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(@) Given N € Madg, under what condehions 3 MeMod, sudh Hnat
N=MgB?
(b) Gien M B —M'g®, wnder what conditions 3 g:M-al’

qum of A-modulss st £= gae?
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M_odA . LA Mod R Con b sun ap
M S ol 0 Tonnolin realizahon
(on U
S~ e oblen Wt foer
(M®Aﬁ' PMB funchor —@AB




°(D_&£T‘I"~ c;? hishen  (effechive) doocait F Comg) ® %A\\y Sathul
(vexp- o equivalenco of Categpien).

tormal deocant rablem

When deen fg SOA\’S@ dwtart, (= answer 4o (B)) 7 Effective
docnt (= angwer o @ ap well)?

R @ sofshan ¢Fechive dveert = U Q) — Mod, ol the
assoviafed Tannotian ralizahon orblem, with  ossociaded
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A worod on o cafegory © consiste of
° an endofunchor T — €
o 0. nofural Honsformahon /u,-.CT T — T, and
o o notural hansformafion *w: Tdy — T
Such that
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A K=K and 6 —=Tde sudn that A ea=kaea
ond  eA=d .
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brevcice Lok Ll 226 R be an ad\’\unc’ﬂow. Show
that — (RL, ‘RzL)v_Q b o monad on 5 ond thal
(LR, L, &) & o eomonad on ¥, where

: ‘.EA@D —>RL and & L‘k—hTLAt are e unit
and counit of the adgmcho‘n.
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T T ) &t free Talgba on X

Show moreover Hood thee v an aclj wnchon
X = [TX M)

EHE WL, i’ MR -8

EXexc\'ge: Lok Q:A——DB be o n’ng [nm. Lot C]TS) AMDJUL Hﬂe)
monad  on Mod, associoted to The 08 {un chioy

P

@)1 g% Show that (Mod, )" = Mods .

Brergse: Show that e monad assoviated 4o (%Y » T

Bravcise: Lt \Kcn dangte the comonad on ﬂqr asociated 1o
(%) Show Hat K (Aw) = (TA, ),
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formal ducent preblu

When deew T sotisly dwcand. (= anawer 4o (bY)?
Effechive devwnt (S ovswer % (0) on well)?

(gvvll_:: Devcart ot ore. hiahly shuctured Yhon ojecis in ©
why we and Hoerefore, in rinciple, eaver o compute. ond classdy.
w0 Ay dieont fameodc o also well sutted o e sludy
o rigidity rololams.
Spnehimes we ued 4o work ob'&ed \Dj o‘g&q&

D" A catishas daocertt ot Y f
(anT = BXY) =

=BG [Can™, Can™) 0L

EX;GLC:_\'SC- An Object Y Y @ T-injeckive Wy Y=Y
admits o wetvachon o IY—=Y Tn porheulor,
(A ELY — A T-tnjechve, €9, A=7x!
Sow thot Y ‘l[-m‘ju%ve, = q gaj\('g%m dencant,
ot Y,

o long ao ¥, admifs lizers.
int Use the Joxle_gh'on s

B Car™, Can™) = EX PrCar)

Bercie: Chovactenize thoe A-modwles b whidh Ty
— Sofiche diant | when QA B w:

(W) 2 =1 (redudion mod &)

(9) R ==RIN for any Commwrative ing R
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Drercise: 1t b E—B he o0 ominuous map leg,

e e = ) Consde e osociae

codwert’ Dunchion o Trfe o b 4
(rolan et ol] | ot T and Ko be He assotioded monad and
eomonad . Show thot
"ol ;@_QF/BMK?
o Fliy) = Copfe) ™ objed can e Viawed an
FX—E + TREE =A% Sah'sjf\'va (oodde
conditon + rovmalizohion  aluing dofa!




B. {’h)mq\np(c dencerit

(zo0l: Develop descant and eodeewnt thaony i an "up -to - homotopy”
— Bem. A more elabocate version Han that ijrtd here,
m\/o\vmg A\ model (Laéregomb, hos oko oo d@veloped-

A) Model c@ﬁgor_@ ot Q\gdorag g COGW

Thaprern: [Schded: - Snipley, 20001 | gt oM, b o coflbranty
qpeiied model cadepry with sebs of and 1 of
Genonfing cofibrations and g&mm{\'ng acyclic
Cofloradions, respecdhiely. Lot “T be o monad on
M sudn that T commudes with Rltored colimite
Dt domans b F™(d) and F"‘%\ are, small

with respect, 4o FY) -l and T -colf,
respechvely, -~ and
0 U™ F)- el € WE,

ot M™ admits o cofbontty genemted modl
coteqory - sfuchre with sete F‘“?o@\ ond FTU}) of
qenerabing cofbradtions. Tn partioulay,

WE,« =) (WEL) and Fibye = (T (Rby),

whnee,
BT oM, — m® U"
B & Quitlen DOV
Renart- Hypothasis (1) can e veplaced by:
(1) every oka'ui o ¢ & Sbrant and overy T a\ge,bm Inad
o (ath o\o'éect.
Betore. ctofing the ewsiener freormm, for moddd categpry shuchue
on aajrcgomo ot Coalgebras, need another Cajrcg)vy- Heorehe notion.




