is, and how to construct derived functors. The reader might skip this section
and refer to it when needed. In Section 3 we explain that, unlike arbitrary
categories, simplex categories behave well with respect to pull-backs. A brief
reminder about bounded functors appears then in Section 4. We introduce in
Section 5 a simplicial structure on bounded diagrams indexed by a barycentric
subdivision. In Section 6 we see how the geometry of the simplex category is
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reflected in the homotopy theory of bounded diagrams. The next three sections
form the core of the paper. Section 7 is basically devoted to prove an invariance
property for homotopy colimits of constant diagrams. In Section 8 we show that
very little is missing for the simplicial structure to be homotopy invariant; for
homotopically constant diagrams, it is so. We are finally ready to construct
mapping spaces in Section 9. The theory is dualized in Section 10. In the final
Section 11 we illustrate our approach by giving an answer to Hovey’s question.

2. NOTATION AND SET UP

2.1. Cat denotes the category of small categories and Spaces the category of
simplicial sets. A simplicial set is also called a space.

2.2. From Section 3 on, categories denoted by the symbols C and D are assumed
to contain all colimits and limits, compare with Quillen’s axiom (MCO0) [15].

2.3. A category with weak equivalences is a category C with a chosen collection
of morphisms W, called weak equivalences, which satisfies the “2 out of 3”
property and contains all isomorphisms. Elements in W are denoted by the
symbol —. The category C[W 1], if it exists, is called the homotopy category
and is denoted by Ho(C). By m¢ : C — Ho(C) we denote the localization
functor.

2.4. The category of all C-valued functors indexed by a small category I, with
natural transformations as morphisms, is denoted by Fun(/,C). The symbol
c¢X : I — C denotes the constant functor indexed by [ with value X € C.
If (C,WW) is a category with weak equivalences, then Fun(/,C) stands for a
category with weak equivalences given by the object-wise weak equivalences.
A functor F' : I — C is called homotopically constant if there is an object
X € C and a weak equivalence F' — ¢X in Fun(/,C).

2.5. Let I and J be small categories and f : I — J be a functor. The left and
right adjoints to f* : Fun(J, D) — Fun(I, D), F' — Fof, if they exist, are called
Kan extensions. They are denoted respectively by f* : Fun(I, D) — Fun(J, D)
and fr : Fun(/,D) — Fun(J,D). These functors can be described explicitly
in terms of the over-categories f | j and under-categories j | f [14, I1.6]:
(f*F)(j) = colimy; F and (fiF)(j) = limy s F.

2.6. The simplex category of a simplicial set K, denoted by the same letter in a
bold-face font K, is a category whose objects are simplices of K, or equivalently
maps of the form o : A[n] — K. The morphisms in K between o : A[n] — K
and 7 : Alm| — K are those maps f : Aln] — A[m]| for which 0 = 7f. Subject
to standard cosimplicial identities, the morphisms in K are generated by the
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face and degeneracy morphisms:

Si

Aln] 1] Aln +1] Aln]

N

K K

A map of spaces f : A — B induces a functor f : A — B. For any simplex
o € B, the functor f | 0 — A is a functor between simplex categories given
by the map of spaces lim(A[n] = B L A) — A. In particular, when f is the
identity, the functor B | ¢ — B is induced by the map o : A[n] — B

2.7. The functor Spaces — Cat, K — K, has a right adjoint and therefore
converts colimits in Spaces into colimits in Cat, see [13]. This functor also
takes pull-backs of spaces into pull-backs of categories. It does not however
preserve final objects and consequently neither products: the simplex category
of a point is the category of finite ordered sets A. For that reason we use
the symbol A X B to denote the simplex category of A x B. The product of
the simplex categories is denoted as usual by A x B. The natural inclusion
AXB — A x B is never an equivalence of categories, unless A or B is the
empty space.

2.8. N : Cat — Spaces denotes the nerve construction [2, Definition 6.3].
It has a left adjoint and thus it converts limits in Clat into limits in Spaces,
see [13].

2.9. The functor Spaces — Spaces, K — N(K), is called the barycentric sub-
division. It commutes with colimits since it is a left adjoint to the functor that
associates to a space L, the space whose n-simplices are morgpaces(N(A[n]), L),
2, 6.11], which is very similar to the so called Kan’s Ex construction, [12].

2.10. A functor f : I — J between small categories is called a weak equivalence
if N(f) is a weak equivalence in Spaces. A map of spaces f : A — B is a weak
equivalence if and only if the induced functor of simplex categories is a weak
equivalence. For any spaces A and B, the inclusion AX B — A x B is a weak
equivalence of categories.

2.11. A left action of Spaces on C is an enrichment of C over Spaces for which
the space of morphisms has a left adjoint in the first variable. A left action of
Spaces on C can be described explicitly as a functor ® : Spaces x C — C such
that:

(1) there are isomorphisms A[0] ® X = X natural in X;

(2) there are coherent isomorphisms (K x L) ® X =2 K ® (L ® X) natural

in K, L € Spaces and X € C (the explicit coherency diagrams can be
found in [11, Definition 4.1.6]);
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(3) for any X € C, — ® X : Spaces — C has a right adjoint map(X, —).

Note that if C is closed under taking colimits, then condition (3) can be
replaced by the requirement:

(3%) for any X € C, — ® X : Spaces — C commutes with arbitrary colimits.

Thus what we call in this paper a left action of the category Spaces is
a special case of what is called a left Spaces-module structure on C in [11,
Definition 4.1.6], namely one in which the tensor — @ X has a right adjoint.

2.12. An enriched functor between categories enriched over Spaces is called

simplicial. A simplicial functor between left actions on C and D can be de-

scribed explicitly as a functor ¢ : C — D together with a natural transformation

e K®o(X) — ¢(K ® X) which satisfies the following coherence conditions:

(1) the composition A[0] ® ¢(X) £ ¢(A[0] ® X) = ¢(X) is the natural
isomorphism given in 2.11(1);

(2) for any X € C and K, L € Spaces, the following diagram commutes,

where the indicated isomorphisms are induced by the coherent isomor-
phism in 2.11(2):

(K x L) ® 6(X) . 6((K x L) ® X)

l: i:

Ko (LedX) 2 Keo(loX)—=¢(Ko (L X))

2.13. A right action of Spaces on C is an enrichment of C over Spaces, where
the space of morphisms has a right adjoint in the second variable. A right action
of Spaces on C can be described explicitly as a functor hom : Spaces®” xC — C
such that:

(1d) there are isomorphisms X = hom(A[0], X') natural in X;

(2d) there are coherent isomorphism hom(K x L, X) = hom (K, hom(L, X))

natural in X € C and K, L € Spaces;

(3d) for any X € C, hom(—, X) : Spaces® — C has a left adjoint map(—, X).

Note that hom is a right action of Spaces on C if and only if hom? is a left
action of Spaces on CP.

A simplicial functor between right actions on C and D can be described
explicitly as a functor ¢ : C — D together with a natural transformation
gb(homC(K , Y)) — homp (K (X )) satisfying coherency conditions analogous
to those in 2.12.

2.14. A simplicial structure on C is an enrichment of C over Spaces where the
space of morphisms has a left adjoint in the first variable and a right adjoint
in the second variable. If such an enrichment has been fixed, C is called a
simplicial category.
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A simplicial structure can be described explicitly in two dual ways. As a left
action ® : Spaces x C — C which satisfies the extra condition:

(4) The functor K ® — : C — C has a right adjoint hom (K, —) for any K.

In this case the assignment K +— hom(K, X) can be extended to a functor
Spaces® — C which is the right adjoint to map(—, X). In particular hom
defines a right action of Spaces on C.

Dually a simplicial structure on C can also be described as a right action
hom(—, —) : Spaces® x C — C for which:

(4d) hom(K,—) : C — C has a left adjoint K ® —, for any space K.

2.15. If instead of Spaces we take the homotopy category Ho(Spaces) in the
above explicit descriptions of actions, then we get the notions of homotopy
(left /right) actions of Spaces on C and simplicial functors. A weak simplicial
structure on C is, by definition, a homotopy action. If such an action is fixed,
C is called a weak simplicial category.

2.16. If ® : Ho(Spaces) x C — C is a homotopy left action, then the set
of morphisms more(X,Y') can be identified with the set of connected compo-
nents momap(X,Y). It follows that a simplicial functor between homotopy
left actions on C and D induces a natural transformation map,(X,Y) —
mapp (qﬁ(X ), qb(Y)) which on the set of connected components coincides with ¢.
The same applies to simplicial functors of homotopy right actions.

2.17. Let (C,W) and (D, V) be categories with weak equivalences whose ho-
motopy categories exist. The total left derived functor of ® : C — D is the
left Kan extension [14] of m¢ : C — Ho(C) applied to the composition of ¢
and mp : D — Ho(D). Explicitly, it is a functor L® : C — Ho(D) with a
natural transformation L® — wp® which is terminal among natural transfor-
mations with the range mp® and whose domains are functors factoring through
7 : C — Ho(C).

A left replacement for ® : C — D is a functor ) : C — C and a natural
morphism X — X in C which is a weak equivalence such that 7p®Q) — 7p®P
is the total left derived functor of ®.

The total right derived functor of ® : C — D is the right Kan extension [14]
of m¢ : C — Ho(C) applied to the composition of 7p : D — Ho(D) and P.
A right replacement for ® is a functor R : C — C and a natural morphism
X — RX in C which is a weak equivalence such that 1p® — wp®PR is the
total right derived functor of ®.

2.18. We say that (C, W) can be left localized if, for any small category I, the
homotopy category of Fun(/,C) exists and the functor colim; : Fun(/,C) — C
has a left replacement. In particular the total left derived functor of colim;
exists and is denoted by hocolim; : Fun(/,C) — Ho(C). It is given by the
formula hocolim; F' = m¢(colimQF).
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We say that (C,W) can be right localized if, for any small category I, the
homotopy category of Fun(/,C) exists and the functor lim; : Fun(/,C) — C
has a right replacement. In particular the total right derived functor of lim;
exists and is denoted by holim; : Fun(/,C) — Ho(C).

2.19. Assume that (C, W) can be left localized. By the universal property, for
any F': J — Cand f: I — J, there is a morphism hocolim; f*F — hocolim ;F'
in Ho(C) natural with respect to f and F. This morphism can be described in
terms of left replacements (); and () of colim; and colim;. It is represented
by the following sequence of morphisms in C:

COliIIl[(Q]f*F) & COhIIl[(Q[f*QJF) — COhmI(f*QJF) - COhmJ(QJF)

In the case J is the category with one object and one morphism, this leads to
a functor:
®; : Cat x C — Ho(C) I ®; X :=hocolim;cX
Dually, when (C,W) can be right localized, by the universal property, for
any F': J — C and f : I — J, there is a morphism holim;F" — holim; f*F" in
Ho(C) natural with respect to f and F. In the case J is the category with one
object and one morphism, this leads to a functor:

rhom : Cat” x C — Ho(C) rhom(7, X) := holim;cX

2.20. Assume that (C,W) and (D, V) are categories that can be left localized.
Let I be a small category, F' : I — C be a functor, and Q¢ and Qp be left
replacements of colim; : Fun(/,C) — C and colim; : Fun(/,D) — D respec-
tively. If & : C — D is a functor that sends weak equivalences in C to weak
equivalences in D, then the following sequence of morphisms in D:

COhIIl[QDCI)F s COlim[QDq)QcF — COlim]q)QcF — @(COIimIQcF)

leads to a morphism hocolim;®F — ®(hocolim;F’) in Ho(D). This morphism
is natural in F' and does not depend on the choice of the left replacements Q)¢
and Qp.

Dually, let (C, W) and (D, V) be categories that can be right localized. As-
sume that ® : C — D sends weak equivalences in C to weak equivalences in D.
As in the case of hocolims, for any small category I and any functor F': [ — C,
there is a natural morphism ®(holim;F') — holim;®F in Ho(D).

3. SIMPLEX CATEGORIES

To understand actions of Spaces one can try to look at the problem locally
and study functors indexed by simplex categories (2.6). Such functors are
called representations of the indexing space. What is so special about simplex
categories that enables us to say something about their representations?

Simplex categories have one important advantage over arbitrary small cat-
egories of which we give now an elementary illustration. Let g : I — X be a
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functor of small categories and GG : I — C be a functor. Let us look for con-
ditions under which the operation G +— ¢*G commutes with the base change.
Explicitly, consider a pull-back of small categories:

gll lg
It x

For any j € J, there is a functor of over-categories g1 | j — ¢ | f(j). These
functors induce a natural transformation:

(97 /7 G)(j) = colimy, ;G — colimy ;G = (f"¢"G)(j)

We ask: when is this natural transformation an isomorphism? If G = ¢g*F, for
some F': X — C, this natural transformation is of the form:

9 g P =g "\'g'F — [*d*'g"F
We could then apply f* to it and ask: when is (fg1)*(fg1)*F — f*f*g*g*F an
isomorphism? In particular, when is the operation F +— f* f*¢*g¢* F' symmetric

with respect to f and g?
Let us look at two examples:

Example 3.1. First a negative case. Consider a pull-back of categories:

f

) ——1
gll ig
f
0—{0—1}
and a functor {A — B} : {0 — 1} — Spaces. It can be verified that:
"¢ {A— B} ={0 — B} and f*f{A— B} ={4% A}

In particular f*f*g*g*{A — B} = {0 — 0} does not coincide with the functor
g"g* f*f*{A — B} = {0 — A} in general.

Here is a positive case. Consider a pull-back of categories:

0 n 1

o I

0-T-{0-011}

and a functor {A — B «— C} : {0 — 01 « 1} — Spaces. In this case:
g {A—B—C}={0—C <}
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fFfr{A-=B—Cy={A% A
In particular:
ff 19" {A— B —Cy={0— 00}
g f{A—= B~ Ct={0— 00}
which agrees with (¢f1)*(g9f1)*{A — B < C}.

What is so special about the second example? It turns out that it is an
example of functors indexed by simplex categories. The reason this does not
work in general is the fact that arbitrary categories can have vastly different
over-categories. Simplex categories on the other hand look the same locally.
For any simplex o : A[n] — K, the functor from the over-category K | 0 — K
is isomorphic to the functor induced by the map o : A[n] — K. Thus, locally,
all simplex categories look like standard simplices.

Proposition 3.2. Let the following be a pull-back square of spaces:

P-4

n| f Jo

B——D

For any functor G : A — C, the natural transformation g,*f,*G — £*g*G is an
isomorphism. In particular, for any F : D — C, the natural transformations
gifg "t F — f*ghg* F and (fg))*(fg)*F — f*f*g*g*F are isomorphisms and
the operation F s fFf*ghg* F is symmetric with respect to f and g.