Def" A cajrcgom G loaly prpedioble
)€ & small cocomplets,
)3 gt 5c0b? such that eveny object & the colimit
ot a &aﬁmm ot obgeks in Sy

i) every opedt tn S w small wrt Mor €
W) EY) ok et X, Yel.

D" A model eadegory - combinaonal & & b cofbranty
(Smith) %wmjrcé and locally @me,njmb\z

Exampley: o sSet 1ot edher Kan o Jogal moddl struchure
. d5ek
o W with {he drpective model uchure
Non- example * Top s Cohbrantly generaded oudt vt combingfonal

TRoposiion: [Adamel-Rodcid TF 2, » locally drentable and T w a
o monod on " sudt Hhat T preenves Rlbtered colimd,
o €% 1 alo loally praentable.

Corollory Undsr e hiypothases of -t Schwede -Shipley heorem,
F M w combinodonal, sp b M

What oot eatogoruo of ooa\@e,bmb'?

Obsarvahiony: 4) For ang comonad K. on o cateopy ¥, colimits
By are oreofea in Y. T particular, & € o
coomplete , 5o ® Uy (Dercise!)

D3Mee fie o gt odirt, i< sy 1o coloulode

it in By of disavams in the inage of F
RS Vv T




Uma: L Adma-Rosicky 3} Lat, I be o comonad on o well-

owered  leg, locally praertable) ca 13
% K (\)m&er\)ra) mon(gmowp‘n(sms, Jr\ﬂtgna WB“C S cmwpld’z.

Lamma: [Roer-Wells) Lot I be o comonad on a comiplets
(0 L TE K emmvudes With countolole inverse
limits”, Then ©e o complete

%WCD\\O\DMS corshuehion dual 4o () -all @ crucial 4o
awvin P eistence of woded C&k&orﬁ Sructure for
ca‘mgoéub o coa(gebmb.

D™ Lt & be 0 class of morghnisms [ o complde Oa\tgory &
T An - Rehitow wer e composition
% Yp, —> Y,
or o fower Y. : Y=Y, e o prcinal )y L2
e gs+\_§\(fb_) S \(2'&':;\(,1 _QLb\(D)

W\(\_O,V‘CJ JY\D‘( @\/Q‘(H (5(0\1 3 (Pﬁ*lzxﬂ)ﬂ —"’7X(5 € &, QV\A
’fiﬁ, Np —Xp  Sudhn Ahad

Y{yf\ T 1 X(sH
Qrpﬂ\\' T L l\;ﬁ*'
N 2o H e

I8 b b 0 imit ordinal, then Yp% Yo
Notadion: & Post 5" L X-Poshilov fouet
0 J\éé Mor €, = "l‘%= rebract - closure 0?“%-




Det": A Poseieon presertation_of o class G\AE Moc' @ o class
F sudn that d-a:(PDSJL& |

q@m LBayeh- H - Korpova- Codz el - Righl-Shiplay)

Lot M be o combinatonal modd Cajrcgow sucdh Hhat

F\'\om nWE‘M admets o Poshnikoy (\bmenjmﬁon Via

Q C Mor M. Lot W he o Comonad on oM such that
e Sitkred colimik and  monomorghisms

or  eowntable invese limits

T Uy (Pt ,?) C WE,, then My admids o

0 model cofeoon] shuchure With

WEME Wy (WEM\ ﬁmiu;(oom and
EbW‘flc OWEMmz (POS{&( )
In qovbioudar, Uy oy T2 M e o a Quillen i

Remarc on He ool Relies hantly on o vey recant vesult of
Muttal and Resicky on e exdsfenee of
LMt induced Lot Factonzation Ssiems.

Qorol\omt Lat M e o combinodonal modd Cajceﬁo with sets
T Land % of geerafing cofbrations . [t % be 0 tonad
lg\m‘llﬁ‘fwn on M audn that T (reeryed fitaed colimite and
ﬁ%m\a{d ronomorghisms o countalole inverse. limids . Lt
o cadgurt) 45 MU sahishy U™ (Rb,, WE)=Fost
0 FILY, FHH ol wrd, FEL- ol TROR -call e |
) ur (F‘"(}\-ULMEWE(M,, ond
1 QIL([M@ (rp%tﬁcn(?}\\ c WE(MJ)

tun 3 Qullen gouir - Wye: FA) 2 M*-Fa




Remarts: 4) Both SIT) and MT wmbinabhal)wljrh

WEQ[{\ - L(u\t"\-' ((uq}-l (W E(M)
ond
WEth =QL‘W\-'{WE(M\ -
2) TH-Shiplay ) Different condifions for epxistence chFL model
(o Shuchure on Wy relying on o sort of
I’S'\_O\tg?v’g“ Vﬁ