Proof. Note that for any simplex o : A[n| — B, the over-categories g; | o and
g | f(o) can be identified with the simplex category of the pull-back:

lim(A[n] % B & P)

Moreover the functor g; | 0 — g | f(o) is an isomorphism. O

4. BOUNDED FUNCTORS

Simplex categories have another advantage. There are a lot of geometric
constructions that can be performed on spaces. These constructions often
translate well to operations on representations. For example, fix a functor
H : I — Spaces. The simplex category of colim;H can be identified with the
colimit of H in the category of small categories. A covariant functor F' indexed
by colim;H consists of the following data:

(1) for every object i in I, a functor F; : H(i) — C;
(2) for every morphism « : ¢ — j in I, F; : H(i) — C should coincide with

the composition H(7) e H(y) e
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This decomposition yields an isomorphism colimeoim,aF" = colim;colimg ;) F;,
see [2, Proposition 8.2].

By applying the above procedure inductively, we can calculate colimits us-
ing the cell decomposition of the indexing space. Diagrams indexed by the
standard simplices A[n] play the role of fundamental building blocks in this
process. Unfortunately representations of A[n] are complicated. For example,
the simplex category of A[0] is equivalent to the category of finite ordered sets
and so its representations are cosimplicial and simplicial objects, depending
on variance. For that reason we need to make additional assumptions on the
functors considered. We restrict our attention to diagrams that reflect the ge-
ometry of the indexing space more directly. A functor F', indexed by a simplex
category A, is called bounded [2, Definition 10.1] if it assigns an isomorphism
to any morphism of the form s; : Ajn + 1] — A[n] in A.

If S denotes the set of all these degeneracy morphisms in A, then a bounded
functor is nothing else but a functor indexed by the localized category A[S™!].
Depending on the variance, the categories of bounded diagrams are denoted by
Fun’(A,C) and Fun’(A°?,C).

An important observation is that the degeneracy morphisms in A do not
form any essential loop. Any bounded functor is naturally isomorphic to a
functor that assigns identities to morphisms in S [2, Proposition 10.3]. This
can be therefore assumed about any considered bounded functor.

Example 4.1. The “triviality” of S does not imply that the localization functor
A — A[S7!] is a weak equivalence (see 2.10). Let:

A = colim(A[3]/A[]2] <& A[3,1] — A[3])

where 7 : A[3,1] — A[3]/A[2] is the composition of A[3,1] — A[3] and the
quotient map A[2] 4, 3] — A[3]/A[2]. Although A is contractible, the
category A[S™!] is not. The nerve N(A[S™!]) is weakly equivalent to S2.

Let A = A[n|/0A[n]. For n > 1, the category A[S™!] is equivalent to * —
(the category with two objects and one non-identity morphism).

It is clear that, for any map of spaces f : A — B, f* : Fun(B,C) — Fun(A,C)
takes bounded functors to bounded functors. The same is also true for the left

Kan extension f* : Fun(A,C) — Fun(B,C) [2, Theorem 33.1]. It follows that
the functors f* : Fun’(A,C) =2 Fun®(B,C) : f* form an adjoint pair.

5. SUBDIVISION

In this section we study bounded functors indexed by barycentric subdivi-
sions. Recall that the subdivision of A is given by the nerve N(A) of the
simplex category of a space A (see 2.9).

A map of spaces f : A — B is called reduced if it sends non-degenerate
simplices in A to non-degenerate simplices in B [2, Definition 12.9]. Reduced



12 WOJCIECH CHACHOLSKI AND JEROME SCHERER

maps can be characterized using a lifting test: the map f : A — B is reduced
if and only if in any commutative diagram of the form:

An+1— A

.| if

Aln] B

there is a lift, i.e. a morphism A[n] — A for which the resulting diagram with
five arrows commutes [2, Proposition 18.5]. It follows that a pull-back of a
reduced map is also reduced.

The subdivision operation has two crucial properties. First:

Proposition 5.1 (2, Example 12.10]). For any map of spaces f : A — B, the
induced map N(f): N(A) — N(B) is reduced. O

Second, the subdivision NV(A) contains enough combinatorial information to
induce a non-trivial simplicial structure on Fun’(N(A),C) (the non-triviality
follows from Corollary 8.6). Here is its description. Choose a space K. Denote
by m: N(KX A) — N(A) the subdivision of the projection py : K x A — A
onto the second factor. Define:

KQF :=nxtr*F
This construction is natural in F and K and hence defines a functor:
® : Spaces x Fun’(N(A),C) — Fun’(N(A),C)

Example 5.2. In general, we do not know any explicit formula describing
K®F in terms of the values of F. However if F'is a composition of G : A’ — C
and € : N(A) — A? ¢(o, — 01 — -+ — 0¢) := 0y, then K ® F is given by:

(an — Oy — - — 0'0) — H G(Un)

Kiop|

This formula should be compared with the simplicial structure introduced by
Quillen on simplicial objects in [15, II.1 Proposition 2]

Proposition 5.3. For any space A, the functor ® defines a simplicial structure
on Pun’(N(A),C) (see 2.14 and 2.11).

Proof. We need to check four conditions (see 2.14). It is clear that the nat-
ural morphism A[0] ® F' = id*id*F — F is an isomorphism and so the first
requirement is satisfied.
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Consider two spaces K and L and a pull-back square:

NKRLRA)Z -~ NLKEA)

NEKKXA)—= N(A)

According to Proposition 3.2, for any F': N(A) — C, the transformation:
(K X L) ® F = (WKﬁL)k(ﬂ'Kﬁ'L)*F — (WK)k(ﬂ'K)*(ﬂ'L)k(ﬂ'L)*F = K ® (L ® F)

is an isomorphism. Coherency of these isomorphisms follows directly from
coherency of products in Spaces, which proves the second requirement.

To prove condition (3), we need to show that, for a fixed F' € Fun’(N(A),C),
the functor — ® F commutes with arbitrary colimits. Let H : I — Spaces
be a functor. Observe that the map colim;(H x A) — (colim;H) x A is an
isomorphism of spaces and so is the map colim;N(HXA) — N ((colim/H)XA)
as the subdivision commutes with arbitrary colimits (see 2.9). Next, choose a
simplex ¢ : A[n] — N(A) and define:

P(i) = hm(A[n] 7 N(A) & N(H(i) K A)>

where 7; is the subdivision of the projection pry : H(i) x A — A. The colimit
of P can be identified with the pull-back:

colim; P 2 lim (A[n] % N(A) & N((colim/H) X A))

These isomorphisms yield the following identifications:

((colim/H) ® F) (o) = (m*7* F)(0) 2 colimeopm,p F =

= colimye colimp F' = colim;er ((m;)*(m;)*F) (o) = colim;(H ® F)(o)

Note that for a fixed K, the functor K ® — has a right adjoint as it is a
composition of two functors that admit right adjoints (here we use our general

assumption that C has all limits, see 2.2). This proves the fourth requirement.
O

Taking the subdivision in Proposition 5.3 is crucial. In a similar way one can
define a simplicial structure on Fun’(A,C) by K ® F := (pg)*(px)*F, where
pr : K x A — A is the projection onto the second factor. This however does
not give anything interesting as the structure obtained is trivial.

5.4. Naturality. How functorial is this simplicial structure on Fun®(N(A), C)?
Consider the following pull-back of spaces associated with a map f: A — B
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and a space K:
NKXKA) "= N(A)
N (idXf) l J{N(f)
N(KXB) > N(B)

where the horizontal maps are the subdivisions of the projections. For any
F € Fun’(N(B), C), there is a natural transformation:

K ® (N(f)*F) = " n*N(f)*F — N(£)*(m)"(m)*F = Nf)*"(K ® F)

which is an isomorphism by Proposition 3.2. Note that this isomorphism is
natural with respect to K and F. Together with this isomorphism the func-
tor N(f)* : Fun’(N(B),C) — Fun’(N(A),C) becomes a simplicial functor
(see 2.12).