in M and o Slvodion o WE that i

obpropnafely. compahble with 1

txomple: Lat @ A—B be o moehism of non-nagodhively araded,
do, k~alggbod udn Hhat - @R wreverves oNOMOMBHEM)
k sort AR AL Proe .
£t (U2, upeae infechive Mape) | e.ay B 1 A-semifree ad
adeh0t o et TA-module Stnee - colimdt in Mod, and Medy,
e orofed i Chy | Tg= ¢*(- %) preerves all
colimrs, Moreovey, Oondgiom ) and (1) con easily
be s 1o hold (cf CSchwede-Shipley1). Tt vemains Hou
only o defermine conditions wnder which, condition
WY also holds. @
for oxample, i B w A-emifiee ona. gmclzcl f.-module
0% finte type , Then all limits - B(Tg)= B1g) ore
Creoted (1 Mody,, 50 argument. bared on #he
Mittag - Loffler condition shotig eosily that 3
Qurllin - poir
W B = Mod, .

DA Hqump\'c depcartt

flncefortin: oW & model calespry, T o monad o M gudn that,
3 diogram or Qhulln pairs
5 M Wit weal equivalence
o) Zr‘,\M% preated in dVI/m(W

——




Racoll /Do Lok M. e 0. moddd category . The simpliciol

Duer-tpr] calizafion of b w . Simplioial ennichnunt of
FEENS 0, denoled Mo, (1), Suda Fhot

Buullin poar

X i)X o BV
ek (X 206 ) X QDY'lﬁ Mog,, (X,Y) = Map, (XY
2 Map X RO

0 e (06 008 Mag (X0Y) = Holok) (X YD = DX YT
" Map,, DGY) W the decived Wopping spoce.

Ramort: The simglicial localizaon of & modd cafeapry alios
exists, nd there are many weolcly - eauuvalunt WONS oF
OOVISM\‘\% the derived Mapdg Gpo, ¢.3. ’og E’Duggvr]‘

i) M@;(X.Y) ‘-”Nema( <2J> \(\,(\C X cobbant.

(g

(Need o be alitHe careful glood

De§" e monod T sedishes ool dicand, - St —)
h o] n
Mag, DAY == Map? . (Can™, Car™Y )
XY dhlomat
Ruvorc: Tng simglicial map of derived mappin above. Qriges
fom te hunctor miEdn
(X =W =YY = (o™X — (W 2« (T Y)
where we W, Hhat Con™ 6 a Wt Quillen funchr fo

deduce that Can™ w coforant (50 that G opplied) and
that e Map om Can™ o Can™W 1 on acyclic Cohbrahon.

D" T moned T sofishio effechve omotpe dacent  f
Con™: M — T » o Quilln eguivalence.

Remart: T¢I sofishud effechive homotopie, deocent, Hhen 4 odoo
Sofichao homotopic duseert . Tndeed e
Can™ Quallen eq(w{vatmcz = (SX X = Prim® (Can‘“x\ﬁ Cofib.

Dayer- 1) w2’ 2




0 3 c\m%mm in et XY Difbant n M

Moo (X, Y) —> Mag™ (X, Prn™ Lear™)F )
' Tdm @Mz,u ﬂm/rm [r'\Dw\Jw—HJ

~, MWPB(‘M LCan"‘X,(Canq‘\()F),
Queshions: How 4o dderming when (ePechive) \r\omoivpl'c du cent
sahched © What dees 1t wiean?

Bavic observadions: T sofishin effective hpmofobic descent,
(\l%mﬂ LnoLon BN rvd(v\gx X =5 (Br\'mqr (CN\QTX)F \F X cofibrant
Q

M@pg « (Car®, €™

Sy R emolehion, & seme tobe
i e (Am§) (M) Rbact m D@ = Wt
equalod ) £ (AmE) — (N'&) EWEg Prim' £ € WE
‘Emh‘%oLbfm“jl /<:§6(A.m.s\ Can™ (Prm"(Am @) s (Am ) (Am,9)
ond v,

o XX tonbrant WL; & = ngicihy (pdo\am‘.
'F' X—-)X‘€WEM<=> CﬂnT'P € WE‘B(%)J
L4y T praeves and ok weolc eguivaling
3 lDb’fwco!l CORBFOI/\J( O'Q{ed’:: homae’rgg;: fa\'ﬂ\ﬁA[

Hatness
3) Thedoveant shectl sgquances - ol v i’md\ﬁ i hbgdmoiupc
[Blurrberg-Rich], TNos - Jonson) ‘W“\ g, i {@"\"‘h:‘ﬁ o ﬁz "
DNt} - oy velated ok 218 MR LR = Mg Cn

Need wiore shuchure. on W 4o do comw(-aﬁgnb...

Def™ A gmplead model eatespy consiste gf an 83t ~eanichd
sl cafegory o that o towored and cotersored over sSet
O, Sudh That e underlyig (ordenany) codegqory oty w
“Te) endpud with o modd eofeopy stuchue | compatidle wit

te ennchwent n Yo serve Hoat

SMB U AX, @ EB = (9 Mip (X, E) —>Map (AE)x Mo it

knn h‘ A -P‘:




Rivic: T§ M 1 o simplicial wode| catespry, T
Mag (X, 1 = Map (X, (7 ¥ X, YeObE

Def Lot M e a imglicial modsl calrcgog ~“The Aotalization
— funclor

C(Olieeé thj (YUIZ C/VUA —> M
O
o Mﬁ% ® defived on objece by

o\ n (AT S g \ATn
Tt (X7 = eguol ( 1[00( \ __—»{MX ) )
K_ej papertied + 4) X Rady foat = Tt X Sbrant in (/Wz.-
0) Tot (e X) S X ¥ Xe O (Exevoice ')
Voof b%on 2= ) X ’—:3 Y o ‘exdenal' SDR in MP

MM\M R X Tt

‘Ofl 5,’\9 Mayer

The. ducent SS associoked 4o o onad T o o special care of

the following +ype of 85
Der" [Bousfuld- Kol gt \Y* de o Reedy Hlovort cosimplicial
simplicial object. “The extonded Fomotopy S5 osocioded
b Y o (BKSD
Ei‘t = 9 Cr[t\(. \{t2520 K/(;osfimpll’a’a{ abelian

o)
[in qarkiedor < t205 5 = B (N, (mer)) )
and abuds o (Subtl CONWIOU. (Sued )

Tt ).

Tne (sinngicial %\'W\p\(c{a\ et 1o which we oply Tre BISS
construchion w dahved an bllows for any monad on
0. simplicial model - catespry M.

Qe oM sienplicad model cat 2 B (1) simplicial 1n Gereral ( wensoning iouas)



Tef" | ot YeOb M. The Teobar conruchion on Y,
T Q. Ye ME i defined by yrey
° TY AN (4*_«1_) 3
QY= (L= TYEETY )
¢ q"-n\;
(Everciee: Chace Yot toe co%imp\\'aa( dentbas fold!)
Ramork: 3 W oY — QzY fYedt,
TE Y=UTY;m), Hhen o e info an exomal DR,
N 5 .
e Z== Qa¥ d b
and S0 Y Dot Q. Also, 3 external SR 1 Y™
e FY = EN QLY Y,
;[-W dakva, %T the T dunant & o FfY« %t(F“‘YAQJtY i (u‘IY simpl
o £1X —Y e M, where X cohbrant

o 4 Qg S Q(‘ whee ¥ & Ruedy St and lovelwoiee
ql'-l’vgechv&.

A\\D&gs levelwose. \‘Q_W T fwf T ¢ Prederved &Lgd\'c
q[-l‘nJ'ec’r\'ve. wﬂ'bm‘n'om, Hon O i e Ob il

Def™ Mo T-dscant spechal oL ot o e BESS of

——

.

H}Ce cosimglicial simpliciol get Mazpdw(X, V) , dointed
or 4mecct.
: Notadon: qu

iwjrc@m’raﬁon E L/l/%\'h% Qn ‘Wﬂ'vgec’ﬁ\ie tfn
Bl Map, (% 99 = Moy, (1, (i)

Ueing ik of wa & Mm\)e‘ (Canq[)(, Con™
0C winge X coby b Vi o)

So (EL)t = @, Maph o (Car™, CanT V2 YY)

B <>

)
\)



Lst's analyze the favet component , assuming Ty simplicial
i G — L™ Dy — (a0 SMP
b a s mp licial wigec’we, reoluhion, {.¢,

o Can™™ Y 1) (Ruég %bmrrk and leelwiz, in Jechve et 1o the
monod associaked o BN = M with
uncler\j(v\fg Aunchoy W
LA\YY\ %\ > (CYA> Mea, %A)
© Ypr Can" Y = FTY =Tk EFLQ;Y = Tob (L aCan ) QY
ang Under rawnoble hypotfuses €2 24,Y Aot ard T pregered
mlg CU‘V{W\ Qq\:Y — K‘Up (’.an“\ \l\). ‘;\b\rovﬁ Obdﬂch an&
wa betwen Howarts

lt‘f

So inder 3ood conditions
£y ~> ‘l‘otﬂ:('\a\? !

LE£ \St Ext g‘t (Can Y, Con"Y).