For any G € Fun’(N(A),C), there is a natural transformation:

N@id X f)*7*G — (m)*N(f)*G

which is an isomorphism again by Proposition 3.2. We can apply (m1)* to it
and get a natural isomorphism:

N(H)*(K ® G) = N(f)*7*7*G = (m))*N(id K f)*7*G —

— ()" (m)*'N(£)*G = K @ (N(f)*G)
It is not difficult to see that this isomorphism is natural with respect to K
and G. The functor N(f)* : Fun’(N(A),C) — Fun’(N(B),C), together with
the inverse of this isomorphism, becomes a simplicial functor.
Let ¢ : C — D be a functor and K be a simplicial set. Consider the following
pull-back of spaces:

P,— > NKKA)

iw

Aln] —"— N(A)

By the universal property of the colimit construction, for any F' : N(A) — C,
there is a morphism in D:

(K @ (¢F))(0) = colimp, (pF'7) — ¢(colimp, F1) = ¢(K @ F)(0)

These morphisms form a natural transformation K ® (¢F) — ¢(K ® F') func-
torial with respect to K and F'. With this natural transformation, the functor
¢. : Fun’(N(A),C) — Fun’(N(A), D) becomes a simplicial functor.



REPRESENTATIONS OF SPACES 15

6. HOMOTOPY THEORY OF BOUNDED FUNCTORS

Simplex categories are also rather special from the homotopy point of view.

Theorem 6.1 ([2, Theorem 21.1]). Let M be a model category. The following
describes a model structure on Fun’(A, M):

e ¢: F — G is a weak equivalence (fibration) if, for any simplex o € A,
0o : F(0) — G(0) is a weak equivalence (fibration) in M;
o ¢: ' — G isan (acyclic) cofibration if, for any non-degenerate simplex
o : Aln] — A, the morphism:
colim(F(a) «— colimpap, F' — colim@A[n]G) — G(o)

is an (acyclic) cofibration in M. O

The description of (acyclic) cofibrations in Theorem 6.1 can be used by in-
duction on the cell attachment to show:

Proposition 6.2 ([2, Proposition 20.1]). If ¢ : F' — G is an (acyclic) cofibra-
tion in Fun®(A, M), then, for any subspace X C A, the morphism:

colim (colimXG & colimx F' — colima F’ ) — colimp G
is an (acyclic) cofibration in M. O
How functorial is this model structure?

Proposition 6.3. Let f: A — B be a map of Spaces.

(1) If ¢ is an (acyclic) cofibration in Fun®(A, M), then f*¢ is an (acyclic)
cofibration in Fun®(B, M) [2, Theorem 11.2.]. In particular colima¢ is
an (acyclic) cofibration in M.

(2) If f is reduced and ¢ is an (acyclic) cofibration in Fun®(B, M), then so
is £*¢ in Fun’(A, M).

(3) If ¢ is an (acyclic) cofibration in Fun®(N(B), M), then so is N(£)*¢ in
Fun’(N(A), M). O

The model structure given in Theorem 6.1 was introduced to study homotopy
invariance of the colimit operation. The motivation was to explain:

Theorem 6.4 ([2, Theorem 20.3, Corollary 21.4]). Let ¢ : F' — G be a natural
transformation in Funb(A,/\/l). If ¢ is a weak equivalence between cofibrant
objects, then so is colimp ¢. O

Theorem 6.4 implies that the functor colimy : Fun®(A, M) — M has a left
replacement (see 2.17) given by a cofibrant replacement @ in Fun’(A, M). In
particular its total left derived functor denoted by ocolimp : Fun®(A, M) —
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Ho(M) assigns to a bounded functor F' the object colima (QF) in M [2, Propo-
sition 14.2]. The functor ocolim coincides with hocolim g1y (the total left de-
rived functor of colimag—1j : Fun(A[S™!], M) — M). In general ocolimy is not
the restriction of the total left derived functor of colimp : Fun(A, M) — M.
To construct hocolim, an additional step is necessary: A needs to be subdi-
vided first. This works in general for diagrams indexed by any small category
I and with values in any category that admits a left model approximation.

Theorem 6.5 ([2, Theorem 11.3]). Let I be a small category, € : N(I) — I
the forgetful functor (i, — -+ — iy) — ig and | : M S C : r a left model
approximation. Then the following functors form a left model approzimation:

le" : Fun’(N(I), M) = Fun(I,C) : re*

Moreover, F s 1e*Q(re*F) is a left replacement for colim; : Fun(I,C) — C.
U

Corollary 6.6. If (C,W) admits a left model approzimation, then it can be left
localized (see 2.18). In particular the assignment (I, X) — hocolim;cX defines
a functor ®; : Cat x C — Ho(C).

Proof. According to Theorem 6.5, any functor F' : I — C can be functorial
modified to Q;F := l*Q(re*F) so that colim;Q;F represents hocolim;F in
Ho(C). O

For categories admitting left model approximations, homotopy colimits can
be characterized in an alternative way:

Corollary 6.7. If (C,W) admits a left model approzimation, then the functor
hocolim; : Ho(Fun(Z,C)) — Ho(C) is left adjoint to the constant diagram
functor ¢ : Ho(C) — Ho(Fun(Z,C)).

Proof. If M is a model category, then colimg : Fun’(K, M) — M preserves
(acyclic) cofibrations (Proposition 6.3). Thus by [7, Theorem 9.7], the total
derived functors of the adjoint functors colimgk : Fun®(K, M) = M : ¢ also
form an adjoint pair ocolimg : Ho(Fun®(K, M)) = Ho(M) : c.

Choose a left model approximation [ : M S C :r. Let FF: I — C be a
functor and Y an object in C. We have the following bijections between sets of
morphisms respectively in Ho(Fun(Z,C)), Ho(Fun’(N(), M)), Ho(M), and
Ho(C):

(a) (b) (c)
[F,cY] = [re"F,recY| = [re"F,erY] = [ocolimn(yre" F,rY] =

(c)
= [L(l)ocolimn(pyre” F, Y] = [hocolim;F, Y]

where (a) follows from the fact that le* : Fun’(N(I), M) = Fun(I,C
is a left model approximation (Theorem 6.5) and [2, Proposition 5.5], (

D re’

)
b) is a
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consequence of adjointness of ocolimy s and ¢, and the last bijection (c) follows
from the following Lemma 6.8. 0

Lemma 6.8. Ifl : M = C : r is a left model approximation, then the total
derived functors induce an adjoint pair L(l) : Ho(M) = Ho(C) : r.

Proof. The lemma is a consequence of two facts. First r : Ho(C) — Ho(M)
is a fully-faithful embedding [2, Proposition 5.5]. Second L(I)(rX) — X is an
isomorphism in Ho(C), for any X. 0

7. CONSTANT FUNCTORS

Assume that (C, W) admits a left model approximation. To understand how
this structure leads to an action of Spaces on C we are going to study properties
of homotopy colimits of constant functors. The fundamental observation is:

Proposition 7.1. If f : [ — J is a weak equivalence of small categories, then,
forany X €C, f, X : I ® X — J®; X is an isomorphism in Ho(C).

Corollary 7.2. If f : K — L is a weak equivalence of spaces, then, for any
Xel e X :K® X —L® X is an isomorphism in Ho(C). O

Corollary 7.2 implies that the functor (K, X) — hocolimgeX = K ®; X is
a composition of the localization Spaces x C — Ho(Spaces) x Ho(C) and a
functor which we denote by the same symbol:

®, : Ho(Spaces) x Ho(C) — Ho(C)

The aim of this paper is to understand to what extent ®; is a homotopy action.
We start by proving that it satisfies the first two requirements of 2.16 and will
show in Proposition 9.4 that property (3) holds as well.

Corollary 7.3.
(1) There are isomorphisms A[0]®, X = X in Ho(C) natural in X € Ho(C).
(2) There are coherent isomorphisms (KX L) ®; X 2 K ®; (L ®; X) in
Ho(C) natural in X € Ho(C) and K, L € Ho(Spaces).

Proof. Part (1) follows from Proposition 7.1 and the fact that the functor be-
tween the simplex category of A[0] and the category with only one object and
one morphism is a weak equivalence of categories.

Recall that KX L — K x L is a weak equivalence of categories. Thus by
Proposition 7.1, (KX L) ® X — (K x L) ® X is an isomorphism in Ho(C).
According to [2, Theorem 24.9] there is a further isomorphism in Ho(C):

(K x L) ® X = hocolimg «,cX = hocolimkhocolimp,cX = K ®; (L ®; X)

The coherency of these isomorphisms is straightforward. This concludes the
proof. 0
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Proof of 7.1. Since ¢ : N(I)* — I, (i, — -+ — 1g) + i, is terminal [2,
Theorem 29.1], the morphism hocolimy(yercX — hocolim;cX is an isomor-
phism in Ho(C) for any X € C. To prove the proposition it remains to
show that a weak equivalence of spaces f : K — L induces an isomorphism
fop X X :K? &y X — L°p X X in HO(C)

Let S be the collection of maps of spaces f : K — L such that, for any
category (C,W) admitting a left model approximation and for any X € C,
fP ®; X is an isomorphism in Ho(C). We claim that:

)

) Maps of the form A[n, k] — Aln| belong to S.

) S is closed under retracts.

) S is closed under arbitrary sums.

) If an inclusion f : K < L belongs to S, then, for any map K — A, so

does the inclusion A < colim(A «— K 4, L).

(6) If a sequence of inclusions K; < K;,1 (i > 0) belong to S, then so does
K1 — COlimi>0KZ‘.

(7) A one-sided inverse of an element in S belongs to S.

Note that properties (2)-(6) imply that any trivial cofibration of spaces belongs
to S. And since any weak equivalence can be factored as a trivial cofibration
followed by a left inverse of a trivial cofibration, the proposition clearly follows
from property (7). Let us thus prove the claim.

Property (1) is a consequence of [2, Corollary 29.2] and (2) is a particular
case of it. Property (3) is obvious and property (7) follows from a “two-out-
of-three argument”. Since the arguments for (4), (5), and (6) are basically the
same, we present the details of how to prove (5) only.

Set D to be the space colim(A «— K J, L) and fix a left model approximation
[: M =C:r. For an object X € C, choose a cofibrant replacement Q)X in
Fun’ (N (D), M) of the constant diagram crX. Consider next the following
push-out square of spaces:

N(EKr) < N

l |

N(A®) . N(D)

Note that all the maps in this diagram are reduced and the horizontal maps
are cofibrations. It follows that h*QX is cofibrant in Fun”(N(L), M) and
consequently the morphism colimpyker)QX — colimn(,er)QX is a cofibration
(Proposition 6.2). Moreover it is an acyclic cofibration as f is assumed to be
in S. This shows that colimn(aer)@X — colimnmper)y@X is also an acyclic
cofibration between cofibrant objects. The morphism [(colimnaer)@X) —
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[(colim(pery@X) is therefore a weak equivalence in C. Since it can be identified
with A? ®; X — D ®; X, the claim is proven. O

8. AN ALMOST SIMPLICIAL MODEL STRUCTURE

Let M be a model category and A be a space. The category Fun® (N(A), /\/l)
has both a model structure (Theorem 6.1) and a simplicial structure (Propo-
sition 5.3). How compatible are they? To what extent is it a simplicial model
category [15]?7 How related are the functors:

®y : Spaces x Fun”(N(A), M) — Ho(Fun’(N(A), M))
® : Spaces x Fun”(N(A), M) — Fun’(N(A), M)?

(
Example 8.1. Let us choose a simplex o : A[0] — N(A). By definition it is
given by an object in A, i.e., a map A[n] — A. Let F' € Fun” (N(A), Spaces)
be a cofibrant diagram such that F'(o) # (). Note that:

lim(A[0] & N(A) & NA[RA) = [ Al
mor(A[n],A[l])
Therefore (A[l] ® F)(o) = nfr*F = [nor(ap,apy £'(0) which is not weakly
equivalent to F'(o). It follows that the map A[l] — A[0] does not induce a
weak equivalence of functors A[l] @ F — A[0] ® F' = F.
Thus the operation — ® F' does not preserve weak equivalences, and conse-
quently Fun® (N(A), Spaces) is not a simplicial model category. Further, since

the functor — ®; F' preserves weak equivalences (see Corollary 7.2), the objects
A[l]® F and A[l] ®; F are not isomorphic in Ho(Fun’(N(A), Spaces)).

Despite this negative example, we are going to show that only half of Quillen’s
axiom (SM7) [15] does not hold for Fun’(N(A), M) to be a simplicial model
category. Moreover we are going to prove that, for homotopically constant and
cofibrant F' € Fun”(N(A), M), colimna)(K @ F) and ocolimna) (K ®; F) (see
the remark after Theorem 6.4) are isomorphic in Ho(M), although K ® F' and
K ®; F might fail to be so in Ho(Fun"(N(A), M)).

Let ¢ : F — G be a morphism in Funb(N(A),/\/l) and f: K — L be a map
of spaces. Define:

H:=cllm(LQF +— K®F — K®G)

Let ¢ : H - L ® G in Fun® (N(A),./\/l) be induced by f, ¢, and the universal
property of the colimit. The following proposition shows that half of Quillen’s
axiom (SMT) [15] holds for the simplicial structure introduced in Section 5.

f®F K®¢

Proposition 8.2. If f : K — L is an inclusion of spaces and ¢ : F — G an
(acyclic) cofibration in Fun”(N(A), M), then ¢ : H — L ® G is an (acyclic)
cofibration in Fun®(N(A), M).
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Proof. We need to show that, for a non-degenerate o : A[n] — N(A), the
morphism:

i : colim(H (o) «+ colimpapyH — colimpajn(L @ G)) — (L @ G)(0)

is an (acyclic) cofibration in M (Theorem 6.1). To identify both sides of this
morphism consider the following commutative diagram, where all the squares
are pull-backs:

OP ¢ P NKKXA)
]

Q) € Q NLXA)
L

OA[n] —— Aln] —Z—~ N(A)

All the vertical maps in this diagram are reduced, as they are pull-backs of
reduced maps (Proposition 5.1). Moreover, since dQ) — @ and P — @ are
inclusions, the map R := colim(0Q «— 0P — P) — (@ is a monomorphism.
The fact that p : @ — A[n] is reduced, implies that the only non-degenerate
simplices in @ \ 0@ are of dimension n and p sends them to the only non-
degenerate simplex of dimension n in Aln]. As o is non degenerate in N(A)
and (Q\R) C (Q\0Q), it follows that the composition op takes non-degenerate
simplices in @ \ R to non-degenerate simplices in N(A).