BM] Un
3{,‘%“‘? A (“\CQQWDM

= Y
(Ef)w ot Map,, (X, 9= Mapy, (X, Tot ") =My (1P )]

_._—-——~

Tot ¥ can be s @ a. T-omplebion of Y 1n He
?ol\owmg cense,, which doesnt reguire, Hiag full shmg‘rh oF simplicial

ad-cgoruo

o A mo‘np‘msm PX=N M oo T eg(«uvalanw i
Map (Y, | (Am)) == Mapm ¥, YT (A ,mﬂ
for all (Am] €MT guch that (A) fbrand (ce, A fbant in M

Examge Lot §X—=Y e whwe XY coflormnt. Pove fhat

TreWey = £ a Tequivalinw ond Hhat
Ho convace tolds ChE— M -0 srrsticiad model cateaory.

tyg



o An OBA'ccfc Z indl o gd- com@lztz i
X —Y C\Pag(uu'\l(l\m& = % Moy (Y, 2 > Mg (112

Frereice Snow that -
) (Amemt = A T-complele
W dadt of 2,7 T-complite = W - complete
NENERNEE every ‘\[—(n’dec,ﬁve o\o'éad ) qr—wmpu*m
V) 22 wealy eguivalent, =

2 9 omple & 2 - eomplate

Lg_mmat FeM?P ”szég Sbroant sudh Yot 2" ¢ complitz fn
= Tt 2° > T-wmplet
Hore wo assume that ol w o simplicial moded cateapry.

Trn, wndae our ypothosses | Tot ¥ © indeed T oomplate.
Notathon: Yq,;: - Tt
Conclusion: The - dxant S ok £ olouts o

undor reanondble eondihiono

e
My Mdev], (X,\(%\ = MQP(M (X ,(Pﬁm-“ (Can“\(\{:) .

Do the T deent & can be s ap “interoloding bacoards'
fom e hrgefc of Mo{P‘" (X,Y) — Mazp’A (Can™, Can'Y)
b ths sowrcy  IH's Hurhort o fpol P

for treasuing deviahion fom sofistying homafbic daent

Eﬂn@l@: \ot QA>3 0 monoid morhigm 1 a
mondidal Model cate&ovj Qudh thad, D)
odivids o model eategpry stucture of the sort
shudied nbave.

Thun Q,}g\\/\ (s the well-tnowa Amitgue comples
T¢ Qg M 0 Raedy forant, 5o that we moy cronee



complefion of M along T (cf. eq., [Carlsond).

Tre T - dencont S looks fite:
e
Bt g LM ), (NG, )
= M M, NG )
s %MQAA( ﬂ\

S\)ec(a\ COKES - ) : T—PB = Mamg-&yPg S

by AT 5 Quillen-lhomoldgy SS
AW
©
Bt (Mgl Ne@) =, Mag (M, NG )
A \ /' — A
I indecorngosaloled

Remores: ) One shoud e alole extract an “dostruchon thaory & la
Bowshdd, for measuing obstruchions 1o \‘Ca[(%iﬂﬂ a qualj
o 0 hee T-nlgebro. ond o vealizing o morhism
bthwan free q- &\3&3‘@0 & an elevuent of Tm F")rqcmm
e T depeant K

9)3 dual Hheony of homotobic eodecent and o osstciokd
K. Applied Fothe Gaven comonad, one should be
able 1o e this madn(mq 1o iju&j Osz\(( moahond 1o
|- (L&%ﬁowj.

Example. Lot pRB —>B be a Lan hbrafion in s8¢t | whee BB #.
Consider b, -S> pp E S5 0% The canonical codecent
datum assovioted do X BB 5 Gt (11— BB | hure GB= Hhe

Con loop gp on B The associole eomonad I, sofishin homohpic

codincont: Mgy (F.4) = Mo,y [hgoble], Wbl g Kon b



i HDmo’mp\'c H‘D@O - Galots exttangions [monorc\ orphismp Sahskgina

ngmotpic Grothendiede dencant
A Classical HupF Galoie axtensions [Chnae - Swedler 3, Tlreivier - Totouda)

Haﬁ -Galog datan (Duahan‘\ng N nohon of & Galbis exdension .

°’§<. Comnutahive ning Nofohion: @A—’BQH

- H - @ tfé-’oia\gebm T

o A - a&-a\ﬁelcm with Avivial H- coachon

o B - an H-comodule algebra with coaction p:® — Belt
o @ A —B-a morphism of H-comodule algdoran

Associahed omomortdismg

o CWIL Ga[OlA Map
Be P JLeH
(B®A% 2 %@ABM > ’E)@H

Cg
o (T corvichon map

A LB Bnf - [her|plo) - basy

Def @ A—B2" 0 o Hoof-Galow exdersion if
g and (g are toth Omorhems.

Example - 4) Lat G be 0. hinite Qo G < M&(E\ for some,
Morfpmeny) —— freld extersion RC B Leb F=EY
Tun: FoE w o G- Galow extension
& Fo b w o k- Foit- Galow exicnsion,
whore. \(fc": HDM& N{fﬁl, &i)



N Lk v XxG—>YX be an achon of a fnte QoUp 0N 4
finte set. Lt =Yg = the <t of G-orbits, and let
g N Y Aot Hhe %UWV\J[ mob.