The spaces in this diagram can be used to make the following identifications:

colimpap (L ® F)) = colimpqF (L® F)(o) = colimgF
colimpafy) (L ® G) = colimpqG (L®G)(o) = colingG
colimpap, (K ® F) = colimppF (K® F)(o) = colimpF
colimpap (K ® G) = colimppG (K®G)(o) = colimpG

Thus the left hand side of the morphism ¢ coincides with the colimit of the
cube:

colimpp I colimp F
colimppG l colimp G
colimpq F’ colimq /"

—

COlimaQG
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Note that:
colim (colimaQF «— colimgp F' — colimp F’ ) = colimg F'

colim (colimaQG «— colimppG — coliran) = colimr GG

Thomason’s Theorem [2, Theorem 26.8] permits in general to decompose the
(ho)colimit over a Grothendieck construction into simpler (ho)colimits. In the
particular case of a cube as above, [2, Example 38.2] shows that the colimit
can be also expressed as a pushout (see also [8, Claim 2.8]):

colim(colimqF «+ colimg F' — colimgrG)

Moreover i can be identified with the morphism induced by the inclusion R C @)
and the natural transformation ¢ : F' — G-

colim(colimqF' «+— colimg F' < colimgG) — colimqG

We can now apply Proposition 6.2 to conclude that this morphism is an (acyclic)
cofibration in M. O

Although in general the operation K — K ® F' is not homotopy invariant
(Example 8.1), it behaves well on homotopically constant diagrams.

Proposition 8.3. Let F' € Funb(N(A),M) be homotopically constant (2.4)
and cofibrant. Then:

(1) For any a weak equivalence of spaces f : K — L, the induced morphism
colimy(a)(f ® F) : colimna) (K ® F) — colimn(a)(L ® F) is a weak
equivalence in M.

(2) There is an isomorphism colimna) (K ® F) = ocolimna)(K ®; F) in
Ho(M), for any space K.

Proof. Choose a weak equivalence ' — ¢X in Fun’(N(A), M). Let 7 be the
subdivision of the projection K x A — A and note that there is an isomorphism
colimN(A)(K ®F) colimnkxa)7*F'. Since 7 is reduced, the functor 7*F' is
cofibrant in Fun® (N(K X A),M). It follows that there is an isomorphism
colimnay (K ® F) =2 (KX A) ® X in Ho(M). By the same argument, the
morphism (fXA)®, X : (KKA)®, X — (LK A)®, X can be identified with
colimy(a)(f®F). Since fx Ais a weak equivalences, according to Corollary 7.2,
(fXA) ®; X is an isomorphism in Ho(M) and so colimna)(f ® F) is a weak
equivalence in M. This shows the first statement.

To prove the second statement note that we have a sequence of isomorphisms

in Ho(M):

(a) (b) (c)
COlimN(A)(K@)F)g(K&A)@ng (KXA)@ZX%J(AXK)®ng

(o)
= A (K® X) = ocolimya)(K ®; F)
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where (a) and (b) are isomorphism because of Corollary 7.2 and (c¢) is an iso-
morphism because of [2, Theorem 24.9). O

How do these properties of the operation ® in Fun® (N(A), ./\/l) translate to
the mapping spaces introduced in Proposition 5.37

Corollary 8.4. If ¢ is a weak equivalence between cofibrant objects and i is
a weak equivalence between fibrant objects in Fun® (N(A),/\/l), then map(¢, ¥)
1s a weak equivalence of spaces.

Proof. By standard K. Brown lemma type of arguments [7, Lemma 9.9], with-
out loss of generality, we can assume in addition that ¢ is an acyclic cofibration
and 1 is an acyclic fibration. In this case the corollary follows from Proposi-
tion 8.2 and the usual adjointness argument. U

The mapping space functor satisfies also the following duality property:

Proposition 8.5. If H € Funb(K,Funb(N(A),/\/l)) 15 a cofibrant functor
whose values are homotopically constant functors in Funb(N(A),M) and Z
is fibrant in M, then map(H,cZ) is fibrant in Fun®(K°, Spaces) [2, Section
31.3].

Proof. We need to show that, for a non-degenerate simplex o : An| — K,
map(H(0),cZ) — limgap)rmap(H,cZ) = map(colimpapnH,cZ) is a fibra-
tion of spaces. To do that one needs to construct certain lifts. By adjointness
this problem reduces to showing that, for a push-out square of the form:

Alk, 1] @ (colimgapH) — Alk,l] ® H(o)

. |

Alk] ® (colimpapm H) P(o)

Alk] ® H (o)

any natural transformation P — ¢Z factors through P — A[k] ® H(—). Since
cZ is a constant functor and Z is fibrant, it is enough to prove that the mor-
phism colimn(ayP — colimna) (A[k] ® H(0)) is an acyclic cofibration in M.
Cofibrancy is a consequence of Propositions 8.2 and 6.3.(1). Using Proposi-
tion 8.3, acyclicity would follow if colimn(aya is an acyclic cofibration in M.
Since H is cofibrant, the same is true for colimpap, I and so « is a cofibra-
tion by Proposition 8.2. This implies that colimna)c is also a cofibration. It
remains to show that colimna)a is a weak equivalence.

Note that, for any L, L ® H is cofibrant in Fun® (K, Funb(N(A),M)) (an-
other consequence of Proposition 8.2). The values of H are cofibrant and homo-
topically constant, we can therefore apply Proposition 8.3 to conclude that the
natural transformation colimna)(Alk, []@ H) — colimna)(A[k]|® H) is a weak
equivalence between cofibrant objects in Fun’(K, M) [2, Proposition 24.2].
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Consequently colimgcolimna)(A[k,l] ® H) — colimkcolimna)(A[k] @ H)
is a weak equivalence in M. As this last morphism can be identified with
colimy(a)c, the proposition is proven. 0

This implies that the connected components of certain mapping spaces co-
incide as expected with homotopy classes of morphisms.

Corollary 8.6. If Z s fibrant in M and F' is homotopically constant and
cofibrant in Funb(N(A),M), then map(F,cZ) is Kan. Moreover there is a
bijection, natural in F and Z, between the set of components momap(F,cZ)
and the set of morphism [F, cZ] in Ho(Fun®(N(A), M)).

Proof. The first part is a particular case of Proposition 8.5 when K = AJ0].
To prove the second part, we will show that the map which assigns to the
component of a morphism ¢ : F' — ¢Z in map(F, c¢Z) the homotopy class of ¢
in [F, cZ], is a bijection.

Since F' is cofibrant, the natural transformation JA[l] @ F — A[l] ® F,
induced by the inclusion 0A[1] < A[l], is a cofibration. Consider two natural
transformations ¢q : F' — ¢Z and ¢, : F' — c¢Z, choose a cylinder object H for
F, and consider the following commutative diagram:

DAl ® F #o 11 1 o7

id]_[idl \
F \A[l] ® F
H
We claim that there is a natural transformation A[l] ® F' — ¢Z which makes
the above diagram commutative if and only if there is a natural transformation
H — cZ with the same property. Since the target c¢Z is a constant functor
any such A[l] ® F' — cZ is induced by a morphism colimna)(A[l] ® F) — Z
in M. Note that, by Proposition 8.3 and Proposition 6.3(1), the morphisms
colimy(a)(A[l] ® F') — colimn(a)F' and colimnayH — colimy(a)F' are weak
equivalences. It follows that colimna)(A[l] ® F') — colimna)H is an acyclic
cofibration in M and our claim is proven, as Z is assumed to be fibrant. This

argument shows that ¢y and ¢, are left homotopic if and only if they are in
the same component of map(F,cZ). O

9. RESOLUTIONS AND MAPPING SPACES

A standard way of studying derived or homotopical properties of various
operations is by considering resolutions. This resolution principle is playing
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a significant role in our approach to mapping spaces too. In our setting it is
stated as a model approximation.