Congidur:  YxG A% >XXALX G 25 XEX
o«\X"YXXG = XX
it fe be o fld . Lt §6 be defined an akove, while,

! =AS§L (Xofe) | ¥ = Set (X&), endowed ot dyointwise
Fand -

TRl
= W-Galo@n bt & K

B(ﬂ\(d&('- i a \Q{G_ Ho‘:‘f Galod extension
N S JD\'A'QJ\' oVl

& the ahon ¥ ® e

(Show Hnat Ps =¥ )

3) Let H be a fe-biolgdom, sen an an t-comodule. algebra,
over el Consider g=y-fe=H
Thun: Ly clearly on o
HoH 225, HpheH 1o, HeH ~ o Itf
\_// H <o

g HUPF alge,bva

More gemm(\g i Hra an‘? algdoa, Hhen
Agy, - A = Aet!
W an H‘HDP'(:-GG\\U\D exdenoion , of normal basis erpc.



Why alacorasts core abad HG- exdensions

> Gevwralizafion of Galots fhuory
> Foufichully Flot HG-exdensions over coodinacty ving of o offine.
goup sthuve, cormepond o G-prinapal fiber bundles

> Can Sﬂ@y Hngs? Mﬁd}!ﬂb & Y asseciaded HG: exdensaon.
Why frometopy theorisk might_care somawiat od hoc

1"
[Rogrus] The ot m S—= MU W o homotobie HG-exd:
< Ovey S[”\Sma? \%de w NOT o \nomoht:\g Gabw

extnson foc any qoup G

B Homatonic HG: exdensions
A) Co-nings and Hev comodulen

[ et (4,0,T) be & monoidal Cocedory
T (A./u,y)\ B o onoid A, Fhen (AM@A B A
alko a monoidal cajrrﬂor_\] |

Def" A A-coving (> 00 comonoid in , Mody | ie, (V,6€)
where: o\ i an A-bimodule,
o oV —=N@N 4+ coossociafivity and
o ¢ —A counitalily.

D" ek (8,8) De o V-co-ving. A tght) \-comodunle
consists of  (M,p) where Me Mod, and

such that (M@Aﬁ\p#p@A\})P) (M@e)p= Tdyy -

NOHW' :’\f\/——- oF nait \/- Am[w
anon c;%%tgmdﬂ ngftt \J-comp




(Rﬁm(t:°A=$ = Mod, =" and ant A-o-ning b it o

comonod N\
o V:A =) NA < I\A_O_AA

Ky

Il
Romork: T£ (V,$,8) @ an A-co-ring, Hun (-oV 80 -8.¢)

b 0 Comonad
Dvportant_ adjunchons
> The foageth Joofiee. - adjunchon

U Kv

\V
(Speoiai cone of fhe 0\&, é-i'—j MO_AA
ozi\’xu,nc{‘{Oh b?lOl,O]‘FD\f 852.) + QAV N F
Iy

on Moda, vo can ogply  [BHECRS) hm
0 gt wotel ol ghnuciure.

Renc: Herceforth consider
only co-nings Vst

-B,\/ presuved monrs,
50 that Ay complite.

> for every 0 (Vi§e) — (V'6)¢) rorphism of Coinags,

3 "reptachon of ceHficients' odjunehon —(E.q. conmgrmented
v S AR R Ah—-vv
_ LERY
AR LARRERR B S Rt
where, (M, p) € Ob A", i -t comvagfﬁiigb
> I N Y
M%\,\I :e,%,\a\(Mé%\/ 3 M@A\/ @A\/)

Mg 1550)8

‘CDWUQ\MLCA N "VX |
formotopy theory

S\k\d\)l& now that (cM/\@?, RRTY monoidal podel cajrcgog ] which
(b combingorial and such Hhat ey obied in dt i mal

relodive o Mor M-

Lot A be & monoid in M, and leb \J ke an o g Such fhot

. ®A\/ QPreperved oNos.

Lot 1 dencte the gt of g&mm’rmﬁ (kcyc\\'(, cohbahiond of M.



TE (feh)- CQM&»WE‘ Hen by Ajr‘nﬁ Sehuoeds- Shicley fharem
1 Quutllen (\o\\y M :%r_j MOAA
e emply all o \t)cd—h RbM—DéAz u-‘(%\MEI\A_M; W (WEMB
\_wﬁgé %MLAA: (‘*@@A}‘Cﬂ.\\ .

U 3% Chb,, Wy, st by, OWE - e by
e WKERS Hctm: P S

W B, JEWE =2 Quilln pare WAL = Mody -8y

)
OV 7 sk . [,
C'Dj;”\f‘;x = [%Bép)
‘ﬁbN\'/\ (\WEVV\A:(PO&\,%%\/ .