Proposition 9.1. Let M be a model category. If A is a contractible space,
then the pair of adjoint functors colim(a) : Fun® (N(A), /\/l) = M:cisaleft
model approzimation of M.

Proof. Conditions (1), (2), and (3) of Definition 1.1 are obviously satisfied.
Condition (4) is a consequence of Theorem 6.4. To prove (5) consider a weak
equivalence F — ¢X in Fun® (N(A), M) with a cofibrant domain. According
to Theorem 6.5, colimya)F is isomorphic to A®; X in Ho(M). Since A is con-
tractible, the functor from the simplex category of A to the category with only
one object and one morphism is a weak equivalence. Thus, by Proposition 7.1,
A ®; X — X is also an isomorphism in Ho(M) and so colimna)F — X is a
weak equivalence in M. O

Taking the subdivision of A is a crucial assumption in the statement of
Proposition 9.1. It is not true in general that if A is contractible, then the pair
of adjoint functors colima : Fun®(A, M) = M : ¢ forms a left model approxi-
mation. Take M to be Spaces and A to be the space defined in Example 4.1.
Consider a weak equivalence F' — c¢A[0] in Fun’(A, Spaces) with a cofibrant
domain. The space colima /' is weakly equivalent to hocolimag-1A[0] ~ S2,
which is not weakly contractible. Thus the requirement (5) of Definition 1.1 is
not satisfied.

How to construct mapping spaces in a category C that admits a left model
approximation? Here is the recipe:

e choose a left model approximation [ : M &= C : r;

e choose a contractible space A;

e choose a cofibrant replacement @ in Fun® (N(A), J\/l) and a fibrant re-
placement R in M;

define a functor map : C? x C — Spaces by the formula:

map(X,Y) := map(Qcr(X),cRr(Y))

where the mapping space on the right comes from the simplicial struc-
ture on Fun’(N(A), M) introduced in Proposition 5.3.

These mapping spaces have the following properties:

Proposition 9.2.

(1) For any X and Y in C, map(X,Y) is Kan.

(2) There is a bijection, natural in X and Y in C, between the set of con-
nected components momap(X,Y) and the set of morphism [X,Y] in
Ho(C).

B) If a : Xo — Xy and (B : Yy — Y1 are weak equivalences in C, then
map(a, #) : map(Xy, Yy) — map(Xy, Y1) is a weak equivalence of spaces.



REPRESENTATIONS OF SPACES 25

Proof. Statement (1) is a direct consequence of the first part of Corollary 8.6.

According to the second part of this corollary there is a natural bijection
between the set of connected components momap(X,Y) and the set of mor-
phism [cr(X), er(Y)] in Ho(Fun’(N(A), M)). Since A is contractible, Propo-
sition 9.1 implies that the pair lcolimn(a) : Fun® (N(A),M) = C : cr forms a
left model approximation of C. It follows that there is a bijection between the
set of morphisms [X,Y] in Ho(C) and [er(X),cr(Y)] in Ho(Fun’(N(A), M))
2, Proposition 5.5], which shows (2).

Statement (3) is a direct consequence of Corollary 8.4. O

Remark 9.3. Assume that, in the above recipe for constructing mapping
spaces, we chose a model category M which has a functorial cofibrant-fibrant
replacement. This induces in turn a functorial cofibrant-fibrant replacement
in Fun’(N(A), M). For any X in C define X to be this replacement for the
constant functor cr(X'). Such choice leads not only to a functor map(X,Y’) :=
map ()N( , }7), but also to a strictly associative composition

map(X,Y) x map(Y, Z) — map(X, Z)
which comes from the simplicial enrichment introduced in Proposition 5.3.
Part (3) of Proposition 9.2 implies that the mapping space functor induces
a functor on the level of homotopy categories, denoted by the same symbol:
map : Ho(C)”? x Ho(C) — Ho(Spaces)

How dependent is this functor on the choices we have made: the model
approximation [ : M 2: C : r, the contractible space A, and the cofibrant
and fibrant replacements? It can be characterized by the following universal
property:

Proposition 9.4. Let X € C. The functor map(X, —) : Ho(C) — Ho(Spaces)
is right adjoint to — ®; X : Ho(Spaces) — Ho(C). In particular it does not de-
pend on the choices of the model approzimation | : M =:C : r, the contractible
space A, and the cofibrant and fibrant replacements.

Proof. Consider the following sequence of adjoint functors:
—®QerX colimny(a) l

Fun® (N(A), M) M C

map(QcrX,—) c r

Spaces

According to Propositions 6.3, 8.2, and 8.3, the functor colimna)(— ® QcrX)
preserves cofibrations and acyclic cofibrations. Thus, by [7, Theorem 9.7], the
total derived functors also form adjoint pairs (see also Lemma 6.8):

L(colimy(a) (—®QcrX)) L(1)
Ho(Spaces) Ho(M) = Ho(C)

R(map(QcrX,c—)) T
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Note that the composition of L(colimna)(— ® QcrX)) and L(I) can be identi-
fied with K — (KX A) ®; X (see the proof of Proposition 8.3), and the com-
position of r and R(map(QecrX,c—)) with map(X, —) : Ho(C) — Ho(Spaces).
Since A is assumed to be contractible, the morphism (KK A)®, X — K®; X,
induced by the projection 7 : K x A — K, is an isomorphism in Ho(C) (Corol-

lary 7.2). O
Corollary 9.5. If (C,W) admits a left model approzimation, then the functor
®; : Ho(Spaces) x Ho(C) — Ho(C) is a homotopy left action (2.15). O

How natural is this homotopy left action? Let (C, W) and (D, V) admit left
model approximations and ® : C — D be a functor that sends weak equivalences
in C to weak equivalences in D. The universal property of the total left derived

functor hocolim; yields a morphism hocolim;®F — ®(hocolim;F") in Ho(D)
natural in F': [ — C (see 2.20). For X € C and K € Spaces, define:

K® ¢o(X)— d(K® X)
to be the morphism hocolimgc®(X) — ®(hocolimgcX) in Ho(D).

Corollary 9.6. Assume that (C,W) and (D,V) admit left model approxima-
tions and ® : C — D is a functor that sends weak equivalences in C to weak
equivalences in D. Then the induced functor ® : Ho(C) — Ho(D) together with
the morphisms K @, ®(X) — ®(K ®, X) is a simplicial functor (2.16). O

We prove finally the classical property relating mapping spaces out of a
homotopy colimit with the corresponding homotopy limit of mapping spaces,
see [1, XII Proposition 4.1] and [10, Theorem 19.4.4].

Proposition 9.7. Assume that (C,W) admits a left model approzimation.
Let Y € C and F : I — C be a functor. Then there is an isomorphism
map(hocolim;F,Y") = holimeemap(F, Z) in Ho(Spaces) natural in' Y and F.