Rarvark: Henerhorth e aloays osvume () olds foe A, and e

considir only Co-angy v which () holds
Notw that iF (k) holds o VW, Hrwn any worpis
of -ringy g V=W gives e o GQuill aur

8x 5

a\fAV “ dAe vy ()

W Nx
T porficudor, 3 Qullen owe Modye— \j'\/"AV
¥ Ooaugwmvxjrcﬂ congs V. "

Dample: M=Chg®, A any dg k-aladorv, V an A-coning tats
sni-frg, an o \eft “A-moduke on w deneraiing gmdzd
fe-moduke of finte types

o e duied wodel cat Suchure on (/VI/X.




2) tomotopty the HG -Aramewort
C\—\!’LQ o\aJm\ gg'. A——”BQH

o H i o bionoid with comulticlication A -1 —HeH

o A b o monoid, s 0w an Hegomodule (it Anvial
conchon A A2 hel]

o B (b an H-comodule monod woith cpochion P'-%—-“B@H,
which b 0 wonoid ohism)

o A —B w a moism of H-covodule mnoids

Hhat sahshes the monoid axiom:

Wﬂ_‘ Conhnuahion of JY\NUPIE\I 10US %mpla 1

Racall: LM GN) whare C dg coola, M gt Ccomod, N

T vewcsN fE C- comodule
Lot H be Mg opf algdom,, ond et E be & right H-comodle
algebo.

Rropesiton : (1 -Levid T mutplicadion on E extends naturally
b QE WK and o QUEHH) so that the
e inclusion  QUE k) > QUEHH) »

Ul

HG- ddan ﬁié"}m ESQHBH
- o homotopic normal bosis exctangion
Associofed co-rings.

> The canonical lov dayart (o-nhg, ch: LIB@A%’ gﬂ’ ‘6‘?\

- olreody seon in very figk
\echure.
> The vawc o-ng WP: (Bot, Boa, Bes,), with B-achos

Bo Wp Ms®H, pell
WP®% WP@P) Wp&?B@H E) 'B®2®H®9'

ang MeBMH

> BoH.




* T thg'Ga\Olb MG ’B@)AB £8 ;B)w}—\
rlh;\P\ :B%Bwl'\ /'“B@‘”

B movphiem of B -co-nng. (Bervie!)
Tihoducing homotopy
Heneforth ossume grA-8, 1 o such that 3 Guillen poics
(/V]/Mg? @-"—‘——3 ]\@_CI_B< = 5 gﬁ

ond

Mon " = Mon

wet 1o Modd ;kgo(\_} sruchured of Hhe e diooused

Ox‘OO\IQ- |
C()HSQI%M Hy 3 Quullen /\)OU\T MDYI%VH> M nH
N «—— Np .

Def A model foe e nomotopy coinanank of a H-comed
onoia (BI P\ o ( LB,Q)’C)COH b some fibrant
plocemert of (Bp) i Mo Notn: (80"

5_@‘(“1){@1 lot) QUEHH) b a funchonal hyant replacgmunt
or E A\g“ (cF. [H-Sh\'«p\pj]\.
COHSQWHHS, Fheot - QUEH; ).
Vet e homomp\j coredtnchon  map

o eo] o H f CDH
A=(A) a3 —7@3)




Puthing it all Aoseter
" @ A—BH » nomotoic H—W;g%m oxdension if

X W
% 2 My and M A Mad,
- OWg A L ¥ -
Wp \
ave. Quuillen eviahmcw

Brample: lont) @ QUE Hik) — (€1, H

*Sine QEHE) & hbant in Ag? | con ke
QU = Qe HHI™ > QEME) Ce,
(q &b 0N Womorphem.

o Qe H o 1 LA o 0l et

S0 @ w even o stk H- HG- exkerSion and two o
howotopic. HG- exdngion since QEHH) © fbvart in Alg
Exomple: et H e o simdlicial monoid, swn an a gimplicial
bimonoid via the diagonal oy, A 2
Lt A be o simplicial monoid an
[t B be o Albyant H-comodule monoid, te, o aimplicial
(eddeat  monoid endowed with o simplicial hm B - B Ahad
S poper. 1D ol o ¥an hbradion.

s‘m g«@% Lt ¢ A—>B be o Smplical hm st pgiarze YaeA

ool 4 gy, Qi o homoope H-HA- oxdension FF A b ),
e, (9 D Q ePrino\'pa\ foraion.
Rornor: T6 M= b B i ¥t A-semifiee. of finite fue , and
T R0 degremoiee fefree of it e, ton the desired modd
w{tﬁovy Shuchwed exist on Alg” - MeS and cM/gP, RN
We, Wp are thun b B-semifree of finde fype

5



Propechis o homotopic HG-exkensiond Do)

ENVIRPTIEY FPronerhio analogous 4 thoe. droved b
‘{ramewrt. M = %Iﬁ (g\\?%mo J;DV Eg(p\’c (alois megt?\\é&hé)wiﬁ )
“Theorem |t g A —3BQ)H?= A— A" be morphisms of

commuctatve dg fe.- olgebrws such that B

and A are Lﬂét A-semifiee. of finite type .