Proof. Let us choose a left model approximation [ : M & C : r and a con-
tractible space A. Apply then Proposition 8.5 to a fibrant replacement Z € M
of 7Y and a cofibrant replacement H € Fun® (N(I ),Funb(N(A),/\/l)) of the

composition N(I) 5 I 5 ¢ s M S Fun®(N(A), M). O

10. RIGHT MODEL APPROXIMATIONS AND DUALITY

In this section we study categories admitting both a left and a right model
approximations. These structures lead to homotopy left and right actions.
How related are these actions?” We prove below in Theorem 10.7 that the cor-
responding simplicial structures on Ho(C) are isomorphic (and in particular
the mapping spaces induced by the homotopy left and right actions are isomor-
phic). We need first some dual statements to those we have proven so far for
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left model approximations. They can be restated by simply taking the opposite
categories.

10.1. One can define a simplicial structure on Fun® (N(A)Op , C) by identifying it
with Fun® (N(A), C"p) and applying Proposition 5.3. Explicitly, this simplicial
structure is given by a functor:

hom : Spaces® x Fun® (N(A)?,C) — Fun’ (N(A)?,C)

described as follows. Denote by m; : Fun’(N(KX A)?,C) — Fun’(N(A)”,C)
the right adjoint of 7* : Fun®(N(A),C) — Fun’(N(K X A),C), where as
before 7 : N(KX A) — N(A) stands for the subdivision of the projection onto
the second factor. Define then hom (K, F) := mpm*F.

10.2. Assume that (C, W) admits a right model approximation. Then it can
be right localized. For any small category I, holim; : Ho(Fun(Z,C)) — Ho(C)
is right adjoint to ¢ : Ho(C) — Ho(Fun(Z,C)). The assignment (I,X) —
holim;cX defines a functor rhom : Cat®” x C — Ho(C). This functor is ho-
motopy invariant: if f : I — J is a weak equivalence of small categories,
then rhom(f, X) is an isomorphism in Ho(C) for any X € C (compare with
Proposition 7.1).

10.3. If f : K — L is a weak equivalence of spaces, then the morphism
rhom(f, X) : rhom(L, X)) — rhom(K, X) is an isomorphism in Ho(C), for any
X € C. The functor rhom : Spaces® x C — Ho(C) is therefore a composition of
the localization Spaces® x C — Ho(Spaces)®? x Ho(C) and a functor denoted
by the same symbol rhom : Ho(Spaces)®? x Ho(C) — Ho(C). This functor is a
homotopy right action (2.16), i.e., it has the following properties, dual to those
in Corollary 7.3 and Proposition 9.4:

(1d) there are isomorphisms X — rhom(A[0], X) in Ho(C) natural in X;

(2d) there are coh. isomorphisms rhom(K X L, X) = rhom (K, rhom(L, X))
in Ho(C) natural in X € Ho(C) and K, L € Ho(Spaces)°?;

(3d) for any X € Ho(C), rhom(—, X) : Ho(Spaces)®” — Ho(C) has a left
adjoint map(—, X) : Ho(C) — Ho(Spaces).

10.4. Let (C,W) and (D,V) be categories that admit right model approxi-
mations and ® : C — D be a functor that sends weak equivalences in C to
weak equivalences in D. This and the universal property of holim, as a total
right derived functor, implies that, for any F' : [ — C, there is a morphism
®(holim;F') — holim;®F in Ho(D) natural in F' (see 2.20). For X € C and
K € Spaces, define @(rhom(K,X)) — rthom(K,®F) to be the morphism
®(holimgcX) — holimkge®X in Ho(D). In this way ¢ : Ho(C) — Ho(D)
together with the morphism @ (rhom(K, X)) — rhom(K, ®F) is a simplicial
functor.
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10.5. The functor map(—, X) : Ho(C) — Ho(Spaces)?, defined in 10.3, can be
rigidified as follows:

e choose a right model approximation [ : C &= M : r;

e choose a contractible space A;

e choose a fibrant replacement R in Fun® (N(A)””,M) and a cofibrant
replacement () in M,

e define a functor map : C? x C — Spaces by the formula:

map(X,Y) := map (CQZ(X), Rcr(Y))

where the mapping space on the right comes from the simplicial struc-

ture on Fun’(N(A)?, M).
The functor map : C? x C — Spaces, defined by the above procedure, is
homotopy invariant and its values are Kan spaces. The induced functor on the
level of homotopy categories is naturally isomorphic to the functor described
in 10.3 and therefore it does not depend on the choice of the right model
approximation [ : C &= M : r, the contractible space A, and the fibrant and
cofibrant replacements.

10.6. The mapping space into a homotopy limit satisfies a property analogous
to Proposition 9.7. Let Y € C and F' : I — C be a functor. Then there is an
isomorphism map(Y, holim; F') = holimymap(Z, F) in Ho(Spaces) natural in Y’
and F'.

We are now ready to compare the homotopy left and right actions arising
from left and right model approximations.

Theorem 10.7. Assume that (C,W) admits both a left and a right model
approzimations. Then, for any space K, the functor K®,;— : Ho(C) — Ho(C) is
left adjoint to rhom (K, —) : Ho(C) — Ho(C). The weak simplicial structures on
Ho(C) (2.15), induced by the homotopy actions @, and rhom, are isomorphic.
In particular the induced mapping spaces are also isomorphic.

Proof. According to Corollary 6.7, we have the following adjoint pairs:

c hocolimgk
Ho(C) Ho(Fun(K, C)) Ho(C)
holimg c
Since, by definition, hocolimkgecX = K ®; X and holimgcX = rhom(K, X) the
theorem is proven. 0

11. MONOIDAL MODEL CATEGORIES

Recall that a monoidal model category is a model category M together
with a “compatible” monoidal structure M ® M — M, see [11, Defini-
tion 4.2.6]. Hovey asks whether the homotopy category of such a monoidal
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model category always forms a central algebra over Ho(Spaces), i.e. if there
is a monoidal functor ¢ : Ho(Spaces) — Ho(M) and natural isomorphisms
t:i(K)®X — X ®i(K) satisfying certain coherence conditions introduced in
[11, Definition 4.1.10]. We show this is indeed so.

Proposition 11.1. Let M be a monoidal model category. Then the functor ®; :
Ho(Spaces) x Ho(M) — Ho(M) describes a central algebra over Ho(Spaces).

Proof. Let us denote by ®x : M x M — M the monoidal structure in M and
by S € M the unit. By definition, for any cofibrant X € M, the operations
X ®p — and — @ X preserve cofibrations. Consequently, for any such X, if
F € Fun®(A, M) is cofibrant, then so are the functors X @ F and F @ X.

Let F : I — M be a functor and QF € Fun’(N(I), M) be a cofibrant re-
placement of the composition of € : N(I) — I and F'. The above remark implies
that, for a cofibrant X, QF @ X and X ® QF are cofibrant replacements
of Fe®ay X and X ®aq Fe respectively. Since ® y commutes with colimits we
have isomorphisms in M:

colimy () (QF ®am X) = (colimnnQF) @ X
colimn(7) (X @y QF) = X @ (colimuyQF)

The corresponding isomorphisms in Ho(M) are easily seen to be natural in
F:I— M and X € Ho(M):

hocolim;(F @ X) = (hocolim; F') @ X
hocolim; (X @ F) =2 X @ (hocolim, F)
It is now straightforward to check that the following isomorphism ¢:

(K®;S) @m X = (hocolimgeS) @ X <— hocolimge(S @ X)

|

hocolimgcX

|

X ®M (K ®l S) = X ®M (hOCOlimKCS> <~ hOCOlil’IlKC(X ®M S)

satisfies the coherence conditions for Ho(M) to be central, where the monoidal
functor i is defined by i(K) = K ®; S. O
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