T the qushout d&mgmm

A —> A
(?\[ r @

Conversely -

Treorem: Under the ssme. hynotrases oo aloove 1§ A' s
TCa\'JMu“y Fot ower A, then
@ hDMU\‘op\C H-HG =d \nomo’m\)\'c H-HG.

Currently 1n Drogress - one dirchion of o Horf - Golots coneapondic

"4 g A1 pic HG- exdension
= { quotierts of # = subextengons of ¢)-

Ronle: Under oppropriate connedwity /nilpotency and finite -type
condifions, any morphism of commudaltve dg algebra can
be replaud up o guasi-morphigm by o semifiee extension
of He Ty veguired i the freoems above: So up fo hamotipy
the semtveeness Pypotiesie is et o real constraint



T tom Grothendede o Hoof and Galow via Kosul

Goal: o undurstand e BIG PETURE relofing omotoiic Grothundied
deocant 1o homotopic Hopf- Galo extmsions, ot \wast for
M= Che” | Though The reoults ghated hwre almoct arfamly

hold more. gerarally
Rk we ved one more nofion E\m&ng a\gdomb ond coa\gdarab.
M. Genoralized Koszd dualiy
Matvation:

Lt Aond C be o dg fe-oladom and o d fe-conlgelornt repectiely.
A WLW\'s’h'n\c) &odnwmfs qcrbmg Ch A n oxgk(é-\\'maé mo‘pm

_\;: C/a\( ] A*'d
of doree -4 Sudn Hhat detttde = o ltet)a
ey property. Aly (¢, A5 ToleA) 5 Conlg Le, s
dy &= t e 4

“Theorm [Lefeue TF +:C—A & o fwishing codnaun Such Hhed
oy leguv. G v o guiowi-tsdmorhisin, then
3 Quillen e(g\uiva(aﬂw
o A ME My —a,C (1)
T qorticular, & A o Kosal ond C b s
Cosznl dual, Hen 3 Quiln eguivalence (1)
browmple: Univeenl exomaplio: M =t | M =M

Do A coa\g}ebm Cwa gcmm\&ccl Cosaul dual of A if 3
Q™ eguivalene - M My,




B Grothardiect vs. Hopf-Galoin
For Ny undarly\'h_q monodal (mode!) Cm%ﬂavj , We hove

i I5p
A 35% Mon AR

= me 1 T
I T \ We = (B8, %9 ¢4)

A=t HoofGalow e ; (oRing .

! l / _ W= (56t Do o5, )
fof —

BDH
g

The follovoing o thaems duserie. e geeke. relationship
befwern homotopic Gothendiede daant and HG - exctensions,
ot st when M=Cﬂvf[€.

Toeorem T Lak A L5224 b Hap)C-Galom data in C%éo.
Tf g Mugatl — My 0. Quullen eguivalence, then

hoiofopic. HG -extengon &> o satishin effective homotac
g Grothendede deocent:
Taoem T Lot @A =8 be Hopf-Gabindota th M=ChZE
T ny o =B, thun
¢ Mogpn —My b 0 Quillen eq(w‘vaunw
— #w a genenlizd Koszul duol of A.




Proof of Hne Thorems -

For any dnolee of W—Galods data. i C%,%O
A - 2"
fhare 1 o commuding daagoam of HG-dadn

A ¢ >BQH

ﬂéﬁg& BT w{ l ?S L‘l’ %w\ovqjm’sm of H-compdule algdomb
Pl amhf) £ Qe kA
- N - B’

q[i eonnyruhng A{a%mm of WG -dofo oboove (nducey a eommuding
d,w&vum of cafeqoris and Jurcfore. (oM=Chg’)

|

cM/Ooc & ’:* i (/VbA’
Cancy \\_"l\ i /[I—\I/Cangz' < @WU&(ZV\CL of Categonus
(A/LW(? L 1 —> JV’/W?'
B )
l—l,[ T"l éz/—\'%omovqﬂn(sm of Caﬁgomo
(
M= My

(*’NMH L/!*;)

() Quullen eguuvalene, <ince BeH —=— BoH oo B- conings.

(k) No veoson 1o expert Bo,& — B'gy B 1o be o quont-
[FOMOrphism in genenl.

bekx) T % B, then o =B ond thuse are Quillen
eg(«wo\lmus oo N k).



and T aasily The ey Ao the poof 6 e tarhularly nie

bhehaviov of e "normal basi extension™ @':A’c_a Bl p

Scholium: Given HG -data, AiXBQH) £ AS Bt oy
Bebd cn be Viewed pp @me\izcd (oszul dual" of A



